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SECOND-ORDER BIFURCATION OF LIMIT CYCLES FROM A
QUADRATIC REVERSIBLE CENTER
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ABSTRACT. This article concerns the bifurcation of limit cycles from a qua-
dratic integrable and non-Hamiltonian system. By using the averaging theory,
we show that under any small quadratic homogeneous perturbation, there is
at most one limit cycle for the first order bifurcation and two for the second-
order bifurcation arising from the period annulus of the unperturbed system,
respectively. Moreover, in each case the upper bound is sharp.

1. INTRODUCTION

In the qualitative theory of real planar differential systems, one of the important
problems is to determine the number of limit cycles. To solve this problem, some
innovative methods have been proposed based on the Poincaré map [6, 8, [16], the
Poincaré-Pontryagin-Melnikov integrals or the Abelian integrals [Il, 2] [7, [19], the
inverse integrating factor [I11, 12], 3], 18], and the averaging method [3, @] [10] 14,
15, [17] which is actually equivalent to the Abelian integrals in the plane.

The averaging method serves as one of powerful tools for studying limit cycles,
which can reduce the problem regarding the number of limit cycles of some differ-
ential systems to the exploration of the number of hyperbolic equilibrium points of
their averaged differential equations. By using the averaging theory, some elegant
results on the number of limit cycles of the differential systems have been obtained,
such as by Buicd and Llibre [5], by Gine and Llibre [10], by Li and Llibre [I5] and
SO on.

In this article, we start with the quadratic system

T =—y+uxy,

. 5 (1.1)
y=x+y,

and investigate the second-order bifurcation of limit cycles under any small qua-

dratic homogeneous perturbations. Obviously, system (1.1]) has

1—
H(z,y) = ———— =c
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as its first integral with the integrating factor 1/(z% + y?)®/2, and has the unique

finite singularity (0,0) as its isochronous center. The period annulus, denoted by

{(x,y)|H(1:,y):c, ce (17+OO)}a

starts at the center (0,0) and terminates at the separatrix passing the infinite
degenerate singularity on the equator. The phase portrait of system ([1.1]) is shown
in Figure [T}

(1/2,0)

FIGURE 1. Phase portrait of system (1.1]) in the Poincaré disk

By using the averaging theory, we study the bifurcation of limit cycles for system
(1.1) under any small quadratic homogeneous perturbations. Our main result is as
follows.

Theorem 1.1. For any sufficiently small parameter ||, and any real constants a( %

and bl(-j) (i,7 = 0,1,2,k = 1,2), considering the quadratic homogeneous perturbed
system

=—y+xy+26 Z a(k) i

k=1 i+j=2

g =x+y +ZE Z b”xy,

k=1 i+j=2
we have

(1) By using the averaging theory of first order, system has at most one
limit cycle bifurcating from the periodic orbits of the unperturbed one, and
this upper bound is sharp.

(2) By using the averaging theory of second order, system has at most
two limit cycles bifurcating from the periodic orbits of the unperturbed one,
and this upper bound is sharp.

The rest of this article is organized as follows. In Section 2, we give an intro-
duction on the averaging theory of first and second order, including some technical
lemmas and methods employed in the averaging theory. Sections 3 and 4 are ded-
icated to the study of the bifurcation of limit cycles by computing the first and
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second order averaged functions related to system (1.2 and exploring the num-
ber of the simple zeros. In addition, some examples are given to illustrate the
established results.

2. PRELIMINARY RESULTS

In this section, we briefly introduce the averaging theory of first and second
order, and some technical lemmas which will be used in the proof of our main
results.

Lemma 2.1 ([3]). Consider the differential system
i(t) = eFi(t,2) + 2 Fa(t,x) + 2 Fy(t,z) + ' W (t, z,¢€), (2.1)

where F1, Fo, F3 :RXx D — R, W:R x D x (—eg,e0) — R (g9 > 0) are continuous
functions and T -periodic in the first variable, and D is an open subset of R. Assume
that the following two hypotheses hold:

(Z) Fl(t,') S 02(D), FQ(f,') S Cl(D) fOT all t S R,Fl,FQ,Fg,VV,DQ%Fl,DxFQ
are locally Lipschitz with respect to x, and W is twice differentiable with respect to
€.

