Electronic Journal of Differential Equations, Vol. 2004(2004), No. 41, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

EXISTENCE OF TRIVIAL AND NONTRIVIAL SOLUTIONS OF
A FOURTH-ORDER ORDINARY DIFFERENTIAL EQUATION

TIHOMIR GYULOV & STEPAN TERSIAN

ABSTRACT. We study the multiplicity of nontrivial solutions for a semilin-
ear fourth-order ordinary differential equation arising in spatial patterns for
bistable systems. In the proof of our results, we use minimization theorems
and Brezis—Nirenberg’s linking theorem. We obtain also estimates on the min-
imizers of the corresponding functionals.

1. INTRODUCTION

In this paper, we study existence and multiplicity of solutions to the boundary-
value problem for the fourth-order ordinary differential equation

u™ + Au” 4+ Bu + f(z,u) =0,
u(0) = u(L) = u"(0) = v (L) = 0,

where A and B are constants and f(z,u) is a continuous function, defined in R2,
whose potential F(z,u) = fou f(x,t)dt satisfies suitable assumptions. The problem
is motivated by the study of formation of spatial periodic patterns in bistable
systems. In the study of spatial patterns an important role is played by a model
equation, which is simpler than full equations describing the process. Recently,
interest has turned to fourth-order parabolic differential equation, involving bistable
dynamics, such as the extended Fisher-Kolmogorov (EFK) equation proposed by
Coullet, Elphick & Repaux in 1987 and Dee & VanSaarlos in 1988. Another well
known equation of this type is the Swift-Hohenberg (SH) equation proposed in 1977.
With appropriate changes of variables, stationary solutions of these equations lead
to the equation

(1.1)

u' —pu” —u+ut =0, (1.2)
in which p > 0 corresponds to EFK equation and p < 0 to the SH equation. Solu-
tions of Eq. which are bounded on the real line have been recently studied by
a variety of methods such as topological shooting method and variational methods
[T, 8, [ [7, 8, @, [10].

When f is an even 2L periodic function with respect to x, and odd with respect
to u, the 2L periodic extension % of the odd extension of the solution u of the
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problem to the interval [—L, L] yields a 2L periodic solution of (L.1). The
solvability of for some extension of was studied in [3, [, [7, 8, 10] by
variational methods.

We suppose that f(x,0) =0, Vo € R and the potential

Fla,u) = /O " b s) ds

satisfies following assumptions:

(H1) There is a number p > 2 and for each bounded interval I there is a constant
¢ > 0 such that

F(z,u) > clul?, Ve e I,Yu e R

(H2) F(z,u) = o(u?) as u — 0, uniformly with respect to z in bounded intervals.
A typical function that satisfies (H1) and (H2) is

fla,u) = b)uluf~?, p>2,

where b(x) is a continuous, positive function.
Problem (|1.1)) has a variational structure and its solutions can be found as critical
points of the functional

1 (L L
I(u; L) = 5/ (u"? — Au'? + Bu?)dx —|—/ F(z,u)dx (1.3)
0 0
in the Sobolev space
X (L) := H*(0,L) N H}(0,L).
In this work we obtain nontrivial critical points of the functional I using Brezis-
Nirenberg’s linking theorem [2] 5]. Recall its statement. Let E be a Banach space

with a direct sum decomposition £ = X @ Y. The functional J € C'(E,R) has a
local linking at 0 if, for some r > 0

Jx)<0, ze€X, |z|<r,
J(y) >0, yeY, |yl <r.

Theorem 1.1 (Brezis and Nirenberg [2]). Suppose that J € C1(E,R) satisfies the
(PS) condition and has a local linking at 0. Assume that J is bounded below and
infg J < 0. Then J has at least two nontrivial critical points.

It is easy to see that if 4B > A? and f(z,u)u > 0 for # > 0 and u # 0 the
problem has only the trivial solution. We shall assume 4B < A? and study
separately the cases A < 0 (EFK equation) and A > 0 (SH equation). Our main
results are as follows.

