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ABSTRACT. We the solvability of the two-dimensional stream function-vorticity
formulation of the Navier-Stokes equations. We use the time discretization and
the method of characteristics order one for solving a quasi-Stokes system that
we discretize by a piecewise continuous finite element method. A stabilization
technique is used to overcome the loss of optimal error estimate. Finally a
parallel numerical algorithm is presented and tested.

1. INTRODUCTION

The flow of an incompressible viscous fluid in a two dimensional domain € is
characterized by two variables: its velocity v and its pressure p. It is described by
Navier-Stokes problem

@+uVuquu+Vp:f in Q, t>0,

ot (1.1)
Vau=0 inQ, t>0.

This system corresponds to the equation of the conservation of the quantity of
movement and the equation of conservation of mass. Here, v is the kinematic
viscosity of the fluid and f is a given function corresponding to the forces applied
to the fluid. In general, we add to this system a boundary condition on the border
I" of the domain €, like

u=uy onl (1.2)

known as the Dirichlet condition.

This formulation, called velocity-pressure formulation, can be rewritten by intro-
ducing two other scalar functions, called the vorticity (noted by w) and the stream
function (noted by <) [2 [l [8, 10, LT, 6, [I7, I8]. The link between these functions
is given by the relations:

w=Vxu and u=V x. (1.3)
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Then we obtain the following ¢-w formulation equivalent to (1.1),

aiw_i_uvw_yAw:va iHQ,t>O,

ot (1.4)
wH+Ap=0 inQ, t>0.

The velocity boundary condition (|1.2)) implies that the function ¢ and its normal
derivative 0,1 are fixed on the boundary I' and given by

P =1y and 8—1/}:9 onT.
on

Such a formulation has two main advantages. The first one is related to the au-
tomatic satisfaction of the divergence free condition. The second one concerns the
reduction of the number of equations.

We propose to solve problem . A time discretization of this system using
the characteristics method [7), 12) 14], leads to study, at each time step At, the
following system, called quasi-Stokes problem.

w+AY=0 inQ
. (1.5)
—Aw—MAY=F inQ
where A = L and F = AP + 1V x f with wP(t,2) = w(t — At,z(t — At)).

The resolution of the system by a direct approach leads to the loss of one
order in the error estimates. To optimize the behavior of our approach, we adapt
the regularization-stabilization technique, introduced in [T}, 3], to the Navier-Stokes
equations. The main step of the proposed approach is to write the decomposition
1) — w in a natural variational framework.

Such a decomposition permit us to built a linear piecewise stabilized finite ele-
ment method having a good behavior and to obtain an optimal error estimate.

The numerical resolution of the obtained linear system is performed by the Bi-
gradient Conjugate Stabilized method [13]. After an algorithmic analysis identify-
ing the dependence between the different tasks and data involved, an implementa-
tion under MPI (Message Passing Interface) has been done [16]. We obtain then a
parallel stabilized algorithm for the Navier-Stokes problem.

We start this paper by presenting respectively the time and spatial discretiza-
tion of the considered problem. Then we describe the stabilized method and its
advantage. The numerical analysis of the obtained system and the validation of
the stabilization technique is presented in section 3. In addition we present a par-
allel algorithm. The performance of the proposed method is illustrated by some
numerical results.

2. DISCRETE PROBLEM

We present in this section the time and spatial approximations of problem (|1.4]).

2.1. Time discretization. Let T a fixed positive real and f € C(0,T, H(Q)).
We cousider the regular partition of [0,7] into N equal subintervals [t;_1,¢;], 1 <
i< Nwithtg<t;<...<ty=Tanddt=1t; —t; 1 = %.