Define F{ : D — R for k=1,2,3 as

1 /7
F(z) = T/o Fi(s,x)ds,

F)(z) = 1 /OT [Myl(s,x) + Fg(s,x)}ds,

T ox
1 (T r18%F(s,x 10F (s, x
Fy(x) = T/o [5%?/%(5’95) + 518%)92(5733)
OF:
+ %yl(s,x) + F3(S,$):| ds,

where

yl(s,x):/ Fi(t,x)dt,
0

ya(s, ) = 2 /0 ) [C(Wla(;’w)yl(t,x) + Fg(t,x)] dt.

(i1) For an open and bounded set V.C D and for each € € (—eg,£0)\{0}, there
exists a € V such that (FY + eFY + &2 FY)(a) = 0 and
d

%(}7‘10 +eFY 4+ 2Fd)(a) # 0.

Then for sufficiently small |e| > 0, there exists a T-periodic solution x(t,e) of
system (2.1) such that x(0,e) — a as e — 0.

Corollary 2.2. [3] Under the hypotheses of Lemma if FY(z) is not identically
zero, then the zeros of (FY + eFY + e2FY)(x) are mainly the zeros of FY(x) for
sufficiently small |e|. In this case, conclusions in Lemma[2.1] are true.

If FP(x) is identically zero and FY(x) is not identically zero, then the zeros of
(FY + eFY + €2FY)(x) are mainly the zeros of FY(x) for sufficiently small |e|. In
this case, conclusions in Lemma|2.1| are true too.
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For convenience, we call the functions F{ (z) (k = 1,2), defined in Lemma the
first and second order averaged functions associated with system ([2.1]), respectively.
Consider the planar integrable system of the form

&= P(z,y),
¥ =Q(z,y),
where P(x,%),Q(z,y) : R> — R are continuous functions such that (2.2 has a first

integral H with the integrating factor u(z,y) # 0, and has a continuous family of
ovals

(2.2)

{’7}1} - {(l‘,y) : H(l‘,y) =h, he <h< h5}7

around the center (0,0). Here h. is the critical level of H(x,y) corresponding to
the center (0,0) and hs denotes the value of H(z,y) for which the period annulus
terminates at a separatrix polycycle. Without loss of generality, assume hg > h, >
0. We perturb this system as follows

& P(z,y) +ep(z,y,¢), (23)

Yy= Q(I7 y) =+ EQ('ra Y, 6)5
where ¢ is a small parameter and p(z,y,¢),q(z,y,¢) : R> x R — R are continuous
functions. To study the number of limit cycles for sufficiently small |e| by using the
above averaging theory, we first need to transform system into the canonical
form described in Lemma The following result developed from [4] provides a
way for such transformations.

Lemma 2.3 ([]). For system (2.2), assume xQ(z,y) — yP(x,y) # 0 for all (z,y)
in the period annulus formed by the ovals yy. Let p : (v/he, Vhs) x[0,27) — [0, +00)
be a continuous function such that

H(p(R, @) cos @, p(R, @) sin sﬂ) =R’

for all R € (Vhe,v/hs) and ¢ € [0,2w). Then the differential equation which
describes the dependence between the square root of energy R = v/h and the angle
@ for system ([2.3)) is

dRrR p(@? + y*)(Qp — Pq)

— =c , 2.4
d(p 2R(QCE — Py) + 2RE(C].’IJ — py) z=p(R,p) cos p, y=p(R,p) sin ¢ ( )
which is equivalent to
dR _ [Eu(ﬂs2 +9°)(@p — Pq)
dy 2R(Qx — Py)
2 2
_p _
Y a1 (7 q)(qu py)} + O,
2R(Qx — Py) z=p(R,¢) cos p, y=p(R,¢p) sin ¢

where P,Q,p and q are defined as before.