Theorem 1.2 (Nontrivial solutions). Let the function F(xz,u) satisfy (H1) and
(H2).
(i) Let 4B < A%, A <0, B < 0 and set Ly := 72/ A+ VA2 —4B. If
L > Ly, then problem has at least two nontrivial solutions.
(ii) Let4B < A%, A >0, and set Ly := 72/ A+ A2 —4B. Then, problem
has at least two nontrivial solutions if either
(a) B<0and L > Ly, or
(b) B >0, and L €|nLy,nM,][, where My := 1/2/\/ A — /A% —4B.
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Theorem 1.3 (trivial solutions). Let the continuous function f(x,u) satisfy the
assumption f(x,0) =0 and f(z,u)u > 0,u # 0 for x € [0, L].
(i) Let 4B < A%, A <0,, set Ly := m/2/\/ A+ A2 —4B for B < 0. Then
problem (1.1)) has only the trivial solution provided that one of the following
holds: (a) B>0, or (b) B<0and 0 <L < L.
(ii) Let 4B < A%, A >0, set Ly := 72/ A+ A2 — 4B and
(n?2+n)A |2
hy = (———"—
" (2n2+2n+1) ’
n € NU{0}. Then problem (1.1 has only the trivial solution provided that

one of the following holds: (a) B <0 and 0 < L < Ly, or (b) h, < B <
hpt1 and L € Ty 11, where T, 41 is a finite union of bounded intervals.

Next, we consider the problem
w4+ Au” + Bu+u®* =0, 0<z<L,

u(0) = u(L) = u”(0) = v (L) =0, (1.4)

which is related to stationary the EFK equation or to stationary the SH equation.
The corresponding energy functional is

4

By Theorem for 4B < A?, problem has at least two nontrivial solutions if
L belongs to infinite interval | L1, +oo[ if A < 0,0r to a bounded interval [nLy, nM],
if A > 0, where L; and M; are depended on A and B. One of these nontrivial
solutions is a nontrivial minimizer ug of the functional J. In this section we will

estimate the average of L?-norm of the minimizer ug.
Let for u € X (L), let

1,1 g "2 2 2 1 r 4
J(u;L):Z{§ (u"* — Au"® + Bu®)dx + - utdz}.
0 0

o _ 1 (",
lu)® = I u”(z)dz.
0

Let P(&) = €* — A¢% + B be the symbol of the linear operator Lu = u™ + Au" + Bu.
By the proof of Theorem [I.2] if L € A,,, where A,, is an interval which is the set
of solutions of the inequality P, (L) < 0, (1.4) has at least two nontrivial solutions.
Moreover if L € A,,, there exist natural numbers m,m+1,...,m+k, m>1,k>0
depending on L such that P;(L) < 0 if and only if j € S = {m,m+1,...,m + k}
and Pj(L) > 0if and only if j ¢ S. Let Ej41(L) be the finite dimensional subspace
of X(L)
. ommnx . (m+E)mx
Ei11(L) = span { sm(T), e ,sm(%)},

and foru € X(L),u =u+u,u € Fxy1,u € E,i;rl be the orthogonal decomposition
of w.

Theorem 1.4. Let for a fited n € N, let A,, be the set of solutions of the inequality
P,(L)<0. For L € A, let

Pi(L)y<0 ifjeS={mm+1,...,m+k},

and
Pn = P, (L) =min{P;(L) : j € S} <0.
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Then, if L € A,,, problem (1.4)) has a nontrivial solution ug, which is a minimizer
of the functional J, and the following estimates hold:

(1) _4pn < J(uo’ ) = _Epn
(i) 2{pal < [0]? < Juol® < [pul
(i) [l < (=2 +\/2)Ipul
(iv) Ji(ao; L) < 2pj.

This paper is organized as follows In Section 2 we prove some auxiliary lemmas.
In Section 3 we prove Theorem [I.2] and Theorem [I.3] In Section 3 we prove
Theorem [[4

2. PRELIMINARIES
We study the nonautonomous fourth-order ordinary differential equation
u® + Au" 4+ Bu + f(z,u) =0, 0<z<L,

where A€ R, BeR are constants and f(x,u) is a continuous function, whose po-
tential F'(z,u) fo (z,t)dt is a nonnegative function which satisfies assumptions
(H1) and (H2)

Let X (L) be the Sobolev space

X (L) :={H?*(0,L) : u(0) = u(L) = 0}.
A weak solution of the problem (1.1)) is a function v € X (L), such that
L
/ (u'v" — Au'v' + Buv + f(z,u)v)dr =0, Vv e X(L).
0
One can prove that a weak solution of (1.1]) is a classical solution of (L.1)) (see
[I0, Proposition 1]. Weak Solutions of (L.1)) are critical points of the functional
I:X(L)— R,
1 L L
I(u; L) := 5/ (u"? — Au* + Bu?)dx —|—/ F(x,u)dx. (2.1)
0 0

The following technical lemmata play an important role in further considerations.

