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LINEAR HIGHER-ORDER FRACTIONAL DIFFERENTIAL AND
INTEGRAL EQUATIONS

KUNQUAN LAN

ABSTRACT. We study the equivalences and the implications between linear (or
homogeneous) nth order fractional differential equations (FDEs) and integral
equations in the spaces Ll(a,b) and Cf[a,b] when n > 2. We establish the
equivalence in Cfa, b] of the IVP of the nth order FDE subject to the initial
condition u(¥) (a) = w; for i € {0,1,...,n — 1} when n > 2. The difficulty is
that the known conditions for such equivalence for the first order FDEs are
not sufficient for equivalence in the nth order FDEs with n > 2. In this article
we provide additional conditions to ensure the equivalence for the nth order
FDEs with n > 2. In particular, we obtain conditions under which solutions
of the integral equations are solutions of the linear nth order FDEs. These
results are keys for further studying the existence of solutions and nonnegative
solutions to initial and boundary value problems of nonlinear nth order FDEs.
This is done via the corresponding integral equations by topological methods
such as the Banach contraction principle, fixed point index theory, and degree
theory.

1. INTRODUCTION

One of the important topics in fractional calculus is to establish the equivalence
or the implication between linear (or homogeneous) fractional differential equa-
tions (FDEs) and the corresponding integral equations. Understanding this topic
is a key toward further studying the existence of solutions and nonnegative solutions
for initial value problems (IVPs) and boundary value problems of nonlinear FDEs
via the corresponding nonlinear integral equations by topological methods such as
the Banach contraction principle, fixed point index theory or degree theory. Very
recently, the equivalence between linear first order FDEs and integral equations
obtained in [I8] is employed to study the existence of solutions and nonnegative
solutions for the IVPs of nonlinear first order FDEs in [2I], where the nonlinear-
ity is an LP-Carathéodory function and first order FDEs with nonlinearities from
combustion theory are considered. Some initial or boundary value problems for
linear or nonlinear FDEs and integral equations have been studied, for example in
[T, 2L [ 8, [9, 16, 17, 18], 19l 201 27, 28|, 29] B30].

We consider the linear (or homogeneous) nth order FDE

D;;fu(ac) = (I (u— Pm))(")(x) =v(z) fora.e. x € [a,b), (1.1)
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where a € (0,1),n € Nwithn >2, me {0,1,...n— 1} and

L ug

P, (x) = —'Z(m —a)"  for each x € [a, b]

i=0
is a polynomial of degree m, and the coefficients {u; : ¢ € {0,...m}} are given.
The symbols and detailed concepts in the Introduction will be given later.

One of our aims when m = n — 1 is to establish implications of existence of

solutions in L!(a, b) between the nth order FDE ([1.1]) without any initial conditions
and the integral equation

Y (u— n—1 @ i— _
u(r) = +Z Shl 1+z—)a)) ()(x—a)l C+ 1 Yv(2)

for a.e. x € [a,b]. Also to establish implications of solutions in L' (a, b) between the
IVP of (1.1)) subject to the initial condition

(I% (u— Py_1))P(a) = ¢; foreachie {0,1,...n—1} (1.2)

and the integral equation
n—1

u(z) = Pp1(x) + ; mm —a)'”* + 1" “v(z) forae. x € [a,b)].

These results generalize the results in [I8] from n =1 to n > 1, and are related to
the IVPs for nonlinear (T.1)-(T.2) with v(z) = f(z,u(z)) studied in [12} 15| 26} 29].
In particular, we obtain results on the identity on I "ngfu, which generalize
the corresponding results in [5, 15 25], where u; = 0 for i € {0,1,...n — 1}.

A more challenging topic is to establish the equivalence in Cla, b] between the
IVP of subject to the initial conditions

u(a) = ug, u'(a)=uq,...,u™(a) = upn, (1.3)
where m € {0,...n — 1} is given, and suitable integral equations.
When n > 2, m < n—2 and [a,b] = [0,1], Lan [I7] obtained the equivalence

in Cla, b] between the IVP of (T.1))-(T.3), where u(*)(a) is not required to exist for
ie{m+1,...,n— 1}, and the integral equation

u(z) = Pp(z) + Z '™ * + I *v(z) for each z € [a,b). (1.4)
1=m-+1
The results in [17] allow v € L!(a,b). Note that all the results in [I7] hold on the
general interval [a, b] by simple modifications. It is mentioned in [I7), p.5226] that
forn =1orn>2and m =n— 1, if one only assumes v € L*(a,b), (1.1)-(1.3) may
not be equivalent to the integral equation
u(x) = Py_1(x) + I “v(z) for each x € [a, b]. (1.5)

Therefore, additional conditions on v are required for studying the equivalence of
the IVP (L.I)-(1.3) and the integral equation in Cla,b] whenn =1orn > 2
and m=n— 1.

When n =1, Lan 18 used the followmg additional condition on v to obtain the

equivalence between and (| in Cla, b):

(H1) |Ii+ v(x)] <ooand (ISJr )( ):I;+ v(x) for each x € [a, b].
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However, when n > 2 and m = n — 1, the condition (H1) is not sufficient for
studying the equivalence between — and in Cla, b).

The challenge is that under what additional conditions on v, 1) implies
(L5), or implies (T.1)-(L.3) or (L.I)-(L.3) is equivalent to n Cla,b]?

Another aim of this paper is to study the equivalence or the implication in
C|a, b] between and mentioned above when n > 2 and m =n — 1.
For example, When n > 2 and m = n — 1, we shall prove that if the condition
v 6 H(?(a,b) in particular, v € Lp (a,b) for some p € (11—, 00|, then solutions of

in Cla, b] are solutions of -(1.3) in C] a b and if v € C§(a,b), then one
1 i (1.3}

can obtam equivalence between 3) and in Cla,b]. We shall show that

C,la,b] € LP(a,b) N I% (L (a,b)) C C§(a,b) C H§(a,b) forp e (1ia,oo],

where v > —1, C,[a,b] = {u € Cla, ] : lim,_, ,+ 2~ Tu(x) exists},
C§(a,b) == {v e L'(a,b) : Icltjo‘v € Cla,b] and Iijo‘v(a) =0}
and
H§ (a,b) = {v € L'(a,b) : v satisfies (H1) and I'7*v(a) = 0}.

Our results generalize [I5, Theorem 3.24, p.199] and the parts 2 and 3 of [29]
Theorem 5.1], where v € C[a,b] with v(z) = (z — a) Yw(x) for each z € (a,b),
0 <~v < aandw € Cla,b]. We also discuss the equivalence between (L.1)-(L.3)
which holds for each = € [a, b] and 1-) in Cla, b].

