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Blow-up of radially symmetric solutions of a
non-local problem modelling Ohmic heating *

Dimitrios E. Tzanetis

Abstract

We consider a non-local initial boundary-value problem for the equa-
tion

ut:Au—F)\f(u)/(/f(u)dx)z, teQCR? ¢t>0,
Q

where u represents a temperature and f is a positive and decreasing func-
tion. It is shown that for the radially symmetric case, if fooo f(s)ds <
then there exists a critical value A* > 0 such that for A > A\* there is no
stationary solution and u blows up, whereas for A < A* there exists at
least one stationary solution. Moreover, for the Dirichlet problem with
—s f'(s) < f(s) there exists a unique stationary solution which is asymp-
totically stable. For the Robin problem, if A < A\* then there are at least
two solutions, while if A = A\™ at least one solution. Stability and blow-up
of these solutions are examined in this article.

1 Introduction

In this work we study the radially symmetric solutions to the non-local initial
boundary-value problem

_ Af(u)
ut—Au—l-W, ref, t>0, (11&)
B(u) := g—z—i—ﬁ(x)uzo, t>0, ze€dN, (1.1b)

U(JZ,O):’LLO(J?), er)

where u = u(z,t), Q is a bounded domain of R?, \ is a positive parameter,
00 and f(z) are sufficiently smooth. The function f is continuous, positive and
decreasing,

f(s)>0, f'(s)<0, s>0. (1.2)
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Figure 1: A long and thin cylindrical conductor

We also study, in Section 3, the case of f being the Heaviside function (which is
neither continuous nor always positive). The equation (1.1a) arises by reducing
the system of two equations

up =V - (k(u)Vu) + o(u) |V (1.3a)
V- (oc(u)Ve) =0, (1.3b)

to a simple, but still realistic equation. More precisely, (1.3a) is a parabolic
equation while (1.3b) is an elliptic, u represents the temperature produced by an
electric current flowing through a conductor, ¢ = ¢(z, t) is the electric potential,
E(u) is the thermal conductivity and o (u) is the electrical conductivity. Problem
(1.3) models many physical situations especially in thermistors [1, 2, 3, 12], fuse
wires, electric arcs and fluorescent lights. The conductivity o may be either
decreasing or increasing in u depending upon the nature of the conductor. Here
we consider materials having constant thermal conductivity, e.g. k(u) = 1, and
decreasing electrical conductivity, the latter allowing a thermal runaway to take
place [18, 19].

Some questions concerning the steady problem to (1.3) were investigated by
Cimatti [8, 9, 10], see also [3]. A similar problem to (1.3) with radial sym-
metry, Robin boundary conditions of the form w, + fu = 0 and conductivity
o(u) =exp(—f(u)/e), e < 1 was discussed by Fowler et al. [12]. Some numeri-
cal results are also given for small 5. See also Howison [14] for how the steady
problem to (1.3) may be reduced to one nonlinear o.d.e. and Laplace’s equation.
Carrillo [6], has looked at the bifurcation diagram of the non-local elliptic prob-
lem with decreasing nonlinearity and Dirichlet boundary conditions, in Q C RY,
See [5] for a similar study where  is a unit ball in RY. For an extended study
of the structure of solutions of the non-local elliptic problem see [20].

The two-dimensional mathematical problem for the single equation can be
derived by considering a long and thin cylindrical conductor D, (z,y,2) € D C
R3, of length L, R < L where R is the radius of the cross-section  of D, see
Figure 1.

The curved surface of D is electrically insulated, i.e. ¢, = 0, and u = 0
or more generally u, + fu = 0 for § € [0,00], (8 = 0 gives u, = 0 while
8 = oo gives u = 0). Also ¢(x,y,0,t) =0, ¢(x,y, L,t) = V at the ends of the
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conductor, thus V is the potential difference. Here the temperature u is taken
to be initially independent of z (u = 0 is likely to be of practical interest). Also
the z-derivatives of u are neglected, so the model gives z-independence of u for
t > 0. Moreover we stress that the model is most definitely only supposed to
apply in the bulk of the device. Thus taking the thermal conductivity to be
constant, and neglecting the end effects, problem (1.3) can then be reduced, as
in [18], to a single non-local equation

up = Au+ /\U(u)/(/Q o(u)dz)?, (1.4)

where A = I?/|Q]2 > 0, I is the electric current which we suppose to be constant
and || is the measure of Q. On the other hand, by assuming the voltage V
to be constant, ¢, = V/L, problem (1.3) takes the more standard semi-linear
parabolic form:

up = Au+Ao(u), x€Q, where A\ =V?/L? > 0. (1.5)

Finally, taking the more general case of a conductor connected in series with a
resistance Ry under a constant voltage E, then (1.3) gives, on using

E=IRy+V = [1+Ro|m/ a(u)dx} v,
Q
the non-local equation

2
ut:AuHa(u)/[Hb/g(u)d:@} L zeQ, t>0, a,b>0. (16

Q

For the derivation of equations (1.3)-(1.6), as well as a complete study of the
one-dimensional model for a decreasing p(u), (the electrical resistivity o(u) =
1/p(u) is increasing), see [18, 19]. In [18, 19] it was shown that for fooo f(s)ds <
oo there is some critical value A* such that for A > A\* there is no steady state
and u blows up globally, for A = A\*, and f(s) = exp(—s), again there is no
steady state and w exists globally in time but is unbounded. Moreover, for
A < A*, as well as for any A > 0 provided now that fooo f(s)ds = oo, where a
unique steady state exists, this steady state is globally asymptotically stable.
A global existence and divergence result for the solution of (1.7) (see below),
when f(s) = e~*, is also proved in [16].

Chafee [7] considered a related model u; = um—g(u)—i—)\f(u)/(f_l1 fu)dz)?.
It was found that there is a A* such that for A < A* there is a homogeneous
steady state which is globally asymptotically stable. There are conditions under
which the homogeneous steady state is unstable and there are then two stable
inhomogeneous steady states. Other works concerning the blow-up in non-local
parabolic problems are [4, 22, 23].