Lemma 2.1. We have the following: For v € X (L),

L L2k
/ wlde < = (u(k))zdx, k=1,2. (2.2)
0 T 0

The scalar product

L
(u,v) = / uv"dzr, we X(L), ve X(L)
0

induces an equivalent norm in X(L). The set of functions {sin(“F%) : n € N} is a
complete orthogonal basis in X (L).

Proof. The Poincére type inequality (2.2]) is proved in [6]. For u € X (L), we have

L L L 1 (L 1 14 L
/ u'?dx :/ u'du = —/ wu dx < f/ (u? +u'"?)dx < 7(—4—1—1)/ w2 dz,
0 0 0 2 /o 2w 0
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which shows that [u] = (u, u)'/? is an equivalent norm in X (L). The set of functions

{sin ®F% : n € N} is clearly orthogonal in X (L) with respect to the scalar product
(+,+). It is a complete orthogonal basis in X (L). Indeed, let v € X (L) be such that

<v,sin¥> —0, YneN.
Then
L L L
R S iy VR LTy

0 0
and

L
/ vsinwda::O7 Vn € N.
O L

Since X (L) C L*(0,L) and {sin “F% : n € N} is an orthogonal basis in L?(0, L)

it follows that v = 0, which means that the set {sin “T* : n € N} is a complete

orthogonal basis in X (L). O

Lemma 2.2. Let A, B be constants and f(x,u) be a continuous function such that
(H1) holds. Then the functional I is bounded from below and it satisfies the (PS)
condition.

Proof. Using Fourier series arguments and the previous lemma, we obtain that for
u e X(L),
= krx
U = CE Sin —,
2

L & km L
I(u;L) = = 2P(— F
(u: L) 4;% (L)+/O (2, u)da,
where P(£) = ¢* — A¢2 + B is the symbol of the linear differential operator

L(u) = u® + Au” + Bu.
Observe that P(¢) is bounded from below for any A and B

AQ
P(¢) =B -
It follows from (2.3) and (H1) that I(u; L) >0 if 4B > A2. If 4B < A% we have
1 A?
I(w; L) > 5(B - 7 ullZe + G ullz. (2.4)

From the elementary inequality

p—2 2a, 2

Lo (2
p p

fora > 0,b> 0, x > 0 and p > 2, it follows that the right hand side of (2.4)) is

bounded from below by a negative constant.
Suppose now that (u,), is a (PS) sequence, i.e. there exists ¢; > 0 such that

c1 > |I(up; L)| and  I'(uy,; L) — 0. (2.5)

—az® +ba? > —a

In what follows c; will denote various positive constants. We have

1 rr 1
I(u; L) = Z/ u?dx + §I(u;L),
0
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where
B 1 [E L
I(u; L) = 5/ (u"? — 2Au? + 2Bu?)dx + 2/ F(x,u)dx.
0 0

As before the functional I is bounded from below and we have

1 (L
c1 > 1/ ul'?dx — cy.
0

The sequence (u,), is a bounded sequence in X (L) in view of Lemma There
exists a subsequence still denoted by (uy), and a function ug € X (L) such that
U, = up in  X(L), (2.6)
and by Sobolev’s embedding theorem
u, —ug in C0, L],
o (2.7)
U, —ug in  L(0,L).

Since f(x,u) is continuous and {|u,(z)|} uniformly bounded in [0, L], and letting
n — 00 in

L
(I'(up; L), up) = / (ulug — Aul ug + Bupug + f(,u, )ug)dx
0
we obtain .
/ (ug? — Auf + Bud + f(z,uo)uo)dx = 0. (2.8)
0

From the boundedness of (u,), in X (L) and (2.8) it follows (I'(un; L), un) — 0
and

L L
/ W2 = (I (), wn) + / (Au? — B2 — f(z,un)un)da
0 0

L L
— [ - i~ S wpuolde = [ iPas,
0 0

which implies that ||u,| — [Juo| and then |lu, — uo|| — 0, which completes the
proof of Lemma [2.2 O

3. EXISTENCE RESULTS

The polynomial

p(§) = & — A¢?
and the real functions nr
pu(L) = (")

play an important role in the sequel.
Let A < 0. The polynomial p(§) is a positive increasing and convex function for
¢ > 0. The functions p, (L) are positive decreasing functions for every n € N and

pn(L) — 400, as L — 0,
pn(L) — 0, as L — +oo.
These functions are ordered as
0<pi(L)<p(l) <...<pn(L)<...

for every L > 0, and some of their graphs are showm in Figure 1.



