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STEKLOV PROBLEM WITH AN INDEFINITE WEIGHT FOR
THE p-LAPLACIAN

OLAF TORNE

ABSTRACT. Let Q C RN, with N > 2, be a Lipschitz domain and let 1 <
p < co. We consider the eigenvalue problem Apu =0 in  and |VU|P’2% =
Am|u|P~2u on 99, where X is the eigenvalue and u € WP (Q) is an associated
eigenfunction. The weight m is assumed to lie in an appropriate Lebesgue
space and may change sign. We sketch how a sequence of eigenvalues may
be obtained using infinite dimensional Ljusternik-Schnirelman theory and we
investigate some of the nodal properties of eigenfunctions associated to the
first and second eigenvalues. Amongst other results we find that if m*™ # 0
and faﬂmda < 0 then the first positive eigenvalue is the only eigenvalue
associated to an eigenfunction of definite sign and any eigenfunction associated
to the second positive eigenvalue has exactly two nodal domains.

1. INTRODUCTION

Let N > 2 and let © ¢ RY be a bounded domain with a Lipschitz continuous
boundary. Letl<p<ooandlet%<q<ooifp<Nandq21ifp2N.
Let m € L70Q) be a weight function which may change sign and denote m* =

max{0, £m}. The Steklov eigenvalue problem is defined by

Apu=0 in Q
1.1
|Vu|p_2% = Mm|ulP"2u  on 9 1)

where A € R is the eigenvalue and u € W1P(Q) is an associated eigenfunction. We
are interested in weak solutions of (1.1), i.e. functions satisfying

/ |Vu|P2VuVpdr = )\/ mluP2updo Vo € WHP(Q) (1.2)
Q o0

where do is the N — 1 dimensional Hausdorff measure.

This eigenvalue problem was first introduced in [11] by M. W. Steklov when
p = 2 and m = 1 in which case it appears in a model of an elastic membrane
whose mass is concentrated on the boundary. Various properties of the spectrum
have been considered in the literature in the case when p = 2 and m is nonnegative
(see [3] for a review of some of these results). The case when 2 is a Riemannian
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manifold with boundary and p = 2 and m = 1 has been considered in [7] (see also
references therein).

Eigenvalue problems involving the p-Laplacian have been the topic of many stud-
ies. The classical eigenvalue problem

—Apu = Im|ulP"2u in Q

1.3
uzOor%:0 on 0f2 (13)
ov

has attracted considerable attention. Assuming m satisfies appropriate integrability
conditions and m™ # 0, it has been shown using Ljusternik-Schnirelman theory that
there exists an unbounded sequence of positive eigenvalues. Various properties are
known for the first eigenvalues in the spectrum. Let us recall a few of them. In
the case of the Dirichlet boundary condition it is proved that there exists a first
eigenvalue which is simple and isolated and that it is the only positive eigenvalue
associated to an eigenfunction of constant sign (see [5] and references therein).
Furthermore, there is a second positive eigenvalue and when m = 1 it is shown in
[6] that any associated eigenfunction has exactly two nodal domains. In the case of
the Neumann boundary condition it is shown in [8] that the existence of a nonzero
simple eigenvalue associated to an eigenfunction of definite sign depends on the sign
of fQ mdx. A problem in which the eigenvalue appears in the boundary condition
has also been considered in the literature. Indeed consider the problem
Apu = |[ulP~?u in Q
1.4

p—20u = Am|ulP"?u  on 9Q (14

ov

Assuming m* # 0 the authors of [4] show that there is an unbounded sequence of
positive eigenvalues. Furthermore they show that, as in the Dirichlet case above,
there exists a first positive eigenvalue which is simple and isolated and that it is
the only positive eigenvalue associated to an eigenfunction of constant sign.

