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ABSTRACT

A GROUP-THEORETIC CHARACTERIZATION
OF M-GROUPS

by

Jessica Pierson, B.S.
Texas State University-San Marcos

August 2004

SUPERVISING PROFESSOR: THOMAS KELLER

I. Martin Isaacs, among others, has posed the problem of finding a purely group-
theoretic characterization of M-groups which traditionally are defined via character the-
ory. This thesis seeks to understand and answer Isaacs’ question by finding a charac-
terization of M-groups in purely group-theoretic terms. Such a characterization based
on cyclic sections of the group G and the irreducible, monomial characters that proceed
naturally from them does exist, and was first described by Alan Parks. He describes
M-groups based on the notion of good pairs and an equivalence relation on them. If mqg
is the number of classes of good pairs and ng is the number of rational conjugacy classes
for a group G, then mg = ng if and only if G is an M-group.

In order to fully understand this group-theoretic characterization of M-groups, the
traditional way of defining M-groups by induced characters had to be explored. First,
fundamentals of representation and character theory (including irreducible and induced
representations and characters, inner products of characters, the Mackey Theorems and
the calculation of character tables) were researched. Next, M-groups themselves were

studied, including many specific examples of well-known groups. At this point it was

vii



possible to understand the traditional definition of an M-group as a group in which every
irreducible character is induced from a linear character of some subgroup of the group.
Before attempting to study Parks’ group theoretic characterization, some background
preparation in field theory and Galois theory was done. Finally Parks’ article was studied
and his characterization was validated.

The conclusion is that there is a verifiable group-theoretic characterization of M-
groups. This alternative definition of M-groups serves to add to the body of knowledge

about M-groups and how they behave.
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CHAPTER 1

INTRODUCTION

This thesis is introductory research on M-groups and the two different ways of defining
them. Traditionally, M-groups have been defined in terms of characters, but a new
characterization using only concepts from group theory has been developed by Alan
Parks [7]. This paper seeks to understand the group-theoretic definition of M-groups
and to verify that it is indeed a valid characterization.

There are two parts to this thesis. The first part includes Chapters 2, 3 and 4 which
discuss background information on representations, characters, M-groups, field theory
and Galois theory. Part two, which consists of Chapter 5, develops the proof of Alan
Parks’ definition of an M-group using purely group-theoretic concepts.

Specifically, Chapter 2 is devoted to the basics of representation theory and includes
the topics of equivalent, irreducible and induced representations. Further, Maschke’s
theorem is included along with a proof describing a method for counting the number of
linear representations of any finite group.

Chapter 3 is a summary of the essentials of character theory whose highlights include
inner products of characters, the Orthogonality Relations and their corollaries, calcula-
tions for the character tables of various groups, induced and conjugate characters, and
the Mackey theorems

The fourth chapter introduces M-groups from the point of view of characters and
gives several examples of them. Then basic facts from field and Galois theory such

as the cyclotomic polynomial, primitive roots of unity, Galois groups, and irreducible



polynomials are introduced. Finally Chapter 4 closes with an introduction to and a
discussion of the Schur index.

We conclude with Chapter 5 and the group-theoretic definition of M-groups. First,
the idea of good pairs is introduced, and then an equivalence relation on good pairs is
given (and in fact proven to be a valid equivalence relation). Denoting the number of
equivalency classes of good pairs as mg and the number of rational conjugacy classes of
the given group as ng, we have mg = ng if and only if G is an M-group. In order to
prove this group-theoretic classification of M-groups is valid, Galois conjugacy classes of
irreducible, complex-valued characters are studied and linked to the Schur index and the
Berman-Witt theorem.

Presumably, those reading this thesis will have a basic understanding of group theory,
linear algebra, and matrix theory as many results from ’;;hese fields are not specifically
cited but rather assumed. The reader will notice that some of the theorems in this
thesis do not have a proof included (for example, Schur’s theorem or Maschke’s the-
orem). Whenever proofs are omitted, it is typically because the proof itself involves
more advanced concepts of group theory, or that its proof would necessitate the proof of
many lemmas and propositions which would serve to unnecessarily lengthen this thesis.
Moreover, notation is introduced along the way and often references back to the original
definitions are given in the text.

I have not attempted to trace the various theorems, propositions and definitions back
to their original sources except where it was appropriate or necessary. For those that
wish to explore in depth the background sources for this thesis, they are encouraged
to review in detail the bibliography in conjunction with the following information. The
foundation for Chapters 2 and 3 were Hill’s book [3] and Grove’s book [2]. The motivation
for Chapter 4 included Isaacs’ books on group theory [4] and character theory [5] and
Grove’s book [2]. Finally, Chapter 5 is based on Parks’ article [7].



CHAPTER 2

REPRESENTATION THEORY

2.1 Introduction to Representatibns

An F-representation of a group G is defined as a homomorphism T from G to the general
linear group over V for some finite dimensional vector space V and field F. A repre-
sentation maps the given group into a set of invertible linear transformations over V.
From linear algebra we know that a given linear transformation can be associated with a

matrix. Given the basis B = {v1,vs,..., 0.} for V, if v, - T(g) = 37,

a,v, for a,, € F,
then the matrix associated with the linear transformation T'(g) is A = [a,,]. In effect, a
representation maps an arbitrary group to a set of matrices with entries from the field
F where we can identify the group multiplication with matrix multiplication. The di-
mension of V is also called the degree of the representation and is denoted deg(T'). A
one-dimensional representation is called linear, and a representation is called fasthful if
it is one-to-one. Note that a representation is a homomorphism, so it preserves powers,
inverses, and the identity. Because of this fact, it suffices to define a representation only
on a set of generators of the group.

Consider a few examples of representations. Define the Klein-4 group as K =

{1,a,b,ab} (unless otherwise specified, the group K will always refer to the Klein-4
group). It has the following as a representation, T': K — GL(2,C) defined as



10 10
Observe that T(ab) = T'(a)T'(b) = and T(1) = so T' is a representa-
01 01

tion, but 7' is not faithful.

As a second example consider the symmetric group on three elements, denoted S5 =
{1,7,72,¢,rc,r’c} where r = (123), ¢ = (23), and clearly cr = r?c. We want to find all
linear representations of Sz over C. Since S3 is generated by r and ¢, then we simply
define the representations on those elements. Because r has order 3 and ¢ has order 2,
then for T' to be a representation the matrix T'(r) must have order 3, and the matrix
T'(c) must have order 2. This forces T'(r) and T'(c) to be third and second roots of unity
respectively. Thus T'(r) = [1],T(r) = [_1+T“/§], or T(r) = [i—z_zﬁ], and T(c) = [1] or
T(c) = [-1]. There are 3 choices for T'(r) and two choices for T'(c), so there are at most
6 one-dimensional representations for S3. Will all of the possibilities work?

Suppose T'(r) = [%], then T'(r?) = [_I_T“/g] Since ¢r = r?¢c then T(c)T'(r) =
T(r*)T(c). Hence [_1‘;"/3—)] = [_1_2“/5] which is a contradiction. We conclude that T'(r) #

["1+T“/§} and, similarly, T'(r) # [:-1—:2’—‘/—5] The only choice is for T'(r) = [1]. Thus there
are only two linear representations of Ss; Ty where Ti(c) = Ti(r) = [1], and T2 where
Ty(c) = [—~1] and To(r) = [1]. Observe that [Tx(c)]> = [1] = [T2(r)]?, and Ty(r%c) =
Ta(r*)Ta(c) = (Ta(r))*Ta(e) = [1PP[1] = [-1] = [-1][1] = Ta(c)Ta(r) = Ti(cr). Clearly
Ty is a valid representation of S5. Note that 77 maps all elements in S3 to [1] - this is
called the trivial representation. In fact, the trunal representation of degree n is defined

as the representation that maps all elements in the group to the n x n identity matrix.

2.2 Equivalent Representations

How can one determine if two representations are, for all intents and purposes, the same?
This question introduces the concept of equivalent representations. Let T" and U be n-
dimensional representations of a group G. Then we say that T and U are equivalent if

there exists an invertible matrix A such that

A-T(g)=U(g)-Aforallg € G.



Equivalently, T'(g) = A71U(g)A for all g € G. In other words, equivalent representations
correspond to a change of basis for the vector space. When two representations 7" and U
are equivalent we write 7' ~ U.

As an example, consider the cyclic group of order 4 generated by the element g and

0
the following representations, V(g) = [i],U(g) = [—i], and T'(g) = . We will
-1 0
- o U(g) 0 :
show that T is equivalent to the representation given by W(g) = . Pick
0 V(g
1 4 ‘ — 1
A= (note A is invertible) and observe that A-T(g) = =W(g)- A.
i1 -1 1

Since this equality holds for the generator, then it holds for all elements of G. We have
shown that T~ W.

2.3 The Right Regular Representation

A very important representation is the right regular representation. Let G be a fi-
nite group of order n and consider the action of a fixed element on the set G by right
multiplication, which is simply a permutation of the elements of G. The right regular
representation of a finite group is defined as follows. Let G = {z;,s,...,z,}. For each

z,, where 1 <1 < n, define a bijection on G, f,, : z, — x; when z,z, = 7. Let

T(x,) = [ak)i<yhe<n Where
1 if fo (7)) = ok

0 otherwise

a]k =

Because right multiplication is a permutation, it follows that 7'(x,) is a permutation
matrix.

What is the right regular representation for the group 537 Since Ss is generated by r
and c, then we only need to find matrices for these elements. First denote 1, 7,72, ¢, rc,r%c

as x, s, ..., Te respectively. Now consider the following,

frl@)=f(1) = l.r=r=um

fr($2):fr(r) = Tr'r=r =213



fr(ms) = fo(r?) =
fr(@a) = fr(c) =
frl@s) = fr(re) =
fr(z6) = f,(r%c)

The first entry above means that in row 1 and column 2 the entry is one. Likewise, the

second entry means that in row 2, column 3, the entry is one. If T is the right regular

representation of Ss, then we have

o o O o o

0
0
0

Similarly, using right multiplication by the element ¢ we can find that

00
00
00
0

01
00

2.4 Irreducible Representations

If T is a representation of a group G on the vector space V, then a subspace U of V is
defined to be T-wnwvariant if for all g € G, UT(g) C U. Whenever a proper, non-zero, T-
invariant subspace U exists we call the representation 7', reducible. Since U is T-invariant

then T' can be restricted to U creating a representation of G on the subspace U. For a

o o o ©

0
0
0
0
0

1

rCr=Cc=1I4

2

réc.r =re¢ = T5.

oo o O

o O o o o

[ B e = R <= T o

100

o O o o

o o o o

o O O

suitably chosen basis of V' we can write T in the form,




where A and B are representations of G of smaller degree than T', C(g) is some matrix
that depends on the element g, and 0 is a block of zeros of appropriate dimension so that

the matrix is square. Observe that for g, h € G,

A(g) Cl9) | | A(R) C(h)
0  Bg) 0 B(h)

T(9)T(h) =

[ A(g)A(h) A(g)C(R) + Clg)B(R)
0 B(g)B(R)

[ A(gh) A(g)C(R) + Cl(g)B(h)
|0 B(gh)
= T(gh).

