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SUFFICIENT CONDITIONS FOR HADAMARD
WELL-POSEDNESS OF A COUPLED
THERMO-CHEMO-POROELASTIC SYSTEM

TETYANA MALYSHEVA, LUTHER W. WHITE

ABSTRACT. This article addresses the well-posedness of a coupled parabolic-
elliptic system modeling fully coupled thermal, chemical, hydraulic, and me-
chanical processes in porous formations that impact drilling and borehole sta-
bility. The underlying thermo-chemo-poroelastic model is a system of time-
dependent parabolic equations describing thermal, solute, and fluid diffusions
coupled with Navier-type elliptic equations that attempt to capture the elastic
behavior of rock around a borehole. An existence and uniqueness theory for a
corresponding initial-boundary value problem is an open problem in the field.
We give sufficient conditions for the well-posedness in the sense of Hadamard
of a weak solution to a fully coupled parabolic-elliptic initial-boundary value
problem describing homogeneous and isotropic media.

1. INTRODUCTION

In this article, we are concerned with the well-posedness of a coupled parabolic-
elliptic system arising in petroleum- and geothermal-related applications of rock
mechanics. This work is motivated by the problems of drilling and borehole stability
in porous formations that involve the modeling of fully coupled thermal, chemical,
hydraulic, and mechanical (elastic deformation) processes.

1.1. Literature review. The poroelasticity theory describing the coupled pro-
cesses of elastic deformation and pore fluid diffusion in fluid-saturated isothermal
porous media can be traced back to the pioneering works of von Terzaghi [26], [27]
and Biot [3]. Biot [4] pointed out a complete mathematical analogy between poroe-
lasticity and thermoelasticity with the temperature playing the same role as the
fluid pressure and heat conduction corresponding to fluid flow. A complete well-
posedness analysis of a general initial-boundary value problem for a system of cou-
pled partial differential equations that describes the Biot consolidation model [3]
in poroelasticity, as well as a coupled quasi-static problem in thermoelasticity, has
been carried out by Showalter [22] 23]. Based on the theory of linear degenerate
evolution equations in Hilbert spaces, the existence and uniqueness of strong and
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weak solutions, as well as regularity theory for the initial-boundary value problem,
were developed.

The Biot theory for isothermal systems was first extended by Schiffman [21] to
account for the effects of thermal expansion of both the pore fluid and the elastic
matrix. Since then, a substantial literature on thermo-poroelasticity theory and
the modeling of the coupled hydro-thermo-mechanical behavior of a fluid-saturated
porous media has been developed for rock mechanics, including petroleum and
geothermal borehole stability [T, 2, [5] [7, [8] @ [14], 15 [16], 18] [19] 28]. Considerable
attention has been recently placed on the impact of chemical processes in porous
media on drilling and borehole stability [6 11, 20, 29]. Due to the complexity
of cross-coupling mechanisms involved in thermo-poroelastic and chemo-thermo-
poroelastic models, the general question of existence and uniqueness of solutions
to the corresponding initial-boundary value problems remains open and very few
analytical solutions are currently available. Typically, the solutions are derived
under the assumptions that some of the couplings can be neglected [B [IT], 14
15, 18, 20). An exact unique analytical solution for a specific case of the fully
coupled thermo-hydro-mechanical response of a fluid-saturated porous sphere under
mechanical pulse load was developed by Belotserkovets and Prevost [2] using the
Laplace transformation and the residue theorem.

The model that we study is based on equations derived by Diek [6] and consti-
tutes the general theory of fully coupled chemical thermo-poroelasticity for porous
media saturated by a compressible fluid. The theory satisfies the first and second
laws of thermodynamics and is based on concepts of irreversible thermodynamics,
a novel rock constitutive relation, and Onsager’s transport phenomenology [6]. Our
objective here is to establish the well-posedness theory for the fully coupled thermo-
chemo-poroelastic (TCP) system describing homogeneous and isotropic fluid-sa-
turated porous media. The main result of this work is Theorem which gives
a sufficient condition for the well-posedness in the sense of Hadamard of a weak
solution to the coupled linear parabolic-elliptic initial-boundary value problem de-
scribing the fully coupled TCP model.

1.2. Notation. Let Q € R™, n = 2,3, be a bounded open domain with a suffi-
ciently smooth boundary I' and Q = QUT. We write x for (z,y,2) € Q C R?
or (z,y) € Q C R% Let I'r C I and I'y have a nonempty interior relative to
I'. The following notation will be used for the spaces of vector-valued functions:
H" = L2(Q)", V* = HY(Q)", V§ = H}(Q)"™ with the norm

" 1/2
fullg = [3° [ 1Vua0] " ="
k=1

and V3 = {pevm: <p|FF = 0} with the norm inherited from V" or from V,

n € N, as above. We denote by L?(a,b;X) the space of L2-integrable functions
from [a,b] C R into a Hilbert space X with the norm

b , . 71/2
Jullstaso = | [ Tu(olka]
a
We also introduce the Hilbert space
W(a,b;X) = {u:ue€ L*a,b;X), 4 € L*(a,b;X')}
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with the norm
. /
el = [l 20y + 13200
where the superscript dot () denotes a time derivative and X' is the dual of X.
Let £ = [f1... fu]T € V™. We will use the notation Vf = [V f; ...V f,]T and

n

(Vfa Vg)H" = Z(vfka ng)H"7 fa g S Vn
k=1

Throughout this article, the symbol ¢ will be used to denote the Poincaré constant:
c=¢(Q) >0, [ulf. < cHu||%,g,, ue vy

2. THE cOUPLED TCP MODEL: UNDERLYING EQUATIONS

The underlying TCP model is a system of time-dependent parabolic partial dif-
ferential equations coupled with Navier-type elliptic equations with time, ¢ € (0,ty),
as a parameter. The parabolic equations represent heat, solute, and fluid diffusions,
and the Navier-type elliptic equations attempt to capture the elastic behavior of
rock, while incorporating thermal, chemical, and porous media effects. The equa-
tions are developed in terms of the following variables: the absolute temperature
T(x,t), the solute mass fraction C(x,t), the pore pressure p(x,t), and the vector
of solid displacements u(x,t).