Finally we wish to study problem (1.1), which comes from (1.4) by setting
o(u) = f(u), in the radially symmetric case. Therefore we take Q to be the
unit ball and the initial data are taken to be radially symmetric and decreasing,
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(u(z,0) = uo(r) and ui(r) < 0, 7 = |z|). Thus our problem, in case of Dirichlet
boundary conditions (3(z) = c0), takes the form:

utzum«—k&—&— f\f(u) , O0<r<i1, t>0, (1.7a)
T Aw?( [y f(u)rdr)?

u(1,t) =u.(0,t) =0, t>0, (1.7b)

u(r,0) =up(r), 0<r<l. (1.7¢)

We also consider Neumann or Robin boundary conditions:
wn(1,8) + Bu(l,t) =0, € [0,00). (L8)

Note that u,(0,t) = 0 is a consequence of boundedness of solutions rather than
a specific constraint upon them.

We note that any solution of (1.1) with ug > 0 is positive, moreover if ug(x) =
ug(r) and Q is a ball, then u(x,t) = u(r,t) is radially symmetric and satisfies
(1.7) with the proper boundary conditions ((1.7b) or (1.8)). Furthermore if
up(r) < 0 then u,(r,t) <0,0<r<1,0<t<T,ie uisradially decreasing.
The same properties hold for the steady solutions of problem (1.1), see Gidas
et al., [13].

The non-local problem under consideration belongs to the class where the
maximum principle holds (due to (1.2)) and comparison with suitable upper and
lower solutions is used to prove stabilization or blow-up. In the contrary when
f(s) is an increasing function, maximum principle does not hold. Nevertheless
for f(s) = e®, stabilization and blow-up can be studied by using a Lyapunov
functional, [5, 11].

The present work is organized as follows. In Section 2 the existence and
uniqueness of solutions to (1.1) in © C R is discussed. In Sections 3, 4, some
particular functions, the Heaviside and the exponential are studied, while in
Section 5 a general decreasing function is considered. In each of these cases, the
critical value A* is estimated.

In the rest of this article we mainly follow the ideas and techniques which
have been used in the one-dimensional case [18, 19], but have to be modified
because of the extra technical difficulties encountered in this two-dimensional
problem.

2 Existence, uniqueness and monotonicity

Problem (1.1) in @ € RY N > 1, for a measurable and bounded wug(x), can be
written in a Green’ s integral formulation:

west) =2 [ [ gtognt = e d B gt [ gto gty dy.
Q )
(2.1)

Setting now v,, instead of u on the left-hand side and v,,_1 instead of u on the
right-hand side for n > 1 and taking vy = 0, we find on passing to the limit
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and following on standard Picard - iteration - type arguments, that if A > 0,
f(s) > ¢ > 0 and Lipschitz for s € (a,b), where a < min{0,infug} < u <
max{0,supug} < b, then there exists a unique solution u to (1.1) and (2.1).
Moreover the solution continues to exist as long as it remains less than or equal
to b; this implies that it can only cease to exist due to blow-up.

On the other hand, if we restrict our attention to a decreasing f, positive
and Lipschitz, then we have a sort of comparison. In particular u is called a
strict upper solution to (1.1) in Q@ c RY, N > 1, if it satisfies

: Lo N@ .
ug(x,t) > Au + o f (@) da)? Q, t>0, (2.2a)
B(@)>B(u)=0 on 902, t>0, (2.2b)
Up(x) > up(z), in Q, (2.2¢)

while if u satisfies the reversed inequalities of (2.2) it is called a strict lower
solution. Now if we set v = — u then there exists T > 0 such that

M)
Unfdne > P€0 Ost<T 23)

v>0at t=01in Q and B(v) >0, on 9N, 0<t<T,

vy > Av +

which implies, by the maximum principle, that v > 0 at ¢ = T. Moreover, if
(2.2) holds with >, then (2.3) also holds with > in the place of >. As long as
u, U exist and uw > u, with f Lipschitz, we can apply iteration schemes similar
to those of Sattinger [21], to show that there exists a unique solution u to (1.1)
such that u < wu < @. If now f is increasing then some of the above results can
be adapted by using a pair of upper-lower solutions; see [18].

3 The Heaviside function
We consider now f(s) to be the Heaviside function (decreasing), f(s) = H(1—s),

then f(s) = 1for s < 1, and f(s) = 0 for s > 1, which is neither strictly positive
nor Lipschitz continuous. Thus problem (1.7) becomes,

1 2
we = Ayu+ NH(1 —u)/47r2(/ H(1 —u)rdr) , 0<r<1, t>0, (3.1a)
0
u(1,t) =u,(0,8) =0, t>0, wu(r,0)=ug(r), 0<r<1, (3.1b)
where (A, = 8?/9r* + 19/0r). In particular equation (3.1a) can be written:

up = Apu, where w>1, and

ug = Apu+ A/m2(t), where u<1,

writing m(t) the measure of the subset of the unit ball B(0,1) where v < 1. The
existence and uniqueness of a “weak” (classical a.e.) solution to (3.1) is obtained
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by using an approximating regularized version of this problem, see [15] and the
references therein. Hence, taking into account this remark, in the following we
can use comparison arguments in the classical sense. We take ug(r) < 1, and
for simplicity ug(r) < 0 and bounded below. With such initial data v = 1 is an
upper solution to problem (3.1), hence v < 1. Thus either u < 1 for 0 <r < 1
whereupon (3.1a) becomes

up = Au+A/7% 0<r<1, t>0, (3.2)

or there exists an or some s = s(t), 0 < s(f) < 1, such that
up = Apu+A/7?(1—s%)? 0<u<l, s<r<l, t>0, (3.3a)
u=1, u.=0, 0<r<s, t>0, (3.3b)

where 7(1 — s2(t)) = m(t). Note that u is continuous and u, < 0, the latter
follows by using the maximum principle. The corresponding steady state to
(3.2) is

Aw+A72=0, 0<r<1, w(0)=wl1)=0, (3.4)
which for A < 472, has a solution w(r) = 23 (1 —r?). Also a steady state for
(3.3) satisfies:

A
Ayw + ;=0, S<r<l, 0<w<l, (3.5a)

m2(1 — S?)
wr)=1,w'(r)=0,0<r<S for 0<S<1, w(l)=0. (3.5b)

Equations (3.5a), (3.5b) give a one-parameter family of steady states of the
form:

AS) (14252 Inr —r2) 1+28%Inr — 2
472(1 — §2)2 142528 - 527

_ 4m?(1-8%)?

