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EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO
SUPERLINEAR PERIODIC PARABOLIC PROBLEMS

TOMAS GODOY, URIEL KAUFMANN

ABSTRACT. Let Q C RN be a smooth bounded domain and let a, b, ¢ be three
(possibly discontinuous and unbounded) T-periodic functions with ¢ > 0. We
study existence and nonexistence of positive solutions for periodic parabolic
problems Lu = A(a(z, t)uP —b(x, t)ul+c(z, t)) in QxR with Dirichlet boundary
condition, where A > 0 is a real parameter and p > g > 1. If a and b satisfy
some additional conditions and p < (N + 2)/(N + 1) multiplicity results are
also given. Qualitative properties of the solutions are discussed as well. Our
approach relies on the sub and supersolution method (both to find the stable
solution as well as the unstable one) combined with some facts about linear
problems with indefinite weight. All results remain true for the corresponding
elliptic problems. Moreover, in this case the growth restriction becomes p <
N/(N —1).

1. INTRODUCTION

Let Q be a C?*? bounded domain in RY, § € (0,1), N >2. For T >0 and 1 <
p < 00, let L%, be the Banach space of T-periodic functions h on QxR (i.e. satisfying
h(z,t) = h(z,t +T) ae. (v,t) € Q x R) such that hjgyo,r) € LP(2 x (0,T)),
equipped with the norm HhHLg = [[haxo)llze@x o). Let C:1F+9,(1+0)/2’ Cilp’o
be the spaces of T-periodic functions on @ x R belonging to C*+%(1+0)/2(Qy x R)
and C1%(Q x R) respectively, and denote by

P° := the interior of the positive cone of C%+9,(1+9)/2.

Let {a;;}, {b;}, 1 <4,j < N, be two families of T-periodic functions satisfying
ai; € ¥ (Q x R), b; € LF, aij = aj; and

Zaij(%t)fifj > al¢?

for some a > 0 and all (z,t) € Q x R, £ € RY. Let A be the N x N matrix whose
i,7 entry is a;;, let b = (by,...,bn), let 0 < ¢y € LY and let L be the parabolic
operator given by
Lu = u; — div(AVu) + (b, Vu) + cou.
For 1 < r < oo let W21(Q x (to,t1)) be the Sobolev space of the functions
u € L"(Q x (to,t1)), u = u(x,t), v = (21,...,2n) such that us, uy; and ug,q;
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belong to L™ (Q X (tg,t1)) for 1 <i,j < N, and let Wle be the space of T-periodic
functions such that ujgx o) € W2 (2 x (0,T)). For g: @ x R =R and r > 1 we

say that u € WT2 % is a (strong) solution of the periodic problem

Lu=g¢g inQxR
u=0 onddxR (1.1)
u  T-periodic
if the equation holds a.e. in the pointwise sense. It is known that for g € L7
with 1 < r < oo there exists a unique solution u € WT2 % of and that the
associated solution operator L' : L. — Wle is continuous (see e.g. [20, Section

4]). Moreover, if r > N 4 2 then Wf% C Cilp+0’(1+9)/2 for some 6 € (0,1) and so

u € C;+9’(1+9)/2 (e.g. [19, Lemma 3.3, p. 80]), and in particular the boundary and

periodicity conditions are satisfied pointwise.
Our aim in this paper is to study existence, nonexistence and multiplicity of
(strictly) positive solutions for periodic parabolic problems of the form

Lu = Ma(z, t)u? — b(z, t)u? 4+ c(z,t)) in QxR
u=0 ondd xR (1.2)
u T-periodic

where a,b,c € L7, for some r > N 4+ 2, ¢ > 0, A > 0 is a real parameter and
p>q=>1

To avoid unnecessary complexity we restrict ourselves to , but one can see
that most of the results are still valid for increasing nonlinearities that behave like
uP and u? near the origin and infinity. Let us also mention that as a consequence
of our proofs all results remain true for the corresponding elliptic problems. Let

A :=sup{\ > 0 : there exists a solution uy > 0 of (1.2)}. (1.3)