Closely related to the IVP 1.3)) is the IVP for the nth order Caputo frac-
tional differential equation
D¢, Ju(z) = 1% u™(z) = v(z) for ae. x € [a,b] (1.6)

subject to with n > 2 and m = n — 1. We show that has no solutions in
the nonempty set Cla,b] \ I (L'(a, b)) and provide conditions on v for (L.6)-(L-3)
and to be equivalent. In particular, if v € I, (L'(a,b)), then one can obtain
equivalence between ([L.6)-(1.3) and in Cla,b] when n >2and m=n — 1.

The paper is structured in the following way. In section 2, we recall the important
properties of the Riemann-Liouville integral operators and higher order fractional
derivatives. In sections 3 and 4, we study implications and equivalences of higher
order fractional differential and integral equations in L'(a, b) and in C[a, b], respec-
tively. In section 5, we study implications and equivalences of higher order Caputo
fractional differential equations and integral equations.

2. HIGHER ORDER FRACTIONAL INTEGRAL AND DERIVATIVES

Throughout this paper, we always assume o € (0,1), a,b € R with a < b and
n € N with n > 2. We use the usual derivative symbols u' and u® to denote the
first order and the ith order derivatives of a real-valued function u defined on [a, b]
for each i € N\ {1}. For each n € N, let N,, = {1,...,n} and Ny, = {0,1,...,n}.

The Riemann-Liouville (R-L) fractional integral of order 5 € (0, c0) of a function
u € L'(a,b) is defined by a Volterra integral operator

(1) (& )—1{

f;%dy for a.e. x € [a,b] if g <1,

I'(B) [i(x—y)Ptu(y)dy for each x € [a,b], if B>1,
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where I'(8) = [ ##~'e™" da is the well-known Euler’s Gamma function, see [5)
p.13], [15], p.69] and [25] p.33]. Following [I7, [I8], for each n € N, the integral oper-
ator I}, and the fractional integral operator I”""“ are said to be the nth order R-L
integral operator and the nth order R-L fractional integral operator with fraction
a, respectively.

We list some properties of I f 4+, Iy and ', which will be used later. Most
of these properties can be found in [B 17, [I8] 25, 29], where some properties are
considered when [a,b] = [0, 1], but hold for the general interval [a, b].

Lemma 2.1. Let 3,7 € (0,00) satisfy 3+~ > 1 and v € L'(a,b). Then
12,1 v(a) = 10,17 v(x) = I u(x)  for each x € [a,b).
Lemma 2.2. Let >0 and v > —1. Then
Lo = Fr s
If assume further that 8+ > 0, then the above result holds for each x € [a,b).
Lemma 2.3. (1) I}, maps L'(a,b) to AC[a,b]. Moreover, for each v € L'(a,b),

(Il v) () =v(z) for a.e. x € [a,b]

(x —a)’*7  for each x € (a,b]

and for v € Cla,b),
(Il v)(x) =v(z)  for each x € [a,b]. (2.2)
(2) Forn >2, I, maps L'(a,b) to C" *[a,b]. Moreover, for v € L*(a,b),
(I 0) D (z) = I"""v(z) for each x € [a,b] and i € N,_y

and '
I'7'v(a) =0 for eachi € N, _;. (2.3)
Lemma 2.4. (1) Iij" maps L*(a,b) to L'(a,b), Iij"‘ maps 1%, (L'(a,b)) to
ACla,b]. For each p € (12, 0], Ii:a maps LP(a,b) to Cla,b] and
(I;;“v)(a) =0 forve LP(a,b).
(2) Ij:a maps L (a,b) to AC[a,b]. Moreover, for each v € L(a,b),
(I27%) (z) = I'T%0(x) for a.e x € [a,b],
and if I'7%v € Cla, b, then
(I27%v) (z) = I'T%v(z)  for each x € [a,b].
(3) Forn >3, I""® maps L' (a,b) to C"[a,b] and for each v € L*(a,b),
(IZ;"U)(i)(Q:) = (I;’fo‘_iv)(x) for each x € [a,b] and i € N,,_s. (2.4)
(4) Forn>2, (I"7*v)(a) = 0 for each v € L'(a,b).
(5) Forn>1,1""%: L'(a,b) — L'(a,b) is one to one.
Proof. We only prove (5). Assume that vy, ve € L'(a,b) satisfy
I %y (x) = 177 “va(x)  for ae. x € [a,b].
Applying I, to both sides of the above equation and using Lemma we have

Livi(x) = I35 1 oy () = 105 1) “va () = I va(z)  for each € [a, b].
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Differentiating both sides of the above equation n times and using Lemma (2)
implies that
vi(z) = va(z) for a.e. x € [a,]]

and v; = vy in L(a,b). O
Remark 2.5. The result: I;I”‘ maps 12, (L'(a,b)) to AC|a,b] is proved in [I8]
Proposition 2.2] and generalizes the result: I'7* maps ACla,b] to AC[a,b] in [20,
Lemma 2.3], the first part of [25, Lemma 2.1] and [29, Proposition 3.2 (6)]. When
n =1, Lemma[2.4] (5) is given in [25, Theorem 2.1] (also, see [20 p.65]).

Let n € N and m € Ny ,,. For each i € Ny ,_1, let u; € R be given. We define a
function P, : [a,b] — R by

P (z) = Z —(z —a)" for each z € [a,b]. (2.5)
i=0
Definition 2.6. The nth order fractional derivative with fraction « (relative to
P,,) of a function u € L(a,b) is defined by
Dy Su(x) = (154 (u — Py)™(z) for ae. x € [a,b].

The letter p in the symbol D”_O‘u is the first letter of polynomial and is used
to indicate that the fractional dlfferentlal operator D" contains a polynomial.
A sufficient condition for the derivative D {'u to eX15t a.e. on [a,b] is (I& (u —
P,))"Y € ACla,b]. In Definition we require neither the existence of u(¥(a)
nor u; = u(i)(a) for i € Ny 1 since the polynomial P, is independent of u.

When n = 1, the first order fractional derivative D;’_a‘iu is used in [I8]. For
n > 2 and m € Ny ,,_2, the nth order fractional derivative DZ;J‘fu is considered in
[17], where [a,b] = [0,1]. If u; = 0 for each i € Ny, then D" ¢ = D" is the
usual R-L fractional differential operator of order n — «, see |5, Definition 2.2], [I5]
p. 70], 22, p 88], [25, p.37], and [29, Definition 4.8]. If m = n — 1, u(9(a) exists
and u; = u(® (a) for each i € Ny ,,—1, then D; Y= D] " is the Caputo differential
operator of order n — « in [0, Definition 3.2] and [I5, Section 2.4, p.90].

