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CONCENTRATION AND DYNAMIC SYSTEM OF SOLUTIONS
FOR SEMILINEAR ELLIPTIC EQUATIONS

TSUNG-FANG WU

ABSTRACT. In this article, we use the concentration of solutions of the semi-
linear elliptic equations in axially symmetric bounded domains to prove that
the equation has three positive solutions. One solution is y-symmetric and the
other are non-axially symmetric. We also study the dynamic system of these
solutions.

1. INTRODUCTION

Consider the semilinear elliptic equation
—Au+u = |uff2u in Q,
u € HL(Q),

whereN22,2*:%forN23and2*:ooforN:2,2<p<2*,Qis
a domain in RY, and H}(Q) is the Sobolev space in 2 with dual space H ().
Associated with equation (1.1), we consider the energy functionals a, b, and J
defined for each u € H}(Q2) as follows:

a(u) = /(|Vu|2+u /Iu\p

1
7(w) = 5a(u) = ~b(w).
By Rabinowitz [9, Proposition B. 10], a, b, and J are of class C11. Tt is well-known
that the solutions of equation (1.1) are the critical points of the energy functional
J. Let z = (z,y) € RV~! x R. Denote the N-ball BN (zy;s) in RY, the infinite
strip A", the upper half strip A{, and the finite strip Ay, as follows:

(1.1)

BN(20;8) = {z € RN : |z — 2| < s},
"= {(x,y) e RN : |z| <7},
o ={(z,y) e A": 0 <y},
AT, = {(y) €A s <y <t}
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We should point out here that the precise definition of the finite strip A7, is the
domain which is symmetric in y—axis and has been smoothed out at the corners of
{(z,y) € A" : s < y < t}. By the Rellich compactness theorem, there is a positive
solution of equation (1.1) in the finite strip A", , for each ¢t > 0. Moreover, A", ,
is convex in z and in y. Thus, by Gidas-Ni-Nirenberg [6], every positive solution
of equation (1.1) in A”,, for each t > 0 is radially symmetric in = and axially
symmetric in y. Actually; Dancer [5] proved that the positive solution of equation
(1.1) in A”,, for each ¢t > 0 in R? is unique. However, the axially symmetry and
uniqueness of positive solution generally fails if €2 is not convex in the y-direction.
First, we consider a perturbation of the finite strip A”, ;, that is dumbbell type
domain

D = BN ((0; —t),r0) U A", U BN ((0;t),70) for BN=1(0;r) € BN71(0; 7).

Then the dumbbell domain D is symmetric in y—axis, but not convex in y-direction.
Moreover, the Dancer [5] and Byeon [2], [3] proved that the equation (1.1) in D
has at least three positive solutions, for BVN~1(0;7) is sufficiently close to a point
7o in R¥~1. And Chen-Ni-Zhou [4] use computational showed that the equation
(1.1) in some dumbbell-type domains has multiple positive solutions and describe
the concentration of these solutions.

The main purpose of this paper is using the Palais-Smale theory to present
another perturbation. Let w be a y-symmetric bounded set such that A™\w g A"
is a domain in RY for some ¢ > 0, consider the finite strip with holes

0 =A", \w.

Then there exists a t' > 0 such that ©; is also symmetric in y—axis, but not
convex in y—direction for each ¢ > t’. We prove that there exists a ¢y > 0 such
that for ¢ > ¢y, the equation (1.1) in ©, has three positive solutions which one is
y-symmetric and the other are non-axially symmetric. Moreover, we describe the
concentration and dynamic system of these solutions. Although, Wang-Wu [10]
used the symmetry of positive solutions showed the same multiple results in a finite
strip with hole A’“_M\BN (0;7") for t sufficiently large. However, they have not
describe the concentration and dynamic system of solutions.

This article is organized as follow. In section 2, we describe various preliminaries.
In section 3, we describe various compactness results. In section 4, we describe some
properties of the large domains in A”. In section 5 and section 6, we present the
concentration and dynamic system of the solutions.