If ¢ £ 0, constructing (well ordered) sub and supersolutions we shall prove that
there exists some A > 0 such that for all A € (0, A] there exists uy € P° solution of
. Moreover, we shall see that there exist k1, ks > 0 not depending on A such
that k1A < [Jualjoc < k2 for such X's. Also, if in addition @ > 0 and b" /c € L,
by means of the implicit function theorem we shall show that u) can be chosen
such that A — w) is differentiable and increasing for all A € (0, 8) for some 5 > 0
(see Theorem [3.1] (i) and (ii) respectively). Under an additional condition (which is
fulfilled if for instance b < min{a, c}) we shall see that has a solution for every
A € (0,A). Furthermore, when a # 0 we will prove that A < co and we will provide
some upper estimates for A (see Theorem [3.1] (iii)). Let us note that if a =0 <b
then becomes “sublinear” and it is known in this case that A = oo (see e.g.
[12)).

On the other hand, suppose a,b,c € Ly with 0 < a # 0 with infoxr(a/bT) > 0.
Then for p < (N 4 2)/(N + 1) we shall prove employing (non-well-ordered) sub
and supersolutions that there exists a solution vy € P° for all A € (0, «) for some
a > 0, and that vy satisfies that |vy]le > EA™Y/®~D for all A > 0 small enough
and k > 0 not depending on A. If additionally either the aforementioned condition
in Theorem (iii) holds or ¢ = 0, then we shall prove existence of a positive
solution for all A € (0,A) (see Theorem [3.3] (i) and (ii) respectively). Moreover, in
many situations in which ¢ = 0 we shall show that A = co (see Theorem (iii)).
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Also, as a consequence of the above results we shall obtain the existence of at least
two positive solutions of , and in the case ¢ = 0 and ¢ = 1 we shall prove
similar results even without any relation between b and a or ¢ (see Corollaries 3.4
and 3.5). Let us point out that for the analogous elliptic problem, Theorem (3.3
and Corollaries 3.4 and 3.5 are still valid for p < N/(IN — 1) (see Remark (ii)
below).

Problems of the form have been studied by several authors. If b = ¢ = 0,
Esteban [8, Theorem 4] proved existence of a positive solution assuming that L has
f-Hoélder continuous coefficients, p < (N + 2)/N and that a = a(t) € C;/Q(]R) with
ming a > 0. If in addition a € W%’OO(R) and satisfies some technical conditions, she
gave the same result in [8, Theorem 7] for L = 9/9; — A and p < (3N +8)/(3N —4),
and later on in [9] she improved this last theorem to the case p < N/(N — 2).
Also, Quittner in [22] obtained a positive solution (also for the heat operator and
a € Wy as above) for p < (N + 2)/(N — 2), and an extension of this result
under some additional hypothesis for a = a;(z)as(t) with a; € C1(Q), az € W™,
infoxr{ai,az} > 0 and Q convex can be found in [I8]. In all these works the main
tools used are topological degree arguments together with several a priori estimates.
We would like to point out that while our approach poses a stronger restriction on
p, the assumptions on a(z,t) and L are considerably weakened and the proofs given
here are completely different and (in our opinion) quite more simple. We mention
also that in the elliptic case existence of a positive solution of withb=¢c=0
is well known (even if a changes sign) but to our knowledge it is always asked that
either a € C(Q2) or a € L*(Q2) but with several additional assumptions (see e.g.
[2, 1] and the references therein).

On the other hand, when b = 0 # ¢ Esteban [8, Section V] showed the existence
of at least two positive solutions for all 0 < A < A under the aforementioned
hypothesis in [8, Theorem 7] and assuming that 0 < ¢ € C(Q x R). If a = 1,
0<ceLPand p < (N +2)/(N — 2), Hirano and Mizoguchi found also in the
case of the heat operator two positive solutions for A > 0 small enough and studied
their stability /instability (see [I7]), and an extension for a similar problem and sign
changing ¢’s with ¢ € C(R, L>®(2)) was later established in [5]. We observe that
again all these results mainly rely on topological degree arguments and a priori
bounds which require restrictions on p, while we do not impose any condition on
p in order to prove the existence of one of the solutions (namely, the stable one).
Furthermore, we allow in this case a, b and ¢ to be unbounded and a, b may have
indefinite sign.