Note that A is the representation of T restricted to U described above. If T' cannot be
written in this form, then we say that T is wrreducible.
A representation T' of a group G is completely reducible if for all g € G, T(g) is

equivalent to a matrix of the form

Ai(g) 0
Az(g)
0 Ar(9)
where each A, is an irreducible representation of G for 2 = 1,...,k and 0 is a block of

zeros of appropriate dimension to yield a square matrix. Note that a representation can
be reducible but not completely reducible as evidenced by the following example.

Consider the infinite cyclic group generated by element g and.the R-representation

11 1 n
T(g) = . It is easy to see that T'(¢") = using induction. Let U =

01 01
{(0,b)|b € R} and observe that U is invariant under 7. T is a reducible representation,

but is it completely reducible? If it is, then because T has degree 2 there exist two one-

dimensional representations A(g) and B(g) of the infinite, cyclic group G such that T

Alg 0
18 equivalent to T%(g) = (9) . This means there exists an invertible matrix

0 Bg)



a b
M= and representations A(g) and B(g) such that
c d
A 0
M-T(g) = (9) v
0 Bg)

Define A(g) = [y] and B(g) = [f] where v, 8 € R. So if T' is equivalent to T* then,

a b 11 v 0 a b

. = . , and
c d 01 [0 ¢ d

a a+b- r'ya ~vb

c c+d_ _,Bc od

Now a = 7v-a impliesthat a =0ory=1. If y =1, then a+b = b and a = 0. So we have
a = 0 in any case. Since det(M) # 0, neither b nor ¢ can be zero. However, a +b = vb
which implies that b = yb. Now either v = 1 or b = 0, and since b 5 0 then 7 = 1. At
this point we have a = 0 and v = 1. But note that ¢ = B¢ so either § =1 or ¢ = 0. Since
¢ # 0, then 8 = 1. The fact that 3 =1 and c+d = 3-d implies c+d = d. So ¢ = 0; this
is a contradiction. Hence no such matrix M or representations A(g) and B(g) exist. We

conclude that the representation T is reducible but not completely reducible.

2.5 Maschke’s Theorem

The field F of scalars is a determining factor for the question of complete reducibility for

a representation. In fact, Maschke’s Theorem deals with this idea.

Theorem 2.1 (Maschke’s Theorem): Suppose that G s a finste group, F' 1s a
field and char(F) 4 |G|. Then every F-representation of G s completely reducible. In

particular, a representation over the field C (or R) 1s completely reducible.

The proof of this theorem uses induction and is included in full in Grove’s book [2,
p.99], but would take us too far afield in this paper.

As an illustration of this theorem, consider the cyclic group of order 3 generated by the



-1
element x and the representation T'(z) = . Since (T'(z))® = , then
1 -1 0

this is indeed a valid representation of degree 2. We want to show that T is irreducible
over R but reducible over C. If we assume T is reducible over R, then by Maschke’s

Theorem it is completely reducible. So there exist p, A € R such that T'(z) is equivalent

A0
to where A and p are one-dimensional representations of the group GG. This

0 w
means for some nonsingular matrix M,

A0
M- -T(x) =

0 u
Recall that for a nonsingular matrix M, Tr(MNM) = Tr(N) and det(M~INM) =

det(N). Since
A0
T(z) =M. M,
0 u

1:|:z\/_

then —1 = A+ p and Ay = 1. The possible solutions for X are which are complex

numbers. So T is not reducible over R.

—1+1f —1—

Without loss of generality let A = , and then p = "/_ Now we simply need

a b
to find an appropriate invertible matrix M = } that satisfies
c d

A0
M-T(a:)=lo ]M
7

1 A
Pick M = [ ] and observe that
I p

B
M- -T(x) = - M means that
[0 s
A —1-) [\ 2
po—l-p G

Since X2+ A +1=0and p2+p+1=0, then A2 = -\ —1 and p? = —pz — 1 so that the
above equation is true. Further since y = A? then det(M) = —i\/3 # 0. Therefore M
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is invertible, and we have found values A, u and the matrix M to prove that the given

representation T is completely reducible over the complex numbers.

2.6 Finite Abelian Groups

Now consider linear representations of finite, abelian groups.

Proposition 2.2: If G s cyclic of order k and { € C 1s a primatwe kth root of 1, then
T,(z) = [(7] for y=1,2,.. .,k 15 a complete list of all one-dimensional C-representations of

G.

Proof: We know (T} (z))* = [¢7]* = [¢?*] = [¢®] = [¢*] = [1]? = [1]. So the T} for
j =1,...,k are indeed representations of G. If T is a linear representation such that
T(x) = [u] where u € C, then pu* = 1. Hence p is a kth root of unity but not necessarily
a primitive root of unity. Regardless, it follows that u can be written as a power of

and so T = T; for some j. {

By the Fundamental Theorem of Finite Abelian Groups if G is a finite, abelian group,
then G is isomorphic to the direct product of a finite number of cyclic groups of prime
power order. In other words, we have G = Z,, X Zg, X ... X Zg, where each g, is a power

of a prime.

Proposition 2.3: Let S be the set of all linear, wrreducible characters of Zg, X .. . X Zy,
and let T = {[T;=, M| A s a linear, wreducible character of Zg, forv=1,...,n}. Then
T=Sand|T|=q...q,=|5|.

Proof: First we want to show S C T. Let A € S and then for all (Z1,...,Z,) €

ZLg, X ... X Lg, define

(H A,) (1,0, 2n) = H)\,(xz)

where A, : Z, — C* such that \(z) = A(1,...,1,%,1,...,1) where z is in the ith
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position. Let y, = (1,...,1,2,,1,...,1) where z, is in the ith spot of the n-tuple.

First, is A, an irreducible character of Z,? We need to show each ), is a homo-
morphism that preserves powers on the generator of Z,. Let z,,2, € Z, and note
that A\ (z,2,) = A(1,...,1,z2,1,...,1) = X(1,...,1,z,1,...,D)A(L,...,1,2,1,...,1)
= Mz )\(2). If {g) = Z, then (1) = A((g,)") = A(3,...,1,(g)™1,...,1) =
A(l,...,1) = 1 where n = ¢q,. So (A\(g,))™ = 1 and (\(g,)) is an nth root of unity.
Therefore A, is an irreducible, linear representation of Z,, .

Now observe that

M@, z) = Ml )Ll 1) (1, z)
= AMy)My2) .- Ayn)
= A(z1)Ae(z2) ... An(zp)
= I M(z)

= (IL M) (21, ..., Z0).

Since X and 'HZ;I A, agree on all domain values, then A =, A\, and A € T

Let [Ty A\ € T where each )\, is a linear, irreducible character of Z,. Is [,—; A\, an
irreducible, linear representation of Zg, X...xZ,,? Since each A, preserves multiplication,
then obviously [].; A, does as well. Further []_; )\, is a map into C*. Thus [, A
is a linear representation of Z, X ... X Z,, and therefore irreducible as well. Hence
IT, A, € S. We have shown altogether that T = S.

Finally suppose A\, € S such that A = [[_ A\, 4 = [, . and A 5 p. This
means there exists j € {1,. .,n} and z, € Z,, such that A (z;) # p,(z,) Observe that
A1, .., 12,1000, = (TEo, A, .0, Lz, 1,00, 1) = Aj(z,) since A(1) = 1 for all
i. Also note that pu(1,...,1,2,,1,...,1) = (Tl #)(1,...,1,2,,1,...,1) = p,(x,) since
(1) =1 for all 4. Since p,(z,) # A (x,) then X # u because there is at least one value
in Zg, X ... X Zg, on which ¢ and A do not agree. We know Z,, is a cyclic group of order
., so there are exactly g, one-dimensional C-representations by Proposition 2.2. Using

this fact and the rule of product, we have that |T'| =q; - g2 - ... ¢n. Since T' = S then
ISl=q1- g2+ ...~ - ¢
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So when G is a finite, abelian group, then G = Z, X ... X Z,,,and |G| =¢1 - ...  ¢yu-
Further, the linear, irreducible characters of G can be identified with the set S defined in
Proposition 2.3 which has cardinality ¢; - ... - ¢,. Thus the number of linear, irreducible

characters of any finite, abelian group G is ¢; - ... - ¢, = |G].

Proposition 2.4: Let N < G and let T' be any representation of the factor group G/N
with degree n. We can define T on G such that T(g) = T(Ng). ThenT 1s a represen-
tation of G. Moreover, if V 1s a representation of G/N then T~V if and only of T ~ V.

Proof: Let g,h € G. Then T(gh) = T(Ngh) = T(Ng - Nh) = T(Ng)T(Nh) =
T(g)T(h) so T is a representation.

We will prove that T ~V if and only if T ~ V. Suppose that T is equivalent to V.
Then there exists an invertible matrix A such that A-T(g) = V(g)- Afor all g € G,
which implies A-T(Ng) = V(Ng)- A for all Ng € G/N. We conclude that 7" and V are
equivalent representations of G/N. Since all of the preceding statements are if and only

if statements, then T ~V if and onlyif T~ V.

The derwed group of G (or the commutator subgroup), denoted as G, is the sub-
group generated by all commutators of G, that is, G' = ([z,y] = z7 'y zy|z,¥ € G).
The following theorems are stated here without proof, but can be found in any basic text
on group theory ([4, p.37]).

Theorem 2.5: Let N I G. Then G/N 1s abelian if and only 1f G' < N.

Corollary 2.6: Let ¢ : G — A be a homomorphism where A 1s abelian. Then
G’ < ker(yp).

These theorems and the previous propositions lead to the following statement.

Proposition 2.7: There are exactly [G . G’} one-dimensional C-representations of a



13

finite group G.

Proof: Apply Theorem 2.5 by letting N = G’, and we conclude G/G’ is abelian. Since
we are only considering finite groups then G/G’ is finite and abelian. From Proposition
2.3 and the remarks following, the number of linear C-representations of G/G' is [G : G'].
Define S to be the set of all linear C-representations of G/G’ and R to be the set of all
linear C-representations of G. Since the set S has cardinality [G : G'], then if we can find
a bijection from S to R we can conclude that R also has cardinality [G : G'].