2. PRELIMINARY

In this article, we focus on the problems on two Hilbert spaces: the whole Sobolev
space Hi(2) and its closed linear subspace H(Q2) defined as follows: Let z =
(r,) € RVN=1 x R and € be a domain in RY,

Definition 2.1. (i) Q is y-symmetric provided z = (z,y) € Q if and only if
(‘rv _y) €y
(ii) Let Q be a y-symmetric domain in RY. A function u : @ — R is y-
symmetric (axially symmetric) if u(z,y) = u(z, —y) for (x,y) € Q.

In this article, we let Q be a y-symmetric domain in RY and H(Q) the H'-
closure of the space {u € C§°(Q) : u is y-symmetric} and let X (Q) be either the
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whole space H}(Q) or the y-symmetric Sobolev space H (). Then Hy(Q) is a
closed linear subspace of H}(2). Let H;1(Q) be the dual space of H,((2).

We define the Palais-Smale (simply by (PS)) sequences, (PS)-values and (PS)-
conditions in X () for J as follows.

Definition 2.2. (i) For 8 € R, a sequence {u,} is a (PS)g-sequence in X ()
for J if J(u,) = B+ o(1) and J'(u,,) = o(1) strongly in X ~1(Q) as n — oo
(ii) B € Ris a (PS)-value in X (Q) for J if there is a (PS)g-sequence in X (£2)
for J
(iii) J satisfies the (PS)s—condition in X (Q) if every (PS)s-sequence in X ()
for J contains a convergent subsequence.

Now, we consider the Nehari minimization problem

ax(®) = inf ).

where M(Q) = {ue X(Q)\{0} : a(u) =b(u)}. Note that M(Q2) contains every
nonzero solution of equation (1.1) in Q, ax () > 0, and if up € M(Q) achieves
ax (), then ug is a positive (or negative) solution of equation (1.1) in © (see Wang-
Wu [10] or Willem [11]). We have the following useful lemma, whose proof can be
found in Wang-Wu [10, Lemma 7].

Lemma 2.3. Let {u,} be in X(Q). Then {un} is a (PS)q (q)-sequence in X (£2)
for J if and only if J(un) = ax(2) +0o(1) and a(u,) = b(uy,) +0(1). In particular,
every minimizing sequence {uy,} in M(Q) for ax(Q) is a

(PS)ax (0)-sequence in X (2) for J.

We denote ax () by a(Q) for X(2) = H}(Q). We denote ax () by as(Q) for
X(Q) = Hy(Q2). We denote M(9Q) by Mg(92) for X (Q) = Hg(2). We denote M(£2)
by M, () for X(Q) = H,(€).

Remark 2.4. By the Principle of symmetric criticality (see Palais [8]), we have a
(PS)g-sequence in X () for J is a (PS)g-sequence in H}(Q2) for J.

3. PALAIS-SMALE CONDITIONS

In this section, we present several (PS), () —conditions in X (£2) for J which are
used to prove our main results in section 4 and section 5. Since for each (PS),  (q)-
sequence {u,} in X () for J, there exists a subsequence {u,} and u in X (€2) such
that u, — u weakly in X (). Then u is a solution of equation (1.1) in 2. Moreover,
we have the following result, whose proof can be found in Bahri-Lions [1] and in
Wang-Wu [10].

Lemma 3.1. For each (PS). (q)-sequence {u,} in X(Q) for J, there evists a
subsequence {u, }and a nonzero u in X () such that u, — v weakly in X () if and
only if the (PS)q (o)—condition holds in X (S2) for J.

Let © be any unbounded domain and & € C*°([0, 00)) such that 0 < ¢ <1 and

o, fortefo,1]
&0 = {1, for ¢t € [2,00).
Let 5
6u(2) = e(2ELy, (3.1)

n
Then we have the following results.
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Proposition 3.2. The equation (1.1) in Q does not admit any solution ug such
that J(uo) = ax () if and only if for each (PS), . (o)-sequence {u,} in X(2) for
J, there exists a subsequence {u,} such that {&,un} is also a (PS)a (o)-sequence

in X(2) for J.