The coupled partial differential equations supplemented by the appropriate ini-
tial and boundary conditions constitute an initial-boundary-value problem with
constant coefficients defined in an open region (2 exterior to the borehole. The
region is specified with a sufficiently smooth boundary I" such that, without loss
of generality, we may assume that, on the outer (far-field) boundary I'p, the abso-
lute temperature, solute mass fraction, pore pressure, and displacements are time-
independent and displacements and their velocities are negligibly small. Specifi-
cally, the region is an elliptical annulus in a two-dimensional case and a vertical or
inclined finite cylinder in a three-dimensional case.

It is convenient to consider the thermal diffusion, solute diffusion, and fluid
diffusion as a system (diffusion system). Hence, we introduce the vector V =
[T C p]T and, with this notation, the initial-boundary value problem describing the
underlying TCP model has the form

MV — AV?V = —by(V -11), in Qx (0,tf), (2.1)
(K + %)V(V 1)+ GV*a=V(b, - V), inQx(0,t;) (2.2)

with boundary conditions
V(x,t) = Vg(x,t), onT x(0,ty) (2.3)
u(x,t) =~ 0, onTpx(0,tf) (2.4)
u(x,t) =0, onlp x(0,ty) (2.5)
in=((by-V)I+&)n, onT\Ipx (0,tf) (2.6)
and initial conditions

Vi(x), in
Vp(x,0), onTl
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where M and A are 3 x 3 matrices of diffusion coefficients, by and by are 3 x 1
coupling vectors determined by physical properties and input parameters of the
rock/fluid system, K and G are the bulk and shear moduli, respectively, 7 is the
stress tensor, n is the outward unit normal vector on the boundary, I is the n x n
identity matrix, n = 2 or 3 is the dimension of the problem, and & is the applied
boundary stress tensor. The boundary function V g is spatially independent on the
inner (borehole) boundary I' s and time-independent on the far-field boundary T'p.

Remark 2.1. The matrices M = [m;;] and A = [a;5], ¢,j = 1,2,3, of diffusion
coeflicients are non-symmetric with the entries specified as follows: mgo; = mo3 =0
and no other entries of M are zero, and a;; # 0, 7,57 = 1,2,3. The second entry
in the coupling vector by is zero and all the entries of the coupling vector b; are
non-zero. This implies that the TCP model is non-symmetric, and the diffusion
equation cannot be rescaled to make the coupling vectors equal. Therefore,
the methods presented in [23] are not applicable to the fully coupled TCP problem

(2.1)-2.7).
We begin with a lemma that provides an alternative formulation of the Navier-

type elastic system (2.2)), (2.4)-(2.6). Its proof, based on the principle of minimum
total potential energy, will play an important role in well-posedness analysis pre-
sented in the next section.

Lemma 2.2. The Navier-type elastic system (2.2)), (2.4)-(2.6) is equivalent to the
system

G

(K + g)V(v ‘u)+GV2u=V(b; - V), inQx(0,t) (2.8)
u=o0, on T'r x (0,t5) (2.4)
= ((by-V)I+6)n, onT\Irx(0,ty) (2.9)

Proof. For the sake of simplicity, we restrict the proof to the two-dimensional case
Q) C R2. Directly analogous arguments can be developed for the three-dimensional
case. By the principle of minimum total potential energy, the region €2 shall displace
to a position that minimizes the total potential energy of the elastic system,

V(u) = Vs(u) — Wy(u) — Ws(u) (2.10)

where Vg(u) is the elastic energy of the system; Wj(u) is work done by body
forces due to the absolute temperature, solute mass fraction, and pore pressure;
and Wg(u) is work done by applied boundary stress.

Now we will specify Vg(u), Wp(u), and Wg(u). Here and in the following we
will suppress the time dependence of the displacement vector u for convenience.
Given the displacement u(x) = u(x)i + v(x)j, the linearized strain is the second
order symmetric tensor

e(u) = = (Vu+vu’)

N | =

where

1
€11 = Ug, 5121521:§(y+%)7 €22 = Uy

In linear elasticity, a relation between the stress tensor 7 and the linearized strain
tensor £(u) is given by the generalized Hooke’s law

7ij (1) = aijpcr () (2.11)
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where Einstein summation convention is used, indices run from 1 to n, and a;jrn
are the coefficients of elasticity independent of the strain tensor with the properties
of symmetry

Qijkh = Qjihk = Qkhij (2.12)
and of ellipticity: there exists a constant o > 0 such that
QijkhEij€kh = OEi;Ei5, VEij.