Finally, as far as we know no results are available specifically for neither
when b # 0 = ¢ nor if b # 0 # c¢. There are, however, some bifurcation results
available for convex nonlinearities (e.g. [16, Chapter 3]) or increasing nonlinearities
(e.g. [8, Section V]), but under strong regularity conditions on the coefficients of L
and the nonlinearity. Let us note that for example when a > 0, the right member
of is convex either if g =1 or b < 0, and if ¢ > 1 and b > 0 then it becomes
“concave-convex”. As far as the elliptic problem is concerned, with a, b, c
positive constants and p < N/(N — 2) is included in some of the many types of
nonlinearities covered in the nice paper [2I, Theorem 6.21]. When 2 is a ball and
L = —A, it is proved there that A < co and that there exist exactly two positive
solutions for A € (0,A) and exactly one for A = A. Let us also mention that the
nonlinearities that arise in Corollary are included (for 2, L and p as above, and
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a, £b positive constants) in [21, Theorems 6.5 and 6.11], and it is also proved there
that in this cases the solution is unique for every A € (0,A). We remark that all
these last results are obtained applying variational and symmetry arguments which
of course are not eligible in our case.

2. PRELIMINARIES

We start by collecting some necessary facts about periodic parabolic problems
with indefinite weight.

Remark 2.1. (i) Let m € L. with r > (N 4 2)/2, and let

T
Po(m) ::/ esssup,cq m(z, t)dt. (2.1)
0

Then Po(m) > 0 is necessary and sufficient for the existence of a (unique and
simple) positive principal eigenvalue A\q (L, m) (or A1(m) if no confusion arises) for
the problem
Lu=XMnu in QxR
u=0 ondQxR (2.2)
u  -periodic

(cf. [I0, Theorem 3.6]). We note that Po(m) = +oo is allowed (cf. [10, p. 218])
and that no regularity on 9 is needed. It also holds that m — A;(m) is continuous
(cf. [I0, Theorem 3.9]). If A;(m) exists, we will denote (from now on) by ® the
positive principal eigenfunction normalized by ||®|| = 1. If in addition 2 has
C?*% boundary and r > N + 2, then ® € P°.

(ii) The following comparison principle holds: if mq,me € L, with r > (N+2)/2,
Pa(my) > 0 and my; < ma in Q X R, then A;(my) > Aj(ms2) and, if in addition
my1 < mg in a set of positive measure, then Aj(mq) > Ai(m2) (cf. [I0, Remark
3.7)).

Remark 2.2. (i) Let m € L% with r > (N +2)/2. For A € R, let ppm(X\) (or
simply (M) if no confusion arises) be defined as the unique p € R such that the
Dirichlet periodic problem Lu = Amu + p,, (A)u in © X R has a positive solution u.
Then g, (A) is well defined, iy, (0) > 0, py, is concave and continuous, and a given
A € R is a principal eigenvalue for if and only if p,,(A) = 0 (cf. [I0, Lemmas
3.2 and 3.5]). In particular, for A > 0, if Po(m) > 0 then g, (A) > 0 if and only if
A < Ar(m), and g, (A) > 0 for all A > 0 if Po(m) <0.
(i) Let m, h € L% with r > (N + 2). Then, if y,,(A) > 0, the problem

Lu=Xmu+h in QxR
u=0 ondQ xR (2.3)
u T-periodic
has a unique solution u € VVT2 % which is positive if h > 0, and the solution operator
h — w is continuous (cf. [II, Lemma 2.9]). Conversely, if A;(m) exists and Lu =

Amu (respectively $) for some A > 0 and 4 > 0 in © x R with « = 0 on 9Q x R,
then A < A;(m) (respectively A > A1(m)) (cf. [I4, Remark 2.1 (e)]).

We will need the following elementary lemma to provide one of the upper esti-
mates for A.
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Lemma 2.3. Let p > ¢ > 1 and let h(€) := & — £9 — ¢p & + 1, where ¢pq > 0 is
defined by
W -1 ifg=1
Cp,q "= (ﬁ)(pfl)/(pfq) ifg>1landp—q=>1 (2.4)
pP—q ifg>landp—q<1
Then h(§) > 0 for all § > 0.