Let f : S — R, such that f(T) = T where T is defined as in Proposition 2.4.
Suppose T1,T» € S and f(T1) = f(1%). This implies that ﬁ(g) = fg(g) for all g € G,
and thus T1(G'g) = T5(G'g) for all G'g € G/G'. We conclude that 77 = T5 and the
function f is injective.

Is f surjective? Let U € R. Observe that for any x,y € G we have
Uz 'y ay) = U@ Uy ™U(2)U(y) = Uz")U(2)U(y™)U(y).

Note that the order of multiplication can be switched since U is one-dimensional and is
therefore a homomorphism into the set of complex numbers (not including 0) which is
an abelian group. So, U(z~lzy~ly) = U(1) = [1], and hence for all g € G, U(g) = [1].

Now for each U € R define amap T on G/G' into C* such that T'(G'g) = U(g) for each
G'g € G/G'. T is a homomorphism because it is a map into C*. Is the map T well-defined
on the group G/G’; that is, if g1 € G'ga, then does T(G'g1) = T(G'g2)? Since g; € G'gs
then g1 - g5 € G'. Thus T(G'g195") = U(grgs™) = [1], and T(G'gy) - T(G'g5™) = [1]. We
conclude that T(G’g:1) = T(G'g2) and the map is well-defined on the group G/G’. So T
is a valid linear representation of G/G’ and is in the set S. Observe that f(T) = U and
we have shown f to be an onto function.

The function f from the set of all linear, complex-valued representations of G/G’ to
the set of all linear, complex-valued representations of G is a bijection so we conclude

that the sets R and S have the same cardinality.

As an application of Proposition 2.7, we can find all one-dimensional C-representations

of Dy, the group of symmetries of the square. Denote Dy as the set {1, 7,72, 73 v, rv,r%v, r%0} =
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2, vr = r3v, the element 7 is equivalent to a 90 degree rotation or

(r,v) wherer* =1=v
the cycle (1234), and the element v is equivalent to the product of transpositions (12)(34)
or a reflection over a vertical line. By Proposition 2.7, there are [Dy : D}] one-dimensional
representations of Dy. Since D) is normal in D, then there are four nontrivial possibil-
ities of subgroups for D}, and it is easy to see that D} = (r?). Obviously |D)| = 2 and
[Dy: D)) = 4: Further Dy/ D}y = {{1,7?}, {r, 3}, {v,r®v}, {rv,m3v}}. We know there are
four linear representations of Dy, and to find those we simply map the elements in each
element of the factor group of D4/ D) to the same matrix indicated by the representation
of D4/ D). Because D) is the identity of D,/ D/ then all linear representations must map
Dj to [1]. Further, observe that evéry coset of D,/ Dy is its own inverse so they can only

be mapped to [1] or [-1]. The following then are the one-dimensional representations

defined on the generators of D4/ D).

i} 4] Is L

{rr}—n {rn?t—n 't — =4 {nr'} —[-1
{v,rv} — 1] {v,r*v} — [-1] {v,7*v} —[-1] {v,7%v} — [1]

To find the one-dimensional representations of D, we simply extend the representa-
tions just defined. The four linear representations of Dy are T} such that Ti(r) = [1] and
Ty(v) = [1]; T3 such that Th(r) = [1] and Th(v) = [=1];T5 such that T3(r) = [~1] and
Ty(v) = [-1]; and Ty such that Ty(r) = [-1] and Ty(v) = [1].

As an additional example, consider the group G = (a, b) where a® = b* = 1, ba = a?b,
and G has order 20. Its only nontrivial, normal subgroup is (a). We will determine all
one-dimensional representations of G.

Obviously ab # a%b = ba so G is not abelian. If G’ = {1}, then G/G' = G and G
would be abelian. So G’ # {1}. Consider the factor group G/(a) which is of order 4.
Hence G/({a) is abelian, and by Theorem 2.5, G’ < (a). It is clear G' # G, so G’ = (a).
We can write the factor group G/G' as {G’,G'b, G'b?,G'b®} and G/G' is isomorphic to
Zy. Tt follows that the four linear representations of G/G’, and therefore for G as well,

are the four linear representations of Z4. The four linear representations of G are listed
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below.
L 13 I3 1y
Ti(a) =[1] Ty(a) = [1] Ty(a) =[1] Ty(a) = (1]
T:(b) = [1] Tr(b) = [-1] T5(b) = [1] Ty(b) =[]

2.7 Induced Representations

Let H be a subgroup of a finite group G, and let T be a C-representation of degree m of
the subgroup H. Define 7' on G such that

T(g) ifge H
0. ifgdH

T(g) =

where 0, is an m x m block of 0’s.

Suppose also that [G : H] = n and ¢4, 9o, ..., g, are left coset representatives of H
where g, = 1. Define T%(g) = [T(9299,)}sy=1...n- Observe that the dimension of the
induced matrix T¢ is nm since it is constructed of n rows (and columns) of m x m
submatrices. Is T a representation? Before considering this question we present the
following lemma.

Lemma 2.8: If g1,..., 9, are left coset representatwes of H then g7',...,g5" are

right coset representatives of H.

Proof: We want to show G = |J_, Hg;', and if i # 7 then Hg;' N ng“l = (. Let
g € G, so there exists g; (a left coset representative) such that g=! € g;H. This implies
the existence of h; € H such that g~ = g; - hy. Therefore, g = (¢71)~! = h;'g/", and
g€ Hg* SoGCU., Hg ' Further |JI, Hg; ' C G trivially.

Now suppose i # j and Hg, ' N H g, 1 # (. Then there exists z such that z = hyg]"
and & = hag, ! Thus g ! = hag, ! which implies that 9 =20:- hi' - hy. We conclude
that g, € g,H which is a contradiction because g,H N g,H = § when ¢ # 3. Thus our

assumption is wrong, and when i # 7 then Hg; ' N H gJ‘1 =0. ¢
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Theorem 2.9: The map TC is a C-representation of the group G.

Proof: To show that T¢ preserves multiplication let g, € G and we must prove
that T¢(g) - T¢(h) = T%(gh). First,

n

T%(g)-T¢(h) = | Y _(T(97"99x) - T(g5 hg;))

k=1 %7

Since T¢(gh) = [T'(g ghg;)].,, what we really want to show is
1 J sJ

n

T(g; ghg;) =Y (T(g;*g99x) - T(g5hgy))
k=1

where 1 and j are fixed. There are two cases to consider, either the 7, jth block of T%(gh)

is a block of zeros or not.

Case I: Suppose the i, jth block of the matrix T¢(gh) is not the matrix 0.
This means T(g, 'ghg,) = T(g'ghg,) which implies g 'ghg, € H. Let g, be a fixed
left coset representative. By Lemma 2.8 there exists a unique k such that g_ ‘g € H gt
This implies g, 'ggx, € H. Since (g, ggx)(95'hg;) = 9, ghg, € H, then g, 'hg, =
(97 g9x) (9, ghg,) € H. Therefore

T(9;'hgy) = T(97°hg,) # Omem.

Hence, the i, 7th block of the matrix product T%(g) - T%(h) equals

n

> (T(97 99x) - T(g5 hgy)) =0+ ...+ 0+T(g g9g¢) - T(g; hg,) + 0+ ... +0
k=1

(Because of the uniqueness of k all other summands will be 0). Since T is a representation
and preserves multiplication, then the i, jth block of T¢(g) - T°(h) is T(g ' ghg,). But
this is exactly the i, jth block of T¢(gh).

Case II: Suppose the 1, jth block of the matrix T¢(gh) is Opmam
This means T'(g,” 'ghg,) = Omxm which implies g, 'ghg, ¢ H. We will show that the 4, yth
block of the matrix product T%(g)-T%(h) = [>-r_,(T(97 g9r) T (95 *hg, ., equals Oy
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To see this, for all k = 1,2,...,n we will show T(g; 9gx) -T(g,;lhg]) = Opmxm. SO suppose
not. Suppose there exists k such that T(g  ggs) - T(gk_lhg]) # Omxm- 1t follows that
T(97 ggr) # Omxm and T(gk_lhgj) # Omxm; by the definition of T, ¢ 'ggr, € H and
gz 'hg, € H. We conclude that (g;'ggx)(g;'hg,) = ¢, 'ghg, € H. Thus the 4, jth block
of T%(gh) is not zero, and this contradicts our assumption. We conclude that for each
k=1,2,...,n,T(g gg1)-T(g9: hg,) = Opmxm. Therefore, the i, jth block of T%(g)-T¢(h)
equals O, xm.

Altogether we have shown that the induced representation T'¢ does preserve multi-
plication.

Additionally we must show that T'¢(g) is invertible for each g € G in order to complete
the proof that T¢(g) is a representation.

Recall that the induced representation 7¢(g) has n rows and n columns each contain-
ing a matrix ”block” that has dimensions m x m. The 4, jth block of T¢(g) is T'(¢; gg,)

where g,, g, are left coset representatives of H with 1 <1,j < n. We have also defined

T(z) ifzeH
Omazm fx & H

T(z) =

By Lemma 2.8, for each g, there exists a unique k such that g7'g € Hg,' which
implies g 'ggr, € H. This means there is only one k such that T(gz_ Yogk) = T(9 gg1)
where ¢ is fixed. So in the ith row of the induced representation as we move across the
different columns there is only one nonzero column entry. In other words, g, 'gg, € H
if and only if g, = gx. Moreover, we know for each g, there exists a unique ! such that
9199, € H. When j is fixed there exists one g; such that T(g; gg,) = T(g;  gg;). In
other words, in the 7th column of the induced representation as we move down the rows
there is only one nonzero row entry. So T'¢(g) looks somewhat like a permutation matrix,
but instead of having ones as entries it has the m x m matrix T(g, 'gg,).

Define a matrix C(g) blockwise such that [C(g)],, is the ¢, jth block where

(T(9;"'99.))7" ifg;'99. € H

[C(g)]z,y = ] 1
O xm iftg, 99, ¢ H

We are assured the existence of (T'(g, 199,))"! since T was initially defined as a represen-

tation. All that remains is to show T¢(g)C(g) = Inn = C(9)T%(g), and it follows that
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TC(g) is invertible. Only the first half of this equation will be verified since a similar
proof follows for the second half of the equation.

Denote T¢C = A = [B,;]1<i;<n Where B,; is the m X m matrix located in the
i, jth block of the product matrix A. So the %, jth block of T¢(g) - C(g) equals B,; =
S T(9;7 998)(C(9))k,y- (Recall that (C(g))x, = (T(gj—lggk))_l or Oyyxm depending on
whether g '9gr, € H or not). Now A is the identity matrix only if B,, = Iyxm When
i=j and B,; = Opxm when ¢ # j.