Specifically, for a homogeneous elastic isotropic medium, the stress-strain relation
in terms of the bulk modulus K and the shear modulus G has the form

2G
T=2Ge+ (K — ?)(tre)l (2.13)
With this notation, the elastic strain energy of the system is
1
Vs(ll) = 5/ Tll(ll)€11(u) + 27’12(11)612(11) + TQQ(U)&QQ(U)(‘IQ; (214)
Q

the work done by body forces due to the absolute temperature, solute mass fraction,
and pore pressure is

Wy(u) = / (by - V) (bre(u))de; (2.15)
Q
and the work done by applied boundary stress is
Ws(u) = /(&n) -udl’ (2.16)
r

At this point, we wish to express the elastic strain energy Vg(u) as a functional on
V2. Let ®(x) = ¢(x)i + 1(x)j. Define the bilinear form ag : V2 x V2 — R by

ag(u,®) = /Qﬁl(u)su(i’) + 2712()e12(P) + To2(1)e22(P)d, (2.17)

for u,® € V2. From ([2.10) and (2.14)-(@2.17), the total potential energy of the
system has the form

V(u) = %aE(mu) - /Q(bl V)V - udQ) — /F(é'n) -udl (2.18)

Define the following vectors:

T1 = [711 712]T, T2 = [721 TQQ]T

Then
ap(u, ®) = /Q T11(0) P + T12(0) Py + To1 (W)Y, + To2 (1)1, dQ

:/Qﬁ(u) Vi + To(u) - VidQ

:/ (7(u)n) 'QdF—/[VW'l V- 1o)"(u) - 2dQ

r Q

and we obtain the Green’s formula:

agp(u, ®) :/(T(u)n)~¢’dF—/[V-Tl V-] (u)- ®dQ, Vu,® € V? (2.19)
r Q

Referring to (2.4]) and (2.5]), the set of admissible displacements, in general, is
Ug={ueVy:aeVy}, n=2or3 (2.20)
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Using the principle of minimum total potential energy, the displacement u € U,y
that the region 2 C R? undergoes is given by

DV(u)® =0, Y& e V2 (2.21)
where
d
DY(u)® = - 0®)|
V(u) ddV(u—i— ) 5o
is the Géateaux differential of V with increment ®. From (2.18) and (2.21)),

aE(u,Q)—/(bl'V)V-Qde/ (6n)-®dl =0, Y®ecVZ (222
Q MNI'r

and applying the divergence theorem we have

ap(u, ®) — /1“\1“ ((by - V)In) - ®dI

(2.23)
+/V(b1-V)-{>dQ— (6mn)-®dl' =0, VPV
Q MI'r
Green’s formula (2.19) and (2.23)) yield

V.71 V-m]' =V(b;-V), inQ (2.24)
= ((by-V)I+6)n, onI'\Tp, (2.25)

and the stress-strain relation (2.13) gives

G

V-r1 V.r]' = (K+ <-)V(V-u)+GV?u (2.26)

3

From ([2.24)-(2.26)) and (2.4)), we obtain the system (2.8)), (2.9), and (2.4).
On the other hand, since u € V3, differentiating (2.22)) with respect to time, we
have

ap(a, ®) —/(b1 ~V)V-'I>dQ—/ (6mn) - ®dl =0, V& e V2
Q MN\I'r

Using the same argument as above leads to the equivalence of the systems ([2.8)),
£9). @4 and £2). £4)-(20). O
Remark 2.3. From the condition of mechanical equilibrium

V-o=0

where o = 7 — (by - V)I is the poroelastic stress tensor, and from the stress-strain
relation (2.13)), it follows that (2.8) constitutes the equation of equilibrium.

3. WELL-POSEDNESS OF THE DIFFUSION AND ELASTIC SYSTEMS

In this section, we discuss the well-posedness of the parabolic initial-boundary
value problem for the diffusion system and the elliptic initial-boundary value prob-
lem for the elastic system considering coupling terms as data.
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3.1. Diffusion system. The following assumptions will be made on the matrices
of diffusion coefficients and the boundary and initial functions.

Assumption 3.1. The matrix M is non-singular and all the eigenvalues of the
matrix M 1A are positive: \; > 0,i=1,2,3.

Under Assumption the matrix M ~!A admits the eigendecomposition
M~'A=pPDP! (3.1)

where P = [e; ey e ] e; is the eigenvector of M~'A corresponding to the
eigenvalue \;, |le;]| =1, i =1,2,3, and D = diag(A1, A2, A3).

Assumption 3.2. V € L2(0,t;; HY/2(I')%), Vp € L?(0,t;; HY/*(I')%), and V; €
Ve,

We transform the parabolic diffusion system (2.1)), (2.3)), and (2.7) to the equiva-
lent diagonalized system with homogeneous boundary conditions. The inverse trace
theorem [24] yields that there exists a continuous mapping

Yo : L2(0,tp; HY*(D)®) — L2(0,t5;V?)
such that yoy w = w, w € L?(0,tp; H'/?(T')3), where

Yo : L2(O,tf;V3) — LQ(O,tf;H1/2(F)3)
v E LZ(O,tf;VB)

Yo(v) = |,

is a linear and continuous trace mapping. We define the vector W € L2 (0, Ly V3)
by
W(x,t) =, Ve(x,t) (3.2)
and the vector
U(x,t) = P71 (V(x,t) — W(x,t)) (3.3)

The transformation given by (3.1)-(3.3)) leads to the following initial-boundary value
problem equivalent to the parabolic diffusion system (2.1)), (2.3)), and (2.7):

U-DV2U=—-P 'W+ DP VW — P 1M 'by(V-1), inQx(0,tf)

U(x,t) =0, onI x(0,ty)
U(x,0) = Up(x), inQ
where

UO (X) =

{P—l(vf(x) ~W(x,0)), in® 57
07

onI’