3. EQUIVALENCES OF THE nTH ORDER FRACTIONAL DIFFERENTIAL AND
INTEGRAL EQUATIONS IN L'(a,b)

We study solutions in L'(a,b) of the nth order FDE
Dy Su(e) = (I (u = Ppe1) ™ (@) = v(@) (3.1)

pat¥
for a.e. © € [a,b], where n € N with n > 2, P,,_1(x) = Z?:_Ol Yi(z — a) for each
z € [a,b], u; € R for each i € Ny ,,_; is given and v € L'(a,b).
Definition 3.1. A function u € L'(a,b) is said to be a solution of ([3.1) (relative
to P,_1) if u satisfies (3.1)).

We shall see that the condition (I% (u — Ppq))™Y € AC[a,b] is needed to
ensure that u is a solution of ( when we study the equivalence between the
FDE (| and the integral equatlon

n—1 a (y — . () .
) = Pa(@) + 3 o 1+z—1)63) Do—ay=+ ) (62
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for a.e. x € [a,b].
A function u € L'(a,b) is said to be a solution of if u satisﬁes
The following new result provides the 1mphcat10ns between and . in
L'(a,b).
Theorem 3.2. Let u,v € L'(a,b). Then the following assertions hold.
(1) If (I% (u— P,_1))"~Y € AC[a,b] and u is a solution of (3.1)), then u is a

solution of (3.2)).

(2) If 1% (u— P,_1) € Cla,b] and u is a solution of (3.2), then u is a solution
of (3.1)

Proof. (1) Assume that (I, (u—P,_1))"~Y € AC[a,b] and u is a solution of (3.I)).
Integrating both sides of (3.1]) from a to x implies

(I (u— Pp1)) ™ Y(2) = (I (u — Pu_1)) " V(a) + I} v(z) for each = € [a,b].

Since (1&} (u— P,_1))»=%) € AC[a, b], integrating both sides of the above equation
from a to z implies for each x € [a, b],

(I (= Poo1) ()
= (Ig+ (u = Poc1)) "2 (@) + (I (u = Pua)) " V(@) (@ — @) + 31 0(2).

Repeating the process, for each x € [a, b] we have

at+ (U= Ppy)(z)

Taking Ii; “ on both sides of the above equation and using Lemmas and
we obtain for each z € [a, ],

Il (u— Pyoy)(a)
e (e 711>ﬂ°«w (1 + 1) a1 na
‘Z% Fari—a) O L @)

3
-

(15 (u = Po1))(a)
F(2+i—a)

(x—a)" "+ LI ().
i=0

Differentiating both sides of the above equation, we have for a.e. x € [a, ],

() ~1()

n— « u_ 1 () i—OZ i -
(I DA FT70) () yima . proay(y)

[
gl

i=0 r2+i-a)
_n x (I (u— Py 1))(1)( ) . o
- i=0 I(1+i-a) (x—a)™ "+ 17 v(z).

(2) Assume that I, (u— P,_1) € C[a,b] and u is a solution of (3.2). Taking I,
on both sides of (3.2) and using Lemmas [2.1| and we obtain for each x € [a, b],

L (= Py )
:Z Ia+ 1)) ( ) ::Jr(x )z a+ In+ a’l)(l‘)

ar (1= Poe Fl+i—a)
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Z_: (I% (u— Py_1))D(a )F(1+i_a)(x_a)i+];’+v(x)

— I'l+i—«) I'(1+1)
= T2 (= Pon))D(a) iy on
= 2 ) (x —a)' + I v(x).

Differentiating both sides of the above equation n — 1 times and using Lemma
2-3(2), we have for each z € [a, b],

(I (u = Poo1) V(@) = (I (u— Pac1)) "V (a) + Igev(@).

This with Lemma [2.3(1) implies (I (u — P,—1))"~Y € ACla,b]. Differentiating
both sides of the last equation and using Lemma[2.3|(1), we obtain (3.1)). O

By using Theorem we obtain the following identity.

Theorem 3.3. Ifu € L'(a,b) satisfies (I%, (u — P,_1))"~Y € AC[a,b], then for
each x € [a,b],

. — Pu1))(a)
1+i—a)

1—a

pa+

M

(z —a)

Proof. Let v(z) = (I% (u — Py_1))™(2) for a.e. T € [a,b]. By Theorem.
is a solution of . Substituting v into ) the result holds.

When u; = 0 for each ¢ € Ny 5,1, Theorem @ was proved by different methods,
for example, in [5, Theorem 2.23], where (I% u)®(a) is replaced by the limit:
lim, o+ (1% w)® (z), [15, Lemma 2.5 (b), p.75] and the second part of [25, Theorem
2.4, p.44].

Next, we consider subject to the initial condition

(I% (u— Py_1))P(a) =¢; forieNg, 1, (3.3)

where ¢; € R is given for each i € Ny ,_1.
We show that (3.1)-(3.3) can be studied via the the equation

n—1
(&7

u(z) = Pn—l(:E)—FZ m(z—a)i*a—&—lgjav(x) for a.e. z € [a,b]. (3.4)
i=0

When n = 1, the equivalence in L1 (a, b between (3.1)) and . was studied in [I8]

Theorem 3. 1] The IVPs for 1 j with n = 1 were studied in [I8, Theorem
3.2]. The IVPs for nonlinear (3.1] ) with v(z) = f(z, u(z)) were studied in [20],

Theorem 4], [12, Theorem 1] HEL Theorem 3.1, p 145] and [29) Theorem 6.10].

Theorem 3.4. (1) If 12 (u—P,_1) € Cla,b] and u is a solution of (3.4)), then
(I (u— P,_1))™Y € ACla,b] and u is a solution of (3.1)-(3.3).
(2) Ifu € LY(a,b) satisfies (1% (u— Pn_1))"Y) € AC[a,b] and u is a solution

of (3.1)-(3.3), then u is a solution of (3.4)-(3.3)).

(3) If 1% (u— P,_1) € Cla,b] and u is a solution of (3.4), then u is a solution
of 2.
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Proof. (1) Assume that u € L'(a,b) is a solution of (3.4) and I% (u — P,—1) €

Cla,b]. Applying I, to both sides of (3.4) and using Lemmas and we have
for each z € [a,b]

n—1

a Ci (e i—Q a n—o
So(u—Poa)() =) mfﬁ (@ —a)™ + 15 I ()
i=0

B ; (1 n 7= a)' + I} v(z).