© 14252InS5 - 5%

It is easily seen that A(S) is strictly increasing, A(1—) = 872 and A(0+) = 472

w(r; S) =

S<r<l, (3.6)

where A = A(S)

If we note by |jw'|| = sup|w’|, then ||w'|| = —w'(1) and the following hold:
for 0 < A < 472 = A\(0+) there exists a unique steady state w(r) = 27 (1 —

r2), for 4m? < \(S) < 8n2, S €[0,1), there exists a one-parameter family of
steady states given by (3.6), whereas for A > A\(1—) = 872 there is no steady
solution. Hence we get the diagram of Figure 2.

We wish now to study the stability of the steady solutions for A < 872 =

A(1—). Therefore we construct an upper solution 7 (lower solution v) to problem
(3.1), decreasing (increasing) in time, of a form similar to the steady state, i.e.
w(r; s(t)). Namely for A < 472 we take,
o(r,t) =1, v,.(r,t) =0 for 0 <r <s(t), and (3.7a)
_ A(s) 9 9 1+2s%Inr —r?
o(r,t) = w(r;s(t)) = 71— 52 (1+2sInr —r?) = 1T 2% s — 2

(3.7h)
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- dw(1)/dr

Figure 2: Response diagram for (3.4), (3.5), f(s) = H(1 —s).

s(t)y <r <1, 0<t<t; where s = s(t) € (0,1), s(0) = sg. For any
initial data uo(r) < 1, we choose sy so that ug(r) < 1 for 0 < r < sp and
uo(r) <w(r;sp), 0 < sp <r <1,ie v(r,0)=w(r;seg) > ug(r). Then we have,

2
E@) = T — AT /\H(l—v)/47r2( H(l—v)rdr)
0
0, 0<r<s(t),
= A(s) — A
Ut+7T2(]_— 2)2_0; S(t)g’/‘gl,

provided that s(t) satisfies:

(A(s) = A)(1+2s%Ins — s2)
472(1 — s2)2(1 — ) ’

0 < —$=nh(s)

giving $(t) <0, X = X/(s)é <0 for X(s) > X and s(t;) = 0, for t; < oo.
Hence v(0,¢;) = 1, and w(r; s(t)) — 1 —r? as t — t;—. Again for t > t; we
can take

B(r,t) = a(t)(1—7r?), a1 =a(t;) =1, for t >t (3.8a)
,-(0,t) =T(1,t) =0, t>t1, (3.8b)

giving

A
_ . 2 .
E@) =a(l-r )+4a—FZa+4(a—m)—0,

on taking @ = —4(a — 25) <0, 27 < a < 1, since a(t) < 0. Then

Y al

alt) = 5+ (1- )

A

etti=t) —5 as t— 00.
47
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Hence 7 is an upper solution to u-problem which exists for all time, in particular

u<vand D — w = 25(1—r?) as t — oco. On the other hand for v(r,t) we
take
v(rt) =bt)(1—-7r%), 0<r<1, t>0, (3.9)
b(0) =0, where 0 <b < min{l, \/47}. '
Then we have,
E£(0) = b(t)(1 = 12) +4b— o < b(t) + 4b— - — 0
- 472 — 472 ’
on taking b(t) + 4b — 2z =0, since b(t) > 0, giving b(t) = or(l—e™) = 25

as t — oo. Thus for 0 < A\ < 472 we have that v(r,t) < u < v(r,t), v(r,t),
v(r,t) — w(r) = $25(1 —r?) as t — oo uniformly in r, which implies that u is
bounded for all time and u(r,t) — w(r) as t — oo (w is the unique steady state
for A < 47%). Hence w, is globally asymptotically stable solution [18, 19, 21].
Moreover, if 472 < X\ < 872, then we can proceed in a similar way. In fact, we
construct an upper solution decreasing in time as (3.7), then £(v) > 0, provided
that B

(A(8) = N)(1 +25%Ins — s?)

42(1 — s2)2(1 — ) ’

giving now $(t) < 0 for A(s) > XA and s — So+, A(s) — A = A(Sy), as t — o0o.
Also we construct a lower solution v increasing in time, having a similar form to
that as in the proof of the blow-up (see below), in particular like (3.9) followed
by a complementary version of (3.7). But now $(t) > 0, A = N (s)$ > 0
for t > t1, s(t1) = 0 and s(t) — So—, A(s) = A = A(Sp), as t — oo.
Hence v < u < 7, u exists for all time and v — w(r; Sp) the unique solution for
472 < X = \(Sp) < 872, which is globally asymptotically stable.

We show now that the solution u, “blows up” (it ceases to be less than 1 in
[0,1), we recall that u < 1 in (0,1) as long as ug(r) < 1) in the sense that it
becomes 1 in [0, 1) in finite time, for A > 872. Therefore we get a lower solution
v(r,t) of the form: wv(r,t) = b(t)(1 —r?), 0<r <1, 0<t<t), which
satisfies (3.9) (note that ug(r) < 1), b(ty) =1, wu(r,t1) > v(r,ty) =1 — 12,
provided that w still exists (u <1 ) up to t;. Also we take v(r,t) to satisfy:

0<—=$=nh(s)

o(r,t)=1, wv.(rt)=0 for 0<r<s(t), t>t, and
14 2s%Inr —r?
ol t) = +2s°Inr —r

=5 ty<r<l1l, t>t
1+2s2lns—s2’ st) <r<i, b
b(t1) =1, s(t1) =0, v(r,t1) = 1 — 2. Then we have,

0, 0<r<s(t), t>t,

&) = v, + A:)‘ <0, s(t)<r<1, t>t,

2(1—s2)2 =

provided that s(t) satisfies

(A= A(8))(1 +25%Ins — s?)

0<3$=—h(s) 4m2(1 — s2)2(1 — s) ’
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for A(s) < 872 < X. This implies that A = \(s)$ > 0, and s(t) — 1—,
A(s) — 87—, as t — T* < co. Hence v becomes 1 in [0,1) at T* and a form
of “blow-up” (u — 11in [0,1) as t — t*—, t* < T™*) has been established for u,
with derivative w,(1,t) becoming unbounded as t — t*—.