Remark 3.3. From (2.20), u € U,q satisfies V-1 € L(0,t5; L?(£2)). Also, As-
sumption|3.2|and (3.2)) yield W € L? (0, tf;V3) and, with the use of (3.7)), it follows
that Ug € VO-

Define a bilinear form a : V§ x V3 — R by

3
a(v,w) = X /Q Vo - Vwgd®,
k=1
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where v = [v1 vy v3]T and w = [w; wy ws3]?. The form a(-,-) defines a scalar
product on V§ with the norm equivalent to the standard norm on V3 and the
following inequalities hold:

(v, W)] < Bl Vs [ Wy, v, w € V3 (3.5)
Amin[[VI[3s < (v, V) € Amax||V][Fa, v E V]
We denote this scalar product by (-, -),; that is,
a(v,w) = (v,w), (3.10)

and the corresponding norm is || - ||, = (-, -)i/2.

We consider the following weak formulation of the problem (3.4)-(3.7).

Given W € L2(0,t;;V3), W € L2(0,t5;V?), V-a € L?(0,t5; L*(Q)), and
U, € H3, find U € L?(0,ts; V}) such that, for all ¢ € V3,

d .
7(U7 (P)H3 + (Uv Qo)a = (_P_1W7 SO)H3 + (DP_IV2W7 SO)H3

dt (3.11)

(=P M by (V - i), )
and
U(0) = Uy (3.12)
The next lemma establishes the Hadamard well-posedness of the problem (3.11))
and (3.12)).

Lemma 3.4. Problem (3.11) and (3.12)) admits a unique solution U € W(0,t; V3)
and this solution depends continuously on the data, that is the mapping
W, W.V.1u,Uy— U

Jrom L2(0,t5;V3) x L?(0,¢5;V3) x L2(0,t5; L*(Q2)) x H? to W(0,ts; V) is contin-
UOUS.
Proof. The result is based on the standard Faedo-Galerkin approximation technique
and we omit the proof of the existence and uniqueness of a solution, as it essentially
follows the proofs of [I7, Theorem 1.2, Chapter III] and [25] Theorem 1.1, Chapter
I11].

We will show that the solution U € W(0,%s;V3) depends continuously on the

data W,W, V -1 and Uy. For each m € Z,, define an approximate solution U,,
as

Upn(x,t) = Z Gim (1) Wi (x)

where ¢, (t), 1 <4 < m, are scalar functions defined on [0, %], W1,..., Wy, ... is a
countable set of functions which is dense in V3, U,,(x,t) satisfies

(I'Ln(t)v""'i)ﬂ-ll3 + (U (t), wi)a
= (=P'W(t),w)s + (V(=DP W (t)), Vw;)
+ (=P "M 'bo(V - u(t)), w;)

(3.13)

H37
and
U,,(x,0) = Uy, — Uy in H? (3.14)
m— 00
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Multiplying by gjm(t), adding for j, and using
(U (6), U0 = 3 0 (0) s
we have
CIUn Ol + 21002

< 2(PTW(t), Upn(8))s| + 2| (V(DPT'W (1)), VU, (1))
+2[(P7' M oo (V - 0a(t)), Upn (£)) s

Applying (3.9), (3.10)), and the Poincaré inequality gives

d
allUm(t)Hﬁs + 22 [ U (1) 15

3c _ 5 )\min
. HIP W + [T ()17

-

min 3c
3 IDP W2, + 2m U, (1)]2
+ S IDPTRWIRs + 22 U, 1) 3
3c P M b2V - ¢ 2 Amin U 2
+ | ol IV - a(®)[|72(q) + clUn ()l
)\mm 3C 0
and therefore
d 3c _ . BAZ e
U Ol + Amin [T ()33 < =P PIWIRa + 2222 P 2 w2,
3c _ _ .
+ 1P "M o2V - a() 172 q)

Integrating the last inequality over (0,ts) and applying (3.14)), we obtain

1 3c _ .
”Um”%ﬁ(oﬂfﬁvg) < E”UOHH%]P + )\?ninHP 1||2HWH2L2(0,tf;V3)
3)\?nax —
S P2 W g,
3c —1ar—11 |2 -2
+ 2 T M T bolP Vg o420
The inequality (3.15]) holds for each m € Z, and therefore,
2 1 2 3¢ —10)2|%A7 1|2
||U|‘L2(o,tf;vg) < mHUOHHS + )\?nin ||P H ||WHL2(0,tf;V3)
3AI2T13,X —
+ S PP IWIIZz 0,009
3¢ —1as—11 |2 <112
+ 22 [P~ M~ bo| ||V'u||L2(o7tf;L2(Q))

To estimate U,,(t), note that Uy, (t) = 31", Gim (t)Wi(x) € span{wy,
E,, C V} and

. U t),v
U @)l m-10s =  sup 1O (0), V)ue]
veE,, \{0} ||VHV3

(3.15)

(3.16)

I e e

(3.17)
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Using (3.8)), (3.10)), (3.13), the Poincaré inequality, and linearity argument yields
(Un(t), )i < [a(Un(t), @) + [(PT'W, @)ss| + [(V(DP™'W), Vi) s
+ [(PT'M ™ bo(V - 1), )|

_ . _ 3.18
< (Bhmacl U0l + AP NIW s+ A [P W 1)

+dlPTIM o[V - 2o ) el Voo € V
From and -, we have
Ut >|\H71m>a < S U ()l + el P~ W ks + Armael P~ W s
+ | P M ||V - 1| p2(q)