3. FIRST-ORDER LIMIT CYCLE BIFURCATION

It is notable that for integrable and non-Hamiltonian systems, it is generally
difficult to find the suitable transformations as described in Lemma 2.3
For the first integral of system (|1.1)),

1—2x

H(.’L‘,y) =
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we choose the function p = p(R, ¢) as follows

1

R )= —
p(R, ¢) R+ o

such that
H(p(R, @) cos @, p(R, ¢) sin tﬂ) = R%.
Applying Lemma to system (|1.2]), we obtain the following result.

Lemma 3.1. With the transformation x = p(R, ) cos and y = p(R, @) sinp for
@ € [0,2m), system (1.2)) can be reduced to

ar _ L{ (@p1 =~ Pq1) 52[ Qp2 — Pgo
de — 2R\ (22 +42)3/2 (22 + y2)3/2
~ (@Qp1— Pa1)(zqr — yp1)H
(@2 + y2)52

(3.2)

+0(e%),

z=p(R,p) cos @, y=p(R,p) sin ¢
where
k k k k k k
Qpr — Pqr, = —béo)xgy + (aéo) - 551))55292 + (agl) - béQ))xyg + a62)y4
+alf)e? + (aff) + 008 )22y + (aff) + 0} )ay® + bff .
(k)3 (k) (k) (%), 3

k k
TqK — ypr = byg'x” + (bgl) — Ay )$2?J + (b(()z) —an )5”3/2 —Qp2 Y,

and al(f) and bz(-f) (i, =0,1,2,k = 1,2) are real, and p(R, p) is given by (3.1)).

Now we begin with the computation of the first-order averaged function of system
(3.2). A straightforward calculation gives the following lemma.

Lemma 3.2. The following integral equalities hold:

27 2 s 2 8 4
cos” psin® ¢ 6 9 R°—R
—————dp = (ZR -R —27),
_/0 R? + cosp ver I _1
20 o4 8 4
s @ 6 s JRP—2R*+1
————dp = <72R 3R 27)
/0 R? 4 cosp reT i * Rt —1

Proposition 3.3. The first order averaged function associated with system (3.2)
has at most one simple zero, and this upper bound can be reached.

Proof. The first-order averaged equation corresponding to system (3.2)) is

k= EFP(R), (3.3)
where
1 o QP1 — Pqgy
FOY(R) = — &pi—ra J
1(R) 27T/0 [QR(x2_|_y2)3/2] 2= cos o, y=p sin ¥
1 27 1 (1) (1) 9 . .9 (3.4)
_M/O {m{(a% _b11)COS psin”

+ af)lQ) sin? go} }dgp.
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Using Lemma [3.2]in (3.4)), we obtain

1
FO(R) = = { (208 — 20 — 203 )R + (= aff) + 0 + 30l ) 2

" 4R
+ [(— 2080 + 20 + 203 RS (3.5)
1) _ op (D) W pd 4 o, 1) 1
+ (2a ol 44 )R + 2 }7}
20 11 02 02 R4 1
Recall that R > 1, and let
1+ w?
2
R = 1 —w?

for 0 < w < 1. Then formula ([3.5) becomes
=F%R
o) =R
Vv { (208 = 26 - 20(3) (+w)
4 /;1 ¥ U)2 20 11 02 (1 _ w2)3
1 1 D\ 1+ w?
+ (ol 4o+ ) L2

1 1 ) (1+w?)?
- ( —aly) + ol + a((yg)) IR (3.6)

1 1 1 (1 —+ ’l,l)2)2 1 1 — ’I,UQ
+ (a(ZO) - bgl) - QGE)Q)) w(l — w?) + aéQ) }

(1—w)*? Wy ),2
- 4(1 4 w)1/2(1 + w)5/? Kam —bn "‘%2)“’

+ 4a(()12)w + aé%)) - bﬁ) + aéé)} .