By Lemma (2), I, maps L'(a,b) to C" *a,b]. It follows from the above
equation that I% (u — P,—1) € C" ![a,b]. Since I",v € ACla,b] and I" v(a) =0,
it follows from the above equation that 1% (v — P,_1) € AC[a,b] and I (u —
P,_1)(a) = ¢p. Differentiating both sides of the last equation and repeating the
process k times imply for each z € [a, 1],

(154 (w = Py 1)) P (@) = Wi prtipy oy (0 — @) + [ (@)
- e (3.5)

(z—a) ™"+ I;L:kv(x).

Since Igfkv € AC|a,b] and I:fkv(a) =0, it follows from that
(I% (u— P,_1))® € ACa,b] and (I% (u— P,_1))®(a) = cs.
By with k = n — 1, we obtain
(I% (u— P 1) Y(2) = cu1 + I v(z)  for each z € [a,b).
Differentiating both sides of the above equation,
(I% (u— P,_1))™(x) = v(z) for ae. x € [a,b].

(2) Since u is a solution of (3.1]), by Theorem u is a solution of (3.2)). Since
u satisfy (3.3), by (3.2)), (3.4) holds and u is a solution of (3.4)-(3.3]).
(3) If u € L'(a,b) is a solution of (3.4)), then by result (1), (3.3) holds. Hence,

(3.3) and (3.4) together imply (3.2). O

Theorem generalizes [18, Theorem 3.2] from n =1 to n > 2. When u; = 0
for i € Ng -1 and [a,b] = [0,1], Theorem (3.4 (1) and (2) were obtained in [29]
Theorem 6.10] when v(z) = f(z,u(x)) for each = € [0,1] and v € L'(0,1). Note
that the solutions of (3.4) depend on ¢;. Hence, for given ¢; € R for i € Ny 1,
the converse of Theorem (3) may not be true since (I% (u — P,_1))®(a) may

not be equal to ¢;. Hence, Gi in general is not equivalent to (3.2)), where
(I% (u — P,—1))®(a) is required to exist.

Theorem 3.5. Assume that u € L'(a,b) satisfies (1% (u— P,_1))"~Y € AC[a, b]
and (3.3). Then

n—1
n—o yn—o C; i—
Ia+ Dp’(ﬁu(x) = u(.]?)—Pn_l(.T)— E m(x—&) fO’f‘ a.e. r € [G;, b]
i=0
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Proof. Since (I%, (u— P,_1))"™Y € ACla,b], it follows from Theoremthat the
function v defined by v(z) = (I% (u — P,_1))™ (z) for a.e. z € [a,b] satisfies (3.2).
Since u satisfies , (3-2) implies that holds and the function v satisfies
. Substituting v into (3.4]) the result holds. (]

4. EQUIVALENCES OF THE nTH ORDER FRACTIONAL DIFFERENTIAL AND
INTEGRAL EQUATIONS IN Ca, b]
We study solutions in Cfa, b] of the IVPs for the nth order FDE
Dy Su(z) == (g% (u— P, )™ (z) =v(z) forae. z € [a,b] (4.1)
subject to the initial condition
u(a) = uo, u'(a)=ui,...,u" V(a) =u,_1, (4.2)

where u; € R for each i € Ng ,,_1 and P,,_1(z) = Z?;Ol %(x—a)i for each z € [a, b].
We show that under suitable conditions on v, the solutions in Cfa,b] of (4.1)-(4.2)
can be studied via the integral equation

u(r) = Py_1(x) + I “v(z) for each z € [a, b]. (4.3)

Definition 4.1. Let v € L'(a,b) be given. A function u : [a,b] — R is said to be

a solution of if u satisfies .
When v € L!(a,b), the equivalence in C[a, b] between the IVP for
DI Su(@) == (g% (u— P) ™ (x) =v(z) for ae. € [a,b] (4.4)
subject to the initial condition
u(a) =ug, u'(a)=muy,...,u'"™(a) = tn,

and the integral equation

n—1
uw(x) = Pp(x) + Z '™ * + I" *v(z) for each x € [a,b],

i=m-+1
where n > 2, m < n — 2 and [a,b] = [0, 1], was studied by Lan [I7], where u(")(a)
is not required to exist for i € {m+1....,n —1}.

It is pointed out in [I7, p.5226] that the solutions in Cfa,b] of (£.1)-(4.2) with
n > 1 can not be obtained via if one only requires v € L'(a,b). Therefore,
additional conditions on v are required for studying solutions in C|[a,b] of —
(4.2) with n > 1. When n = 1, the additional condition on v used in [18] is (H1).
However, when n > 2, condition (H1) is not sufficient for studying solutions of
(4.1)-(.2) in Cla,b]. Next we introduce new conditions on v for studying solutions
of (4.1)-(4.2)) in C[a,b] when n > 2. Let

HS (a,b) = {v € L'(a,b) : v satisfies (H1) and (Ii:av)(a) =0},
H$(a,b) = {v € L'(a,b) : v satisfies (H1) and limsup [(I}7*v)(z)| < oo}

r—at

Then both H§ (a,b) and H§(a,b) are linear spaces. Moreover, if v € H§ (a,b) and
lim, o+ I{ijav(x) =0, then v € H&(a, b).

Remark 4.2. It is not clear whether one of the following inclusions holds.

H{(a,b) C Hg(a,b) or Hg(a,b) C Hi(a,b). (4.5)
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Let
PRola,b) = Ig (L' (a,b)), (4.6)
C§(a,b) == {v e L'(a,b) : I;IO‘U € Cla,b] and I;Iav(a) = 0}. (4.7
By [I8| Propositions 2.2] (see also [29, Proposition 3.6], where [a,b] = [0,7T] and
the proof of [25] Theorem 2.1)),
Rola,b) ={ve L' (a,b): I']* € AC[a,b] and I} “v(a) = 0}. (4.8)
By [I8| Proposition 2.3] and Lemma (1), (2), we obtain the following result.

Proposition 4.3. Let a € (0,1). Then the following assertions hold.
(1) ACla,b] G Zo(a,b) C Cg(a,b) C H§ (a,b) N Hi(a,b).
(2) LP(a,b) C Cg(a,b) forp € (325, 00].

11—’
Proposition 4.4. The following assertions hold.
(1) Cla,b]\ Zu(a,b) #0 for each a € (0,1).
(2) Cla,b] \Ii:o‘(Lp(a,b)) # 0 for each a € (0,1) and p € (2, ).

1-a?

Proof. (1) Let § > 1. We consider the following Weierstrass function
o0

w(x) = &% cos(8%x) for = € [a, b]. (4.9)
k=0

It follows from [29, Addendum (3), p.33] or [I1} section 5.5, p.589] that w € C|a, b]
and Ii:aw ¢ AC(a,b] since Iclﬁ_aw are not differentiable anywhere on [a,b]. By
(4.8), we see that w & %, (a,b). Hence,
w € Cla,b] \ Za(a,b) for each a € (0,1). (4.10)
(2) By (4.6), we have for each a € (0,1) and p € (-, ],

1—a”
I'7(LP(a,b)) C I}7*(LY(a,b)) = %1—a(a,b).