For the critical value A = 872, again we construct an upper solution 7 but
now increasing in time; indeed £(7) > 0, provided that s(t) satisfies

(872 — A(s))(1 + 2s%Ins — s?)
4m2(1 — s2)2(1 — s)

0<$=—h(s) =

For 472 < \(s) < 872, we get s — 1 as t — oo, which implies that u exists for
all time but becomes 1 in [0,1) as t — oc.

4 The exponential function

4.1 Stationary solutions

We now consider f(s) =e~*, so f(s) >0, f/(s) <0for s >0and [;° f(s)ds =
1. The corresponding steady problem to (1.7) for f(s) =e™° is

1
w”(r) + ;w'(r) +pe M =0, 0<r<1, w(l)=w'(0)=0, (4.1)

where N
w= T . (4.2)
Am2( [y e=wr dr)?
The solution of (4.1) is
w(r) =2Infa(l —r%) +7%], p=8ala—1), (4.3)

where a > 1, M = sup ||w|| = w(0) = 2ln . The parameter A is given by

42 —w _ Ay 2 g2 _ —M/2 2
A=dm ﬂ(/o e rdr) =38(1 a)7r =8 (1 e ) <8r°, (4.4)

*

SO a = /\;\—_/\, A= AM) — 872 = \* as M — oo, or equivalently as o — o0,
and X' (M) > 0. For each M there is a corresponding unique solution w(r)(this
follows from a shooting argument). Finally from the above we get the diagram
of Figure 3.

If A — A*—, which implies that & — oo, then the solution w(r) = 2In[a(1 —
7?) 4+ 12)] — o0, for every compact subset of [0,1). We see below that this also
holds for a general decreasing f.

4.2 Stability for A < \*

To study the stability, we use upper solutions which are decreasing in time
and lower solutions which are increasing in time to problem (1.7) with f(s) =

exp(—s).
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M

A =812 A

Figure 3: Response diagram for (4.1), f(s) = exp(—s).

We first note that v(r,t) = w(r; u(t)) = 2Infa(t)(1 — r?) + r?] is an upper
solution, provided that

AF =

)\*

a2

a—2=0, a0) =a (4.5)

and «p is sufficiently large. Hence for A € (0, A*) the solution of (4.5) is

A* A* AF =)
"y e (m2g

t), (4.6)

and &(t) < 0 for ag > ;2. Furthermore we require v(r,0) = 2In[ag(1 —r?) +
2] > up(r). It is sufficient to choose
X explug(r)/2) = 2

» Sup

PN N 1—r2 b

oy = max{

Also B(v) > B(u) on 0}, in fact it is v(1,¢) = u(1,t) = 0. The calculations
are like these of the one-dimensional case [18, 19]; we find an upper solution
v decreasing in time, v > u and v(r,t) — 2In[A(1 — r?) + r?] = w(r; ) as
t— o0, alt) > A= ﬁ as t — oo (see (4.6)).

In a similar way we construct a lower solution z(r,t) increasing in time.
Again z(r,t) = 2In[a(t)(1 — r?) + 7?] is a lower solution provided that «(t)
satisfies (4.5) and ag — ﬁ < 0, a(t) is of the form of (4.6). Also we require
2(r,0) < ug(r). Tt is sufficient to choose g = min{% ,inf,. %}
But on 9Q 2(r,t) = u(r,t) = 0, which finally implies that z < u. Hence for
0 < A < \* = 872 we find an upper solution v and a lower solution z such that
z <wu<wvwithv(r,t) - wt+, z(r,t) — w—, ast — co. Thus the solution w is

global and u(r,t) — w(r;\) = 21n [/\)‘—_/\(1 —r?) + Tz} as t — 0o, where w(r; \)
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is the unique steady state. The above procedure holds for any (admissible) initial
data ug(r), from which it follows that the solution w is globally asymptotically
stable.

4.3 Blow-up for A > \*

To prove that the solution u(r,t) blows up for A > \* = 872, we construct a
lower solution which blows up. Again we take as a lower solution a function
with a similar form to the steady state w(r) : z(r,t) = w(r; u(t)) = 2Infa(t)(1—
r?) +12]. We first note that if a(t) satisfies (4.5) and o < )\f‘—i)\, then &(t) > 0,
moreover z(r,t) is an unbounded lower solution to (1.7) and z(r,t) — co ast —
oo for any r € [0,1). This implies that u(r,¢) is unbounded, more precisely
limsup,_,;- |Ju(-, t)|| = oo, t* < oo. To prove that t* < co we take a modified
comparison function, Z(r,t) = pln[a(t)(1 — r?) + r2]. We show that Z(r,t) is a
lower solution to (1.7) and blows up for a certain value of p. Thus we have

EZ) = Zi—A.Z— /\e_Z/4772(/1 e Zrdr)?
0
S g e - pr) (4.7)
12
—4(a — Br)2r [%72(]; kzl) —1] a2}

where B(t) = a(t) — 1, a(t) > 0,0 <p <2, k>1and a — 12> a/k. The last
condition is satisfied for ¢ > t;, for some t; since the use of the lower solution z
above guarantees unboundedness of u and allows Z to be large for t > ¢;. For

A> N and 1 <p<2 wehave A\/A\* > 1,2(p—1)2/p < 1, while 2(1”%1)2 — 1 as
p — 2—, so we can choose p € (1,2):
A2(p—1)°

—_——>1. 4.
S (43)

Now for a fixed A > \* we can choose suitable p and & so that both (4.8) and
the following hold:

A2p—1)% A2p—1)°
_— 1 A=——7-—">1. 4.
e ’ >k*>1 or pCa— > (4.9)

The inequalities (4.7), (4.9) imply
p(1 —1r?)