Proof. Suppose ¢ = 1. Then h attains its unique minimum at &, := ((1+c, 4)/p)"/ @Y.
Moreover, after some computations we get

1+c¢c /=1 /1 +4c¢

hlgo) = (——22) (FE20 (14 apy)) +1 =0,
p p

Suppose now ¢ > 1 and p — g > 1. Define & := (¢/(p — 1))"/P=9. Then p{é’*l —

q§8_1 = ¢p 4 and hence h'(§) = 0. Furthermore, taking into account this we find

that

h(€o) = (1 —p)&g + (¢ — 1&g + 1

() ()

because p — ¢ > 1.
Finally, suppose ¢ > 1 and p—¢ < 1. Since in this case ¢, 4 = p—q¢ it follows that
K (1) = 0. Moreover, h(1) > 0 because p — ¢ < 1 and this concludes the proof. O

We say that f : @ x R xR — R is an L-Carathéodory function if f(z,t,¢)
is T-periodic in T, (z,t) — f(z,t,€) is measurable for all £ € R, £ — f(x,t,&)
is continuous on R a.e. (z,t) € Q x R; and, for each p > 0, there exists h € L7,
such that |f(z,t,€)| < h(z,t) for a.e. (z,t) € Q x R and every & € [—p, p]. Also, if
r > N+2, we will say that v € Wf 7 is a subsolution (respectively a supersolution)
of
Lu = f(z,t,u) in QxR
u=0 ondNxR (2.5)
u  T-periodic
if Lv < f(z,t,v) (resp. Lv > f(x,t,v))in QxR and v <0 (resp. v > 0) on 9N xR.
Finally, we say that a subsolution v of (2.5)) is strict if for every solution w of (2.5))
with v < v one has v < v in Q x R and either v < v or v = v and d,u > O,v
on 0N x R, v being the unit outer normal to 9. A strict supersolution is defined
analogously.
We state for the reader’s convenience the following existence result in the pres-
ence of non-well-ordered sub and supersolutions (for the proof, see [I5] Lemma
2.3]). Let us mention that for m = 1 this lemma can be found in [4, Theorem 3.2].

Lemma 2.4. Let m € LY such that Po(m) > 0 and let f : @ x R xR — R
satisfying
(H1) f is an Li.-Carathéodory function for some r > N + 2.
(H2) There existy € (0,1), d € (1,(N +2—+)/(N +1)) and o¢ > 0 such that
St = Mlmme € = M(mmg
4 11°
a.e. (x,t) € QxR for all & such that || > oy.
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Suppose that there exist v,w sub and s&persolutions respectively of (2.5) such that
v ¢ w. Then (2.5) has a solution u € O where

O:={uecC;’:vtuandu£w}

Remark 2.5. (i) In the same way as in [, Theorem 3.2 and Remark 2.2], if v and
w are strict sub and supersolutions, every solution u € O actually satisfies u € O.

(ii) The restrictions r > N +2 and § € (1,(N +2 —v)/(N + 1)) come from
the use of the strong maximum principle in the proof of Lemma Thus, in the
elliptic case one can take r > N and § € (1,(N —~)/(N — 1)) and obtain exactly
the same conclusions (in fact, for m = 1 this is done for instance in [3, Section 4]).

3. MAIN RESULTS

As usual, we write f = f* — f~ with fT = max(f,0) and f~ = max(—f,0).
For a,b,c € L7, withr > N +2and p > g > 1 we set

Ke=1/|L7 @ 46+ )l A= L+ K@ +57) ez, (3.1)

Bo := min{A, (inl)\l(pa + qb_))l/q}. (3.2)
Recall that A is given by (1.3).

Theorem 3.1. Let a,b,c € L7, for some r > N + 2 such that 0 < ¢ # 0, and let
p>q>1. Then

(i) Equation (1.2) has a solution uy € P° for all X € (0,A] and
AN < luallLg < AN (3.3)

for such \ (in particular, A > A).

(i) Assume in addition that a > 0 and bt /c € L3. Then there exists B > [y
such that X\ — uy, is a C increasing map from (0, 3) into P°.