Let "t = 4(.,#"*1) and w™™ = w(.,t" 1) being the approximations of 1 and
w at time "1 = (n + 1)8t. The time discretization of the problem is given



EJDE-2017/24 A STABILIZED FINITE ELEMENT METHOD 3
by: Find "1 and w™*! solutions to

a n+1
(—w + qu) — VA" =V x T in Q
W ATl =0 in Q

2.1
¢n+1 = d)d onI ( )
n+1
81gn =g onl

The total derivative of the function omega is approximated using characteristics
scheme [7, [12] as follows

0 N w(x, ") — w(X(x, thHL ), ¢ Wt — wheX™
(a—&-uV)w(x,t )~ ( ) (&( L) _ = (2.2)

where X" (x) = X(x,#"*1;¢") is the position at time " of particle of fluid which is
at point x at time t"*1. System (2.1]) becomes

W'+ AP =0 in Q

woX™

5 ) in Q

Awm 4 Ayt = — L (g gt
vot v

" =1y onT

Oyt
on

which is equivalent at each time step to the quasi-Stokes system
w+AYp=0 inQ
Aw+ AAY =F in Q)

V=14 onTl (2.4)

oy
%79 on I

where F(-,t"T1) = —%(V x frtl 4 %), and Y4, 9, A\, F' are given.

(2.3)

=g onl

2.2. Continuous problem. First, we denote by H () the dual space of
Hy(Q) = {0 € L*(Q) : VO € L*(Q),v). = 0}
with the associated norm

e = sp Ly, g
PEHL(Q) |<P|1,Q

where (-,-)_1 1 o is the dual pairing between H~1(2) and H}(Q).
We introduce the space
H Y A;Q) ={0e L*(Q): A0 H YD)},

equipped with the norm

1/2 _
10]-1,8.0 = (10130 + 1A01%10) ", V€ HH(A;9Q)

For simplicity of the analysis, we consider in the following ¥y = 0 and g = 0. A
variational formulation of problem (2.4) is given by: Find (w,) € H™1(A;Q) x
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H}(Q) such that
/ 0w dQ + (A0, ) 110=0 Ve H ' (A;Q)
@ (2.5)
@Bw)ria A [ Vavede = [ Fae e Hi©)
Q Q
Theorem 2.1. For all f € H=(Q), problem (2.5) has a unique solution (w,?) €
H71(A;Q) x HY(Q) and there exists a constant C > 0 such that:
$lo+ Il 100 < CIFl| 10 (2.
Moreover, the solution (w,v) of (2.5)) is a solution of (2.4)).
For a proof of the above theorem see [4].
Remark 2.2. Using the decomposition
w=w’ 4 w*, (2.7
problem (2.5) can be rewritten as: Find w® € H}(Q) such that

/ VWOVndQ = (F,n) 110, Vne Hi(Q), (2.8)
Q
and find w* € H=Y(A;Q), ¢ € H}(2) such that
Ow*dQ — [ VyVOdQ = — [ 0°dQ VO € HY(Q),
Q Q Q (2.9)

—(Aw* ) 110+ [ VVndQ =0 Vi€ Hj(Q)
Q

The advantage of this decomposition is to get more regularization on w*, Indeed
—Aw* = NAY € L2(Q) while —Aw® = f € H}Q) and —Aw = f + MY €
HYQ).

Next, we shall discretize problem ([2.8)-(2.9) using the decomposition defined by
(2.7). This particularity related to w* will improve the behavior of the discrete
method.

2.3. Numerical approximation. Let (71)n be a regular family of decomposition
of  in triangles K [9] [15]. For each triangle K, we denote respectively by hg its
diameter and h = maxge7, hi.
We associate to each decomposition 7, the set Cj of the internal edges. Then,
for every edge T of Cp,, there exists two triangles K and K’ of 7;, such that
K#K' and T=0KNOK'. (2.10)
We define the jump of the normal derivative on each edge T of Cp,, by

[Dp0]7 = {arIfUK"_ayIL{/'UK/ pp.-onT ifT=0KNOK', K,K'eT,
n -

) (2.11)
0 onT ifT=0KNT, K €17,

where vg = v |k and aff vk is the normal derivative of vg on 0K, K € 7, and
the discrete scalar product and semi-norm

O, Onhn =Y mesT/ [0,01][0n0k] AT, VO, € Xp, 6, € Xp,
TeC r (2.12)
1/2
Okl = (<9h7 9h>h> VO, € X,
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where mes 7 denotes the length of the edge of T for T' € C),.
We consider the discrete spaces