Suppose i = j and then B,, = S_¢_, T(9; 9gx)(C(9))x,- By Lemma 2.8 we know
there exists exactly one left coset representative g, such that g, 'gg, € H. Hence B,, =
T(9;995) - (T(9;999)) ™" = Lmxcm-

Now suppose ¢ # j and we want to show B, ; = Opxm. Well suppose not, suppose
B, = S0 T(97 996)(C(9))ky # Omxm- Then there exists k; such that g ggr, € H
and g, lggkl € H. This implies ggx, € g, and ggx, € g,H. Since ¢ # j by assumption,
then g, and g, are distinct left ‘coset representatives and the element gg;, cannot be in
both g, H and g,H at the same time. We have the desired contradiction and conclude
that B, ; = Oppxm When ¢ # j.

Therefore, T¢(g) is an invertible homomorphism for all g € G, and we have shown

that the induced representation is, indeed, a representation. {

As an example consider the group S3 and its normal subgroup H = (r). Since r has

order 3, then the three one-dimensional representations of the subgroup H are simply

the 3rd roots of unity; T'(r) = [1,U(r) = [_1?\/§]7 and V(r) = [:_112&5] Find the

induced representations 7¢ and U€ (since calculation of the induced representation V¢
is similar to the representation U®, we will simply state that representation without
proof). Recall that the elements r and ¢ generate the entire group Ss, so we must find
TC(r), T%(c),UC(r) and U%(c). The set of right coset representatives of H 1s {1,c}, so
define g; and g; as 1 and c respectively The degree of TC is [G : H]-deg(T) = 2 as
are the degrees of U¢ and V. The 1, jth block of T%(r) is defined as T(g;'rg,) where

1<i<2and 1< j<2. Consider the following,

[Ty =T(gr'rgr) = T(1-r-1)=T(r)=T(r) =[1]
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[T¢(Mhe =T(gi'rge) = T(1-7-c)=T(rc) =10]
[T6(r2a =Tgy'rqr) = T(c-r-1)=T(er) =1[0]
[T¢(rz2 =T(g5'rg2) = T(c-7-0)=T(r*)=T(r*) =11]

In the first row of calculations, [T'®(r)]y,; is the submatrix in the first row and first column

for the induced representation on the element r. So we have,

Similarly one can find that [T¢(c)]i1 = [0], [T% ()2 = [1], [T¢(c)]2x = [1], and

[T¢(c)]a2 = [0]. It follows that
TC(c) = l 01 } .
10

Now to find the induced representation U consider the following,

U = V) =U0) = [i;——@}

[U¢(Mhe = Ulre) =[0]
[UC(r)]ea = Uler)=[0]

U6z = U =U(?) =

—1+4iv3
2

After performing similar calculations for the element ¢, we find that the induced repre-

sentation U¢ is defined as

sl 01
UC(r) = 2 and  US(c) = :
0 =k 10

Additionally the representation induced from V follows,

—14+1v/3 0 0 1
Ve(r) = 2 and V%)=
0 =g 10

The reader might note that the induced representation 7¢ is completely reducible, since
01

10

1 0
} is equivalent to the matrix [ :l
0 -1

the representation for the element c, |:



20

2 2
using the invertible matrix M = . Also since T¢(r) = I5x, then obviously

3 =3
M -TC(r) = TC(r)- M. The representations V¢ and U are both irreducible, which will

become clear on page 35 of this paper.



CHAPTER 3

CHARACTER THEORY

3.1 Introduction to Characters

The character x of an F-representation 7T is defined as a function from G to a field F' such
that x(z) = (TroT)(z) = Tr(T(x)) for all x € G where Tr(T'(z)) is the trace of the square
matrix T'(z). An F-character is a character afforded by an F-representation, meaning
that all entries in the matrix are from the field F'. Observe that x(1) = Tr(I) =deg(T).
We call this integer the degree of x and write deg(x).

As a simple example of a character consider the right regular representation 7' of a,
finite group G. Recall that for z € G the entries on the diagonal of T(z), a,,, are 1
ounly if f,(z,) = @,, or if (z,) - £ = z,. This only occurs when z is the identity of G. So
the character associated with this representation is x(z) = 0 when z # 1 and x(z) =
deg(T) = |G| when z = 1.

Before considering some basic facts of character theory remember from linear alge-
bra that if A is an invertible matrix of degree n and B is a matrix of degree n, then

Tr(A™1BA) = Tr(B). In the following propositions the field F is an arbitrary field.

Proposition 3.1: If x s an F-character of a group G, then x 1s a class function;

that is, x 18 constant on conjugacy classes.
Proof: Let T be a representation of G, let z,y € G, and suppose y is a conjugate

21
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of z. This means there exists ¢ € G such that y = g~'zg. So x(y) = x(97tzg) =
Tr(T(97'zg)) = Tr(T(9) ' T ()T (g)) = Tr(T(2)) = x(z). ¢

Proposition 3.2: If S and T are equivalent F-representations of G with characters

x and v respectwvely, then x = 1.

Proof: Since S and T are equivalent representations then there exists an invert-

ible matrix M such that S(g) = M~IT(g)M for all g € G, and it follows that x(g) =
Tr(S(g)) = Te(M~'T(g9)M) = Tx(T(g)) = ¥(g). ¢

The converse of Proposition 3.2 is also true, but its proof requires the use of theorems
we have not yet discussed. Therefore its formal statement and proof are postponed until
a later section (see Proposition 3.12).

We know a representation is reducible over a suitable basis if for all g € G, T'(g) can

be written in the following form,

A(g) C(9)
0 B(g)

where A(g) and B(g) are representations of the group and C (9) is a matrix depending
on the element g. Let 8 and ¢ be the characters associated with representations A and
B respectively. The character x of the representation T is equivalent to the sum of
the characters of representations A and B; that is, x = 6 + ¢. It is important to note
that the sum of two characters is still a character, but unlike representations, characters
are not necessarily homomorphisms from the group G to the field F. As an example

consider the cyclic group on two elements with g as the generator and the representation

01
Ug) = . If x is the character afforded by U then x(g?) = 2 # 0 = (x(g9))%

10
However, all linear characters are homomorphisms because they are essentially the same

map as their associated one-dimensional representation. So every linear character is

a homomorphism where each group element is mapped into the multiplicative group

F {0}
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3.2 Characteristic Roots and Characters

One major result of linear algebra has to do with eigenvalues and eigenvectors and their
relationship to characteristic polynomials. If P is a linear transformation from a C-
vector space V to itself, v € V is a nonzero vector, and there exists a scalar A such that
P(v) = A, then v is an ewgenvector of P. The scalar X is an eigenvalue of P associated
with vector v. If A is the n X n matrix associated with the linear transformation P for
a given basis, then we can refer to the eigenvalues and eigenvectors for A ([6, p.207]).
Further, for any n x n matrix A we can define the characteristic polynomsal of A to be
the polynomial det(X I, — A) ([6, p.211]).

From linear algebra we know since A is a n X n matrix then its characteristic polyno-
mial is of degree n. Also we know that the matrix A has at most n distinct eigenvalues. A
critical result of linear algebra shows that the eigenvalues of the matrix A associated with
the linear transformation P are the roots of the characteristic polynomial of A ([6, p.212]).
If we define A = [a,,], then finding the characteristic polynomial of A using expansion by
minors yields the following polynomial, det(X I, — A) = (z — a11)(x — a22) - . . (T — @np )+
terms in 2”2 and below. Using the Binomial Theorem to expand the product we have
det(XI, — A) =z" — (31, a,) 2"+ terms in "2 and below. However, we also know
that the roots of det(X I, — A) are the eigenvalues of A. Let A1,..., A, be the eigenvalues
of Asodet(XI,—A)=(x— A)(z—A2)...(z— \,). Once again-if we use the Binomial
Theorem to expand the right hand side, we have det(X1, — A) =z — (3 M) 2"+

n—2

terms in z"2 and below. We conclude that z" — (3., a,,) "'+ terms in z
det(XI, —A) = 2" — (31 M) 2" '+ terms in ™72, and 31 a, = >y A, Hence the
trace of a square matrix A equals the sum of its eigenvalues ([3, p.135-6]).

Before using this information to give us some results about characters we need to
recall some facts about complex conjugates. If z € C such that x = a+bi, thenZT € C is
called the complex conjugate of x and is simply a — bi. The absolute value of z is denoted
|z| and equals /a2 + b2. Moreover we know a+c = @ + ¢, a¢ = ac, and @ = a. The

following easy lemmas are presented without proof.

Lemma 3.3: If ¢ s a kth root of unity, then |¢| =1 and (~' = (.
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Lemma 3.4: If A is an n X n matriz with eigenvalues Ay, ..., N\, and k 18 a pos-
stwe wnteger, then the eigenvalues of A* are X¥ ... Nk and the eigenvalues of A~ are
AL

Proposition 3.5: Let T be a C-representation of a finste group G affording the char-

acter x with degree n. Then |x(g)| < x(1) for all g € G.

Proof: Since T is a C-representation then by Maschke it is completely reducible and

T ~ U where _ -
T1(g) 0
U(g) = T>(9)

|0 Ti(9) |
and each T,(g) is irreducible. Suppose o(g) = m, then (U(g))™ = Inxn- Let {A1,..., A}

be the eigenvalues for the matrix U(g). We know that the trace of a square matrix is the
sum of its eigenvalues, so define ¥(g) = Tr(U(g)), and ¢(g) = >, A. If we take the
absolute value of both sides we have

PRt
1=1

Since (U(g))™ = Inxn and {A7,..., A"} are the eigenvalues of (U(g))™, then the eigen-

< Z |A\.| by the Triangle Inequality.

1=1

l¥(9)l =

values of U(g) are mth roots of 1. Thus |A,| =1 for alli =1,...,n by Lemma 3.3. By
Proposition 3.2 since T' ~ U then 4 = x and

()l = 1¥(9)] < D IAl =D 1 =n=deg(x) = x(1).

Proposition 3.6: Let x be a C-character of a group G. Then x(z™!) = x(z) for all

z€QG.