EJDE-2004/41 EXISTENCE OF TRIVIAL AND NONTRIVIAL SOLUTIONS 7

F)
0

04

03

02

0 10 20 30 40 0

FICURE 1. Graphs of functions p,(L) = (%5)* + (%)%, n=1,2,3,4

Let B < 0. Then the equation p,(L) + B = 0 has the unique solution

2
Ln=nLi, L= mv2 (3.1)
A+ VA% - 4B
and
pn(L)+B >0 if L <nlLy, (3.2)
pn(L)+B <0 if L >nl. (3.3)
Let A > 0. Then the polynomial p(¢) = &* — A2 is positive for &€ > /A and
it has a negative minimum py = —A42%/4 at & = /A/2. The functions p, (L) are

decreasing if 0 < L < nmy/2/A and increasing if L > nw\/2/A, p,(L) > 0 if
0 < L < nr/vVA and p,(L) < 0 if L > nw/v/A. The graphs of functions p, (L)
with A =1 and n = 1,2, 3,4 are presented on Figure 2.

Lemma 3.1. Letl, := ﬁ\/QnQ +2n+1and Ly :=7v2/\/ A+ A2 —4B. Then

we have the following results:

(a)
Pn(L) = pns1(L) & L =1y,

Pn(L) <ppi1(L) & L <ln, (3.4)
Pn(L) > ppyi(L) & L > 1y,
and
p1(L), 0< L <,
Dri1(L), ln <L <lpy1.
(b) Let B <0. Then p,(L)+ B <0 if and only if L > nL4.
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FICURE 2. Graphs of functions p, (L) = (%5)* — (%)%, n=1,2,3,4

(c) Let B> 0 and My := 72/ A — /A2 —4B. Then p,(L)+ B <0 if and
only if nLy < L < nlMj.
Proof. (a) The equation p, (L) = p,41(L) is equivalent to (nx)* — A(nz)? = ((n +
1)x)* — A((n+1)x)?, where 2 = /L. A direct calculation shows that it is satisfied
for 22 = A/(2n? +2n + 1), ie. for L=1, = Z7V2n® +2n+ 1. We have
(n?+n)A
n l’n = \595 5 7
Palln) (2n2 +2n+1
and (3.4]) holds. From ({3.4)) it follows (3.5)).

(b) To solve the inequality p,(L) + B < 0 we set * = w/L, and assuming that

B < 0 we are led to
A+\/A2—4B[
2 9

) =t

(nx)? € ]o,

equivalent to L > nl.
(¢) To solve the same inequality in the case B > 0 we compute

9 A—+A2—-4B A++A%2—-4B
(ne)® €] 5 , 5 [
which is equivalent to nLy < L < nMj. O

Proof of Theorem[I.4 Case (i). Let L > L. There exists a natural number n such
that nL; < L < (n+1)L;. Let ¢, € E,, = span{sin %, ... sin "7} such that

- k
on(x) = kz_:l CL sin(%m),

and set ¢} + ...+ c2 = p?. By (3.3) we have that
an =max{py(L)+B:k=1,...,n} <O0.
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Let us take a small constant e, such that 0 < ¢ < —a, /2.
By assumption (H2), there exists § > 0 such that if |u| < § then F(z,u) < |ul?,
x € [0, L]. Let us take p,0 < p < §/y/n. Then by

on(@)] <Y el < VR(d ) ? = Vnp<é

k=1 k=1

it follows that F(z, o, (7)) < elpn(x)[* and

L L
/0 F(, pn(x))de < ¢ / o)

k=1
L L,
= 55 Cp = EEP
k=1
We have
n L
I(on; L) ZZ(pk(L)—FB)ci—i— ; F(z,on(z))dx
k=1
L
< ZanP2+€2P2 (3.6)
L, 1
=3P (ian +¢) <0,

if 0 < p < &/y/n. The functional I has a local linking at 0. Indeed, by (3.6)), for
sufficiently small p > 0 we have

I(u; L) <0, u€ By, lull <p.