Proof. Let {u,} be a (PS), ()-sequence in X (€2) for J. Then there exist a subse-
quence {u, } and ug € X (92) such that u,, — ug weakly in X (£2). Since the equation
(1.1) in © does not admit any solution ug such that J(ug) = ax (), by Lemma
3.1, we have ug = 0. Let v,, = &, u,. First, we need to show

a(u, —vy) = o(1). (3.2)
Note that
a(tn — vn) = a(un) + a(vy) — 2 (Un, Vp) g1 -
Thus, it suffices to show that (uy,vn) 1 = a(un) + o(1) = a(vy,) + o(1). Since

<un; Un>H1 = / Vu, Vo, + upv,
Q

= [ lvul+ 2] + [ 1 vuve,
Q Q

Note that [VE,| < £ and {u,} is a (PS)a (o)-sequence in X (Q) for J, so

/ Elu, Vu,VE, = o0(1) for ¢ > 0. (3.3)
Q
Hence,

(nson) s = [ 0 (190 4 2] + 0(0). (3.9

Q
Similarly, we have
a(vy) = / & [IVunl® +u2] +o(1). (3.5)
Q

For r > 1. Since {&/u,} is bounded in X (), we have
o(1) = (J'(un), £ tun)
= [ €10l 1 VTt 0) — [ Gl
By (3.3), we conclude that
[ &1 ) = [ lual? + o) (3.6)

Since u,, — 0 weakly in HJ(f2), there exists a subsequence {uy,} such that u, — 0
strongly in LP (Q), or there exists a subsequence {u,} such that

loc
| = o,
Q(n)
where Q(n) = QN BN (0;n). Clearly,

/Q €7 funl? = /Q fun? + o(1). (3.7)
By (3.4), (3.5), (3.6) and (3.7), we have

(tn, vn) g1 = aun) +0(1) = a(vn) + o(1).
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Moreover, by the compact imbedding theorem, we obtain
b(vy) = b(uy) + o(1). (3.8)
Since a(uy,) = b(up) + o(1). Thus, from (3.2) and (3.8), we obtain
a(vn) = b(vn) + (1), J(va) = ax(Q) +o(1).

By Lemma 2.3, we can conclude that {£,u,} is a (PS)q, (o)-sequence in X () for
J. Conversely, assume that the equation (1.1) in ) admits a solution ug such that
J(up) = ax (). We may assume that ug is a positive solution. Let u,, = ug for
each n € N, then {u,} is a (PS),, (o)-sequence in X (Q) for J. By hypothesis, we
have {£,uo} is also a (PS)4  (o)-sequence in X (Q2) for J. We obtain

[ tewal = 2 () + o).

Thus, there exist ng and d > 0 such that
/ |€nuol? > d  for each n > ng. (3.9)
Q

However, ug € LP(€2). Hence

/|§nuo|p S/ luol” = 0(1) asn — oo,
Q [BY(0;3)]°

this contradicts to (3.9). O

Proposition 3.3. J does not satisfy the (PS)q . (q)—condition in X () for J if
and only if there exists a (PS)q . (o)-sequence {u,} in X (Q) for J such that {&,un }
is also a (PS)y (0)-sequence in X (Q) for J.

The proof of this proposition is similar to the proof of Proposition 3.2 and there-
fore, it is omitted.

Let ; Qo, clearly ax (1) > ax(Q2). Then we have the following useful
results.

Lemma 3.4. Let Q1 & Qo and J : X(Q2) — R be the energy functional. Suppose
that ax (1) = ax(Q2). Then

(i) The equation (1.1) in Qy does not admit any solution ug such that J(ug) =
ax(Ql)
(ii) J does not satisfy the (PS)q  (a,)—condition.

The proof of this lemma can be found in Wang-Wu [10, Lemma 13]. By the
Rellich compact theorem, J satisfies the (PS), (o)—condition in X(Q) if Q is a
bounded domain.

Lemma 3.5. Let Q be a bounded domain in RY. Then the (PS)y, («)—condition
holds in X (Q) for J. Furthermore, the equation (1.1) in Q has a positive solution
ug such that J(ug) = ax(Q).
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4. LARGE DOMAINS IN A"

Definition 4.1. A domain 2 in A" is large if for any m > 0, there exist s < ¢t such
that t —s =m and AL, C Q.