Proof: Let T be a C-representation of the group G of degree n and y its associ-

ated character. Let k be the order of x so the matrix T'(z) has order k as well. Let
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AL, - .-, A, be the eigenvalues of T'(z), then by Lemma 3.4 A\[,...,\;! are the eigenval-
ues of (T'(z))™t. But T(z)* = I,xn so all eigenvalues of T'(z) are kth roots of one. By
Lemma 3.3, \7' = )\, for all i = 1,...,n. Observe that (7(z))~* = T(z~*) since T is a
“homomorphism. Thus x(z~!) = Tr(T(z"1)) = Tr((T(z))™}) = SNt =Y A =
STh = THT@) = X@). ¢

3.3 Orthogonality Relations

The wnner product of two class functions x and ¢ from G to a field F' is

(X, 0) = [—él > x(@)e(g™).

ge@

The inner product is symmetric and bilinear, meaning, (x,¢) = _(go,_x) (symmetry),
(ax + b, 0) = a(x, ¥) + b, 9), and (x,ay + bp) = @(x,¥) + b(x, ¢)(bilinearity).
These statements are easily verified. One can also calculate the inner product of two
characters using the sizes of the conjugacy classes of G. If a finite group G has the
distinct conjugacy classes Ci,...,C, and each class, C,, contains h, elements then by
Proposition 3.1, ) ., x(@)e(x™) = hx(g,)0(g; ") where g, is a representative element
of the conjugacy class C,. When calculating the inner product using the above definition

we can sum over the conjugacy classes of G instead of summing over all of G. Hence,
1 & 1
X, ) = [l > hyx(g,)e(g, ™)
7=1

and by Proposition 3.6
1 < —
(xp) = 1€l > hyx(g,)e(g,)
7=1

Another important number that often occurs in character theory is the Kronecker

delta which is defined as
1 ifi=

0 ifv# '

17
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Theorem 3.7 (Schur’s Theorem): Suppose S and T are wnequivalent, irreducible
representations. Suppose that S(z) = {s,,(z)] and T'(z) = [t,,(z)] for all x € G then,
1. Y ec Su@)tu(z™) = 0 for all 1, §,k,1
2. If T is irreducible and deg(T) =n then n- Y oty (x)tu(z™) = 6udy - |G]
for alli,7,k, L

The proof of this theorem will not be included in this text, but the interested reader

can refer to [2, p.103].

Proposition 3.8: Suppose G is a finite group having wrreducible C-characters,
X1,X2,---,Xk- Then for an arbitrary C-character x of G afforded by the representation
T,

k
X=Y_ ax
1=1

where a, € NU {0}.

Proof: Since we are working over the field C, then by Maschke’s Theorem the repre-
sentation T is completely reducible. We can decompose T' into irreducible representations,
Ti,Ts,...,T,. Since every irreducible representation gives rise to an irreducible character,
then let 1, be the irreducible character of T;. Thus, x(g) = Tr(T'(g9)) = >, Tr(T.(9)) =

Y ow1¥(9)- Since each ¥, € {x1,- .., Xk} for each i, x(9) = iy i(9) = Suy axa(9)
where a, € NU{0}. &

Theorem 3.9 (First Orthogonality Relation): Let x1,..., X% be all of the wrre-
ducible C-characters of G. Then (x.,Xx;) = 0, for all,j.

Proof: Let x; and x, be distinct irreducible characters of G (i # 7), let x, be afforded
by the representation T', and let x, be afforded by the representation S where T = {t,]

and S = [s,;]. Note that by the contrapositive of Proposition 3.2 since x, # X, then T



27

and S are not equivalent representations. We have,

(XzaXJ> = IG'ZX'L X]

zeG

_ IE—I 3 T(T(2)) T (S(z7Y))

z€eG

- @5 (240 (£)
- 1 (EDtemne)

zeG 2

= I_GTZZ (Z tn(:v)s”(x—l)) .

zeG

By Schur’s Theorem Y __ ¢w(2)s,,(z™!) = 0. This is true only because S and T are not

z€G

equivalent representations. So (x.,x;) = % >.2.,0=0.

Now suppose ¢ = j and consider (x,, X:)-

o) = ﬁzzztm)t“(w

t 7 =zEG
8y - 8y - |G|
= h Y
|G| ZZ ( deg(T) by Schur’s Theorem,
= a‘gg—-(-q—;)- Z Z(&,)Q and since (4,,)% = 4,
L]
1
~ deg(T) zz: ; Oug
For a fixed ¢, ). 6, = 8,, = 1, thus

1
(G Xa) = @Zl

We have shown that (x,,x;) = 0 when ¢ # 3 and (x,,x,) = 1 when ¢ = j. Hence
(X'uXJ> = 61]- <>

Corollary 3.10: If x s a C-character of G then x s wreducible if and only of

0ox) =1
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Proof: If x is an irreducible C-character of G then by Theorem 3.9 (x, x) = 1. Now
suppose that x is a C-character of G and (x, x) = 1. We know that x can be written as a
linear combination of the irreducible characters of G by Proposition 3.8,s0 x =Y | a.x,

where {x1,...,Xn} are the irreducible characters of G. We then have

I = (ox)

n n
= <Z 29 8 Z azXz>
=1 =1

n
= Z a?{x., X.) by the bilinearity property of inner products,

1=1
n

_ 2

= Za[@ -1
=1
n

. 2

= > al.
=1

Since each a, is a nonnegative integer then if 1 = > a?, exactly one a, = 1 and all

others are 0. Thus x = > ; a,x, =1 - x, and yx is an irreducible character of G.

Corollary 3.11: Let G be a finite group hawving wrreducible C-characters x1, ..., Xk-
Then for any C-character x of G, x = Zle (X Xa) X

Proof: From Proposition 3.8, x = Zf=1 a,x, where a, € NU {0}. It follows that for
a fixed irreducible C-character x;,
k k k
<X7XJ> = <Z azXzan> = Z a"L(Xl)XJ) = z az(sz] =a, € Nu {0}
1=1 =1 =1

Thus for each irreducible C-character x, we have (x,x,) = a,, and we conclude that

X = Zf:l QX0 = Zf:l(Xa Xz)Xz- &

This result along with Proposition 3.8 are nice because they allows us to reduce a
character to the sum of irreducible characters that compose the given character. The
irreducible characters x, where (x, x,) > 0 are called the constituents of x The integers
a; = (X, X.) are the multiplicitzes of the constituents. At this point, we need to introduce

some new notation. The set of all irreducible C-characters of a group G will be written
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as Irr(G). To identify a different field F', we write Irrp(G) to indicate the set of all
irreducible F-characters (Remember that an F-character is a character whose associated

representation has entries from the field F').

Proposition 3.12: Suppose S and T are C-representations of G with y and v as
their respective characters. If u(g) =(g) for all g € G, then S ~T.

Proof: Let Irr(G) = {x1,...,xx} and let R, be a representation with character yx,
fort=1,...,k. Since we are working over C then by Maschke’s Theorem both S and T

are completely reducible. This means that T'(g) is equivalent to

10)) 0
rg=|
0 Ti(g)
and S(g) is equivalent to - _
EX) 0 |
5*(g) = 50
| 0 Sml9) |

for suitable I,,n € Nand T;, S, € {Ry,..., Rg} for all ¢, j. Thus Tr(T'(g)) = Tr(T*(g)) =
S, mTr(R,(g)) where m, € NU {0} and m,R,(g) denotes m, copies of the represen-
tation R,(g). Likewise Tr(S(g)) = Tr(S*(g)) = ., n,Tr(R.(g)) where n, € NU {0}.
Observe that p(g) = 1(g) implies u(g) —¥(g) = 0. So

0 = Tr(S(g)) — Tr(T(9))

k k
= ) nTIx(R(g)) — > mTx(Ri(g))

k k
= anxz(g) - Zszz(g)

= ) _(m —m)xl(9).

1=1
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Now consider the following inner product,

k
<Z(nz - mz)Xza XJ>

k
= z:(nZ —m,){(Xs, X,) by bilinearity of inner products

=1

= (ny —my)(x;, Xy)

= (n,—my)- 1L

Therefore, n, = m; forall j =1,...,k and thus/ = m. So Zle nR,(g) = Zi;l m,R,(g),
and both representations have the same number of copies of the irreducible representa-

tions R,. Therefore we can find an appropriate permutation matrix M such that

T1(g)

0

Tx(g)

0

Ti(g)

- Si(g)

0

Sa(g)

0

Sm(9) |

We conclude that S and T are equivalent representations since their decomposition into

irreducible representations is exactly the same.

Theorem 3.13: If {x1,...,xx} = Irr(G) then

> x@)? =Gl

Proof: Denote T as the right regular representation and p as the character afforded
by T'. In Section 3.1 we showed that p has a value of 0 for all non-identity elements and
that p(1) = deg(T) = |G|. By Corollary 3.11, p = 2% . (s, x.)x.- By the definition of
inner product, {p,X:) = &1 Lgeq POX(971) = Gp(x:(1) = & - 1G] (1) = x(1)-
Hence p = 3"% 1 (p, xa)X: = Yor_y xa(1)xa. Since |G| = p(1), then |G| = Y& x.(1)% &

Theorem 3.14: The number of wreducible representations of a finite group G over

C 1s equal to the number of conjugacy classes of G.
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The proof of this theorem requires the use of more advanced group theory results
and is therefore not included in this paper; however, Issacs provides a full proof of this
theorem in his book [5, p.16]. This theorem allows us to make a nice observation about
the characters of abelian groups. For any finite abelian group G we know that G’ = 1 so
the number of linear characters is [G : G'] = |G| (by Proposition 2.7). From the previous
theorem |Irr(G)| is the number of conjugacy classes of G. Since G is abelian, then each
element is in its own conjugacy class and |Irr(G)| = |G|. Thus for any abelian group

every irreducible character is linear.

Proposition 3.15: If x s a C-character of a finste group G then g € ker(x) o and

only +f x(1) = x(9)-

Proof: Let'T be the representation of G affording x and suppose deg(T) = n. If
g € ker(x) then x(g) = Tr(Inxn) = deg(T(g)) = x(1).