This, together with (4.10]), implies that

w € Cla,b] \ #1-a(a,b) C Cla,b]\ I}7%(LP(a,b))
and the result follows. O

We refer to [4] for another function in Cfa,b] \ Za(a,b).
Lemma 4.5. If u is a solution of (4.3)), then the following assertions hold.
(1) If v satisfies (H1), then

u" V() = up_q + Ii;o‘v(x) for each x € [a,b]. (4.11)

(2) I'7% € Cla,b] if and only if u™~Y € Cla, b].

(3) v € Zala,b) if and only if u™ Y € AC[a,b] and v € HE(a,b) N H (a,b).
Proof. (1) Using Lemma (3) and (H1) and differentiating both sides of (4.3
n — 1 times imply (4.11)).

(2) By (4.11)), we see that the result (2) holds.

(3) If v € #q(a,b), then by Proposition 1), v € H%(a,b) N H(a,b). Since
Iijav € ACla,b], by @E11)) we have u(»~1 € AC[a,b]. Conversely, if u(*~1 €
ACla,b] and v € Hg(a,b) N H§ (a,b), then v satisfies (H1) and I'7*v(a) = 0. By
[@11) and u(»~Y € AC[a,b], we obtain Ii;o‘v € AC[a,b]. Hence, v € Zo(a,b). O
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Lemma 4.6. Letn > 2,y € Cla,b] andv € L'(a,b). Then the following assertions
are equivalent.

(1) (1% y)"=Y € AC[a,b] and y,v satisfy the equation
D' %y(x) =v(x) for a.e. x € [a,b].
(2) There exists {c; € R:i € N,_1} such that

Z (x—a) "+ 1" “v(z) for each x € [a,b].

Lemma [4.6] was proved in [17, Theorem 2.5] when [a, b] = [0, 1], but it is easy to
see that the result holds on [a, b]. Now, we prove the following result on implications

between and (| .

Theorem 4.7. (1) Ifv e H§(a,b) and u is a solution of ([£.3), then u € Cla,b],
(I% (u— Py—1))™Y € AC|a,b] and u is a solution of ([{1)-(4.2).

(2) If v € Hg(a,b), u € Cla,b], (I% (u— Py_1))""Y € AC[a,b] and u is a
solution of ([A.1)-(4.2), then u is a solution of and v € H(a,b).

Proof. (1) Assume that I} *v(a) = 0 and u is a solution of (£.3). By Lemma
(2) and (3), I; v € C’[a b]. This, together with (£.3)), implies u € C[a,b]. Let
y=u—P,_1and ¢; =0 for i € N,,_7. Then y € C[a,b] and by (4.3] .,wehave

y(z) = I “v(w) Z )T 4 I %v(zx) for each x € [a,b].

Since (2) implying (1) of Lemma [4.6]
(I (u = Poe1) 7Y = (I4y) ™Y € ACa, b],
Dy Su(z) = Dy %y(x) = v(z) for ae. x € [a,b].
Now, we prove that u satisfies (4.2)). If n = 2, then by (4.3), we have
w(z) = up +ui(z — a) + I>7%v(z) for each x € [a,b)].

By Lemma (4), Izjav(a) = 0 and u(a) = ug. Using (H1) and differentiating
both sides of the above equation we obtain

W' (x) = uy + I}7%(z) for each z € [a,b)].

This, together with I'7*v(a) = 0, implies u’(a) = u; and ([{:2) with n = 2 holds.
If n = 3, then using Lemma [2.4] (3) and differentiating both sides of (4.3 with

n = 3, we have
u'(z) =u +uz(z —a) + Ig;o‘v(x) for each = € [a, b].

By Lemma (4), I’7*v(a) = 0 and '(a) = uy. Using (H1) and differentiating
both sides of the above equation we obtain

u'(x) =up + )7 %v(z) for each z € [a,b].

This, together with I;I("v(a) = 0, implies uv”(a) = ug. Hence, (4.2) with n = 3
holds and (2) holds.
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If n > 4, then by (4.3) and (2.4]), we have for each k € N,,_3 and = € [a, b],

u®) () = (nz 0 (z — a)i)(k) (o) ®) ()

7!

i=0
ok | (4.12)
= Y P —a I ()
=0 7
and
w2 () = up_9 + Un_1(z — a) + I*7%v(z) for each z € [a,b)]. (4.13)

By Lemmaﬂ( ), (Ig;o‘v)(k)(a) = 0 for k € N,,_5. This, together with (4.12)) and
(4.13), implies

u™ (a) =uy, for k € N,_s.
Differentiating both sides of (4.13]) and using (H1) imply that for n > 4,
u™ V) (2) = up_y + I'7%v(z) for each x € [a,b)].

This, together with I'7%v(a) = 0, implies u("~(a) = u,_; for n > 4. Hence, u

satisfies (4.2]).
(2) By Lemma [£.6] with y = u— P,_1, there exists {¢; € R : i € N,,_1} such that

n—1 n—1
u(z) = Z %(x —a)' + Z ci(z —a)™ + I “v(z) for each x € [a,b]. (4.14)
=0 i=1

We prove that ¢; = 0 for each i € N,,_;. If n = 2, then by (4.14]), we have
w(x) =up +ui(z—a) +er(zr—a) ™ +I27%(x) for each € [a,b].  (4.15)
Differentiating both sides of (4.15)) and using (H1) yields

1—
u'(r) =u + el 0;) +I'7%(z) for each z € (a,b)]. (4.16)

(x —a)
Since u/(a) = uy exists, it follows from the Mean Value Theorem that there exists
a sequence {x,,} C (a,b) such that lim,, ;. 2, = 0 and

lim U (2) = u'(a). (4.17)

m

Since limsup, _,,+ [I'7%v(z)| < o0, it follows from ({.16) and ([{17) that ¢; = 0.
Noting that u(a) = up and Ig:o‘v(a) =0, by (4.15) with ¢; = 0, we have

u(z) = uo +ui(r — a) + Ifio‘v(x) for each x € [a, b]

and (4.3]) with n = 2 holds.
If n > 3, then by (4.14) and Lemma (3), we have for each k € Nj,_o,

u(k)(x)
n—1 n—1
Uq 7 () i—a (k) n—o
- (X Fe-a) +(Xa-aT) "+ @) P @)
i=0 =1
n—1—k n—1
- B (o —a) + 3 emiy k) (@ — a)i =k 4 IR () (4.18)

|
=0 i=1
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n—1—k u e 77 Z k n—1
k+ . i—a—k
R Mt L S O
7=0 i=k+1

+ I;Zr_k_"v(x) for each z € (a,b],
where
n(i, k) = ciﬂé?;ol(i —a—j) forkeN, sandieN,_;.
By (4.18)) with k£ = 1, we have for each = € (a, b,

n—2 n—1
U4 j o en(1,1)
u'(z) = E ;TJ (x—a)’ +(;77(+§ ein(i, 1) (z—a) = I (). (4.19)
=0 ’ =2

By (4.2)), v'(a) = u; exists. It follows from the Mean Value Theorem that there

exists a sequence {z,,} C (a,b) such that lim,, o Z;» = 0 and (4.17)) holds. Since

Igflfo‘v € Cla,b], by (4.17) and (4.19), we obtain ¢; = 0. Hence, (4.14) becomes
n—1

Z u—' (x —a)" + Z ci(z—a)~* + I “v(z) for each z € [a,b).