X, ={0eC’(Q):VK € Tp,, 0 |k P1(K)} € H1(A; Q)
X)) = XnnHy(Q)
where P; (K) is the space of piecewise linear functions defined on K. We denote by

wh, ¥y, and Fp, respectively the approximations of w, ¥ and F in Xj. The classical
discrete variational formulation of problem (2.8)-(2.9)) is written

a(wn,0n) +b(On,vn) =0 Vb, € X,

b(whsMn) — d(¥n,nn) = / Fnp dQ) Vo, € Xj, (2.13)
0
Yy, € X,(Z wp € Xy,

where a, b and d are the following three bilinear forms
a(éh,eh) = / 6h9h dQ7 V(S}“ Hh S Xh,
Q
b(On, ) = —/ V0LV dQ, VO, pn € Xp,
Q

d(pn,mn) = /\/ VerVnn dQ,  Y(en,m) € Xi x X
Q

We remark that the compatibility constant between spaces Xj and X7 is inde-
pendent on h but the associated bilinear form a(-,-) to X, is elliptic for the L?(£2)
norm. Consequently the coercivity constant depends on h. To make up for such in-
convenient, we use an approximation method based on a technique of stabilization
described in [2] B]. It consists in changing this principal form a(-,-) into another
form ay(+,) by addition a stabilizing term as

ah(éh, 9h> = a(éh, 9h> + BAh(éh, Gh) Yoy, 05 € Xn, (2.14)

with Ay (0n,0r) = (On,0r)r and S > 0 is a parameter to be chosen.

Discrete problem. Using stabilization technique, introduced in (2.14)), the dis-
crete variational formulation of (2.8)-(2.9) (which is equivalent to (2.5)) can be

rewritten as

/ Vel VIndQ = (fom)11s Vi € XD,
Q

/ w,’i 0y, dQy, + 6<w}§, 6h>h — Vi Vo, dQ) = —/ wg 0, dQp V0, € X,
Qp

Qn Qn

— Vw;ivnthh - A V’Q/thnh th =0
Qpn Qp
Vi € XD W) € X2, wi € Xp, by € X7
(2.15)
Setting wy, = w) + w}, the couple (Yp,ws) is an approximation of (1, w).

Theorem 2.3. The discrete problem (2.15)) has a unique solution.

For a proof of the above theorem see [4].
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Error estimates.

Theorem 2.4. If w* € H*(Q) and w® € H(Q), there ezist s €]3,1] and C > 0,
independent of h, B and X\, such that

(R w20 +en), (2.16)
[w® = willon <, ¥ w020, (2.17)
[ — nlia < Chlblaa + CA 4+ /B){h* W a0 + en} (2.18)

where

en = (AV/B + % +hVA) [Ela.0 + (B + VA)hlw* o

The proof of the above theorem is an adaptation to the quasi-Stokes problem of
the proof presented in [3] for the biharmonic problem. We omit it.

The parameter (3 is selected in such way that error estimates in theorem [2.4]
becomes optimal. In the case of v/3 = \%’

h
en = hVAl20 + (BT + \f)\)|W*|2Q

and we obtain the following error estimates.

Corollary 2.5. Under hypothesis of theorem

o — wilon < C{RVA+ R+ + Loy, (2.19)

7

hs+1
75t X}’ (2.20)

where the constant C' > 0 is independent of h and A.

v —nlio < C{h+

This choice of parameter § leads to an optimal error estimates, we get a behavior
in O(h). We remark that if A becomes very small, the error estimate on v is better
than that on w.

3. NUMERICAL IMPLEMENTATION

3.1. Linear system. Let n the number of mesh nodes, (6;)i=1,, be a base of X},
and (1;)i=1, a base of X'. The system (2.13)) is written for all j =1,...,n

Z% %0+5Z%ANJ ﬂzm 0;,m:) =0
sz z;n] 27/% mﬂh /fnde

which is equivalent to the linear system

MX =N (3.2)

v= (1B x=(5) v=(7)

e The matrix A = (a;)1<ij<n With a;; = a(6;,6;) is computed from the
bilinear form a(-,-).

(3.1)

where
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e The matrix S = (s;;)1<i,j<n With s;; = Ap(0;,0;) represents the bilinear
form Ap(-,-).

e The matrix B = (bi,j)lgi,jgn with bij = b(ﬂ“ 77])

o D=-)\B.

e Fis associated to the second member with F; = [, F'n; dI.