(i) Assume in addition that

Ky o= 6% /el < inf (a/p)!070 i= K (3.4)

Let m(x,t) :== min{a(x,t), c(z,t)}, let cpq be given by (2.4), and let w € P° be the
solution of (L.1) with ¢ in place of g. Then (1.2) has a solution uy € P° for all
A€ (0,A) and
S )\1 (m)/cp,q me ¢ 0 (35)
max{1, A\;(awP™ 1)} ifm=0anda#0

Proof. Let A > 0, and let &) € P° be the unique positive principal eigenfunction
of with ¢ and L + A(a™ + b*) in place of m and L respectively, normalized
by [[®x]lcc = 1 (since ¢ # 0 such ®, exists). Let A* := A\ (L + Aa~ +b"),¢) and
let ko = ko(A) := A/A*. We first claim that k®) is a subsolution of for every
0 < k < ky. Indeed, taking into account that p,q > 1 we find that

AaT (k®5)P + b~ (kD) + ¢) > Ae > N ck®y = (L + Aa~ + b+))kd,

and since k® <1 the claim follows. B
On the other hand, let A be given by (3.1, let 0 < A < A and let 2z, € P° be
the unique solution of the periodic problem Lzy = A(at +b~ +¢) in Q xR, 2y, =0
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on 02 x R. It is easy to check that zy is a supersolution for (1.2)). Indeed, clearly
lzalle = A 'A < 1 and then

Lzy > Ma't||za]|% + b7 [|aa]|% + ¢) > A(azh — bz +¢).
Hence, if k = k(A) is small enough, [7, Theorem 1] gives some uy € L solution
of (1.2) satisfying k@) < uy < zy for all A € (0,A]. Moreover, uy € P° and
lualloo < ') for such \'s (i-e., the second inequality in (3.3) holds). Also, taking
into account this last fact, from (|1.2)) we obtain

Luy > M—a"uy — bTuy +¢) (3.6)

and thus (L+ A(a™ +bT))uy > Ae (because A < A) and the first inequality in
follows. So, (i) is proved.

To prove (ii) we first note that we may assume without loss of generality that
b < c. Indeed, if [|b*/c|joo = 0 then b < 0 and so b < c. If not, take k := ||b+/c||]?
and define aj := ak'™P, by := bk'"? and ¢ := ck. It follows that by < cs.
Furthermore, u is a solution of if and only if ku is a solution of with ag,
br and ¢ in place of a, b and c¢ respectively. Henceforth we assume that b < c.

Let A > 0, uy > 0 be the solution of found in (i), and let m) := pau’;\_1 —
qbu‘}fl. We claim that the implicit function theorem can be applied in a point
(A uy) for any A > 0 sufficiently small. Indeed, a direct computation shows that
in order to see this it suffices to prove that for a given h € L7, there is a unique
solution u € WT2 % of problem with m) in place of m and that the solution
operator for this problem is continuous. Thus, recalling Remark (ii) the claim
will follow if A\j(my) > A (if such Aj(my) exists; if A\;(m,) does not exist we have
nothing to prove). Now, let 5y be given by and let 0 < A < fy. Since p > ¢
and A < A, by the second inequality in we have

ma < ud (pauh "+ qb7) < (K A (pa+ qb)
and therefore the comparison principle in Remark (ii) yields
A(my) > (AN N (pa+gb™) > A

(if A1 (pa + gb™) does not exist then my < 0 and we are done). Hence, the claim is
proved.

Let I := (a1, a2) be a maximal interval centered at 3y provided by the implicit
function theorem in which A — uy is a C'! map into P°. Differentiating with
respect to A and taking into account that a > 0 and b < ¢ we obtain

(L — )\mA)% =auf —buf +¢>c(1—uf) (3.7)
for all A € I. So, since ug, satisfies , it follows from and Remark
(ii) that duy/OX > 0 for some («a, 5) C I with By € (o, 3). We next observe that
a = a; = 0. Indeed, suppose first & > «;. In this case Quy/0Ar—o = 0, but
since A — wuy is increasing in («, ) and ||ug, || < 1, again and Remark
(ii) yield Qux/0Ax=q > 0. Assume now a > 0, and let u; € P° be the solutions
of corresponding to some sequence A; N\, o. Then u; is decreasing and so
the continuity of the solution operator L~! supplies some u, > 0 solution of
for A = a. Furthermore, a > 0 implies ||uqllcc > 0 (because ¢ # 0) and hence
we can apply the implicit function theorem in the point (a, u, ), contradicting the
maximality of (a, 8). Consequently, « = 0 and (ii) is proved.
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Let us prove (iii). By (3.4), as in the beginning of the proof of (ii) we may now
assume that b < min{a, c}. Indeed, take 0 < k € [K3, K] (where K; and K5 are
given by ) and define ag, by and ¢ as in (ii). Then by < min{ag,c;} and as
before u is a solution of if and only if ku is a solution of with ag, by and
¢k in place of a, b and c.