1=0 1=

Differentiating both sides of the above equation we obtain that for each x € [a, ],

— n—1
Z (x—a) + Z ein(i, 1)z —a) = + 171 (a). (4.20)
7=0 ! =2

By Lemma( ) and (3), I'7'"*v € Cla, b]. This with (4.20) implies v’ € Cla, b]
for n > 3.
If n = 3, then (4.20) with n» = 3 becomes

u(z) =u +us(z —a) + con(2,1)(z —a)' " + I>7%(z) for each z € [a,b].
Differentiating both sides of the above equation and using (H1), we obtain
2,1)(1 -
u’(z) = us + W +I'7%v(z) for each z € (a,b). (4.21)
r—a
By (4.2), v (a) = ug exists. It follows from the Mean Value Theorem that there
exists a sequence {z},} C (a,b) such that lim,,_,. z}, = 0 and

im u’(x}) = u’(a). (4.22)

Since limsup,,_, ,+ \Iijo‘v( )| < o0, it follows from and - ) that c; = 0.
Repeating the process we obtain for n >4 ¢ = 0 for each ¢+ € N,,_5. Hence,

equation (4.14) becomes
n—1
u(zx) = Z u—:(x —a) +ep1(z—a)" T+ I %v(z) for each x € [a,b]. (4.23)
i!
i=0

Differentiating both sides of (n — 2) times implies for each z € [a, b],

w2 (2) = Up_s Ftp_1(x—a)+en_in(n—1,n—2)(x—a) "+ Ig;o‘v(x). (4.24)
By Lemma (2), I’7*v € C[a,b]. This with implies u("~2) € C[a,b].
Using (H1) and differentiating both sides of the above equation imply for = € (a, b],
n—1,n—-2)(1-a)

Cn—
u(”_l)(x) =, g+ 17( oo

+ I (). (4.25)




14 K. LAN EJDE-2023/01

Since u® "V (a) = wu,_; exists and limsup,_, ,+ |I T %(x)] < oo, by the Mean
Value Theorem and -, we have ¢,—1 = 0. By (4.23| - with ¢,_1 = 0, we see
that (4.3) holds for n > 3. Since v € H%(a,b), (H1) holds. Since (4.3) holds and
w1 = u,,_,, it follows from that I'7*v(a) = 0 and v € H§ (a, b). O

Remark 4.8. By Proposition[4.3)(1) and Theorem[£.7)(1), we see that the condition
v € H§ (a,b), in particular, v € Lp(a b) for some p E (1 —, 00, is a useful condition

for studying solutions of | . in Cla, b] via

By using Theorem [£.7, we obtain the following equivalence result.

Theorem 4.9. Let v € L'(a,b). Then the following assertions are equivalent.
(1) I)7%v(a) =0, u'"=Y € Cla,b], and u is a solution of ([A3).
(2) Il+av € Cla, b], u 6 C [a,b], (I% (u— P,_1))"Y € AC[a,b] and and u is

a solution of (4.1]
(3) ve Hy(a,b), 1) € C [a,b], (I (u— Po—1))""Y € AC|a,b] and and u

s a solutzon of . .

(4) v e C§(a,b) and u is a solution of (4.3).

Proof. (1) implies (2). Since I'7*v(a) = 0 and u("~Y € C[a, ], by Lemma 2),
I'7*v € Cla,b] and v € C§(a,b). By Proposition (1), C§(a,b) C H§(a,b) and
v € H§(a,b). By Theorem ¥.7(1), u € Cla,b], (1%, (u —P,_1)) Y € ACla,b] and
u is a solution of . )-(4.2) and holds

(2) implies (1). By Lemma Il+ v € Cla,b] implies v € H%(a,b). By
Theorem (2), u is a solution of and v € H§(a,b). Hence, IéJr “v(a) = 0.
Since I;Iav € Cla,b] and u is a solutlon of (4.3), by Lemma (2), we obtain
u™=Y € Cla,b] and (1) holds.

(2) implies (3). Assume that (2) holds. By Lemma I'7%v € Cla,b] implies
v € H%(a,b) and (3) holds.

(3) implies (1). Assume that (3) holds. By Theorem (2), u is a solution of
and v € H§(a,b). Hence, I'7*v(a) = 0. It follows that (1) holds.

Equivalence between (1) and (4). By Theorem and Lemma 2), we see
that (1) and (4) are equivalent. O

Remark 4.10. The equivalence between (3) and (4) of Theorem generalizes
the equivalence [I5, Theorem 3.24, p.199] and the parts 2 and 3 of [29, Theorem
5.1], where v(z) = (z —a) "w(x) for each z € (a,b], 0 <y < 1—a and w € Cla, b].

As an application of Theorem [4.7] we obtain the following identity.

Theorem 4.11. Assume that u € C|a,b] satisfies the following conditions:
(1) (I3 (u— Poo1))™ Y € ACla, b].
(ii) The initial condition (4.2) holds.
(iii) ngfu € H%(a,b).
Then
I:;aD”;fu(x) =u(z) — Pp_1(x) for each x € [a,b]. (4.26)

Proof Let v(z) = D ) for a.e. x € [a,b]. By (iii), v € H%(a,b) and u €

Cla,b] satlsﬁe h ThlS with (i)-(iii) and Theore2) implies that u is
4.3

a solutlon of (4.3 D and v € H(a,b). Substituting v into (4.3]) implies (4.26). O
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Remark 4.12. When n = 1, [I8, Theorem 5.6] only requires that D;;‘iu satisfies
(H1). When n > 2, Theorem suggests that a stronger condition (iii) is needed.