For the function g(w), we know that if wg # 0 is one root of g(w) = 0, so is 1/wg.
Thus g(w) has at most one zero in w € (0,1) , which implies that there exists at
most one zero for FY(R) in R € (1,00). We will show that this upper bound can
be reached by illustrating an example. Consider a family of systems

13 5
T=—y+zy+ s{(bgll) + §>x2 + aﬁ)xy — gyﬂ,

(3.7)
j =ty e (bl w? + o ay + b3y?),

where agll),b%),bgll) and bélz) are real. In the polar coordinates x = p(R, ) cos¢

and y = p(R, ¢) sin ¢, system (3.7) can be rewritten as
dR
— =eG(R, ) + O(e?), (3.8)

dyp

where

Qp1 — Pa }

GR.9) = [5riart 27

z=p(R,p) cos p, y=p(R,p) sin ¢

- i{* [ — bV cos® psin o + 13 cos? @ sin
2R LR2 + cosp 20 pRRETg ey

5
+ (a§11) — b(ng)) cos psin® ¢ — 3 cos® ga}
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13 .
+ [(b?ﬁ + g) cos® ¢ + (aﬁ) + b%)) cos? @ sin ¢

5 .
+ (bﬁ) — g) cos psin? ¢ + b(()12) sin® gp} }

So the first order averaged equation of system (3.8) is

dR
o eGY(R), (3.9)
where
O 1 27!‘
GYR) = — G1(R, p)d
1(R) o7 J, 1(R,@)dyp
1o 1 13 5 ., 5 .4
= — - = d
47R J, R2+coscp<8 oS s g S ‘p) ¥ (3.10)
1 1 '
=—|18R% — 14R?> + (—18R% + 23R* — 5) ——
16R[8R R2 + (—18R® + 23R* — 5) R4_J
B (1—w)®/? 1
= 4(1+w2)1/2(1+w)5/2 (’UJ 2)(’(1] 2)7

where R and w are defined as before. Apparently, G{(R) has exactly one positive
zero, denoted by

V15
R = 5 (3.11)
corresponding to w(()l) =1/21in R € (1,400). Moreover, we have
d 1 1
=G (RY) =~ <0, 3.12
et 33 < (3.12)
This completes the proof of Proposition [3.3 O

On the basis of Lemma Corollary and Proposition we have the
following proposition.

Proposition 3.4. For |e| # 0 sufficiently small, system (1.2)) has at most one
limit cycle for the first order bifurcation arising from the period annulus around the
center of the unperturbed system (1.2|) with e =0, and this upper bound is sharp.

4. SECOND-ORDER LIMIT CYCLE BIFURCATION

In this section, we study the number of the zeros of second-order averaged func-
tion associated with system (3.2)), in the case where the first order averaged function
FY(R) = 0 holds. On the basis of formula (3.6]), we obtain

Lemma 4.1. For system (3.2), the first-order averaged function FY(R) = 0 holds
if and only if
1 1 1
aéo) = bgl)v aé2) =0. (4.1)
When condition (4.1) holds, the second-order averaged function associated with
system (3.2 takes the form

B =5 [ [P nre) + Rre)ae (4.2
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where
F1 (Ra 90)

(Qp1 — Pq1)
2R(l‘2 + y2)3/2 T=p cos @, y=psin
1 [ ~ycos’ psing N (a(l) 3 b(l)) cos @ sin® @
2R 20 R2 4 cosgp 1 92 ) R2 + cos ¢
+ b(%) sin® o + bgll) cos go] ,
FQ(Ra SD)
_ [ Qp2 — Pgz (Qp1 — Pq1)(zq1 — yp1)}
2R(x2? + y?)3/2 2R(z? + y?)5/?
_ [ @p2 — Pgy }
2R(z2 + y2)3/2

+ (aﬁ) + bg?) cos? psin g

T=p Ccos p, y=psin ¢

T=p cos @, y=psin @
1 2
- 5 [ — (b;%))) cos® psin ¢ + 2b%) (agll) — bg?) cos* psin® ¢
2R (R2 + cos <p)
2
- (agll) - bé;)) cos? psin® @}

1
— —2R <R2 {bgll) b%) cos® -+ bgll) (b(Q})) + bég — agll)) cos? cpsin2 %)
+ cos go)