Squaring the last inequality and integrating it over (0, ¢ f) gives
1020 st () < 36Xl U Bz 0

H A PTHP W Z2(0,0,:v8) + A inax [P P IW 220,099

+ 4¢P "M~ bV - u||%2(0,tf;L2(Q))
Applying (3.15) to the first term on the right-hand side of this inequality, we obtain

rnm

1080)\%“ 1 .
+4c >|P "M 1b0|2||v'uH%?(O,tf;L?(Q))

1’1’111’1

. 36/\?n x
HUmH%HO,tf;H’l(Q)S) < S Y7 max HU ||H3
1086)\m < - A
+( - 402)||P HPIWIIZ2 0,0, 00)
108A; < -
(5 2 ) IP P IW 0

The last inequality holds for each m € Z and therefore,

U022 00,0,:5-1(0)9)

362 108cA2,

< S Ol + (S5 2 4 ) PP IW I 0
o8t " (3.19)
( )\2 + 4>‘12nax)||P 1||2HW||%2(0¢1'§V3)
108cA2,, - -
(T + 4e )|P M 1b0|2Hv.uHiz(O,tf;LQ(Q))

The result follows from (3.16[) and ( - O

Lemma[3.4]yields the Hadamard well-posedness in the weak sense of the diffusion
system , , and 7 namely, the existence and uniqueness of a weak
solution to the model and its continuous dependence on the boundary data, initial
data, and the divergence of the rock deformation velocity field.

Theorem 3.5 (Well-posedness of the diffusion system). Given boundary data
Vi € L*(0,ty; HY2(T)3) with Vg € L?(0,t;; HY/*(T')3), initial data Vi € H?,
and V -u € L? (O,tf;Lz(Q)), the diffusion system (2.1)), (2.3), and (2.7) admits
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a unique weak solution V. € L? (O,tf;VB) with V € L2 (O,tf;Hfl(Q)B) and this
solution depends continuously on the data VB,VB,VB(O),VI, and V -u. That is,
the mapping

V5,VE, Vi(0),V,V - V,V
from L*(0,t;; HY/2(I')%) x L2(0,tp; HY/2(T)3) x HY2(T')3 x H® x L?(0,t5; L*(Q))
to L? (07tf;V3) x L? (O,tf; H_I(Q)?’) 18 continuous.
Proof. The existence and uniqueness of a weak solution follow immediately from

the transformation (3.3)). It remains to prove the continuous dependence on data.
From (3.2)), (3.3]) and the Poincaré inequality, we have

V1B 0 < 200+ AIPIPIUR 2, ) + 201V E 2o ey (3:20)
IVIZ2(0,0 -1y < 2IPIPION 0,011 @9) T 2C NV B 20,0120y (3:21)
where C' > 0 is a constant. Also, the transformation gives
IUollfie < 2P IPIVills + 2P IPCIVEO) 3120y (3.22)
Applying (3.22) to (3.16) and (3.19) and substituting the results together with

IWiE2(0,6, 003y < CIVBIT204,:m172(0y9)
||W||%2(0,tf;v3) < C||VB||2L2(0,tf;H1/2(F)3)
into (3.20)) and (3.21)), respectively, complete the proof. O

The next lemma further characterizes the solution V to the diffusion system
[.1), 2.3), and (2.7) dealing with the initial data V; € V3. This result will be
needed in the later discussion of the coupled TCP model.

Lemma 3.6. Under assumption Vi € V3, the weak solution V of the diffusion
system (2.1), 2.3), and 2.7) satisfies V € L?(0,t¢;H?) and the following a priori

estimate holds

. 6 _ _ .
VI3 0ym0) < (44 52— )IPIZP T M DoV - a2y +0 (3:23)

where 6 > 0 is a constant that does not depend on V - 1.
Proof. As before, we use the standard Faedo-Galerkin approximation method ap-
plied to the problem (3.11)) and ([3.12)). Note that the assumption V; € V3 and

(3.7) imply Uy € V3. Multiplying (3.13) by §jm(t), adding for j, and using
(U (£), Upp(t))q = %HUm(t)Ha yield the inequality

. d
2T (1) s + U ()2
< 2(PIW, U ()] + 22 (V(=DP~'W), VU, (1)) e

dt
+2|(V(DP'W), VU, (1)) g | + 2/(P7' M oo(V - 11), Uy (1))

which, in turn, gives

s

: d
2A[Un (Ol + 1T @

B . 1 .
<2| PP W3 + §||Um(t)\|%13
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d - o
+ 22 (V(=DP'W), VU, (1)) o + | DP 2 W5

1 T . 1.
+ ;IIUm(t)H%g +2|P7 M b2V ]| F +§||Um(t)||%13
and then

. d _ . 1
OOl + Z[Tn @Iz < 2+ A IPTHEIWIRs + 2 [T @)115
d »
+ 2£(V(—DP W), VU, () s
+2|P7*M b2V - unim
Integrating the above inequality over (0,ty) and using ) and -, we have
HUmHL2(0,tf;H3) + /\min”U (tf)va
< Amax [Um 0) 172 + (2 + Xnac) 1P PIW 220,192

+ Amax | PP W (0)[[§5 + Ammax| [ Unm (0) 35
)\?nax —
P HPIW )17 + Amin U (£2) 172
1 _ _ .
+ E||Um|\2L2(o,tf;V3) + 2| P M o 2V - 12204120
Applying (3.15) and the Poincaré inequality to the last inequality, we obtain