Now, we study solutions in Cfa, b] of the IVP of the nth order FDE
D" %u(z) == (I% (u — P,_1))™(z) = v(z) for each x € [a, b] (4.27)

p,at

subject to (4.2) when v € Cla, b].

The difference between (4.1]) and (4.27)) is that (4.1)) holds for a.e. € [a, b] while
(4.27)) holds for each x € [a,b]. We need the following result, see [24], Theorem 7.21,
p.149].

Lemma 4.13. Assume that f : [a,b] — R satisfies the following conditions.
(i) f'(z) exists for each x € [a,b].
(ii) f" € L'(a,b).
Then f € ACla,b].
Proposition 4.14. (1) Assume that the following conditions hold.
(i) v:la,b] = R is a function and v € L*(a,b).
(ii) w is a solution of (4.27).
Then (1%, (u — P,—1))"~Y € AC[a,b], and u is a solution of (A.1).
(2) If v € Cla,b] and (I% (u — P,—1))"™Y € ACla,b] and u is a solution of
(4.1), then u is a solution of (4.27)
Proof. (1) By conditions (i) and (i), (I8 (u — Pa—1))" "V (z) exists for each z €
[a,b]. We define a function f : [a,b] — R by
f(@)=(I% (u— Py_1))"Y(z) foreach x € [a,b].

Then by the conditions (i) and (ii), f'(x) = v(z) exists for each x € [a,b] and
f'=veL'a,b). By Lemma f € AC[a,b] and the result follows.

(2) Since (1%, (u— P,_1))"~Y) € AC[a,b], integrating both sides of from a
to x, we have

(I (u—Pn,l))("_l)(x)—(Iflﬁ (u—Pn,l))(”_l)(a) = / v(y)dy for each x € [a,b].

a

Differentiating both sides of the above equation yields
(I (u— Pn_l))(")(x) =wv(z) for each z € [a,b).
Hence, u is a solution of (4.27). O

By Proposition with v € Cla, b], we obtain the following equivalence result
that generalizes [18, Proposition 4.2] from n =1 to n > 2.

Corollary 4.15. Let u € L'(a,b) and v € Cla,b]. Then u is a solution of ([4.27)
if and only if (I8, (u — P,—1))™~V € ACla,b] and u is a solution of ().

Proof. Assume that u is a solution of (4.27)). Since v € C[a,b], the result follows
from Proposition 1). The converse follows from Proposition [4.14{2). O

The following result shows that (4.27)-(4.2) can be studied via (4.3) when v €
Cla,b].

Theorem 4.16. Let v € Cla,b]. Then u is a solution of (4.3)) if and only if
u € Cla,b] and w is a solution of (4.27)-(4.2).
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Proof. Assume that u is a solution of (4.3)). Since v € C[a, b], we have v € C§'(a, b).
By (4) implying (2) of Theorem u € Cla,b], (I% (u— Py_1))™ ™Y € AC[a, b]
and u is a solution of (£I))-(42). Since v € C[a,b] and u is a solution of (4.1,
by Corollary u is a solution of (4.27). Hence, u is a solution of 1b

Conversely, assume that v € Cla,b] and u is a solution of (4.27)-(4.2). Since
v € Cla,b], By Lemma 2), I;;O‘v € Cla,b] and by Corollary [4.15] (1% (u —

P,_1))" Y € AC[a,b] and u is a solution of (@.1)-(&2). By (1) implying (1) of
Theorem u is a solution of (4.3)). |
Remark 4.17. The solutions of (4.27))-(4.2) were studied analytically and numer-
ically in [3} 10] when v(z) = —A%u(z) + f(x). When a = 0, the equivalence of

(4.27)-(4.2) and (4.3) is implicitly proved by a different method in [5, Lemma 6.2]
(also see [7, Lemma 2.1], [13}, Theorem 1], [I4, Theorem 1]), where u € Cla,b],

v(z) = f(z,u(z)) and f is a suitable continuous function.
As a special case of Theorem we obtain the following result.

Corollary 4.18. Assume that u € Cla,b] satisfies (4.2) and D) Yu € Cla,b].
Then (4.26) holds.

Proof. Let v(z) = D} Su(x) for x € [a,b]. Since D u € Cla,b], by Proposition
{414 (I (u— P,_1))" Y € AC[a,b] and Theorem () holds. By Proposition
4.3(2), v € Cla,b] implies Theorem [4.11)(iii). The result follows from Theorem
4111 O

Corollary generalizes [6, Theorem 2.5], where u(~1) € Cla,b], u; = u™ (a)
and a very different proof is given.

5. HIGHER-ORDER CAPUTO FRACTIONAL DIFFERENTIAL EQUATIONS
We consider the IVPs of the nth order Caputo FDE
D¢ Ju(z) = I%u™ (z) = v(z) for ae. = € [a,b] (5.1)
subject to the initial conditions
u(a) = ug, u'(a)=us,...,u" D(a)=u,_1, (5.2)
where u; € R for each i € Ny ,,—1 and v € L'(a,b) are given.

Definition 5.1. A function u : [a,b] — R is said to be a solution of (5.1) if
u(™ € L'(a,b) and u satisfies (5.1)); to be a solution of (5.1))-(5.2)) if u is a solution
of (5.1) and satisfies (5.2)).

The following result provides a continuous function u whose nth order Caputo
fractional derivatives are zero a.e. on [a, b] and u(" 1) & AC[a, b], which is a solution

of E1-E2).

Example 5.2. Let f be the Cantor function defined on [0,1] (see [23] Example
7.1, p. 141]). We define a function « : [0,1] — R by

u(z) = IJ7' f(z) for each z € [0,1]. (5.3)

Then the following assertions hold.
(i) u(»=Y & AC[0,1] and u satisfies the initial condition

w(0) =0, ' (0)=0,...,u""1(0) = 0. (5.4)
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(ii) u(x) £ 0 on [0,1] and u is not a polynomials of degree n — 1.
(ili) D¢ Ju(z) = I8 ul™ (z) = 0 for ae. z € [0,1].

Proof. (i) By Lemma we have for i € N,,_o,
u () = ' f(x)  for each x € [0,1] (5.5)
and u)(0) =0 for i € N,,_5. By with i = n — 2, we have
u"" A (x) = I, f(x) for each x € [0,1].
Since f is a continuous increasing nonconstant function on [0, 1], by , we have
umV(2) = f(x) for each z € [0, 1]. (5.6)

Since [ ¢ AC[O,I by (B.6), we have w1 ¢ AC[0,1]. Since f(0) = 0, by (5X6))
we have u™=1(0) = 0. Hence, result (i) holds.