+ b%) (aﬁ) + bg?) cos® @ sin o + {(agll) + b(zt)) (bé;) - a&?)
+ b(()lg) b%)} cos® psin® ¢ — bﬁ) (aﬁ) — ng) cos? psin ¢
— bélz) (agll) — b(()lz)) cos @ sin® go},

yi1(R, ¢)

7]
= / Fi(R,0)d0
0

1
= / IR {b(lll) cos® 0 + (a(lll) + b(QB)) cos® fsin 6 + bgll) cosfsin® ) + b(()lg) sin® 9] do
0

1 a [7 cos® 0sin 6 (1) (1) ? cosfsin® 0
— | —b —————df ( —b ) 7(10},
* 2R [ 20 Jo R2+4cosf 11 02 R? + cos @
and P,Q,pr and g (k = 1,2) are defined as before.
To compute the function y; (R, ¢), in the following we first need to figure out
some integral equalities.

Lemma 4.2. The following integral equalities hold:
v 0
/0 %dcos@ =1+ R’In(R*+1) +cosp — R*In (R + cos ) ,
¢ cos®f

1 1 1
; mdcos@:—R4+§R2_7+RGIH(R2_~_1)_|_R4COS<)0_ichoszw

3

1
+ gcosgtp—Rﬁln (R2 +cos<p).

Based on Lemma [4.2] we obtain the following lemma.
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Lemma 4.3. The following integral equalities hold:

® cos® @siné 1 1
= T =R*- R+ —RIn(R?2+1) - R*
o R?%+cosb 2 +3 n (B +1) cose

1 1
+ §R2 cos? p — 3 cos® ¢ + R In (R2 + cos<p) ,
¢ cos@sin® @ 1 2
TR T 40 = — 4 - P2 “ 6 p2 1 2 1 4 1
/0 T B2oos20 R+2R +3+(R R)n(R+)+(R )Cosgo
1 1
— §R2 cos? p + 3 cos® o+ (R* — R®) In (R* + cos ) .
By using Lemmas .2 and a straightforward computation yields

Y1 (Rv 90)
(1)

b(zt) tay — b((JlQ) 2 b(zt) + aﬁ) - b(()lz) 3 a%)
——fﬁlcos go—l—{ 5 R _ﬁ} cos
oy blo +afy — by s alt — by 2
+ﬁsmap+[— 5 R+ 5 R]ln(R + cos ) (4.3)
1 1 1 1 1 1 1
i ﬁ n bgo) + a(n) - b(()z) R_ bgo) + a(u) - b(()z) R?
2R 4 2
1 1 1 1 1
+ [bgo) + ang) - b(()2) RS _ agl) gbgz) R} In (Rz + 1) .

Lemma 4.4. The following integral equalities are true:

2 1 o
5 dp = ;
o R?*4cosep R4 — 1
27 2
/ ﬂdwz%{ff’ti“}?
0

R2 + cosp RY_1
2m 2 4
R
;Oid(p — 271-[7 —RQ},
o HR?+cosyp RY 1
2T 3 6
cos” ¢ 2R "
—— T _dp= [—7 2R 1},
o R2Z+cosp ver R4—1+ *
2m 4 8
2R
%@:ﬁ{i_g‘gﬁ RZ},
g HR#+cosy R* —

27 5 10
8R
/ e dp= 1| - +8R* + 4R 43,
0

R2 + cosp =7 R —1
2m 6 12
cos® T 8RR 10 6 2
——d :——{—7 S8R 4R 3R},
/0 R? 4 cos p 4 4 R4—1Jr " "

2m
/ cospln (R2 +cos<p)d<p =2n[R® - \/ﬁ]
0

Proof. Most of integral equalities can be obtained by a direct computation. Here
we only show the derivation of the last integral formula. Let

27
N(r) = /O cos pIn (1 + rcos @)dap, (4.4)
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where r = 1/R?. Since

™ _ 2
N'(r) = /2 cos? ¢ dp = ( —V1—-r ) (45)
o l4rcosp r2v/1—r2

and N(0) = 0, we obtain

_ /O " N'(s)ds = 2m (B2 — VR 1), (4.6)

which implies the last formula in Lemma [4:4] O
By Lemma [£.4] a straightforward calculation yields the following lemma.