Many of the properties of the above mentioned eigenvalue problems carry over
to the Steklov problem. However due to the presence of an indefinite weight, care is
required in some of the proofs. Also, the weight function plays a role in determin-
ing, via the sign of |, aq M do, some qualitative properties of the beginning of the
spectrum such as the existence of a nonzero eigenvalue associated to an eigenfunc-
tion of constant sign. In this sense the Steklov problem bears stronger resemblance
to the classical p-Laplacian eigenvalue problem with a Neumann condition than
to (1.4). Some properties and methods of proof which we present below for the
Steklov problem may also be of interest when adapted to the eigenvalue problems
(1.3) and (1.4).

A sequence of Steklov eigenvalues can be obtained as follows. Let

[V

1
2E = {ue Whr(Q); f/ mlulP do = +1}
b Joq
For any integer n > 1 let
CE ={C c ¥%; C is symmetric, compact and v(C) > n}

where v is the Krasnoselski genus, and let

1
AE =+ inf sup 7/ |VulP dx (1.5)
cectuec P Ja
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Theorem 1.1. Let 1 < p < 0o and let m € L19Q) where q is as above.

(1) If m* # 0 then A} given by (1.5) is a nondecreasing and unbounded se-
quence of positive Steklov eigenvalues.

(2) If m~ # 0 then X, given by (1.5) is a nonincreasing and unbounded se-
quence of negative Steklov eigenvalues.

Moreover if \f = )\fﬂ- for some integer j > 1 then
'y({u e XF; u is an eigenfunction associated to )\ij}) >j+1

This theorem is proved by applying a general result from infinite dimensional
Ljusternik-Schnirelman theory. However it must first be shown that the corre-
sponding Palais-Smale condition is satisfied. This fact is perhaps not obvious since
the functional % Jo IVulP dz is not necessarily coercive on ¥, as will be shown by
an example below.

Next we consider qualitative properties of the begining of the spectrum.

Theorem 1.2. Let 1 < p < oo and let m € L19Q) where q is as above.

(1) Assume that m™ # 0 and that [,,mdo < 0. Then AT =0 and A >0
is the first positive Steklov eigenvalue. Moreover )\f s simple and isolated
and it is the only nonzero Steklov eigenvalue associated to an eigenfunction
of definite sign. Also, \§ is the second positive Steklov eigenvalue and \;
is the first negative Steklov eigenvalue.

(2) Assume that m~ # 0 and that [,,mdo > 0. Then A{ =0 and A\ <0
is the first negative Steklov eigenvalue. Moreover A is simple and isolated
and it is the only nonzero Steklov eigenvalue associated to an eigenfunction
of definite sign. Also, \J is the first positive Steklov eigenvalue and Ny is
the second negative Steklov eigenvalue.

(3) Assume that [y, mdo =0. Then \{ = A{ =0 and there does not exist a
nonzero eigenvalue associated to an eigenfunction of definite sign. Also, A
is the first positive Steklov eigenvalue and A, s the first negative Steklov
eigenvalue.

In each of the above cases any eigenfunction associated to )\2+ or Ay has exactly two
nodal domains. Moreover, if in case (1) there holds m™ = 0 then there does not exist
a positive eigenvalue, however the assertions concerning the negative eigenvalues
remain true. A similar statement holds when m~ =0 in case (2).

Note that A = 0 is always a Steklov eigenvalue and that the associated eigen-
functions are just the constant functions.

In [13], L. Véron discovered an interesting formula for the first nonzero eigenvalue
in the usual p-Laplacian spectrum on a Riemannian manifold without boundary.
There holds a similar formula for the Steklov problem and it will be used to deduce,
as in [13], some of the assertions in the above theorem. Let us now state the formula.
If w C Q is an open subset, let W, ”(w) denote the subset of W'?(Q) consisting of
functions which are zero almost everywhere in 2\ @. Let

pE(w) = inf {1/ |VulP de; u € WEHP(w), }/ mlul’ do = +1} (1.6)
b Ja D Joaa

if this quantity is well defined and u*(w) = +o0 if not. Lastly let A denote the set
of pairs (w, @) where w and @ are disjoint nonempty opens subsets of 2.
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Theorem 1.3. Let 1 < p < oo and let m € L19Q) where q is as above. If m* # 0
then we have the characterisation

Af =+ min max {ui(w),ui(&))} (1.7)
(w,@)eA
Moreover the minimum is achieved if and only if w and & are the nodal domains of
some eigenfunction associated to /\Qi.