Let u € E;X and |Ju|| < p. It follows that p,+1(L) + B > 0if nL; < L < (n+ 1)L,
by (3.2). Since pp11(L) < pnt2(L) < ... by assumption (H1) there exists C(L) > 0
such that

1.
I(u; L) > 5 min((px(L) +B) : k> n+ 1)”“”2[2 + O(L)”“Hiz(o,L)
1
> S onna(D)+ B)ullts + CD)ulagy ) = 0,

if u € E;-. The functional I satisfies the (PS) condition. In view of Theorem [1.1
for L > L; the functional I has at least two nontrivial critical points.
(ii). By Lemma[3.1] (b) px(L)+ B < 0iff L > kL. If L > L, there exists a natural
number n such that nL; < L < (n+ 1)L, and

pe(L)+B<0, k=1,...,n

pe(L)+ B>0, k>n+1.

In this case the proof is finished exactly as in the proof in the Case (i).
Step 1. Nontrivial solutions in the case B > 0. Let A, =|nLy,nM;[. Observe

that for a fixed L € A,, there exist finite number of intervals A; numbered as
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Ay Ay, oo, Apgy, such that L € Aj UA, if and only if j € S := {m,m +
1,...,m+k} and

p;(L)+B <0, jes,

pj(L)y+B >0, j¢5.
Let

Ej41 := span { sin (?),sin (@)7 ..., sin (@)}

With a computation similar to the one in the proof of Theorem we observe that
I(u,L) <0, wé€ Exy1, 0<|ul| <,
if r is sufficiently small and
I(u,L) >0, u€ Ep,,,
which implies that I has a local linking at 0. Then I has at least two nontrivial

critical points. O

Proof of Theorem[I.3 By Lemma for u € X(L) we have:

o0

. kmx

u = E CkSIHT,
k=1

L& k r
I(u; L) = 1 Zcip(%) +/0 F(z,u)dz,
k=1

) L
Blu,u) = (I L)) = 5 > PO + [ fawuda,
k=1 0

where P(§) = &* — A% + B = p(€) + B is the symbol of the linear differential
operator

L(u) := u" + Au" + Bu.
Case (i). Let B < 0 and 0 < L < L;. We have seen that pi(L) + B > 0. As
P(*%) > pi(L) + B > 0 we infer that B(u,u) > 0 if u # 0 which means that the
functional I has only the trivial critical point. If B > 0 the same argument applies
for every L > 0.
Case (ii). We consider the solvability of the inequality

q(L)+ B =0, (3.7)

where (L) = inf{p,(L) : n € N}. Let 0 < B < (55)A? = hy and
]O,Lﬂ, B < h
10, L1]Ju{li}, B =h;.

By Lemma (c) if B < hy, inequality (3.7) holds if and only if L € T;. Let
lo = 0, h, < B< hn+1 and

Dpy1 =)0, L1 U [My, 20, U---U [nMy, (n + 1)Ly).

1= (38)

Let
Dn+17 hn <B< hn—i—h
Tn+1 =
Dypi1 U{lnt1}, B =hpir.



EJDE-2004/41 EXISTENCE OF TRIVIAL AND NONTRIVIAL SOLUTIONS 11

By Lemma (c) if hy, < B < hy,41 the inequality (3.7) is satisfied if and only if
L€ Ty
We estimate the quadratic term in B(u,u) as

L& kr
7 ZCiP(f) > (q(L) + B)|lull7> >0,
k=1

and conclude that that B(u,u) > 0 if u # 0. Then the functional I has only the
trivial critical point which completes the proof of Theorem [I.3] O

4. BOUNDS FOR THE MINIMIZER
Let us consider the problem
u? + Au”" + Bu+u? =0, O0<z<L,
w(0) = u(L) =" (0) = u"(L) =0,
and the corresponding energy functional
1,1 f* "2 2 2 1t 4
Jw; L) = —{z [ (" — Au” + Bu®)dz + - u'de}.

For u € X(L), let
1 L
fuf? = f/o 2 (2)da,

and ) )
J(u; L) = ijl(u; L)+ ZJQ(U; L) (4.1)
where
1 L
Ji(u; L) == f/ (u"? — Au'? + Bu?)dz,
0

1 L
Jo(u; L) = Z/ utdx.
0

Let P(&) = €* — A2 + B be the symbol of the linear operator Lu = v’ + Au” + Bu

and nm nm
Pu(L) = PCT) = p("F

: )+ B.