7)< ——~
£(2) < (a — Br?)

by taking «(t) to satisty,

[6 —4(a = pr?)' 7 P(A = D)a?] < 2[a—4(A —1)a> 7] =0,

a@—4A-1)a*P =0, «a0)=ay>0. (4.10)



12 Blow-up of radially symmetric solutions EJDE-2002/11

We also require Z(r,0) < ug(r), for which it is sufficient to take

< inf exp(ug(r)/p) — r?

ap < in 1_ 2 , 1<p<2,

and Z(1,t) = u(1,t) = 0 holds on 92. Hence Z(r,t), is a lower solution to (1.7)
ie. Z(r,t) <wu(r,t) and Z(r,t) is increasing in time since &(¢) > 0. Furthermore
from (4.10) we obtain,

a(t) ) p—2
4(A—1)(t—t1):/ sp*3ds</ P73 ds = 1 — < 0, (4.11)
a(ty) i 2-p

where a1 = a(t;) = k/(k — 1) < a(t), since we have used that a« — 1 > «o/k.
The relation (4.11) implies that «(t) blows up at

p—2

T*:t 1
TIa-ne-p ©%

and, since Z(r,t) is a lower solution for u, this means that u blows up at t* <
T* < oo. This completes the proof of the blow-up of u. In the next section,
for general decreasing functions, we shall show that this blow-up is global, this
means that u(r,t) — oo as t — t*— for every r € [0,1).

5 General decreasing functions

5.1 Stationary Solutions

We consider an arbitrary decreasing function f satisfying (1.2). Again we may
use comparison techniques due to the monotonicity of f as in Section 2. We
follow the same procedure as in the previous section; see also [5, 6]. For the
moment we suppose that fooo f(s)ds < 0o, unless otherwise stated. The corre-
sponding steady problem of (1.7) is

1
w”(r)—i—;w’(r)—k,uf(w(r)) =0, 0<r<1, (5.1a)
w(l) =w'(0) =0, (5.1b)
where \ = 47r2u(f01 f(w)rdr)?. Multiplying (5.1a) by r and integrating,

B 472

I

A (w'(1))? . (5.2)

Again multiplying (5.1a) by w’ and integrating as before we get

’ 2 Lo (1))2 M
@+/0 #dr—u Fls)ds =0, (5.3)

0
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vx}zlhich implies W <2 fOM f(s)ds. By rescaling the problem we may assume
that

/OO f(s)ds =1, (5.4)
0
then from (5.2) and (5.3) we get
M / 2
2 2 (w'(r))
A< 87 /0 f(s)ds < 8r* and . <2.

Lemma 5.1 For the Dirichlet problem (5.1), if (5.4) holds, then (“/57}))2 — 2
as p — oo.
Proof: We consider the auxiliary problem:
2'(r)+pg(z(r) =0, 1-86<r<l, (5.5a)
2(r)=supz(r)=M, Z(r)=0, 0<r<1-4, z(1)=0, (5.5b)

where 0 < g(s) < f(s), and z, z., are continuous at 1 — §. Multiplying (5.5a)
by 2z’ and integrating we obtain

M
() =2 [ gls)ds =2ulG(z) - GM). (56)
z(r)
where G(z) = [ g(s) ds. Then
/M[G(z) —G(M)]7V?dz = 6\/2u, (5.7)
0
since 2/(r) < 0, and (2/(1))? = 2u[G(0)—G(M)] = 2u fO s) ds. We prove now

that the solution to problem (5.5) is a lower solution to problem (5.1). Indeed
2'(r)+ 12 4+ pf(z) = pf(z) >0 in 0 <r <1-—46. Also taking into account
(5.5)-(5.7),

() + 2 ()

L) - o) > 20

2) — 1/2
_ _\/E[G(l)_éG(M)} Cu(f(z)—g(2), m1-d<r<1.

Now choosing i large enough such that

+u(f(2) = 9(2)) (5-8)

p 2 o= sup
2o, (1 — ) [

and ¢ < 1, relations (5.8), (5.9) give

L)+ () > (=)~ 9(2)) — wf(2) — (=) = 0.
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In addition 2/(0) = 2(1) = w'(0) = w(1) = 0, hence z is a lower solution to
w-problem. This implies

z(r) <w(r) and w'(1) <2'(1) <0, (5.10)

(if the latter inequality were w’(1) > 2/(1) it would give z(r) > w(r) for some
r, which would be a contradiction).
Now taking:

(a) g, such that 0 < g(s) < f(s) and 1 — e < G(0) = [;~ g(s)ds < 1
(b) M such that [G(0) — G(M)] > 1 — 2¢, € > 0, from the definition of G,
(c) w to satisty (5.9).

Note that G'(z) = —g(z) < 0, G(z) is decreasing and G(0) < 1); from (5.3),
(5.6) and (5.10) we obtain

(w@)? _ (Z'(1)?
T

2>

= 2[G(0) — G(M)] > 2(1 — 2e).

This relation holds for every € > 0, as far as u > 1, hence this proves the lemma.
O

Proposition 5.2 If (5.4) holds then A\ < \* = 872 and A\ — 872— as M — oo
A=A [T f(s)ds = A" as M — oo).

Proof: The first relation is obtained by (5.3), (5.4). For the second, using
(5.2) and Lemma 5.1 we obtain,

(1 2
A= 47T2M — 81% as i — oo (or equivalently as M — o0).

,u
g
Also from Lemma 5.1 and relation (5.3) we deduce that
1 / 2
lim z/ Mdr:O and
H=0 L [q r
1 / 2 2 M
[/ Mdr}/(w’(l)f: {ﬁ/ f(s)ds—1/2} —0 as u— 0.
0 r Ao
Now we assume that -
/ f(s)ds =00 (5.11)
0

holds instead of (5.4), so we have the following statement.

Proposition 5.3 Let (5.11) hold and w is the solution to problem (5.1) then
(w'(1))2/p — o0 as p — oo and A\(M) — co as M — oo.
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Proof: Again the solution z(r) to problem (5.5) is a lower solution to w-
problem, provided that (5.9) holds. Thus we have z(r) < w(r) which implies
that w'(1) < 2/(1) < 0, or (w'(1))? > (2/(1))2, but now from (5.6) at r = 1 we

get,
/ 1 2 / 1 2 M
(w'(1)) Z(z()) :2/ g(s)ds - 00 as M — oo,
K I 0
provided that we take g such that 0 < g(s) = vf(s) < f(s), for 0 <y < 1, then
Jo~ g(s)ds = oo. O

We now obtain a uniqueness result for the steady problem.
Proposition 5.4 Let f, satisfy
—sf'(s) < f(s), s>0, (5.12)

then problem (5.1) has a unique solution.