. 1 _
[0l 000y < (5 + 2 V0l + Al P WO

)‘Enax 2 2 3)‘12‘(1ax —12 2
+ e | P ||W(tf)||w+ o P TIEIWIIL2 0,1, v)
(24 Nt 52 ) IP P IW 0 00

(24—)\2 )\P LM b2 ||V - u||L2(0tf L2y, YmE€Zy

min

This shows that the sequence U,, ranges in a bounded set of L? (0,tp;H3) and

IO 0 ) < (24 55 1P M B0V - 6320, n0ay +6 (3:24)

where 6 > 0 is a constant independent of V - . From and (| .,
V1220, m3y < 20PIPNONZ 20,0, a2y + 2C||VB||L2(0,tf;H1/2(F)3)
where C' > 0 is a constant, and applying (13.24) the result follows. O

3.2. Elastic system. From now on, we will consider the Navier-type elastic system
2.8), , and (2.4). The following assumption will be made on the applied
boundary stress tensor 6.

Assumption 3.7.
6 € L*(0,t5; L*(IT)™*") and & € L*(0,ty; L*(I)™*")

where n = 2 or 3 is the dimension of the problem.
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In solid mechanics the weak or variational formulation of a boundary value prob-
lem is equivalent to the principle of minimum total potential energy. Utilizing the
notation introduced in Section [2] let ag : V" x V* — R, n = 2 or 3, be a bilinear
form defined as

ap(u, B) = /Q zn: i (Wes (®)AQ, & € V" (3.25)

ij=1

where T = [1;;] and € = [g;4], 4,5 = 1,...,n, are the stress and strain tensors,
respectively. From (2.18), (2.20)), and (2.21), under Assumption [3.7, we obtain the
following weak formulation of problem ([2.8)), , and :

Given V € L2(0,t;;V?) with V € L?(0,t;;H%) and 6 € L2(0,t; L*(I')"*")
with o € L2(0,ty; L*(T)"*"), find u € L2(0,t5;Vg) such that @ € L?(0,t;;V3)
and, for each t € [0,t5),

ap(u, ®) — / (by - V)V - ®dQ — (6n)-®dC =0, V®cVZ  (3.26)
Q MNI'r

where n is the outward unit normal vector on the boundary.
Next we will show that problem (3.26)) is well-posed in the sense of Hadamard.
Define continuous linear functionals F' and F on V" by the pairings

®— (F,®) and &+ (F,®)
where

(F, ®) = /Q (by - V)V - dQ + /F | (om @ (3.27)

(F, ®) :/(b1 -V)V-<I>dQ+/ (on) - @A, VP e V" (3.28)
Q N\Ir

From (3.26)-(3.28), it follows that, for each ¢ € [0,t5),
ap(u,®) = (F,®), ap(a,®)=(F,®), VdeV}
and, using the trace theorem, for each ® € @6‘ and t € [0,ty),
lap(u, @) < by VL) IV - @llL2(0) + |60 L2(0)» ] 2 (1)
< (Valbil[[Vil + G118 sty ) [ Bl
lap (@, @) < |[b1 - V|120) |V - @[l22(0) + onl| 2 (0
< (VL[ V i + Clll paqryee) [ @]

(3.29)

P L2r)n (3.30)

where €' > 0 is a constant.

To prove the existence and uniqueness of a solution to the problem , we
will use of the Korn inequality [I0, Theorem 3.1, Chapter III] and its consequence
[10, Theorem 3.3, Chapter III] which imply that there exists a constant cg > 0
such that

ag(v,v) > cp|vl|E., YveVy, teloty) (3.31)
Also, from (2.11)), (2.12f), and (3.25]), we have

ap(u,v) =ap(v,u), Yu,veV" VveV! (3.32)
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and, for each t € [0,1),

ap(a,v)| < max (o) > | [ cywean(vdo)
O iglel=1 Y9 (3.33)

< n - max{ajp t[allve | v][vn
1,5,k,1

Equations (3.31)-(3.33) yield that ag(-,-) is symmetric and continuous on V¥ and
there exist constants cg > 0 and 8 > 0 such that

celulin < ap(u,v) < Bllulf., Yue Vg, te(0ty)

Thus, for each t € [0,tf), ag(-,-) is an inner product on V7 that is associated with a
topology equivalent to the standard topology on V{. From the Riesz representation

theorem and ({3.27))-(3.31)) we have the following result.

Lemma 3.8. For each t € [0,t5), there exists a unique function u € V(’} with
u € V§ such that (3.26) holds for all ® € V§. Furthermore,

n C . .
[ullyn < “—[ba[[[V][yn + —|[&]|L2r)nxn
Cgp Cg

RV .
[al[ve < =—[b1[[[V[un + —lo | L2(r)nxn
Cp Cg

As a consequence, we obtain the Hadamard well-posedness in the weak sense of

the Navier-type elastic system ([2.8)), (2.9)), and (2.4)):

Corollary 3.9 (Well-posedness of the elastic system). Assume V € L? (O7 ty; V3)
with V € L2(0,t5;H?) and 6 € L?(0,ty; L* (1)) with o € L2(0,tg; L2(I)"*").
Then , , and admits a unique weak solution u € L? (O,tf;Vg) with
ucL? (O,tf;@g) and this solution depends continuously on the data. That is, the
mapping

V,V.,é, 5wt
from L2(0,t5;V3) x L2(0,t5;H?) x L*(0,t5; L*(T)"*™) x L*(0,tp; L*(T)"*™) to

L? (O,tf;@'g) x L? (O,tf;Vg) is continuous.