Now, let A € (0,A) and let A € (A, A) such that there exists uy > 0 solution of
with X in place of A. Since b < min{a,c} and a,c > 0 it is easy to check that
al? — b9+ c > 0 for all £ > 0 ae. (z,t) € @ x R. Thus uy is a supersolution
for . Therefore, since for all A > 0 the first paragraph of the proof provides
subsolutions for of the form k® ), making k£ > 0 sufficiently small we can again
apply [7, cite 1], and obtain a solution of (T.2).

We prove (3.5). Suppose first 0 # m(x,t) := min{a(z,t),c(z,t)}. We observe
that A (m) exists because m > 0. Let u > 0 be a solution of (L.2). Taking into
account Lemma [2.3] we get

Lu = Aau? — bu? + ¢) > dm(uP —u? + 1) > dmc, qu

and then Remark [2.2] (i) says that A\ < A1 (mcp4) = A1(m)/cp q-

On the other hand, if m = 0, from b < min{a, ¢} and a, ¢ > 0 we have that b < 0.
Suppose now the last inequality in is not valid. Let w € P° be the unique
solution of with ¢ in place of g. Since ¢ #Z 0 it holds that w > 0. Moreover,
0 < awP™! # 0 because a # 0. Choose A > max{1, A\;(awP~1)} such that there
exists u > 0 solution of . We observe that since A > 1 the maximum principle
yields u > w. Also,

Lu = Aau? — bu? + ¢) > Aav? > law?

and so again employing Remark (ii) we obtain A < A\j(awP~!). Contradiction.
[l

Let us note that if in Theorem (iii) it holds that m = a = 0 then (1.2
becomes Lu = A(b~u? + ¢) and hence upper bounds for A can be obtained in the
same way as there.

Lemma 3.2. Let a,b,c € LY such that a,c > 0 and infour(a/bT) > 0, and let
1<g<p<(N+2)/(N+1). Assume there exist v,w > 0 sub and supersolutions
respectively of (1.2)) such that neither of them is a solution and v & w. Then there

exists u € P° solution of (L.2)) satisfying v £ u £ w.

Proof. We note first that v is a strict subsolution. Indeed, if z is a solution of (|1.2)
with v < z then

L(z = v) > =b" (27 = v7) > —q||2[| 27107 (2 — v)

and hence the assertion follows from the strong maximum principle (as stated e.g.
in [6l Theorem 13.5]). In the same way w is a strict supersolution.

Let f be defined by f(z,t,&) = Aa(a, t)EP — b(x,t)€7 + c(x,t)) for € > 0 and
Flz,t,6) = Ae(z,t) for € < 0. Let p:= (N +2)/(N+1)—p > 0, and choose
a,vy > 0 small enough such that o + /(N 4+ 1) < p. Since infoxr(a/b*) > 0,
reasoning as in Theorem (ili) we may assume that b < a. Taking into account
this, it is easy to check that the function fsatisﬁes the assumptions of Lemma
with + as above, § := p+ a, m := a and any r > N + 2. Therefore, Lemma [2.4

provides a solution u € C%’O of (2.5) with fin place of f satisfying v £ u £ w.
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Moreover, since v and w are strict sub and supersolutions, from Remark (i) we
get v £ w £ w. In particular u # 0 because w # 0 (observe that if w = 0 then
¢ = 0 and therefore w is a solution of , contradicting the hypothesis). Let
U:={(z,t) € QxR :ux,t) <0} fU # @ we have Lu = A¢ > 0 in U and
u = 0 on OU and so the maximum principle (as stated e.g. in [I3, Lemma 2.3])
implies v > 0 in U which is not possible. Thus w > 0 in Q x R and hence by
the aforementioned strong maximum principle in [6] © € P°. It follows that u is a
solution of and this ends the lemma. (]