Lemma 4.2. If Q is a large domain in A", then a(Q2) = a(A"). Furthermore, if
Q is a proper large domain in A", then the equation (1.1) in Q does not admit any
solution ug such that J(ug) = ().

The proof of this lemma follows by Lien-Tzeng-Wang [7, Lemma 2.5] and Lemma
3.4.
We need the following symmetric result to assert our main result.

Lemma 4.3. Suppose that Q is a y-symmetric large domain in A". Then a(Q2) <
2a(A").

Proof. Since () is a y-symmetric large domain in A”. Thus, there exist ¢ty > 0, 1
and )y are large domains in A" such that Q\Ar_tmt0 = Ql UQs. Let {u)} bea
(PS)Q y-sequence in H{(Qy) for J and let uZ(z,y) = (x —y). Clearly, {u?}
a (P )a(Qz) sequence in HE () for J. Take v, = ul + u2, then v, € Hy(Q),

( n) = b(vn) +o(1) and

J(vp,) = (1) + a(22) + o(1).
Moreover, there exists s, > 0 such that s, v, € M4(Q2) and
J(s5vn) = (1) + a(22) + o(1).

From Lemma 4.2 and the definition of Nehari minimization problem, we can con-
clude a(Q) < 2a(A"). O

Then we have the following symmetric compactness.

Proposition 4.4. Suppose that § is a y-symmetric large domain in A”. Then J
satisfies the (PS)q, (qy—condition in Hy(Q) if and only if as(2) < 2a(A").

Proof. Suppose that J satisfies the (PS),)—condition in H,(€2). By Lemma 4.3,
we have a,4(Q) < 2a(A"). Suppose that as(2) = 2a(A"). By the definition of
domain in RY, we may take a domain Q = Q\BN(0;7) for some # > 0 such that
Q ; Qand Qis a proper y-symmetric large domain in A”. By Lemma 3.4, we have
20(A7) = a5(Q) < as(2). This contradicts to Lemma 4.3. Conversely, suppose
that J does not satisfy the (PS),, (@ —condition. By Proposition 3.3, there exists

a (PS), .(@)-sequence {un} in H; (Q) for J such that {{,u,} is also a (PS),, (q)-

sequence in H(QY) for J, where &, is as in (3.1). Let v, = &, u,, we obtain
J(v,) = as(Q) +o(1),
/ (vn) ( .) 7(1) (w1)
J'(vy) =0(1) in H™(Q).

Since 2 is a y-symmetric large domain in A", there exists a ng € N such that v, =0
in Q,,, for n > 2ng, and two disjoint subdomains €2; and {2 such that

(x,y) € Qo if and only if (x,—y) € Qy,
Q\ Q= Q1 UQy,
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where Q,, = {z € Q: —n < y < n}. Note that ; and Q5 are also large domains in
A". Moreover, v,, = v} +v2 and for i = 1,2,

i vp(2), for z € Q;
(2) =
0, for z ¢ Q,,

this implies v¢, € H}(€2;). By (4.1), we obtain
J'(v8) =o(1) strongly in H~*(Q;) fori=1,2.

n

We have v} (z,y) = v2(z, —y), J(v}) = J(v2) and

as(Q) +o(1) = J(v,) = J(0}) + J(v2) =2J(v}) fori=1,2,

n

: 1
J() = §QS(Q) +o(1) fori=1,2.

Therefore, $a(9) is a positive (PS)-value in H}(€;) for J. By the definition of
Nehari minimization problem and Lemma 4.2, we have

505(0) > () = a(A"),

which is a contradiction. O

Corollary 4.5. Suppose that Q is a y-symmetric large domain in A". Then a(Q) =
as(Q) if and only if the equation (1.1) in Q has a y-symmetric solution ug such that
J(UQ) = a(Q)

Proof. By Lemma 4.2, we have
a(A”) = a(2) = as(2) < 2a(A7).