4. MAIN RESULTS

In this section, we present the main result of this paper, Theorem [£.I] and
an example of its application. Theorem gives a sufficient condition for the
well-posedness in the weak sense of the coupled parabolic-elliptic initial-boundary
value problem — describing the fully coupled TCP model. This condition
depends on physical parameters of the system, coupling vectors, and the Korn
constant which in turn depends only on the shape of a domain. FEvaluation of
the Korn constant becomes necessary for each specific domain and is essential for
the proposed well-posedness theory. For instance, in the case of a two-dimensional
annular region that does not experience pure rotation, the Korn constant can be
expressed explicitly in terms of the ratio of the inner and outer radii of the domain.
As a consequence, for such regions, the sufficient condition for the well-posedness of
the problem can be formulated in terms of physical parameters, coupling vectors,
and the ratio of the inner and outer radii. This result is presented in Corollary
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The sufficient conditions presented in Theorem [4.I] and Corollary [£.2] also provide
compatibility conditions on the coupling vectors.

Theorem 4.1. Under Assumptions and [3.7, the coupled TCP system
(2.1)-(2.7) admits a unique weak solution

(V,u) € L2(0,t5;V¥) x L*(0,t;Vy)

. - 4.1
with (V, 1) € L*(0,t5;H?) x L*(0,t5;Vy) (4.1)
if
3n \1/2 —137-1
cE—2(2n+/\T) IP|| [P~ M by| [by| > 0 (4.2)
where cg = cp(2) > 0 is the Korn constant, n is the dimension of the prob-

lem, M—*A = PDP~', D = diag(\1, A2, A3), and by and by are coupling vectors.
Moreover, this solution depends continuously on the boundary data Vg and V g, the
initial data Vi and V(0), the applied boundary stress &, and its time derivative

o.

Proof. Property of the solution (V,u) and the continuous dependence of the
solution on the data follow immediately from Theorem [3.5] Lemma [3.6] and Corol-
lary We only need to prove that condition is sufficient for well-posedness
of the system.

Since, for each t € [0,t5), 0 € Vg, from , the trace theorem, and the
Poincaré inequality we have

ap(i,n) = /(b1 V)V - adQ +/ (on) - udl
Q MI'r
< by - V2@ IV - all 2 () + lloml| 2y [l 2y -
< Vb [V s [ Vallsn + Cll&]| 2y | Vil|an
where C' > 0 is a constant. Utilizing , the last inequality yields
cpl[ Vit < valba| [Vl + Cll&l sy, ¥EE [0,t5)
and therefore,
eIV L2040 < V20Ib1|[[V L20. m9) + V2CUE || 20,0 22mymnny  (4.3)
Substituting the a priori estimate into , we have
celIVa||p2 (0,6, :mm)

3n
)\2

min

(4.4)

1/2 .
<2(20+ 55) T IPIIP M ol [b1] [V 20,0 ) + ©

where ©® > 0 is a constant independent of u and u. Applying the Hadamard
well-posedness condition for operator equations [I3] to (4.4]) yields the sufficient

condition (4.2]). O

Corollary 4.2. For an annular domain Q@ C R? of inner radius Rp and outer
radius Ry with § = B2 < e~ under the side condition on the displacement u =

Rr —
ui + vj,
Oou 0Ov
/Q (871 - %)dﬂ =0 (4.5)
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the coupled TCP system (2.1)-(2.7)) has a unique weak solution if

G 3 1/2 6 \1/2

“he (o }—24 7) PP~ M 'bo|[b1| >0 (4.6
- Gers) (4+52-) 1Pl ol Iba| >0 (46)
where G is the shear modulus, M—'A = PDP~!, D = diag(\1, A2, A3), and by and
b1 are coupling vectors.

Proof. Under the given conditions, the following inequality holds [12]:

?((E)) = 4[1 B (5—2 +31+52)1/2]_1

where D(i1) = [|Vit]|2. and S(i) = [, Y77, £;;(21)2dQ. Therefore,

For homogeneous and isotropic medium, the coefficients of elasticity a;xi, ¢, J, k, 1 =
1,2, in terms of the Lamé parameters A and p are ay111 = @922 = 2 + A, a1122 =

az211 = A, G1212 = G2121 = A1221 = ag112 = 4 and, from (2.11) and (2.12), we have
ap(l, ) = / 2u(ety + ela + €5 + €33) + Alen + £22)%dQ
Q

> 2,u/ 1) + £1y + €31 +3,dQ (4.8)
Q

= 2u5(a)
where p = G is the shear modulus. Equations (3.31)), (4.7)), and (4.8)) give the Korn

constant G 5 12
=31 (Frrs) |

Applying this constant to the sufficient condition (4.2)) yields (4.6). a
Remark 4.3. The purpose of the condition (4.5) is to eliminate a pure rotation.

REFERENCES

[1] Y. Abousleiman, S. Ekbote; Solutions for the inclined borehole in a porothermoelastic trans-
versely isotropic medium, ASME J. Appl. Mech. 72 (2005), 102-114.

[2] A. Belotserkovets, J. Prevost; Thermoporoelastic response of a fluid-saturated porous sphere:
An analytical solution, Int. J. Eng. Sci. 49 (2011), 1415-1423.

[3] M. A. Biot; General theory of three-dimensional consolidation, J. Appl. Phys. 12 (1941),
155-169.

[4] M. A. Biot; Thermoelasticity and irreversible thermodynamics, J. Appl. Phys. 28 (1956)
240-253.

[5] J. Coussy; Poromechanics, John Wiley & Sons Ltd., Chichester, 2004.