We focus now on what happens when a # 0. The special case ¢ = 0 and ¢ = 1
will be considered separately in Corollary below. For A as in (3.1) and £ > 0

we set

o := min{\;(a), A}

3.8
Q.= {x e Q:dist(z,00) <e}, QL :=Q-Q.. (38)

Theorem 3.3. Let a,b,c € LF with a,c > 0, a # 0 and infoxr(a/bT) > 0. Let
1<g¢<p<(N+2)/(N+1). Then
(i) Equation has a solution vy € P° for all A € (0,60) and there exists
k > 0 not depending on \ such that for all A > 0 small enough

-1
loallLge > EAP=T. (3.9)

(ii) Assume that either ¢ =0 or (3.4) holds. Then (1.2) has a positive solution
for all X € (0, 7).
(iii) Ifc=0,¢>1 and b <0 in Qy X R for some o > 0, then A = co.

Proof. As in the above lemma we assume that b < a. Let A € (0,\1(a)) (a 0
and so such \;(a) exists) and m. := axocxr — bTxa.xr. Since 0 < a # 0 and the
positive principal eigenvalue is continuous with respect to the weight (cf. Remark
, we can choose € > 0 small enough such that A (m.) exists and A\j(m:) > A
Let @ be the unique positive principal eigenfunction of with m. in place of
m, normalized by [|®[|oc = 1. Let 0 < 0 := mingexr ® and let Ky = Ko(\) =
(1 + A (me)/ NV P=9) /5. We claim that k® is a subsolution of for every
k > Ky. Indeed, let k > K and let us first write f(z,t,£) := A(a€? — b&? + ¢) and

A ={(z,t) e O xR: kP <1}, A :=(QxR)— Ay,
By :=(Q: xR)N A, Bj:=(Q xR)NAj, (3.10)
Cr = QA xR)YN AL, Cf:=(Q xR)N Aj.
We observe that C, = @ because k® > Ko® > 6~ 1® > 1in Q¢ x R. Now, taking
into account that b < a and 1 < g < p we get that
fz,t,k®) > N0 (k®)Ixp, + Aa((k®)F — (k®)")xBsucy
> -\t k®xp, + Xa(k®)((k0)P1 —1)xce
A (m)bTk®xp, + A1(me)ak®xce
A1(me)mek® = L(k®)

(3.11)

AV AV

and this proves the claim. -
On the other side, let 0 < A < A and let z) > 0 be defined as in the second para-

. -1 .
graph of the proof of Theorem Since ||zx]lcc = A A, there exists ay > 0 such
that if Z) := ay + z) then ||Z)]|o < 1. Furthermore, in a similar way as there one
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can see that ) is a supersolution of for all A € (0,A). Therefore, by Lemma
there exists some vy € P° solution of for every A € (0, min{\;(a), A}) and
satisfying k® € vy £ Zx. In particular, ||v]leo > @y for all such Ns.

To prove we proceed by contradiction. Let A\; be a sequence with A;
0, let v; be the corresponding solutions of found above, and suppose that
Ajllvjl|Bst = 0. Without loss of generality we can assume that ||vj]|oc > « for all j
large enough and « > 0 not depending on A. Let w; := v;/||v;||oo. Dividing
by [[05]lo0 we get

Ly = Xy 2™ (0 — b oy 257+ /v c): (312

Now, going to the limit in , the continuity of the solution operator L~! yields
that w; — 0 when j — 0, which is not possible.

Let us prove (ii). Assume first that holds. In this case we start arguing
as in the first part of the proof but defining now me := axqcxg. Then m. > 0 in
xR and m. = 0 in the sets B;, and B}, given by . Moreover, (since by
we may suppose that b < ¢) we have

Fa,t, k®) > A(=b(k®)? +¢) >0 in By

and hence we do not need to impose the restriction A < A\;(m.) in . Further-
more, a quick look at shows that the other bounds remain the same, and
thus as there we obtain a positive subsolution of the form £® but now for all A > 0
(with k& > Ko()\) as in (3.11))).