Proof: From (5.2) we get A\(u) = 471'2% = 472(W'(1))? by writing w(r) =
vW(r), v = /m. Then (5.1) gives W/ (0) = W, (1) = W’(0) = W(1) = 0 and

W”+WT,+Vf(w) =0 or W;,+WTL+V2JM(1U)WV:—f(w)—f/(w)w'

If (5.12) holds, then using maximum principle and Hopf’s boundary lemma, we
get that W, (r) > 0 and W}(1) < 0 or -£(W’(1))? > 0, since also W’(1) < 0.

Then X (p) = Ei(W’(l)F >0 which implies uniqueness. O

v dv

Remark: Proposition 5.4 is also true for a general domain 2. The relation
(5.12) implies (5.11).
Finally we obtain the response diagram of Figure 4.

5.2 Stability where a unique steady state exists

We follow the same procedure as in the previous section, we seek for a decreasing
(increasing)-in-time upper (lower) solution to problem (1.7). We first look for
an upper solution of a form similar to the steady state: v(r,t) = w(r; u(t)) = w,
where w is a steady state. Then

E(v) = Wy i + [Anm 12 (W) — N f (W) /4r2 T (W) (5.13)

where I(w) = fol fw)rdr and —A,w = pf(w) (A, = 82/0r? + 2/0r). Also
Wy = g—g > 0, w(r;(t)) is increasing with respect to T, by using the maximum
principle. Taking now any A > 0, so that w(z;A) is the unique stationary
solution, we can choose f(0) such that w(r;(0)) = v(r,0) > ug(r); this can
be done since ug(r), uy(r) are bounded. Furthermore, since a unique steady
state exists (see Proposition 5.4 ) for these values of A, there exists a u such
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M

Figure 4: Response diagram for the Dirichlet problem, [ f(s)ds = oc.

that A = 472ul?(w), M = w(0; u) = w(0), where w(r) = w(r; u) is the unique
steady state of problem (5.1), and as long as 7i > p then W > w and A\ = \(¢) =
4m?n(t)I?(w) > A. As before w(r; i) is an upper solution, decreasing in time,
which tends to the stationary solution w provided that

0 < —fi=h(z) = (A(t) =) I7*(w) inf{ fé?)

b (5.14)

and 7(0) > p (note that f(s) is bounded away from zero and w,, is also finite).
Hence u = u(r,t) < v(r,t) = w(r;7i(t)) and 7 < 0 which implies that v, =
Wi < 0. In a similar way we can construct a lower solution z(r,t) = w(r; u(t))
which is increasing in time and tends to the steady state w. Finally we obtain,
2ry) = w(rs () < ulrt) < o(r,t) = wlrsEt)), and 7At) — o, p() —
p—, v(r,t) — wt, z(r,t) — w—, as t — oco. This implies that u(-,t) — w(:)
uniformly as t — oo, and that w is globally asymptotically stable.

For the case of A > A\* and [;° f(s)ds = 1, there is no steady solution to
(5.1), then A = A(t) = 4m?u(t)I*(w) < X for every p > 0. Taking the above
lower solution z(r,t) we obtain that u(t) — oo (i1 > 0) and u(r,t) > z(r,t) =
w(r;p(t)) — oo as t — oo (note that w, > 0 and u(t) — oo as t — oo then
z — 00 ast — 00). In particular sup, u(r,t) — oo as t — t* < oo, hence u is
unbounded.

5.3 Blow-up for A > \*

We can now prove that the solution w to problem (1.7) blows up in finite time
if A > A\* = 872. To prove this we use similar methods to those in the previous
sections, (or see [15, 18, 19]). We look for a lower solution z(r,t) to the u-
problem which itself blows up. We try to find a lower solution with a similar
form to the steady state. We take into account the form of blow-up in the
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one-dimensional case, therefore we consider z(r,t) to satisfy:

z(r,t) = M(t) =sup z(r,t), z-(r,t)=0, 0<r<1-4(t), t>0, (5.15a)

T

zer +p(t)g(z) =0, 1-0()<r<1, 2(1,t)=0, t>0, (5.15Db)

where 0 < g(s) = vf(s) < f(s), 0 <y <1, and z, 2, are continuous at 1 — ().
Multiplying (5.15b) by z,, and integrating in (1 — §, ) we obtain

2 z
Zvu) [ gts)ds=o. (5.16)
2 M
which gives
2
22 = 2u(t) [G(z) — G(M)] and = <2, (5.17)
I

on writing G(z) = [° g(s) ds (then G'(z) = —g(z) and G(0) = 7)). The relation
(5.17) implies

M
5\/2 = / G(s) — GOM)) "2 ds (5.18)
0
Again integrating (5.17) we obtain

(1= )2 = /0 G(s) — GO V2 ds. (5.19)

On the other hand, we can get

1 1-5 1 52
/0 g(2)rdr = /0 g(z)rdr—!—/lag(z)rdrﬁg(M)(l 25) —%z,.(l,t)

_ 52 M
(1 25) +\/§</O g(s)ds>1/2

~ g(M)/24/2y/u for <1<« M and 1< p,

I
Q
~—
s

by using (5.17) at r = 1, fOM g(s)ds ~~,1—6 ~ 1, for d < 1 < M. Finally we
get

1
/ g(z)rdr < @(a +1), iK1l M, (5.20a)
0
on taking
V2v/n = ag(M)/2, (5.20b)

where « is a suitable chosen constant; in particular choose @ > 1/[(\/872)'/2 —

1] for A > A* = 872, Such an « gives A = :[A/7?(1+a)? — 5] > 0.
Lemma 5.5 M f(M) — 0 as M — oc.
For the proof of this lemma, see [19].

Lemma 5.6 6 — 0 as y — co.
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Proof: From the previous lemma we have that f(M) — 0 and g(M) — 0 as
M — oo and for fixed a, (5.20) implies that © — coas M — oo. For 0 < s < M,
we have, (M — s)g(M) < G(s) — G(M) < (M — s)g(s) and (5.18), (5.20) give:

ag(M) M . —1/2 70491/2(]\/[) M \—1/2
5 < 4ﬁ/0 (M — pg(an)/2ds = 20 | =g

[g(M)M]2, for § <1< M.

>
2/
The above relation implies, 0 < 6 — 0 since g(M)M < f(M)M — 0, as
M — oo. g

Proposition 5.7 The solution z, to (5.15) is a lower solution to the u-problem;
moreover the solution u blows up in finite time.