By Proposition 4.4, J satisfies the (PS),,(q)—condition in H,(2). Thus, there
exists a y-symmetric positive solution ug such that

J(ug) = as(2) = a(Q).
Conversely, use the definition of the Nehari minimization problem. O

Proposition 4.6. Suppose that Q is a y-symmetric large domain in A" such
that as(Q) = 2a(A"™). If 0 G Q is also y-symmetric large domain in A", then
as(Q) = 20(A") and the equation (1.1) in Q does not admit any solution ug such
that J(up) = as(9).

The proof of this proposition follows from Lemma 3.4 and Lemma 4.3.

Remark 4.7. From Lemma 4.3, Proposition 4.4 and Proposition 4.6, the y-symmetric
large domains in A" can be classify into three kinds. If Q is a y-symmetric large
domain in A", then it satisfies one of the following conditions:
(1) au(9) < 2a(A7)
(2) as(Q2) = 2a(A") and the equation (1.1) in 2 has a solution wug such that
J(uo) = as(Q)
(3) as(2) = 2a(A") and the equation (1.1) in € does not admit any solution
ug such that J(ug) = as(Q).
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5. CONCENTRATION OF SOLUTIONS

For the rest of this article, let w be a y-symmetric bounded set such that A™\w
is a y-symmetric proper large domain in A”. We need the following notation:

S=A"\u;
Ski={(z,y) €S:k<y<l};
ST, ={(z,y) €S:y> ~1};
S, ={(z,y)eS:y<l}.
Note that S, Sfl and S; are proper large domains in A" for all [ > 0. By Lemma

4.2, we have a(S) = a(A") and the equation (1.1) in S does not admit any solution
ug such that J(ug) = a(S). We need the following lemmas to show our main results.

Lemma 5.1. For each positive number 5(})’%2)04(AT) and | > 0, there ezists a
d(e,1) > 0 such that if u € Mo(S) and J(u) < a(A")+6(e, 1), then either [g+ |ulP <
-1
£ or [¢- ulP <e.
1

Proof. We divide the proof into the following steps:
Step 1: Suppose that there exist ¢ > 0,1y > 0 and {u,} C Mg(S) such that

J(up) = a(A") +o(1), (5.1)

/ lun|P > ¢, (5.2)
S+

—1lg

/ |un|? > c. (5.3)
Sy

From Lemma 2.3, {u,} is a (PS),(ar)-sequence in HL(S) for J. Since S is a proper
large domain in A", by Proposition 3.2 and Lemma 4.2, there exists a subsequence
{un} such that {&,u,} is also a (PS),(s)-sequence in H{(S) for J, where &, is as
in (3.1). Let v, = &,uy,, we obtain

J(vn) = a(A") +o(1),

J' (v,) = o(1) in H(8S), (5.4)

and there exists a ng > ly such that v, = 0 in A(ng) for n > 2ng, where A(n) =
S_.n. Moreover, v, = v} +v,, and

1, Jua(z) forze S::Elo’
Un (Z) - +
0 for 2 ¢ ST, .

Then v} € H&(Silo) and a(viY) = b(viF) + o(1). By (5.4), we obtain

J'(vE) =o0(1) strongly in H*I(Silo).
Thus,

a(A”) +o0(1) = J(vn) = J(v;}) + J(vy,).
Assume that J(vE) = ¢t + o(1). Then

¢+ =alA"). (5.5)
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Since ¢* are (PS)-values in H&(Silo) for J, they are nonnegative. Moreover, the
half strips S* 1, and S; are proper large domains in A", From Lemma 4.2, we have
alA") = a(SflO) =a(S;)- (5.6)

Thus, by (5.5), (5.6) and the definition of Nehari minimization problem, we may
assume that ¢t = a(SJ_rlo) = «a(A") and ¢~ = 0. Next, for n > 2ny,

t/WuRV)zt/’wnW~+o<n
S S
:/ MW+/|%WM®-
st S~

lo lo

Thus,

which contradicts to (5.3).
Step 2: Suppose that there exists a ug € Mo(S) with J(ug) < a(A") + d(¢) such
that

/+ lug|” < e and lug|P < e.
s Sy

—l iy
Then
2p
a(8) < [ fuol” = [ fuol+ [ fuop
(p—2) s -
p p
< a(A") + aA")
b-2) -2
2p
= alA"),
(p—2) (A7
which is also a contradiction. O

Lemma 5.2. If o(S) < 2a(A"). Then for each 0 < e < (;B5)a(A"), there exist
positive numbers l(e) and §(e) such that if u € M4(S) and J(u) < as(S) + d(e),
then f(sz(g o)) lulP < e.