Now suppose g € G such that x(1) = x(g). As argued in the proof of Proposition 3.5,
if o(g) = m then the n eigenvalues of T'(g) are all mth roots of unity; that is, [A\,| = 1 for
all i =1,...,n. Since the trace of T'(g) is the sum of its eigenvalues, x(g) = Tr(T(g)) =
S i But n = Tr(Ihxs) = x(1). So we have n = Y- ; A, and taking the absolute
value of both sides we have n = |n| = >  AJ < Yo |A] = Y5, 1 = n. This implies
that \, = 1 for all ¢ = 1,...,n. We want to show that T'(g) is diagonalizé,ble. Restrict
the representation 7" to the cyclic group (g). By Maschke’s Theorem, this is a completely

reducible representation so the matrices of T, (over a suitable basis) have the form

Dy 0
D,

0 Dy,

where each D, is an irreducible representation of (g). From the remarks following Propo-
sition 3.14 we know that every irreducible representation D, of the cyclic (and therefore
abelian) group (g) is linear. Since T'|(4(g9) = T'(g), then we conclude T'(g) is diagonal-

izable. So there exists an invertible matrix A € GL(n,C) such that T(g) is similar to
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A~1T(g)A. Further when diagonalizing T'(g) its eigenvalues remain the same. So,
A1 0
AT'T(g)A =
0 An
Since \, = 1 foralli =1,...,n then A™'T(g)A = I,xn. Thus T(g) = ALxnA™' = Lixn.
Since T'(g) = I,,xn, then g € ker(x). ¢

Proposition 3.16: Let G be a finite group with Irr(G) = {x1,. .., xx}, let 1 < ,j <
k, let h, be the size of the conjugacy class C,, and let g, € C,. Then

k
Z hth(gt)XJ (9:) = IGI(SU‘

t=1

Proof: From Theorem 3.14 we know since there are k irreducible characters of G, then
G has k conjugacy classes. By the definition of inner product we have I%I E,’;I hexa(9:)x,(g) =
(X2, x;)- The First Orthogonality Relation gives us that (x,,Xx;) = &,. So we have
&1 S Pexa(90)X, (9r) = 8,y Tt follows that 35, hexa(96)x, (g0) = |Gl8,y-

Theorem 3.17 (Second Orthogonality Relation): Let G be a finite group with
wrreducaible characters x1,..., Xk, let 1 < 1,5 <k, let h, be the size of the conjugacy class

C,, and let g, € C,. Then

k

—  6,|G
E Xt(gz)Xt(gJ)= ]}1 '
t=1 i

Proof: Since |Irr(G)| = k then the number of conjugacy classes of G is k (Theorem

3 14) Proposition 3.16 gives us

k

1 -

IGl E hth(gt)XJ(gt) = 5'1,]-
t=1

Since ¢ and j are fixed then we can switch them and obtain

1 LI
'I'é'l' Z hth(gt)XJ (gt) = 5]1
t=1
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which by Proposition 3.6 can be rewritten as ﬁ Z,’;l hix.(9: 1), (g:) = J,.. Define the
following matrices A = [a,;] where a,; = x:(¢,) and B = [b,]} where by, = T%let(gj_l).

Then we have that

[k
BA = szt%}

- Z | Glxz(gt )X](gt)] .
= [5Jz]w
= [,

v

Since B and A are square matrices such that BA = I, then AB = I,,. So

I, = [613]13
= AB

k
= E Cthbt‘y
= "

- L "
= th(gz)l_é—lxt(g;l)] ’ thus

8y = th(gz xt(gjl)

Taking the conjugate of both sides of the equation yields

k
_— hi
7 — ZXt(gz)lf‘Tz_lxt(g_;l)
t=1

which equals 6,, = |61[25=1 h,x:(g.) xi(g,). So &, = ﬁz,’;l hyxt(9,)xt(g.). Once

again we can exchange 2 and j and §,, = §,, = I_é—IZill h.xt(9.)x:(g;), and we have

anl Zt lxt(gZ)Xt(gy) %

The previous theorems and propositions will be useful in calculating character tables
for groups (in particular the last three will prove to be quite useful). A character table of
G is an m X n matrix whose columns are indexed by the conjugacy classes of the group and
whose rows are indexed by the irreducible C-characters of G. By Theorem 3.14 we know

that character tables are square matrices The ¢, yth entry in the table is the value of the
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ith character on the jth conjugacy class. Proposition 3.16 and Theorem 3.17 describe the
results when multiplying rows and columns in the character tables. Proposition 3.16 fixes
the two characters and then multiplies the values over the different conjugacy classes. In
Theorem 3.17 we find that the product of a column with the conjugate of another column
is simply 0 whereas the product of a column with the conjugate of itself is |G|/h, where

i is the ith column and therefore indexes the ith conjugacy classes.

3.4 Character Tables

In order to show the utility of the theorems and propositions in the previous section, we
will consider the character tables of a few well-known groups.

First consider the group Ss. There are three conjugacy classes of S3 (namely cl{1} =
{1} where cl{1} is the conjugacy class with the element 1 as its representative, cl{r} =
{r,r?}, and cl{c} = {e,rc,r%c}), so by Theorem 3.14 there are three irreducible characters
of S3. Define 1, X2, and x3 as the irreducible characters of S3, and by Theorem 3.13
we find [S3| = 6 = x1(1)2 + x2(1)® + x3(1)%. Since 12 + 12 + 22 = 6 then xy(1) = 1,
x2(1) =1 and x3(1) = 2. Let x; be the trivial character and since deg(x1) = 1 then the
first row of the character table is all ones. For any symmetric group S,, we can define

the alternating representation,

[—1] if g is odd
T(9) =
[1}] if g is even

The corresponding character x(g) is 1 when g is even and -1 when g is odd. Note
that this is a linear character, so let x2 be the alternating character. Since cl{r} is
comprised of three-cycles (which are even since they can be written as the product of
two transpositions), the value for x» in that column is 1. Similarly in cl{c} all elements

are transpositions and are therefore odd; the value for x in that column is -1. At this
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point we can fill in the character table for S3 as follows,

Ss | c{1} cl{r} cl{c}
il 1 1 1
X2 1 1 -1
Xs| 2

Obviously x3 is an irreducible character of degree 2. To find its values on the conjugacy
classes of S3 we will use the Second Orthogonality Relation. We know the product of the
first column and the conjugate of the second is 0. Thus we have 0 =1-1+1-1+2-%
where z is the entry in the 3rd row, 2nd column. So we have that T = —1 and since the
conjugate of a real number is just itself then z = —1. Similarly we can find the product \
of the first column and the conjugate of the third, and we have 0 =1-T+1-—1+2-7

where y is the entry in the 3rd row, 3rd column. We have that 7 = 0, and thus y = 0.

So the complete character table for S; is,

Ss | c{1} cl{r} cl{c}
i| 1 1 1
Xa 1 1 -1
sl 2 -1 0

As another example consider the group Dy, the group of symmetries of the square.
Define Dy as {1,7,7%,73,v,rv, 720, 730} = (r,v) where r* = 1 = v?, vr = r3v, the element
r is equivalent to a 90 degree rotation or the cycle (1234), and the element v is equivalent
to the product of transpositions (12)(34) or a reflection over a vertical line. There are
five conjugacy classes of Dy, cl{1}, cl{r?}, cl{r}, cl{v}, and cl{rv}. This means there
are five irreducible characters of Dy (by Theorem 3.14). In Chapter 2 we found all four

of the linear representations of D, (Section 2.6, p.14). So we can fill in the first four rows
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Dy | {1} clf{r?} cfr} v} cl{rv}
vl 1 1 1 1 1
ol 1 1 1 1 A
xs | 1 1 a1 -1 1
xa| 1 1 1 1 1
X5

To find the degree of the last irreducible character apply Theorem 3.13, and |Dy| = 8 =

124+ 12 4+ 12 + 12 + x5(1)2. The only possible value for xs(1) is 2. Using the Second

Orthogonality Relation four times, we can obtain the entire last row of the character

table.

Dy

{1} cl{r*} clfr} clf{v} cl{rv}

X1
X2
X3
X4
X5

1
1
1
1
2

1 1 1
1 -1 -1
-1 -1 1
-1 1 -1
0 0 0

The two following character tables for A4 and Sy involve lengthy (yet easy) calculations

so the explanations for both tables are not included. However, since the tables will be

used in examples later in this chapter and in the following chapter on M-groups, they

are presented below

Al {1} d{(12)34)} c{(123)} d{(321)}
X1 1 1 1 1
X2 | 1 1 _1+T“/§ _1_7%
Xs | 1 1 S
X4 3 -1 0 0
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Syl {1} c{(12)(34)} c{(123)} c{(12)} cl{(1234)}
xi| 1 1 1 1 1
o | 1 1 1 1 1
xs| 2 2 -1 0 0
xa| 3 -1 0 1 1
Xs| 3 -1 0 -1 1

3.5 Induced Characters

Let T be a C-representation with character xy. If T¢ is the induced representation as
defined in Chapter 2, then the trace of T¢ is the induced character x©. Before attempting
to calculate the value of an induced character, we need to introduce the concept of
extending a character and consider the following lemma. Suppose Y is a character of H
where H < G. We can extend x to a function on the entire group G in the following

fashion,
_ 0 ifzd¢ H
x(z) = -
x(z) ifzeH

In general, a function ¢ defined on G such that (| = x is called an extension of x or we

say x extends to (.

Lemma 3.18: Let G be a finite group, H < G, and x a character of H having degree
n. If g € G and h € H then x(h='gh) = x(g).

Proof: There are two cases to consider, either h~'gh € H or not. If h™1gh € H
then g = hhyh™! for some hy € H, and it follows that g € H. Thus x(g9) = x(g) and
x(h1gh) = x(h~'gh). We are given that  is a character on H so by Proposition 3.1,
x(9) = x(9) = x(h~'gh) = x(h""gh). I h™'gh ¢ H, then g ¢ H. So X(g) = Opxn and
x(h~1gh) = Onxn In both cases x(h7igh) = x(g) <

Proposition 3.19: If H < G, x 1s a C-character of H afforded by the representation
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T, and {x1,...,Tm} s a left transversal for H n G, then
S 1 e
x%(z) = ZX(% lrz,) = TH]| Zx(t tat)
1=1 teG

fordlzeG.

Proof: First, recall that a left transversal for H in G is a set of left coset represen-
tatives of H in G. Then x%(z) = Te(T%(x)) = 3.7, Te(T(z zx,)) = 357, x(a7 za,).
Now consider ), . x(t™'xt) and since for all ¢ € G, t is in some left coset, then there

exists exactly one z, and h € H such that t = x,h. We have that

Sxtat) = 33 x(@h) a(eh)
teG =1 heH

= > D x(hT'(aww)h)

i=1 heH

= Z Z x{z 'zx,) (by Lemma 3.18)

1=1 heH

-y (m:lm» Z(n)

1=1 heH

= Y x(@'zz,)|H|
1=1

= [H|)  x(z;'zz.).
=1

Thus,
1 o N
1H] ZX(t tat) = Zx(xl lzx,) = x%(x).
teG =1
¢

The preceding proposition and proof describe how to calculate the induced character.
As an example, consider the group Sy with the normal subgroup H generated by (12)(34)
and (13)(24). Let x be a character of degree 1 on H given by x((12)(34)) = [1] and
x((13)(24)) = [-1]. Let 9 be the character on H associated with the representation

given by,

~1 0 10
T((12)(34)) = [ } , T((13)(24)) = [ } :



39

We will determine x©¢ and 9¢ and reduce each to its irreducible components.