Lemma 4.5. The following integral equalities are true:

2w i 4
|7 gy a2~ RV 4 2R 3R+ 3],
0

R? + cosyp 4
oam 2 a4 12 8 4
cos” psin” ¢ s [—SR +16R° — 8R 10 6 2}
————dp = —— S8R —12R° + 3R
o R2+cosp ¥ 4 R -1 - - ’

27 3 .2
1
/ il il Spd@:w[QRGM—QRS—i-R‘l—&-ﬂ,
0

R2—|—cos<p
/ C052 psin’ a :E[M+831074R‘37R2]7
o R +cosap 4 Rt —1
o CO;‘/’SIH ® :_QW{LW_I+4RG_3RQ}7
o (R2+ cosp)? R -1
™ cos® psin? p [—4R8+3R4 5 2}
T T dpo=2r|———— 4+ 4R — R?|.
/o (R? + cosp)? 8 R*—1 *

Proposition 4.6. Under condition (4.1), the second order averaged function as-
sociated with system (3.2]) has at most two simple zeros, and this upper bound can
be reached.

Proof. Define

1 [?" OF(R,¢) [
0 _ 1\ 0 _
Fy (R) = 277/0 OR Y1 (R, p)dp,  Fy(R) 27r/0 Fy(R, p)dep.

Then becomes
F3(R) = F3,(R) + F3(R). (4.7)

Step 1. Computation of the function 3 (R). Let

1 cos® psin 1) (1) cos psin® ¢
Ay = = | T EIE  (of) - afy) ) SR
! 2R? 20 R2 +cos Tl R? +cosgp
cos? psin ¢
+ (au) +b20 ) cos <psm<p+b 02 Sin gp} +b m
( (1) b(1)> COS(pSin?’(p
(R? 4 cos p)?’
biy
Ay = ——==cos p,
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ECV RN ORIV CV NN COREP GV R (Y
By = — 220 Jrar 02RC082¢+{20 Jr51121 02337%}%8@
1 1 1 1 1
n {_ b(20) + ail) - b82) R4 a(11) ;b((m) R} In (R? + cos )
B0 BN O N C R O R C P CDRA D
B, =211 ajy | Oy 11 02 » Y20 11 02 p3
2= Me o T 4 R 2 i
1 1 1 1 1
I [béo) + agl) - b(()z) R a§1) - b((J2) R] In (R? +1).
2 2
Then
OF, (R,
%:Al‘FAQ, yl(R,gﬁ)ZBl—FBg,
and
1 27
FZOI(R) = %/0 (A1B1 + A1By + A3 B7 + Ang)d(p (48)

A straightforward calculation shows

2
Recalling that the function A;B; is odd with respect to ¢, we obtain
27
0
In addition, it is not difficult to verify that
1 2m
— AlBngO
27T 0
L [- by E (1) cos® psin®e (o) —852) cos psin’ ¢
27 Jo 4R3 20 R2 4 cosg 702 R2 4 cos
. 4.11)
b cosd @sin? ¢ (
1 1 . 1) .
+ (agl) + bgo)) cos? psin? ¢ + b(()z) sin? (p] + 23311 (B2 + cos )2
1 1 1
bgl) (ag1) - bé2)> cos psin? ¢ }d
2R (R? + cos p)? ’
and
1 2T
— AsBidyp
2'IT 0
e by (b%) +afy - bélz)) pMay
= — { [ } cos”
2 Jo 4 4R3 (4.12)
1 1 1 1 ’
8+ o 1))
+ i

ROFRORETG
- u(ij)} cospln (R? + cos ) }dga.
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Applying Lemmas [4.4] and [4.5| to (4.11)) and ([4.12) gives

1 2

-— AlBQdQO
2T 0

=S[00+ ol ) 2ol - D) VR
_ 14<b§)) +afy — b )R8 (3b§0) + 94} — 98 )R4 +alV) (4.13)

+ (16(65) + ol — bHY R — (12657 + 20a}) — 200(%) R®

+4(al) - o) R?) VRV =1},

and

1 27

-— AQ Bl d(p
2 0

by () | oD _ (U)o O ) p2 1 (4.14)
= g (20060 + @l — 0 ) B — 2 (o) — 8(3)) B7] VR
2(vs +aly — b)) R + (vl + 3afy) — 303 ) R* — ol }.