Proof. If not, there exist a positive number ¢ < (;£5)a(A") and {u,} C My(S)
such that

1
J(un) = as(S) + —
(5.7)
/ lup|P > ¢ foralln=1,2,....
(8—n.n)®

By Lemma 2.3, {u,} is a (PS),,s)-sequence in H(S) for .J. Since o (S) < 2a(A").
By Proposition 4.4, J is satisfying (PS),, (s)—condition in H,(S). Thus, there exist
a subsequence {u,} and ug € H4(S) such that

U, — ug strongly in H,(S).
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By the Sobolev imbedding theorem and the Vitali convergence theorem, there exists

a lg > 0 such that
/ lun|P < € forall n,
(S—1q,19)¢ 2

which contradicts to (5.7). O

Lemma 5.3. Suppose that the equation (1.1) in S does not admit any solution ug
such that J(ug) = as(S). Then for each positive number ¢ < (Z%)ozs(S) and 1,
there exists a 0(e,1) > 0 such that if u € M4(S) and J(u) < as(S) + d(g,1), then
Jso_,, lulP <e.

The proof of this lemma is similar to the proof of Lemma 5.1, and is omitted
here.
For ©; = A", ,\w, consider the filtration of J in M(6;),

F(©) = {ueMy(0O) : J(u) < as(S)}.
Note that if F'(©;) is a nonempty set, then

0;) = inf J(v).
a(€) = _int J(v)
Note that ©;, C Oy, for t; < ta. Thus, ax(0¢,) > ax(0y,) for t; < ta. Then we
have the following result.

Lemma 5.4. ax(0:) \, ax(S) ast / co.

The proof of this lemma is similar to the proof of Lien-Tzeng-Wang [7, Lemma
2.5] and omitted here.

Theorem 5.5. There exists a positive number tog such that F'(©;) is non-empty and
F(©;) NM;(0;) = ¢ fort > tg. Furthermore, the equation (1.1) in ©; has three
positive solutions which one is y-symmetric and the other are non-azially symmetric
fort >tg.

Proof. First, we need to show that a(S) < as(S). Assume the contrary, a(S) =
as(S). By Corollary 4.5, the equation (1.1) in S admits a solution wug such that
J(ug) = «(S), this contradicts the fact of Lemma 4.2. Since S is a proper large
domain in A”. From Lemma 4.2, we have

a(A") = a(S) < as(S). (5.8)
By (5.8) and Lemma 5.4, there exists a to > 0 such that
a(S) < a(0;) < as(S) for all t > tg. (5.9)

Since Oy is a y-symmetric bounded domain, by Lemma 3.5, F(©;) is nonempty for
all t > tg. Moreover,

= 1 f
aS(Qt) ’Uel\}lrl(ef,) J('U)

and

as(S) < as(©y) forall t > 0. (5.10)
We can conclude that F(0;) N M4(0;) = ¢ for all t > t5. By (5.9), (5.10) and
Lemma 3.5, we have

a(0;) < as(S) < as(0) forallt >t (5.11)
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and the equation (1.1) in ©; admit two disjoint positive solutions uy, us such that
J(ur) = as(0y) and J(uz) = «(0). Take usg(z,y) = uz(x,—y), then J(uz) =
a(0y), ug € Mo(0;) and ug is third positive solution. O
Remark 5.6. By Theorem 5.5, there exists a ty > 0 such that for ¢ > ¢y, the
equation (1.1) in ©; has one y—symmetric positive solution u; and two non-axially
symmetric positive solutions us and us. Moreover,

and 5 5
p =L o)< L ((S) fori=273
/@t|uz| p_2a( t)_p 2043() or i =2,3.