Next, we claim that reasoning as in the proof of Theorem [3.1] (iii) we obtain a
solution to for all A € (0,A). Indeed, let A € (0,A) and take A € (X, A) such
that there exists uy > 0 solution of with X in place of A. As before, since we
are assuming that b < min{a,c}, f(.,£) > 0 for all £ > 0. So, uy is a supersolution
for and therefore the claim follows from the above paragraph and Lemma

Suppose now that ¢ = 0 and ¢ > 1 (the case ¢ = 1 is included in Corollary 3.5
below). In this case multiplying by A= and writing v := A/~ Dy we
transform into the equivalent problem

Lo = \"P=D/(a=DgpP — pp?  in Q x R. (3.13)

From (i) has a positive solution for all A > 0 small enough. Moreover, readily
(3.13)) has a positive solution for every A € (0, A). Indeed, let A € (0,A) and take
A > 0 small enough and A € (A, A) such that there exist uy,u; > 0 solutions of
with A and X in place of A respectively. Then uy and uy are super and
subsolutions respectively of (3.13)) and therefore (either if they are well-ordered or
not) we obtain a solution for7 and hence for (L.2).

To prove (iii) we shall supply a solution of for every A > 0. We note first
that since b < 0 in Q, X R for some ¢ > 0 (£, given by ), for any A > 0, the
subsolution constructed in the first paragraph of the proof of (ii) can still be used
in this situation choosing there ¢ < ¢. Indeed, as in (ii) m. = 0 in the sets By and
Bg, f(.,k®) > ¢ > 0 in By, and the rest also stays the same. On the other hand,
let A < A small enough such that there exists v solution of with A in place of
\. Clearly A=1/(@=1y is a supersolution of and then again Lemma gives a
solution of and this concludes the proof. O

Corollary 3.4. Let a,b,c € LY such that a,c>0,aZ 0% c, andlet 1 <g<p<
(N+2)/(N+1).
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(i) Ifinfoxr(a/b™) > 0, then for all X > 0 small enough there exist two positive

solutions of (1.2]).
(ii) If in addition holds, then (i) is true for all A € (0, A).
Proof. (i) is an immediate consequence of and (3.9). Let us prove (ii). We
assume b < min{a, c} and argue as before. Let A € (0,A), let A € (\,A) and let
vy be the solution of with X in place of A given by Theorem (i1). We
have that vy is a supersolution for . Also, the first paragraph of the proof of
Theorem provides some positive subsolution u) of such that uy < vy and
hence [7, Theorem 1] gives some w, solution of satisfying uy < wy < vs. On
the other hand, as in the first part of the proof of Theorem (3.3 (ii) we can construct
another subsolution uy such that uy f vy and thus recalling Lemma we obtain
a solution wy € P° of satisfying uwy £ wy £ vy. In particular w, # wy and
this proves (ii). O

For the case ¢ = 0 and ¢ = 1 no relation between b and a or ¢ is needed. Let us
rewrite (1.2]) as
Lu = Ma(z,t)u? + b(z,t)u) in QxR
u=0 ondQd xR (3.14)
u  T-periodic
We recall that Py and A are given by (2.1) and (1.3)) respectively. We have

Corollary 3.5. Leta,b € LY suchthat0<a#0, andletl <p < (N+2)/(N+1).
Then (3.14) has a solution vy € P° for all X € (0,A). Moreover, A = A\ (b) if
Po(b) > 0 and A = oo if Po(b) <0.

Proof. Let us note first that since can be written as (L + b~ )u = A(au? +
bTu), arguing as in the first part of the proof of Theorem (ii) we get some
positive subsolution £® of for any A > 0.

On the other hand, let j;, be defined as in Remark [2:2] Then there exists some
u € P° satisfying Lu = Abu + pp(A)u in Q X R, uw =0 on 9Q x R. Furthermore, by
the results listed in Remarks[2.1]and [2.2]it holds that ,(A) > 0 for all A € (0, A1 (b))
if Po(b) > 0 and pp(A) > 0 for every A > 0 if Pq(b) < 0. Taking this into account,
it is easy to check that for such X's u is a supersolution of if one takes ||u||oo
sufficiently small (in fact, it suffices ||u| < (us(N)/(A]la|))*/®=1). Hence Lemma
applies and gives a solution for all A < A1(b) if Po(b) > 0 and for every A > 0
if Po(b) < 0. That is, A > A;(b) in the first case and A = oo in the second one. To
end the proof we observe that implies Lu > Abu and so Remark [2.2] (ii) says
that A < A1(b) when Pq(b) > 0. O
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