(i) Slnce f is a continuous increasing nonconstant function on [0, 1] and f(0) = 0,
by (5.3), u(x) # 0 on [0, 1]. Since f is a nonconstant function on [0, 1], by (5.6)), u is
not a polynomlal of degree n—1 since the (n—1)th order derivative of a polynomial
of degree n — 1 must be a constant. Hence, the result (ii) holds.

(iii) Since f'(z) =0 for a.e. z € [0, 1], By (5.6)), we have
u™ (z) = f'(x) =0 for ae. x€0,1].
This implies that the result (iii) holds. O

A sufficient condition for u to satisfy u(™ € L'(a,b) is u®~1) € ACla,b]. When
studying the equivalence between (5.1)-(5.2) and the integral equation (4.3)), the
condition u(®~1) € AC[a,b] is needed to ensure the equivalence, see Theorem
below. Following [ZI} Section 9], the condition (=1 € AC[a, b] would be used as
a necessary condition for the definition of a solution w of to prevent having
functions such as Lebesgue’s singular function like the function u given in Example

as solutions of (5.1]).

We first give the following result on the nonexistence of solutions of (5.1)).
Theorem 5.3. If v € L'(a,b) \ Za(a,b), then ) has no solutions.

Proof. By Proposition [£.4] C[a,b] \ Za(a,b) # (Z) Assume that ( . ) has a solutlon
u : [a,b] — R. By Definition u(”) € L'(a,b) and u satisfies (5.1)). By (5.1) and

(4.6), we have
(@) = D Su(e) = I8u™ € Ra(a,b), (5.7)

a contradiction. O

The following result shows that under suitable conditions on wu, the Caputo
fractional derivative D¢ S u is equal to the fractional derivative D;;fu

Lemma 5.4. Let u; € R be given for each i € Ng,_1. Assume that w1 ¢
ACla,b] and u satisfies (5.2)). Then the following assertions hold.

()
I u™(z) = (u— Py_1)(z) for each x € [a, ] (5.8)

where Pp,_1(z) = E?:_Ol Yz —a)' for each z € [a,b].
(i) (1% (u — Py—1))™ ™Y € AC[a,b] and (I (u — Po_1))P(a) = 0 fori €

(iii) D" a‘iu( z) =D} Su(z) for a.e. x € [a,].
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(iv) D¢ du= D) Su€ Za(a,b).

C,at

Proof. (i) Because u"~Y € AC|a,b] and u satisfies (5.2), we have

o™ (z) = u" D (2) —u"V(a) = "V (z) —u,_ 1 for each z € [a,b)].
Since u("~2) € AC[a,b], integrating the above equation from a to x implies

12 u™(z) = "D (2) — u"D(a) — up_1(x — a)
=u" D (z) —up_9 — up_1(x —a) for each z € [a,b).

Repeating the process implies .

(ii) Applying I to (5.8), we have

1% u™ () = 19 1% u™ () = I (u — P,_1)(z) for each x € [a, b].

Differentiating the above equation i and using Lemma (2) imply
"7 ™ (2) = (I8 (u — Paoy)) P (2)  for each o € [a, b]. (5.9)

a

By (2.3), we have I"7*I% u(™(a) = 0 for each i € N,,_;. It follows from that
(I (u— Pn_l))(i) (a) =0 for each i € Ny ,—1.
By with ¢ = n — 1, we obtain
LI u™ (@) = (I (u — Poy)) ™ Y(z)  for each = € [a,b]. (5.10)
Since I, 1% u(™ € AC[a,b], we have (I (u — P,_1))"Y € ACla,b].

(iii) Differentiating both sides of (5.10]) implies (iii).
(iv) The result follows from (5.7)) and (iii). O

When u; is replaced by u(¥)(a) for each i € Ny ,,_1, Lemma 5.4 (iii) is proved in
[5, Theorem 3.1, p.50], [I5}, Theorem 2.1, p.92] and [29, Lemma 4.12] with different
proofs. Other results of Lemma [5.4] are new.

The following result provides the conditions which ensure that — and

— are equivalent.
Theorem 5.5. Assume that v € L'(a,b). Then the following assertions hold.
(1) If u»=V € AC[a,b] and u is a solution of (5.1)-(5-2), then v € Zu(a,b),
(I% (u— Py_1))™Y € ACla,b] and u is a solution of (.1))-(5.2).
(2) Let u(» Y € AC[a,b] and v € Zo(a,b). Then u is a solution of —
if and only if u is a solution of -.
Proof. (1) Assume that u is a solution of (5.1)-(5.2). Since u("~V) € ACl[a,b], by
Lemma [5.4] (i1), (I% (u — P,—1))"~Y € ACla,b]. By Lemmal[.4] (iii) and v is a
solution of —, we see that u is a solution of —.
(2) Let w1 € AC[a,b] and holds. By Lemma (1), we see that u is
a solution of if and only if w is a solution of . (|

The following result provides conditions which ensure that ((5.1))-(5.2)) and (4.3))
are equivalent.

Theorem 5.6. The following assertions are equivalent.
(1) v e LYa,b), u"~Y € AC[a,b] and u is a solution of (5.1)-(5-2).
(2) v € Zala,b) and u is a solution of ([A.3).
(3) ve L'(a,b), I)7%(a) =0, u"~Y € AC[a,b] and u is a solution of (4.3).
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(4) v € H%(a,b) N HS (a,b), u™V € AC[a,b] and u is a solution of (4.3).

Proof. (1) implies (2). Assume that (1) holds. It follows from Theorem [5.5[1)
that (1% (u — P,—1))"™Y € AC[a,b] and u is a solution of (£I)-(5.2). Since
u™1 € AC[a,b] and (5.2)) holds, by Lemma (iv) and (5.1), we have

v=D¢ fu€ Zala,b) C Hp(a,b).

By Theorem [1.7(2), u is a solution of (4.3).

(2) implies (3). Assume that (2) holds. By Proposition )y Zola,b) C
C§(a,b). This with (4) implying (1) of Theorem implies the result (3).

(3) implies (1). By (1) implying (3) of Theorem u is a solution of (4.1)-(5.2).
By Lemma (iii), w is a solution of (5.1)-(5.2).

(4) and (2). By Proposition [4.5(3), we see that (4) and (2) are equivalent. O

Theorem 5.7. If u € C[a,b] satisfies (5.2) and u™~V) € AC[a,b], then
I De Gu@) = w(x) — Pooa(x)  for each x € [a, b. (5.11)

Proof. Let v(z) = D, Su(z) for a.e. x € [a,b]. Then v € L*(a,b). By hypotheses,

u™=1Y € AC[a,b] and u is a solution of (5.1)-(5.2). By (1) implying (2) of Theorem
v € Hola,b) and u is a solution of (4.3). Substituting v in (5.1)) into (4.3
implies (5.11)). O
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