Substituting (L9), (I10), (EI3) and (@E14) in () yields

xe
F{\(R) = 2}%3 { - 4(bgg> +al) - (1)>RS (bgy +3af}) - 30f3) ) R*

(aﬁ) - bg;))R?)Nm - 1}.

Step 2. Computation of the function F35(R). As above, we have

1o [ Qp2 — Pgs }
21 Jo  L2R(22 + y2)3/2
_ 1 [(ag% b(g)) 2T cos? psin? gpd (2) ™ sinto p }

47 R R2 + cosp + oz o RZ+cosp 7

= 5 { (22 = 2 — 20 @) R (= o) 0 30 ) 2 (4.16)
- [( 2a57) + 20{] )+2¢1522))RS+ ( @) _gp(2 _ <22>)R4

de

T=p cos @, y=psin @
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Using Lemmas [£.4] and [£.5] we obtain

de

T=p cos p, y=psin ¢

1 {(Qm — Pq1)(xzq1 — yp1)}
27 2R (22 + y2)5/2

1 (1) (1)/ T COSGQO
= b7 b ——d
C4r R[ 7200 J0 R2 4 cos 7
2m 4 2
(0 1 1 cos* psin®
0 (05 + by — al?) ey

27 2 .4
) (o) o) [ ey
R? 4 cosp

1
= () o) ) o () o) i)

4R

1
+ 267 (b‘;) +al) - bg;))fz& =2 (o)) — o) ) RY] -}

R —1
It follows from (4.16]) and (4.17)) that

1 l
F(R) = (le“ LR+ \/%)

where
b= 208 — 2619 — 20 + 20() () + af) — 0f3)),
o o~ ),

l3=[ 202 + 26 + 242 — 2{} (b al) bgg)}RS

+ {2a;) 2 — 40y + 2} (af) = b)) | R + 243

Based on and (| - FO ) becomes

l
O(R) = 8 oy b
FY(R) = — 4R3(Z4R IR + m).
where
ls = —2a5y) + 207 + 248 — 1061 (bé”mﬁ?—bé?),

Is = a$2 — b2 — 302 + bt (b Y4 7V 7b012))
lg =lg 1 R' +162R6+163R
ls.1 = 28 — 203 — 203 + 106 (b + 0l — b)),
lo.s = —2aly) + 261D + 4a(2) 60} (b5 + 2af) - 2(3)),

s =240 (o) 4y — 202

13

(4.17)

(4.18)

(4.19)
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After making the same transformations as before, (4.19)) becomes

F3(R)
— 1 243 2y01 _ .02)2
_Sw(l + w?)1/2(1 — w?)5/2 [214“’(1 +w)” + 2wl + w)(1 — w)
Hloa(1+w?)! + 121+ w?)?(1 - w?)? +155(1 - w?)! (4.20)
(1 —w)3/?

_ . , )
 4w(1 4 w?)/2(1 + w)3/2 [NQ,NU + Nasw” + Nozw

+ N qw + NQ,l]

where

Ny = 26060)
2 2 2 1 1 1 1
Na o = *ago) bg1) - aéz) - b(ll) (b(20) + 3a(11) - 3bé2))v (4.21)

Nos = —4a$d) + 46§t (bgy +alV) - bgg).

This shows that the second order averaged function FY(R) associated with system
has at most two zeros in R € (1, +00), by taking into account the multiplicity.