Since H < G, then both x¢ and ¢¢ are 0 when evaluated at g ¢ H. Observe that G/H
is a group of order 6 such that G/H = {H, (1234)H, (123)H, (12)H, (234)H, (1243)H }.
To find the values of the induced character we need to calculate x(g) = Zle x(97199,)
where 1, (1234), (123), (12), (234), (1243) are denoted g¢i, ..., gs respectively. First we
calculate x¢(1) = deg(x®) = [G : H] = 6. Since x€ is a class function, then for all
h € cl{(12)(34)}, x®(h) = x%((12)(34)). Observe that

XC((12)(34)) = X(171(12)(34)1) + x((1234)71(12)(34)(1234)) +
x((123)71(12)(34)(123)) + x((12)71(12)(34)(12)) +
x((234)71(12)(34)(234)) + x((1243)7"(12)(34)(1243))

= x((12)(34)) + x((14)(23)) + x((14)(23)) +
x((12)(34)) + x((13)(24)) + x((13)(24))

= 1-1-141-1-1=-2
And finally, for g ¢ H, x°(g) = 0. Similarly

$O((12)(34)) = 2-9((12)(34)) + 2 - $((14)(23)) +2 - ((13)(24))
= 04 2-9((14)(23)).

Using the representation 1" defined above we find that

-1 0
T((14)(23))=[ . _1}

and ¥((14)(23)) = —2. So 1/((12)(34)) = —4. The character ¢€ is defined by

¥%(g) = Owheng¢ H,
¥C%(g) = —4 when g € cl{(12)(34)}, and

$o(1) = deg(y®) =[G : H]-deg(y) = 12.

To reduce ¢ and x it would be advantageous to compare the values of ¢/ and x“
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over the conjugacy classes to the character table of Sj.

Sy | el{1} cl{(12)(34)} <l{(123)} cl{(12)} cl{(1234)}
vi| 1 1 1 1 1
v | 1 1 1 -1 1
X3 2 2 -1 0 0
xX¢e| 3 -1 0 1 -1
X5 3 -1 0 -1 1

{1} d{(12)34)} c{123)} {(12)} cl{(1234)}
¥° | 12 4 0 0 0

{1} c{(12)(34)} d{(123)} {(12)} cl{(1234)}
x| 6 -2 0 0 0

It’s obvious that x* = x4 + x5 and that %€ = 2x4 + 2xs.

Now consider the following proposition about the kernel of an induced character.
Proposition 3.20: Let § be a character of H < G. Then ker(6%) = (), g (ker(9))".

Proof: First, we clarify the notation (ker(6))* which is conjugation of the kernel of
6 by z. Recall that we can compute #°(g) using Proposition 3.19 and
1 s
6%(g) = THI > 0= gz)
| | zeG
Now by Proposition 3.15 g € ker(€) if and only if
1
0%(g) =6°(1) =[G : H] - 0(1) = T > 6.

z€G

So g € ker(6%) if and only if >0 . 0(1) = 3 ,o0(z " gz). Since 6(1) € N, then
Y wec 9(1) € N which implies |} .- 0(1)| = >, 0(1). Now taking the absolute value
of both sides of the equation we have

> o) =|> o) =|> 6z "gx)

z€G €@ z€G

- < Z 10z gz)| < 29(1)-

zeG z€G
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(We obtained the last part of the inequality by Proposition 3.5 and observing if z71gz ¢
H, then |0(z'gz)| = 0 < 8(1)). Therefore, g € ker(4°) if and only if

Y 16z gz) =) _6(1).

©eG e
We know |6(z~1gz)| < 6(1) for all z € G (see Proposition 3.5) so each complex number
§(x~1gz) is either on the unit circle in the complex plane with radius 6(1) or inside of

that circle. Since

> lo@ga) =) _6(1) = |G- 6(1)

_@EG z€G

then for each z € G, |8(z1gz)| = 6(1) or the previous equation cannot be true.

We have |0(z7'gz)| = 6(1) €N, and Y, 0(z tgz) = 6(1) - |G|, so O(z " gx) = 6(1)
for all z € G. This is true if and only if z7'gz € ker(d) for all z € G by Proposi-
tion 3.15. But this is true if and only if for all z € G, g € ker(8)* " if and only if
g € (,ea(ker(9))®. Since all of the statements are if and only if statements then we have

shown ker(0¢) = N, (ker(8))*. ¢

3.6 Inner Products of Induced Chafacters

If x is a character of a subgroup H, then the restriction of x to H is denoted x|z and is
defined to be x(h) when h € H and undefined when 7 ¢ H.

Theorem 3.21 (Frobenius Reciprocity): If H < G, x s a character of G, and

@ 18 a character of H, then {(u,x|x) = (u%,x)-

Proof:

e x) = ﬁZuG(g)x_@—)

geG
- 5 ()@

= m DYt gt)x(9)

geq teG
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- |G|| IZZW 'gt)x(t~1gt) by Proposition 3.1

teG geG

Since for a fixed ¢ € G, as g runs through all elements of G, so does t~'gt, it follows that

|G||H| Doiea dogea MET gt x(t1gt) = |G”H| > ice e ()X (x). Thus,
b = |G||H| do Zl
= lZu(w

zeG
Since {1(x) = 0 when z ¢ H then
lz)x(z) = pu(z
w2 7] 2 HE

= {1, Xla)-

We have shown (u, x|u) = (1%, x). ¢

Corollary 3.22: Let H < G, let x be a character of G, and let p be a character of

H. Then the multiphcity of x wn u® 1s equal to the multiphcity of p wm x|m.

Proof: The multiplicity of x in u® is (u®,x), and the multiplicity of u in x|g is
(x|#, 1). Since the multiplicity is simply a natural number, (x|z, #) = (x|#, 1). In Sec-

tion 3.3 we discussed that the inner product is symmetric so {x|g, 1) = (4, x|g). By the

Frobenius Reciprocity, (u%,x) = (i, x|z) = x|z, 1) ¢

Theorem 3.23 (Transitivity of Induction): If K < H < G and x 1s a character
of K. Then (x7)¢ = x©.

Proof: Define p = x” and so (x)¢ = . Observe that x%(2) = g 3 ,cq X(97'29)

Now consider

xM)(x) = G(l‘)
= ngt )

teG

= Z XA (™ at).

teG



43

If t~1zt € H then xH (¢ 'zt) = x¥ (¢ ~zt) and 0 otherwise. Now we will use the definition
for the induced character x* and will have two dots in the summation.

ZXH(t_ xt) = |H| Z K (Z x(w (it :vt)v))

tEG teG veEH
Recall that the inside dot means x(v=!(¢~'zt)v) has a nonzero value only if v} (¢t zt)v €
K. Since K < H when v=}(t"'zt)v € K, then t~lzt € H, and so the outside dot is
unnecessary. Thus,

IHIZ <ZX R () )) = IHIZ ZX vt )

te@ veH tEG ’UGH

= IHH ZZX (tv)~ 1:13(1,‘1)))

vEH teG

Since right multiplication is a permutation of a group, then for each v € H, {t-v|t €

G} = G. So it follows that

IHII ZZX((W) 'z(tv)) = |H” ZZX(!] 'zg)

vGH teG veH geG
= D Xg7'w9) D1
W ”K | sec wr
= Zx(g 'zg)
gEG

= xG(fv)‘

Therefore we have shown that (x7)¢ = x¢ and induction is transitive. <
As an application of the Frobenius Reciprocity, consider the following corollary.

Corollary 3.24: If A < G, A 1s abelian and x € Irr(G) then x(1) < [G : A].

Proof: If we restrict x to A then we can write x|4 as a linear combination of irre-
ducible, linear characters of A by Proposition 3.8 and the remarks following Theorem
3.14. Let ¢ be an irreducible character of A such that the multiplicity of ¢ in x|4 is
positive By Corollary 3.22, {x|4,¢) = (©%,x) > 0. We can also write ©© as a linear
combination of irreducible characters of G. So if Irr(G) = {¢,|¢ = 1; ...,m} then % =
Yo {@®, ), by Corollary 3.11. Specifically, x = #; for some j = 1,. ,m. Hence,
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(1) = 2 (0% (1) = (9%, x0x(1). Since (0%, x)x(1) < (1) and (% x) > 0
then x(1) < ¢%(1). Hence x(1) < ¢%(1) =[G : A] - deg(¢) =[G : A] -1 =[G : A] (this

is because A is abelian and thus all irreducible characters are linear). ¢

3.7 Mackey’s Theorem

Let H < G and suppose T is a C-representation of H with character xy. The nonstan-
dard notation ®h for z € G and h € H is defined to equal zhz™! for the remainder
of the text. For x € G define the map T* on the set H such that T%(h) = T(*h) =
T(xhz™') for all h € H. This map is defined since H < G and thus zhz™! € H.
Since T%(hj) = T(“’(hj))\ = T(zhjz™') = T(zhz'zjz™') = T(zhz T (zjz™!) =
T(®h)T'(*5) = T*(h)T*(j) then T” preserves multiplication. Also T*(h) is invertible since
T=(h) = T(zhz~!) and T'(zhz ') is invertible. Therefore T is a representation called the
congugate representation of T. The character of T%(h) is denoted x*(h) and is called the
congugate character. Observe that x*(h) = Tr(T%(h)) = Tr(T(zhz™1)) = x(zhz™!) =
X(*h) so we can now calculate x* using what we know about the character x. Further,
conjugation of characters behaves in a "multiplicative” fashion just as we would desire as
evidenced by the following calculation, x**(h) = x(zzhz~'z7!) = x®(zhz!) = (x*)*(h)

for all z,z € G.

Proposition 3.25: If x, ¢ are characters of H < G and x € G then,

", 9% = (6 9)-

Proof:

(0,9 = l711_| > X (h)e"(h7)
ﬁ 3 x(wha™)p(zh o)

heH

= 7 Xl

heH
= (X9
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One important inference we draw from this proposition is if x is an irreducible char-
acter of a normal subgroup H, then x* is also irreducible on H.

We can broaden this definition of conjugate characters with some slight modifications
so that the subgroup H does not have to be normal. If H < G and T is a C-representation
of G, then define T on H® such that T*(h®) = T'(h) for all h € H. Since T? is defined
in terms of T, then the given matrix is clearly invertible. Also, T*((hj)*) = T'(hj) =
T(WT(j) = T*(h*)T(5%) for all h,5 € H. T* is, in fact, a representation of G. If x
is the character associated with T', then x® is the character associated with 7% where
\o(h%) = TE(T=(h%)) = T(T(h)) = x(h).

The following are called the Mackey Theorems and deal with calculating the inner
product of induced characters using conjugate characters. First recall that the double
coset of K and H containing g is defined as the subset KgH = {kgh|k € K, h € H}.
Note that a € KgH if and only if a = kgh for some £k € K and h € H. Further let
{g1,..-,9s} be a set of double coset representatives of K and H. Then G is the disjoint
union of double cosets; that is, G = |J,_, Kg,H. The set {g1,...,gs} is also called a K,H
transversal.

Throughout the remainder of this section we will use the following notation. Suppose
K,H <G andlet x;,...,x5 be a set of K and H double coset representatives in G with
x1 = 1. For each i set K® = K& = z7 'Kz, and H, = K N H. If x is a character of K

then define x; as a character of K® such that x, = x*.