Let us remark that this formula can be adapted to the eigenvalue problems (1.3)
and (1.4).

2. EXISTENCE OF EIGENVALUES

Theorem 1.1 is proved by applying theorem 5.3, page 209 in [9]. Using the as-
sumption m* # 0, a standard argument shows that At is well defined. It remains
only to show that the relevant Palais-Smale condition is satisfied. Let us first re-
mark that it is not immediately obvious that the Palais-Smale condition holds since
% Jo IVulP dz is not always coercive on 7. Indeed, assume p = 2 and [, mdo =0
and consider a sequence of functions u; € X7 such that faQ muy do = 0. Then
the unbounded sequence uy + k lies in ¥* and %fQ |V (u + k)P dz is bounded.
Hence coercivity does not hold. In fact it will follow from the proof of theo-
rem 1.2 in the next section that %fﬂ |VulP dz is coercive on ¥F if and only if
f aoqMdo # 0. Lastly, let us note that the assumption on ¢ ensures that the trace
mapping W1P(Q) — LP9/(4=D9Q) is compact.

Lemma 2.1. Let W = {w e W'P(Q); [ywdz =0}. Let p € WHP(Q) be such
that (¢, ) = 0 for any constant function «. Then there exists a unique w € W
such that —Apw = ¢. Moreover w depends continuously on ¢.

Proof. Consider the minimization problem

1

inf L / VwlP dz — (¢, w)
wew P Jo

By Poincaré-Wirtinger’s inequality any minimizing sequence is bounded so that the

infimum is achieved by some function w satisfying

/Q |Vw[P2VwVedr = (¢, ¢) + 77/Q<p Y € WhP(Q) (2.1)

where 7 is a Lagrange multiplier. Since (¢,a) = 0 for any constant function «,
it follows that 7 = 0. Thus —A,w = ¢. Uniqueness and continuity follow from
standard estimates. O

For u € W1P(Q) define J(u) = %fQ |VulP dz and B(u) = %faﬁ mlulP do. Also
define Du € W1P(Q) by Du = J'(u) — J(u)B'(u). We are now ready to prove the
Palais-Smale condition.

Lemma 2.2 (Palais-Smale condition). Let ux € Y% be a sequence such that
J(ug) — A # 0 in R and Duy — 0 in WHP(Q) as k — oo. Then uy, contains
a convergent subsequence.
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Proof. Let us first show that the sequence uy is bounded. Fix ¢ € WP(Q) such
that [l¢|lwie) =1 and [, medo # 0. Since (Duy, ) — 0 as k — oo we have
that

1

where C' > 0 is a positive constant. Now let ay, = ﬁ fQ ug dx and let @, = up — .

Since J(ux) = J(ug) is bounded it follows from the Poincaré-Wirtinger inequality
that the sequence 1y, is bounded in W1?(Q). We may write

/ m|ug [P 2 upp do = |ak|p_2ak/ m|% + 1|p_2(% + 1)@ do (2.2)

o0 Ok Qg

If the sequence || is not bounded we may assume |a| — oo so that the integral
on the right hand side of (2.2) goes to faﬂ medo # 0 and we have a contradic-
tion. Since qy is bounded it follows that the sequence uy is bounded. Using the
compactness property of the trace mapping it follows that w; contains a subse-
quence, again noted wuy, such that B'(ux) — B’(u) for some u € WHP(Q). Since
—Apu, = Duy + J(ug)B'(ur) — AB'(u) in WHP(Q) it follows from lemma 2.1
that up — o — (=Ap)"1(AB'(u)) in WHP(Q). Since oy is bounded we have that
uy, converges in the W1HP(Q) sense. O