Thus, we can conclude that

/O+ |U1|p = /@7 |U1|p > ]%QS(S),

t t

p
P SS
L, el < gas)
p
p< SS’
|l < o)

where O = {(z,y) € ©; : y > 0} and ©, = {(z,y) € ©; : y < 0}.

Next, we describe the concentration of solutions of equation (1.1) in ©;. We
need the following notation:

O1(=1,1) ={(z,y) €O : =l <y < 1};
07 (1) ={(z,y) €O, :y > 1};
0; (1) ={(z,y) €0 :y <1}.

Then we have the following results.

Theorem 5.7. Suppose that as(S) < 2a(A"). Then for each positive number
e < (ﬁ)a(Ar), there exist positive numbers tg > lo such that for t > ty the

equation (1.1) in Oy has three positive solutions uy, us and us. Moreover,
@) Jeor(-to.toe rl” <€
(ii) f@:(ilo) lug|P < € and fGZ(lo) luglP < e.

Proof. Since a4(S) < 2a(A"™). By Lemma 5.2, for each positive number ¢ <

(;5z)a(A"), there exist positive numbers Iy and §(¢) such that if u € M,(S)
and J(u) < as(S) + d(g), then f(s 1 )e |u|P < e. Moreover, by Lemma 5.4, there
—0:'0

exists a t; > 0 such that o, (©;) < ay(S) + d(e) for all ¢ > t;. Since O, is a
bounded domain, by Lemma 3.5, the equation (1.1) in ©; admits a positive solu-
tion u; € Hg(0,) such that J(u1) = as(©;). Thus, u; € Mg(S),

J(ur) < a(A") +4d(e),

/ luq [P :/ lur [P < e.
(S—1g,19)° (©¢(=loslo))e

Fixed the positive numbers ¢,ly. By Lemma 5.1, there exists a d(g,ly) > 0 such
that if u € Mo(S) and J(u) < a(A") 4 d(e,lo), then [g+ |ulP <eor [- |ulf <e.
—1y 19



12 TSUNG-FANG WU EJDE-2003/81

Moreover, by Lemma 5.4, there exists a to > 0 such that a(0;) < a(A") + d(e)
for all t > t5. Since ©; is a bounded domain, by Lemma 3.5, the equation (1.1) in
©, admits a positive solution ug such that J(uz) = @(©;). Then uy € My(0;) C
Mo(S), J(u2) < a(A") + d(¢) and either

/ |ug|? < € or / lug|P < e. (5.12)
0 (<lo) ©; (lo)

Without loss of generality, we may assume that

/ lual? < .
o (~lo)

Take ug(x,y) = ua(x, —y), then usg is third positive solution and

/ luglP < e.
©; (lo)

Now, let tg = max{t1,t2}. Since € < (-£5)a(A"), u; is disjoint for ¢ =1,2,3. O

_p_
p—2
Theorem 5.8. Suppose that the equation (1.1) in S does not admit any solution
ug such that J(ug) = as(S). Then for positive numbers € < (ﬁ)a(Ar) and [,
there exists a positive number ty such that for t > tg, the equation (1.1) in ©; has

three positive solutions uy,us and uz. Moreover,

(i) f((—)t(—l,l))c |u1|p <e
(ii) f@j’(fl) |ug|P < & and f@t_(l) lus|? < e.

The proof of this theorem is similar to the proof of Theorem 5.7 and therefore
omitted here.

Note that if uq,us and ug are positive solutions as in Theorem 5.7 or Theorem
5.8, then u; is y-symmetric and us, u3 are non-axially symmetric.

6. DYNAMIC SYSTEM OF SOLUTIONS

For m = 1,2,---, define ©,, = A", \w, then {O,,} is an increasing sequence
and
S=A"\w=U"_160,,.

By Theorem 5.5, there exists a to > 0 such that for m > ¢g, the equation (1.1) in
©,, admit one y—symmetric positive solution u! and two non-axially symmetric
positive solutions u2, and u2,. Note that

JW2) = JW3) = a(0,,) < as(0,,) = J(u’) for all m > to.

m m

Then we have the following results.