[6] A. Diek, L. White, J. C. Roegiers, K. Bartko, F. Chang; A fully coupled thermoporoelastic
model for drilling in chemically active formations, 45th US Rock Mechanics, Geomechanics
Symposium 2011, 2 (2011), 920-931.

[7] A. Diek, L. White, J. C. Roegiers; A fully Coupled thermoporoelastic model for drilling in
geological formations, Geothermal Resources Council Transactions 35 (2011) 159-164.

[8] A. Diek, L. White, J. C. Roegiers, D. Blankenship; A fully coupled thermoporoelastic model
for drilling in HPHT formations, Harmonising Rock Engineering and the Environment,
Proceedings of the 12th ISRM International Congress on Rock Mechanicsj (2012) 1303-1308.

[9] A. Diek, L. White, J. C. Roegiers, J. Moore, J. D. McLennan; Borehole preconditioning
of geothermal wells for enhanced geothermal system reservoir development, Proceedings, 37
Workshop on Geothermal Reservoir Eng. (2012), 1-11.

[10] G. Duvaut, J. L. Lions; Inequalities in Mechanics and Physics, Springer, Berlin, 1976.



EJDE-2016/15 WELL-POSEDNESS OF A COUPLED TCP SYSTEM 17

(11]
(12]
(13]
14]
[15]
[16]
(17]
(18]
(19]

20]

(21]

(22]

A. Ghassemi, A. Diek; Linear chemo-poroelasticity for swelling shales: Theory and applica-
tion, J. Petrol. Sci. Eng., 38 (2003), 199-212.

C. O. Horgan; Korn’s inequalities and their applications in continuum mechanics, SITAM
Review, 37 (1995), 491-511.

V. K. Ivanov, V. V. Vasin, V. P. Tanana; Theory of Linear Ill-Posed Problems and Its
Applications, Inverse and I1l-Posed Problems Series, VSP, Utrecht, 2002.

T. Kodashima, M. Kurashige; Thermal stresses in a fluid-saturated poroelastic hollow sphere,
J. Therm. Stresses 19 (1996) 139-151.

T. Kodashima, M. Kurashige; Active cooling and thermal stresses reduction in a poroelastic
hollow sphere, J. Therm. Stresses, 20 (1997), 389-405.

M. Kurashige; A thermoelastic theory of fluid-filled porous materials, Int. J. Solids Struct.
25 (1989), 1039-1052.

J.-L. Lions; Optimal Control of Systems Governed by Partial Differential Equations,
Springer-Verlag, New York - Heidelberg - Berlin, 1971.

D. McTigue; Thermoelastic response of fluid-saturated porous rock, J. Geophys. Res. 91
(1986) 9533-9542.

W. K. S. Pao, R. W. Lewis, 1. Masters; A fully coupled hydro-thermo-poro-mechanical model
for black oil reservoir simulation, Int. J. Numer. Anal. Meth. Geomech., 25 (2001), 1229-1256.
S. Rafieepour, H. Jalayeri, C. Ghotbi, M. R. Pishvaie; Simulation of wellbore stability with
thermo-hydro-chemo-mechanical coupling in troublesome formations: An example from Ah-
waz ol field, SW Iran, Arab. J. Geosci., 8 (2015), 379-396.

R. L. Schiffman; A thermoelastic theory of consolidation, Environmental and Geophysical
Heat Transfer, 4 (1971), 78-84.

R. E. Showalter; Diffusion in deformable media, IMA Volumes in Mathematics and its Ap-
plications, 131 (2000) 115-130.

[23] R. E. Showalter; Diffusion in poro-elastic media, J. Math. Anal. Appl., 251 (2000), 310-340.
[24] O. Steinbach; Numerical Approzimation Methods for Elliptic Boundary Value Problems:

Finite and Boundary Elements, Springer, New York, 2008.

[25] R. Temam; Navier-Stokes Equations: Theory and Numerical Analysis, North-Holland, Am-

sterdam - New York - Oxford, 1977.

[26] K. Terzaghi; Die berechnung der durchlassigkeitzifer des tones aus dem wverlauf der hy-

drodynamischen spannungserscheinungen, Akademie der Wissenschaften, Mathematisch-
naturwissenschaftliche Klasse, Part ITa 132 (1923), 125-138.

[27] K. von Terzaghi; Theoretical Soil Mechanics, Wiley, New York, 1943.
[28] X. Wang, A. Ghassemi; A 3D thermal-poroelastic model for geothermal reservoir stimulation,

Proceedings of the 37th Workshop on Geothermal Reservoir Engineering, 2012 (2012), SGP-
TR-194.

[29] X. Zhou, A. Ghassemi; Finite element analysis of coupled chemo-poro-thermo-mechanical

effects around a wellbore in swelling shale, Int. J. Rock Mech. Min. Sci., 46 (2009), 769-778.

TETYANA MALYSHEVA

DEPARTMENT OF NATURAL & APPLIED SCIENCES, UNIVERSITY OF WISCONSIN-GREEN BAY, GREEN
Bay, WI 54311-7001, USA

E-mail address: malyshet@uwgb.edu

LuTHER W. WHITE

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OKLAHOMA, NORMAN, OK 73019-3103, USA

E-mazil address: lwhite@ou.edu



	1. Introduction
	1.1. Literature review
	1.2. Notation

	2. The coupled TCP model: underlying equations
	3. Well-posedness of the diffusion and elastic systems
	3.1. Diffusion system
	3.2. Elastic system

	4. Main results
	References