3. QUALITATIVE PROPERTIES OF THE FIRST AND SECOND EIGENVALUES

In this section, we prove theorems 1.2 and 1.3. Let us note that all Steklov
eigenfunctions are of class C1*(£2) since they are p-harmonic. Moreover, following
the procedure outlined in [10] one may show that w € L>°(£2). The proof of this
fact is carried out in detail in [12].

The following lemma derives from Picone’s identity (see [1]) and is a standard
tool in this context. A little extra care is required in the proof in the Steklov setting.

Lemma 3.1. Let 1 < p < oo and let m € L1(00Q) where q is as above. Let u and
v be two nonnegative Steklov eigenfunctions associated to some eigenvalues A and

A, respectively. Then
0<(A=X) | muPdo (3.1)
o0
and equality holds if and only if v is a multiple of u.

Proof. We first show that the trace of v satisfies v > 0 on 0. Let € > 0. By the

maximum principle of Vazquez v > 0 in €2 so that 3 converges in L? (Q) to 1q as

£ — 0. On the other hand V 1 converges to 0 a.e. as ¢ — 0. Taking ¢ = W

as testing function in equation (1.2) satisfied by v we have

|VolP / v p—1
-1 P e = -
(p )/ wiep dr =X\ g m(v 5) do

v € |[VulP |VolP
VoI =G2) <
v+e vt+e’ (v+e)p vP
By the dominated convergence theorem we have that ;7= — 1o in whr(Q). By

oz — laq in L'9Q) as e — 0 and it

so that
€ L'(Q).

continuity of the trace mapping we have that
follows that v > 0 on 9.
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Now let € > 0. By Picone’s identity we have

P
0§/ |Vu|pdx—/ \Vv|p_2VvV(u77) dx
Q Q (v+e)pt

)p_lup do

=A muP do — \ m(

o0 o0 vte

and equality holds if and only if v is a multiple of u. Going to the limit € — 0 and
using the fact that v > 0 on 9 we get the desired inequality. O

Proof of theorem 1.2. We begin by proving the assertions relating to Ali. It follows
immediatly from (1.5) that we have

A= :I:inf{/ |VulP do; u € WHP(Q), / m|ulP do = £1} (3.2)
Q o0

Assume first that [,,mdo < 0 and m* # 0. The minimum A; is achieved by a
constant function so that A = 0. Now let u;, be a minimizing sequence for Af". Let
oy = ﬁ fQ ug dxr. By Poincaré-Wirtinger’s inequality the sequence t, = ui — ag
is bounded and, moreover, we may write

1= |ak|p/ m|%+1|pdo
19]9) Ak

If the sequence |ay| is not bounded we may assume that |ag| — oo so that the
integral goes to [, sqoMmdo < 0 and we have a contradiction. Thus ay is bounded
and we have that uy, is bounded. It follows that the infimum A} is achieved. Since
the minimiser cannot be constant we have that AT > 0 and it is clear that A] is
the first positive eigenvalue. Now let u be an eigenfunction associated to )\T SO
that |u| is a minimiser for (3.2) and is thus an eigenfunction associated to A} . It
follows from the maximum principle of Vazquez that |u| > 0 in Q and we conclude
that u has constant sign. Taking A = )\f in (3.1) we see that no eigenvalue A > /\T
can be associated to a positive eigenfunction. Taking A = 0 in (3.1) and u = 1
an associated eigenfunction, we see that no eigenvalue A < 0 can be associated
to a positive eigenfunction. Thus )\IL is the only nonzero eigenvalue associated to
an eigenfunction of definite sign. Taking A = A = Al in (3.1) we see that any
eigenfunction v associated to /\1+ must be a multiple of u, so that )\f is simple.