Theorem 6.1. (i) The sequence {u},} is a (PS)a,s)-sequence in Hy(S) for
J
(i) If as(Om,) < 2a(AT7) for some mg > 0, then there exist a subsequence ul,
and u' € Hy(Q) such that ul, — u' strongly in LP(S) in Hs(S) as m — oo
and J(ut) = as(S)
(iii) If the equation (1.1) in S does not admit any solution ug such that J(ug) =
as(S), then ul, — 0 weakly in LP(S) and in H}(S) as m — oo.
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Proof. (i) By Lemma 5.4, we have J(ul,) = as(0,,) = as(S) + o(1). Since ul, €
M,(0,,) C M,(S), from Lemma 2.3 we can conclude that {ul,} is a (PS),,(s)-
sequence in H,(S) for J.

(ii) Since as(Om,) < 2a(A™) for some mg > 0 and O, C O, 11 C S for each m, we
have a(S) < 2a(A"). By Proposition 4.4, J satisfies the (PS),s)—condition in
H,(S). Then there exist a subsequence {u}n} and a y-symmetric positive solution
ul of equation (1.1) in S such that ul, — u' strongly in LP(S) and in H,(S) and
J(ut) = ay(S).

(iii) Let v € L9(S), where % + % = 1. Then for each ¢ > 0, there exists a [ > 0 such

that
/ |v]? < ef.
(S—1,1)°

Moreover, by Theorem 5.8, there exists a mg such that
/ lul |7 < el for all m > my.
S_i.

Thus, for each € > 0, there exists a mg such that

/u}nv:/ uianr/ u}nv
S (S—1.1)° S_i
1/ % 1/ %
<[ ) (L ey e (L ) (L )
(S—i,1)¢ (S—1.1)° S_i. S_i1

< (c1 4+ co)e for all m > my,

where ¢; = (%as(@l)) and ¢ = ||v]|;,. This implies u;, — 0 weakly in LP(S) as

1
m

/@ Vul Vo +ul o= / lul [P~2ul, o for all o € HY(O,,).

m

m — 00. Since u,, is a solution of equation (1.1) in ©,,, we have

First, we need to show for each € > 0 and ¢ € C1(S), there exists mq such that
/ Vu}ano + u,lngo < e for all m > my.
Om

For ¢ € C}(S). Let K = suppyp, then K C S is compact and there exists a m;
such that K C ©,, for all m > my. Thus, by Theorem 5.8 for each € > 0, there
exist lp > 0 and mg such that ¢ € H}(©,,),

[ er=o.
(S—1g.19)°

p—1l
/ lul [P <e®  for all m > mo.
S_19.10

We obtain

[ opube= [ e [ bl e
© (S—19,19)° S_11

m

1

= 1/p
<[ w0 )
(S—1g.19)° (S—1g.19)°

p—1 1/
() e
S S—loJo

—lo>lo
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/Vu,ango—F/u,lngo:/ Vuiano—l—/ uk o
S S Om )

m

= / lul [P~2ul ¢ for all m > mo.

and

m

m

This follows that
/ Vul Vo + / ut o <ce forall m > my. (6.1)
S S

Since as(Om41) < as(0), there exists a C > 0 such that ||ul,||z: < C. Thus, for
each e > 0 and ¢ € HZ(S), there exists a ¢ € C}(S) such that
€

6= el < =

From (6.1) and (6.2), we can conclude that for each ¢ > 0 and ¢ € H{(S), there
exists a mg > 0 such that

<u}n’¢>H1 = (U ¥ — 90>H1 + (g, S‘7>Hl

<Ol = ol + (Ups ©)
<e+ce form>my.

(6.2)

This implies ul, — 0 weakly in H}(S). O
Theorem 6.2. (i) The sequence {ul,} is a (PS)as)-sequence in Hy(S) for J,
fori=23

(i) uf, — 0 weakly in LP(S) and in HL(S) as n — oo, fori=2,3.
The proof of this theorem is similar to the proof of Theorem 6.1 (i) and (iii).
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