Proof: For 0 <r <1-—4(t),

1 2
£(z) = Mf)\f(M)/47r2(/0 f(z)rdr) =N - 2(fAlgg(?4))//77d ;
7 0 z)r T
S M= My/m*(a+1)%g(M) < M —yA/g(M) =0, (5.21)

on choosing M—~yA/g(M) = 0, where A is taken as 3A = (\/7%(a41)?)—8/a? <
(A\/m2(a + 1)?). Hence £(z) <0 for M > 1.

For the interval 1 — § < r < 1, we first differentiate (5.19) with respect to ¢
and get

K 1/2
o= (1—T)m[G(z)—G(M)]/
-‘r%g(M)M[G(Z) — G(M)]l/Q/O [G(S) o G(M)]_3/2 ds
= A+B.

For A we have:

A = (1= lG() - GO
< —%[gww - 166 - G0 ds
‘g'“‘j;?ﬁif;f)@M <D o a1,
provided that
M= ‘Mg7<AA§;;i(/§)<M>

which certainly holds if 0 < M < —yA/Mg'(M) since ¢'(s) < 050 g(2)/g(M) >
1for z < M.
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For B we have:

_ 1 . 1/2 z —_3/2 Mgl/Q(Z)
B = Se(NITGE) - GO [ 66— Gan < S5
< 9B s,
9*(M)

provided that M < Vgﬁ%—&(;), which holds if 0 < M < #]\1}), since g(z)/g(M) >
1 for z < M.
Also, on using (5.17), we have the estimate,

zr _ 4 1/2 9(z) 9(z) .
—— < ——(g(M)M < MM — 0 for M > 1.
< —(g(M)M) 200 ~ " zan since g(M)M — 0 for M >
Thus for 1 — 6 < r < 1if 0 < M = min{yA/g(M),—yA/Mg (M)} and using

the previous estimate we obtain,

E() = A+B- T tug(z) - M)A f)rdr)?

_ 29Ag(2) 2 . Ag(2) /v
g% (M) r T ho(z) 471'2(f01 g(z)r/ydr)?
9(2) 9(2) Myg(2)

200 T ean TR T e e

s~

< 29A

= [3yA+8y/a® —yA/7*(a +1)°] ggéjz\;) =ByA—-3yA) =0,

for M > 1. Also z(1,t) = u(1,t) = 2-(0,t) = u,(0,t) = 0 on the boundary and
taking z(r,0) > ug(r), the function z(r,t) is a lower solution to the u-problem,
hence u(r,t) > z(r,t), for M, large enough (after some time at which wu, is
sufficiently large).

Now we show that u blows up. Indeed

M = min{Ay/g(M), —Ay/Mg'(M)}

which implies

Ay = max{g(M) , Mg/ (M)} < g(M) — Mg/ (M) or

At < / (9(s) — sg'(s)) ds

M M
fMg(M)Jr/ g(s)ds</ f(s)ds < o0,

since Mg(M) — 0 as M — oo, and (5.4) holds. Hence, z, blows up at T* < oo,
and u, must also blows up at some t* < T* < oco. This completes the proof of
the proposition. O
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As in the one-dimensional case [18, 19], the blow-up is global, i.e. u(r,t) — oo
as t — t*— for all » € [0,1). Since f(u) is bounded, then u blows up only by

having fol f(u)rdr — 0 as t — t*—. Indeed,

< f\f(o)
47r2(f0 f(u)rdr)?

= h(t),
giving
¢
M(t) — M(0) S/ h(s)ds — o0 ast—t".
0

This implies fol f(u)rdr — 0 as ¢ — t*, but then u blows up globally and
up(1,t) = 00 as t — t*—.

5.4 The Robin Problem

We consider again u to satisfy (1.7a), (1.7¢) but now we take boundary condi-
tions of Robin type,

ur(1,t) + Pu(l,t) =0, t>0, 5>0. (5.22)

The corresponding steady problem is

w”—l—%w’-ﬁ-uf(w):(), 0<r<1, (5.23a)
W (1) +Bw(1) =0, >0, w(0)=0. (5.23b)

Multiplying again by w’ and integrating we obtain

, 2 Lo (7))2 M
(w (21)) +/0 ( i_)) dr_ﬂ/m f(s)ds =0, (5.24)

where 0 < m = w(l) < M = maxw = w(0), (m = minw, by using the
maximum principle). We also consider the auxiliary problem,

2(r)=supz(r) =N, Z(r)=0 0<r<1-9,

z”(:“) +ug(z(r)=0, 1-d<r<1, (5.25)
Z(1-0)=0 2'(1)+p2(1)=0,

where 0 < g(s) < f(s), and z, z,, are continuous at 1 — 4.
The following result is similar to the one of Lemma 5.1.

Lemma 5.8 Let (5.4) hold, then the solution to (5.25) is a lower solution to

the Robin problem (5.23); moreover W — 0 as p — oo.
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Figure 5: Possible non-local response diagrams for the Robin problem.

Proof: As in the proof of Lemma 5.1 we again have (2/(r))? = 2u[G(z) —

G(N)], and 2'(r) < 0, where G(z) = [° g(s) ds. This implies

P /N G(s) — G(N)| Y2 ds < - /N[G(s) _G(N) M2 ds.
2u S 21 Jo
Taking p > po, where

_ e 206G - e
Ho= oy =82/ () — g(z)]2

z is a lower solution to problem (5.23), z(r) < w(r) and N < M. Note that
N — o0, and M — o0, as 4 — oo. Moreover z’(r) < 0 in (1 — §,1), then
0 < —2'(r) < =2'(1), 2(r) < 2()[1+ B(1 —7r)], and for r = 1 —4§, N <
z(D)(1 + Bd) < w(1 )(1 + po) = (1 + 9), which implies that m — oo as
N — oo. Since [;° f(s)ds < oo, f “) f(s )ds—>0 as p — oo. From (5.24) we

geti(wlgj)FHOas,uﬂooand fl(w(: dr — 0 as 1 — o0, O

Now multiplying by r, (5.23a) gives, fo w)rdr)? = (w u; and A\ =
A7 2(“/(1))2 From Lemma 5.8 we obtain that A(M) — 0 as M — oo and from
(5.24) that (w/ () (1)) < 2f s)ds — 2 as M — oo. Hence A\(M) < 872 which
means that there exists a 0 < )\* < 87? such that for 0 < A < A* problem (5.23)
has at least two solutions whereas it has no solutions for A > A\*. Thus we have
the diagrams of Figure 5.