The case where fagmdo > 0 and m~ # 0 follows from the previous case by
taking —m as weight function.

Now assume that faa mdo = 0 and suppose by contradiction that A\ > 0. If v
is an eigenfunction associated to A" then |v| is a minimiser in (3.2) and it is thus
also an eigenfunction associated to A{. However, taking A = A, A\ =0 and u = 1
in (3.1) we see that v is constant, since it must be a multiple of u. But this implies
that A\] = 0 which is a contradiction. In the same way it can be shown that A7 = 0.

Now we prove the assertions concerning )\ét. Since )\f is simple we have

v({u € £; u is an eigenfunction associated to Af}) = 1

Thus by theorem 1.1 there holds A\]” < \J. Likewise we have A; < A[. Let A # \f
be an eigenvalue. Following a similar reasoning to [2] we now show that either
A<\ or A\J < . First assume A > 0 and let u be an eigenfunction associated to
A. Since u must change sign we may assume that « is normalized in such a way that
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%ff)ﬂ mluT|Pdo = %fag mlu~|Pdo =1 and %fQ |[Vut|Pdz = zllfQ [Vu=[Pdz = X
The set C = {aut + Bu~; a, B € R such that |a|P + |3P = 1} is in C;. Thus

Ay < max /| aut + pu)|P dr = A
lalP+|BlP=1p
Similarly if A < 0 we may show that A < A;. It remains only to show that any
eigenfunction associated to )\; or A, has exactly two nodal domains. To prove
this we use formula (1.7) which will be proved below. Let u be an eigenfunction
associated to )\2i. Assume that v has at least three nodal domains wy, ws and wsg
with, say, u > 0 in w; and wy and u < 0 in ws. In a similar situation the authors
of [6] show that dw; N Q € dws NQ and dwe N QX € dwy N Q. Their proof relies
on the maximum principle and carries over to the case considered here. It follows
that there exist disjoint open sets @1,w2 C 2 such that w1 & @1 and we & ©2. Now
it follows from standard arguments that p* (@) < p*(wi) and p* (D) < p*(ws)
thus contradicting (1.7). O

Proof of theorem 1.3. We only prove the formula for AJ since the proof for A, is
similar. Denote

p= (wlwn)feAmaX{u (W), n= (@)} (3.3)

Let (w,®) € A and let ¢ and 1 be minimizers for 4+ (w) and p* (@) respectively, nor-
malized so that %faﬂ myP do = %faﬂ mi? do = 1. The set C = {ap + fip; o, § €
R such that |a|? + |8|P = 1} is in C5 . Consequently

A< ma V(o + Pdx

fs e 5o V(e 80)
— alP + 181PuT (@
= e Pt () + |8t (@)

< max{y" (W), u* (@)}

Hence A\J < u. Now let u be an eigenfunction associated to A\j normalized so that
%fé)Q mlut|Pdo = %fé)Q m|u~|Pdo = 1. Denote QF = {z € Q; +u(x) > 0}. We
have that )
pt(OF) < —/ \Vut|Pde = \f
D Ja

Hence p < A\J. In fact using Picone’s identity it can be shown that pu+(Q%) = \J
so that the infimum (3.3) is achieved by the nodal domains of an eigenfunction
associated to A\j. It remains to show that this is the only case in which (3.3) is
achieved. Let (w,@) € A be such that max{u*(w),ut (@)} = AJ. Let ¢ and ¢
be minimizers for p*(w) and pt (@) respectively, normalized as usual, and let C
be as above. Then the infimum A\J given by (1.5) is in fact a minimum which is
achieved by C'. It is then a straightforward consequence of Ljusternik-Schnirelman
theory that some element of C' must be an eigenfunction associated to )\3'. Since
any function in C' has w and @ as nodal domains the proof is complete. O
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