For the storage of these matrices, we used the Morse compact method keeping only
non zero terms. For the resolution, we implement a parallel Bi-gradient Conjugate
Stabilized (BICGSTAB) algorithm [13].

3.2. Parallel algorithm. The parallel implementation of the BICGSTAB algo-
rithm was done with fortran and MPI library for communications [I6]. We present
in the following some numerical results to show the performance of the parallelized
solver. The simulations are performed on a cluster of 8 PC’s and for different
Meshes (Mesh 1 with 4 x 10* nodes, Mesh 2 with 16 x 10* nodes and Mesh 3 with
64 x 10* nodes). We remark that the number of unknowns is the double of the
number of nodes and that from the meshes 1 to the 2 and from 2 to 3, we resolved
a problem with four times more data.

TABLE 1. Computing time with respect to number of processors

Mesh | 1 proc | 2 proc | 4 proc | 8 proc
1 21.05 11.13 6.55 4.02
2 245.85 | 128.04 | 70.85 | 37.7
3 2113.36 | 1061.98 | 548.9 | 297.65

From table I} we remark that the execution time increases when we raise the
number of unknowns and decreases when the number of processors increases. We
deduce that more the mesh is finer or more the number of unknown is important,
more the gain of time becomes significant. This is proportional to the treated case
and is often polluted by the communication time between processors which becomes
more significant when the number of processors increases.

To evaluate the efficiency of the algorithm, we compute the speed-up which
represents the ratio between the execution times for n processors and 1 processor.
The optimal speed-up for n processors is n. We present in table [2] the obtained
speed-up for each mesh.

TABLE 2. Speed-up

Mesh | 2 proc | 4 proc | 8 proc
1 1.89 3.21 5.25
2 1.92 3.47 6.52
3 1.99 3.85 7.1

We remark that the speed-up increases and approaches its optimal when the
number of unknowns increases. Indeed, for 2 processors we obtain a good speed-
up for mesh 1 (1.89) which reaches its optimal value (1.99) for mesh 3. On the
other hand for 8 processors we obtain bad speed-up (5.25) for mesh 1 but which
becomes better (7.1) for mesh 3. This result is a consequence of the communication
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time between processors which becomes very important compared to the calculation
volume when we increase the number of processors. Therefore, the communication
cost degrades the performance of the parallel algorithm.

3.3. Numerical validation. We present in this section a validation of the pre-
sented stabilization technique on the quasi-Stokes problem . We consider the
domain of computation Q = [0,1] x [0, 1] and the following analytical stream func-
tion solution

Y(z,y) = 3xsin(mz) cos(ry) 0<z,y < 1.

0.2

0.1

Total Error

Beta

FIGURE 1. Total Error

Slope
-
T

L L L L
0 0.2 04 0.6 0.8 1
Beta

FIGURE 2. Slope

Figure |1| shows the total error ||w1 —win||=1,a.0 + |¥1 — ¥11]1,0 Wwith respect to
the stabilization term 5. We remark that the lowest error for this case is obtained
for §=0.1.

Figure |2| shows the slope of the total error according to the parameter 5. We
remark that this slope is included in the interval [1.4, 2] which confirms the obtained
error estimate.

Figures[3|and [] present a comparison between the exact and computed solutions.
Figures [3| (a) and [4] (a) show respectively the exact stream function and vorticity



EJDE-2017/24 A STABILIZED FINITE ELEMENT METHOD 9

S I A A NIRRT | [ A

(a) Exact solution (b) Without stabilization (c) With stabilization

FIGURE 4. Stream function .

isovalues. We give also a comparison between the stabilized method corresponding
to = 0.1 (figures [3] (c) and 4] (c)) and the classical finite element method corre-
sponding to 3 = 0 (figures [3] (b) and [] (b)). One can see the contribution of the
stabilization term [ on the quality of the solution. This contribution is more clear
for the vorticity (figure [3(c)).

Conclusion. A stabilized finite element method for the Navier-Stokes equations
written in stream function-vorticity formulation is presented in this work. In order
to optimize the computing time, a parallel implementation for the obtained solver
is presented. The proposed approach will be extended in a forthcoming work to a
three dimensional Navier-Stokes equations. we denote that the proposed algorithm
is general and can be used for many engineering problems related to the Navier-
Stokes equations.
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