We have that u € X (L)
_ LT
u = jil ¢; Sln(—L ),

. B 1 oo ) 1 L .
J(u; L) = 1;:1 AP (L) + E/o uldz.
If ug is the minimizer of .J, then

d
%J(tUO?L)Ls:l = Jl(UO;L)-l-JQ(’LLO;L) =0. (42)

By the proof of Theorem [I.2] if L € A,,, where A,, is an interval which is the set
of solutions of the inequality P, (L) < 0, (1.4) has at least two nontrivial solutions.
Moreover, if L € A, there exist natural numbers m,m + 1,...,m + k, m >
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1,k > 0 depending on L such that P;(L) < 0if j € S={m,m+1,...,m+k} and
Pi(L)y>0ifj ¢ S.
Let Ey+1(L) be the finite dimensional subspace of X (L)
. mTX . (m+k)rz
Ey1(L) = span{sm(T)7 . ,sm(%)},
and foru € X(L), u=u+u T € Ej41, u € Ejf,; be the orthogonal decomposition
of u. We have

(@ L) =Y P;(L) <0, (4.3)
jES

(L) =Y 3P;(L) > 0. (4.4)
¢S

Denote
Pn = P, (L) = min{Pj(L) :jeSE<0,

where m,, € S depends on n and L.

Proof of Theorem[1.J. We have

. 1o 2 1ot 1 2 Ly Lo
J(u; L) = E;ijj(l/) + E/o udx > ipn|u\ + 1|u\ > — 3P (4.5)
The proof of the estimates (i)-(iv) is based upon a selection of a suitable test
function. We set
E,(L)= sp{sin(mnm'j

L
where ¢ will be chosen later. We have

)} € B(L),uy(z) = esin(—2"%) € B, (L),

1 3ct
J(uo; L) < J(uy; L) = ZCQpn + 3
Taking > = ¢§ = —§pn = 5|pn, We obtain
1
J(uo; L) < J(ur; L) = = <pp, (4.6)

which together with (4.5)) proves (i).
We have by (L), [2), and (L.0)

1 1 1
—gpi > J(uo; L) = 7 /1 (uo; L) > an'UOF

which implies

2
[@[* > =Zpn = Slpal = [ur . (4.7)
However by (4.2) and (4.4))
1 f
luo|? < f/ updr = —Jy (uo; L)
0
= —J1(uo; L) — Ji(to; L) (4.8)

< —Ji(to; L) + |pal[o)?
< |pall@ol* < [palluol?

and
|u0|2 S ‘pn‘, (49)
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which together with (4.7)) proves (ii).
Denote p = [tip|? and q = |ug|?. Then we have |ug|?> = p + ¢ and by (4.8),
(p+q)* = |uo|* < —Ji(to; L) + |palp
which is equivalent to
P* + (20— |pal)p + (¢ + J1(30; L)) < 0. (4.10)
Then
(24 = Ipal)* = 4(¢* + J1(Go; L)) = 0

which implies
Dy, = |pal® = 4lpnlg — 4J1(to; L) > 0.

It follows by (4.10) that
1
5(pal =24 =/ Di) <p <

By (i), we have 2|p,| < p and then

2 1
§|Pn| < §(|pn| —2q++/Dj})

(Ipn| — 2+ /D).

N =

or
1 1
~lp, < 2./Dt.
6\1) |+4¢ < 5V Dh
Then
1, 5 1 s, 1, _
%\pn\ +§Ipnlq+q < 7 pal® = 4lpnlg — 41 (0; L)),
or

4 . 2
¢+ 3lpnla+ (J1(@o; L) = §Ipn|2) <0.
Then, we have
4 - 2
D} = §\pn\2 — (Ja(tio; L) — §|pn|2) >0
or
2 2 ~
§|Pn| — Ji(uo; L) > 0.

Moreover

2 2
_glpn| -V D72; <q< _§|pn| + v D721

and since Jy (u; L) > 0,
2 2
< < - — —
o_q_( 3+\/;)pn7

which proves (iii). Observe that from

2 2
0< -2 n 7n2_J~;L
< 3valJr\/?)Ipl 1(to; L)
it follows Jy (to; L) < Z|p,|?, which proves (iv). O
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