Next we will provide an example to demonstrate that this upper bound can be
reached. Consider the system

25 11
=—y+xy+5[:v +(b(()12) 12>xy} 52[(b§21) 12)3: +a§21)xy}

(4.22)
e+ xy + bE)lQ)yQ} + &2 [b;%) bgl)xy + b(ZQ)yQ] ,

y—x—i—y —&-5{2

where bE)lQ), an and b(2)(2,j = 0,1,2) are real In the polar coordinates z =
p(R,¢)cosp and y = p(R, ) sin @, system ) becomes

%stl(R @)+ My(R, @) + O(e?), (4.23)

where

Mi(R, ) = +cos’

1 [ cos® psin ¢ 25 cos psin® ¢
2RL  2(R?+cosy) 12(R? 4+ cosyp)

31
(b(l) 12>COS @ sin ¢ + cos wsin <p+b(2 sin® o,
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M2(Ra 90) -

1 [ cos® psin 25 cos* psin® 625 cos? @ sin® @
2RL4(R? + cosp)?  12(R%? 4 cosp)?  144(R? + cos p)?
_ cos® _ ( (1) E) cos® psin @ 19 cos* psin? ¢
2(R? + cos p) 927 12/ 2(R2 4 cosp) ' 12(R2 + cos )
n (LQb(l) E) cos® psin® ¢ 25 cos? psint ¢
12792 7 144) R2 +cosp  12(R2 4+ cos)
25 (1ycospsin®p (2 cos® psing
+ 75002 — by
127" R2 4 cosy R? 4 cosp
11 cos? psin? ¢ n (a(g) _ b(g)) cos psin® ¢ (b(g) 11
12(R2 + cos @) 702 ) R2 4 cosgp 12

+ (aﬁ) + bé?) cos? psin ¢ + bﬁ) cos psin? ¢ + b(()22) sin® ap] .

) cos® @

It is not difficult to verify that for system (4.23)), the first-order averaged function
M?(R) is identically equal to zero while the second-order averaged function M3 (R)
takes the form

1 1 2w 3 2 25 21 4
MS(R): |:_7 COS™ psm- ¢ cospsm- @

 87R3 2Jo R?+cosp T2 o R?+cosp v
(1) 31 2 9 (1) 2 4
+ (b02 + ﬁ) / cos? psin? pdp + oo / sin® pdp
0 0

2m 3 .2 2 4
cos” psin” @ 25 2/ cos psin” ¢
— R? ———d —R ——d
/0 (R2? + cos p)? vt 6 o (R%+cosp)? v

31 @ 25N\ [T,
+ (*R4 —byy — —) / cos” pdp
12 212/ J,

1 9 27
+ ( _ ?LRG + jR2> / cos pIn(R? + cos @)d@]
12 12 0

1 (%™ cosbo 19 [ cos? psin? ¢

1
Yl T2 Bress®t ), B ieoss
LB [Teospsinte 1L [T cos® psin’ }
12 Jy  RZ%?+cosy LD y RZtcosp
1 124 L 124 143 o 25, 1
833[ g 10 TR (g S e )
1 r10 2 10 7 1
_— 7R6—*R2 (—*RB *R4>7:|
Famla g (3R )
1 85 157 25 1
=— —_| —48R®+ —R* (48R10_7R6 7R2>7}
8R3[ tg it 31 SR
- 1 2\3 85 2 2492
= — Sw(1+w2)1/2(1_w2)5/2|:—48U)(1+IU ) +EU)(1—|—UJ )(1—w )
157 25
oty - g )
_ (1 —w)3/? 1 1
T w1+ w21+ w)d/? (w— 5)(“1 - g)(w - 2) (w - 3),
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where R and w are defined as before. Apparently, MJ(R) has exactly two positive
zeros, denoted by
V5

V15
T R§2>:7, (4.24)

corresponding to wf) =1/2 and wéz) = 1/3, respectively, in R € (1,+00). More-
over, we have

2
R?® =

MY (Rf’) 5 MY (RéQ))
— -2 ) —— =" (4.25)
dR 192 dR 27
The proof is complete. O

On the basis of Lemma Corollary and Proposition [£.6] we have the
following proposition

Proposition 4.7. For |e| # 0 sufficiently small, system (1.2)) has at most two limit
cycles for the second order bifurcation arising from the period annulus around the
center of the unperturbed system (1.2))|.—o, and this upper bound is sharp.

Theorem [I.1] follows immediately from Propositions [3.4] and [£.7]
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