5.5 Stability

We consider, as in the Dirichlet problem, an upper solution v(r,t) = w(r; i(t))
which is decreasing in time and a lower solution z(r,t) = w(r; u(t)) which is
increasing in time, to the u-problem. More precisely we have £(v) > 0, and
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&(z) < 0 provided that

0 < i = hia) = e ) - ) ok (L0 ).

0< i =h(p) = [\ —4n?u I (w)] nf {7 fu )}/12( )

respectively, with 7i(0), and p(0) chosen so that w(r; 72(0)) > uo(r), w(r; u(0)) <
ug(r), and A = A\(u) = 472p fo w)rdr)? = 4r?pl?(w), where w(r; p) is the
steady solution. To each u corresponds a unique M but to each A € (0,\*)
corresponds more than one M and hence many solutions w(r; \), see Figure 5.
Following the same procedure as in the one-dimensional case we know that the
quantity ®(, \) = 472aI?(w) — X = A(f1) — A, is either greater than, or equal
to, or less than zero, as this is the key term for the construction of upper and
lower solutions.

Thus if we consider the left response diagram of Figure 5, then ®(m, \) =
AX=A>0,if iy < < po, P(p,A) = A=A < 0if p < py or p > po and
P(p,A) = 0if = p1 or p = pua.

For A = X\*, ®(u,\) < 0, hence z(r,t) — w* as t — oo, provided that
wy (r; 1(0)) < w* and 2z5(r,t) — 0o as t — oo provided now that ws(r; u(0)) >
w*. This means that w* is unstable. More precisely it is unstable from above and
stable from below. For A > \* again ®(u, A) < 0, z(r,t) — oo as t — t* < oo,
hence u is unbounded for any initial data; this also holds even for A < A*
provided that the initial data are greater than the largest steady state. The
above procedure can also be applied to the rest of the response diagrams of
Figure 5.

5.6 Blow-up of unbounded solutions

We consider now the unbounded solutions appearing for A > A\* or for A < \*
but with initial conditions larger than the greatest steady state. Following the
same method as in the one-dimensional case [19], if u fails to blow-up, then for
any given k, there must be a t; > 0 such that u > k, for t; > t (this is due to the
use of the lower solutions, note that m = minw(r) = w(l) — oo as M — 00).
Then we consider the problem,

1
vt:ATv—i—)\fk(v)/élﬂQ(/ fe()rdr)?, 0<r<1, t>0
0

v(l,t) =v,.(0,) =0, t>1
v(r,tg) =0, 0<r<1,

where fr(s) = f(s+ k). Thus it can easily seen that v + k is a lower solution
to the u-problem, hence u > v + k for ¢t > t;. But from the Dirichlet problem
(see Proposition 5.2, we have that if A > A* [[¥ fi(s)ds = X* [ f(s + k) ds =
A* [° F(S)dS, then v blows up at finite time. Hence choosing k sufficiently
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Figure 6: Stability and blow-up of solutions for the Robin problem.

large so that the previous inequality holds, we get that w blows up. This blow-
up is global.

Finally, carrying over the analysis similar to the Dirichlet problem and the
one-dimensional case [18, 19], we obtain Figure 6. We use the notation: (— - «),
for stable stationary solutions, (« - —) for unstable, and the double arrows
(——) for solutions u which blow up. If we lie in the region where ®(z(¢),t) > 0
then the arrows point downwards while where ®(u(t),t) < 0 the arrows point
upwards. B

Any solution which corresponds to a point of the curves of this type (— - <)
is stable while all others are unstable. More precisely this (— - —), is stable
from one side and unstable from the other whereas this (« - —), is unstable
from both sides.

For the Neumann problem (the boundary conditions are u,(0,t) = u,(1,t) =
0) there is no positive steady state for any A > 0. Concerning the solution
u(r, t), this behaves as in the one-dimensional case [18, 19]; if [° f(s)ds < oo

then u, blows up globally at t* = % I5° f(s)ds < oo for u(0,t) = 0, whereas

if [;° f(s)ds = oo, then blow-up does not occur but the solution tend to oo,
uniformly as t — oo,

6 Discussion

In the present work we have studied the non-local, two-dimensional, radially
symmetric problem of the form:

w = Avu+ )\f(u)/47r2(/01 Flu)r dr)2

where f(u) > 0, f'(u) < 0, u, represents the temperature which is produced in
a conductor having fixed electric current I, i.e. A\ = I?/7%. The function f rep-
resents electrical conductivity (f(u) = o(u)), in contrast to the one-dimensional
model where it represents electrical resistivity (f(u) = p(u) = 1/0(u)). This
work extends the results of the one-dimensional problem, and the methods used
are similar to the one-dimensional case and are based on comparison techniques.
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We find similar behaviour in both problems, and it is rather like that of
the standard reaction-diffusion model, u; = Au + Af(u), f(u) > 0, f'(u) > 0,
f"(u) > 0, see [17] and the references therein. More precisely, for the Dirichlet
problem, if fooo f(s)ds < oo we find a critical value A\* such that for A > \*
there is no steady state and u, blows up globally. Also in case we have a unique
steady solution, this solution is asymptotically stable.

For the Robin problem, provided that fooo f(s)ds < oo, again there exists
a critical value A* < A}, (A}, refers to the Dirichlet problem). If 0 < A < A*
then there exists at least one stationary solution and no solution for A > \*.
Concerning the stability, the minimal solution is stable, the next greater one is
unstable, the next stable and so on. On the other hand, if A > A* then u blows
up; u also blows up for A € (0, \*) and for sufficiently large initial data . The
solution(s) at A = \* is(are) unstable.

For the Neumann problem there is no steady state and the solution u blows
up in finite time if fooo f(s)ds < oo, whereas u — oo uniformly as ¢t — oo if
I f(s)ds = oc.

It is an interesting question whether or not a similar behaviour occurs for

asymmetric problems for dimensions greater than or equal to two.
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