Proposition 3.26: Let {h,1, M, ..., his,} be a set of right coset representatives for
H, m H. Then Kz, H 1s the disjoint unton Kz, hy U Kz, hyoU---U Kz,hys,.

Proof: First let ¢ € Kz,H, and we will show g € Uj’:l Kz,h,,. Let g = kiz,hy
where k; € K and hy € H. Since h; € H, then there exists h,, where 1 < j < s,
such that hy € H,h,, (since H = |, H,hy). This means hy(h,)~' € H,, and since
H, = K* N H then hy(h,,)"! € K*. We have that h; € (z;'Kz,)h,,, and g = kyz,hy =
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kiz,(z; 1kg:t:JL”) where kg is an element in K. So g = kikox,h,; € Kz,h,,. This proves
that Kz,H C Kz,h,1 U---U Kz, .

Since the reverse inclusion is trivial, altogether Kz, H = U;;1 Kz,h,,.

Finally we will prove the union is disjoint. Suppose Kz,h,, N Kx,h,, # 0 for some
m,n € {1,...,s8,}. Solet g = k1z,hi, and g = koz,h,, where h,, and h,, are right
coset representatives of H, in H and k;, ks € K. This means that z, lg = x, ez P =
z, oz, him. Thus z, lg € K*h,, and z, lg € K*h,,. Since K*h,,, and K*h,, are two
right cosets of K* with one element in common, then K*h,,, = K*Ah,,. This means

n = m and we are done.

A direct consequence of the proposition above is that since {zj,...,z,} is a set of
double coset representatives for K and H in G and {h,1,..., s} is a set of coset rep-
resentatives for H, in H, then {z,h,|1 <i < sand 1< j < s,} is a set of right coset

representatives for K in G.

Theorem 3.27: Let {z1,...,z5} be a set of K and H double coset representatives in
G. If x 15 a character of K then (x%)|g = Z;;l()d 1, )% . Recall that x, is the character

x* defined on the set K*.

Proof: Let y € H and consider x%|g(y). Since {z,h,,|1 <i<sand 1<) <s,}isa
set of right coset representatives for K in G then x%|u(y) = Yo7y Yooty X(@hayyhy 'z )
where x(a) = x(a) if a € K and 0 otherwise. Observe that

DD klmhgyhlah) =3 Y X(*(hgyhih))

=1 =1 =1 j=1
since *h = zha™!. If ””’(h”yh;l) € K then hmyhl_]1 € K*. Moreover, if “”‘(h”yh;l) ¢ K
then hmyh;1 ¢ K=. It follows that x(*(h,yh,")) = (X'zz)(h”yh;]l) (Remember that x*
is defined on K* and y is defined on K). Thus,

SN k@ ayhg)) = 303 () (b

=1 y=1 =1 g=1

= Z 2 ()&z)(hmyh;l)

=1 3=1
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using the notation in the statement of the theorem. Note that (x;)(a) = x.(a) if @ € K®
and 0 otherwise. Now if hwyh;]l € K™ then since y € H we know that hzjyh;1 € H.
Hence h,jyhz;l € Hn K* = H,. Further if h,]yh;jl ¢ K* then h”yh,;1 ¢ H,. So we have
()éi)(hi]yh;jl) = (x.|m) (h”yh;l). The dot in the right hand side of the previous equation
is to the right of the expression (x,|g) because of the awkwardness of the notation of

having a dot above. Thus

8

0Ol =33 ) rhz) = 33 Gl ().

=1 g=1 1=1 =1
Note that by the definition of induced character,
Ol () =Y _Galm) (hyyhy,!)
7=1

and substituting this into

(xClm)(y Z Z(lem (hyyhy,')

yields
Ol ) =Y _Oala) @)
%

Theorem 3.28 (Mackey): If x 1s a character of H and v 1s a character of K, then

S

X%, 9% => (Xlm, ¥ula,)-

=1

Proof: By the Frobenius Reciprocity, (x%, %) = {x, (¥°)|x). By the previous theo-

rem, (¥°)|g = 30—, (¥]x,
of K and H. It follows that

(X7(¢G)IH>=< Z@MH, > Z(X (¥la)™

Restrict x to H, and apply the Frobenius Reciprocity again to obtain (x, (¢|g,)¥) =

)H

where {z1,...,2s} are a set of double coset representatives

{X|H,, ¥:|n,)- Hence

8 L]

Z(X: (lbzIHz)H) = Z(XIH,,TMH,)

=1 =1
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Therefore we have shown (X%, ¢¥°¢) = >°7_ (x|m,, ¥la,). ©

Proposition 3.29: Let H < G with X € Irr(H) such that X 1s linear and ker(\) =
Then
(A%, 2%) = ((A%)%, ("))

Proof: Using the definition of inner product we have

(%, (%) = @ Z A*)%(9)(A=)%(g)

geG

- 2 (e gw[;m, > oo

teG teG
_ @; ( tEZG /\z (tgt)— 1] tEZG(/\w) (&= 1gt))
= @l Z <| Z)\ (zt™ gta:_l)] Z)\(xt 1gtx“1)>
G teG teG
= Té—l Z (I Z M(tz™Y)~ g(t:v_l))l?l Z ).\((tx_l)_lg(m_l))) .
geG teG teG

Since = € G is fixed then as t runs over all of G, tz~! does as well. Therefore,

()%,(")°) = IG|Z<IHIZM gv) |H|;A(v‘lgv)>
= ,ZAG 9)2%(g)

g€eG

= ()\G, A%).

This proposition shows us if A¢ € Irr(G), then (A*)¢ € Irr(G) as well.



CHAPTER 4

M-GROUPS AND
MISCELLANEOUS
BACKGROUND MATERIAL

4.1 Introduction to M-groups

An M-group is defined as follows. Let x be a character of a group G. Then x is monomzal
if x = A®, where ) is a linear character of some subgroup (not necessarily proper) of G.
The group G is an M-group if every x € Irr(G) is monomial, that is, every irreducible
character of G is induced from a linear character of some subgroup of G.

From Isaacs’ book on group characters, we learn that every nilpotent group is an
M-group [5, p.83], and also that every M-group is solvable (this proof will follow later).
We also know that every finite p-group is nilpotent so it follows that every finite p-group
is also an M-group [4, p.105]. Another well-known example of an M-group is abelian
groups since every abelian group is nilpotent.

Before proving some of these results about M-groups, we will consider a few exam-
ples of M-groups. Since M-groups have irreducible characters that are induced from
subgroups of the group, it will be helpful to have the character tables for some well-
known groups at hand. The character tables for S3 and D, are originally found on pages

35 and 36 of this thesis. Since Z3 and Z4 are cyclic, their character tables are easy to

49
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calculate and were found using Proposition 2.2. The Klein-4 group’s character table was

motivated by the discussion in the middle of page 14. Additionally, the reader can refer

to [3, p-150, 152] to find the character tables for A4 and Sj.

Ss | {1} cl{(123)} cl{(23)}
yi| 1 1 1
2! 1 1 1
xs| 2 -1 0
Dy | c{1} cl{(13)(24)} cl{(1234)} cl{(12)(34)} cl{(24)}
vi| 1 1 1 1 1
o | 1 1 1 -1 -1
X3 1 1 -1 -1 1
X4 1 1 -1 1 -1
X5 2 -2 0 0 0
Ay | {1} {(12)(34)} cl{(123)} cl{(321)}
x1| 1 1 1 1
X2 1 1 —14;“/5 —1—21\/5
s 1 1 —1—2@\/5 —1J;zx/§
xa| 3 -1 0 0
Sy | {1} cl{(12)(34)} cl{(123)} «cl{(12)} cl{(1234)}
vil 1 1 1 1 1
ol 1 1 1 -1 -1
3| 2 2 1 0 0
ya| 3 1 0 1 1
x5 | 3 -1 0 -1 1
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Zys | {1} cl{(1234)} cl{(13)(24)} cl{(4321)}
X1 1 1 1 1
ya| 1 1 1 1
s | 1 i -1 —
yal 1 — -1 i
K | c{1} cl{(12)(34)} cl{(13)(24)} cl{(14)(23)}
il 1 1 1 ' 1
x2| 1 -1 1 -1
ys| 1 1 -1 1
ol 1 1 -1 -1
Zs | {1} cl{(123)} cl{(321)}
X1 1 1 1
Ya 1 —14;\/5 —1—25\/5
Y3 1 —1—2z\/§ —14;\/5

Proposition 4.1: The group Sy 1s an M-group.

Proof: To prove S, is an M-group we must show that each of the irreducible

characters is monomial. Write G = S; and since x; and xo are linear then they are

monomial. Is x3 monomial? We know Ay < Sy such that [Sy : Ay] = 2 and from

the character table of Ay we know X2 € Irr(A4) is linear. Define ¢ = x2 € Irr(A4)

and we will calculate the induced character /¢, First we see Sy/A; = {Ay4, (1234) A4}

so T = {1,(1234)} is a left transversal for A, in S4. Using Proposition 3 19 we find

PO (x) = (1 121) + 1((4321)2(1234)) for all z € G. Calculating /€ on the conjugacy

classes of S yields

¢G(1) = 2¢(1):2>
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P9((12)(34)) = 2¢((12)(34)) =2,
¥9((123)) = $((123)) +4((234)) =
¥e((12)) = 9((12)) +%((23)) =0, and
¥9((1234)) = 2((1234)) = 0.

—1+4v3  —1-iV3
5 2

___]_,

Writing the values of ¢ in a table allows us to compare the values of 1¢ over the

conjugacy classes.

d{l} {(12)(34)} {(123)} c{(12)}. c{(1234)}
¢G' 2 2 -1 0 0

Thus ¢ = x3 and x3 is a monomial character of Sy.

In the same fashion we need to show that x4 € Irr(Sy) is also monomial. Consider the
dihedral group D,, and referring to its character table define ¢ as the linear character
xs € Trr(D,). Note that Sy/Dy = {Da, (123)Dy, (321)Dy} so T = {1,(123), (321)} is a
left transversal for D, in S;. By Proposition 3.19 we can calculate ¢%(z) = ¢(171z1) +
©((321)x(123)) + ¢((123)x(321)). Since characters are constant on conjugacy classes we

only need five calculations.

po(1) = 3¢(1) =3,
F2)(39) = P((12)(34) +H((14)(23)) + $((13)(24) = —1 — 1+1 = -1,
$O((123) = 3((123)) = 0,
9((12)) = $((12)) + @((23)) + ((13)) =0+ 0+1 =1, and

©((1234)) = $((1234)) + ©((1423)) + 9((1243)) = -1+ 0+ 0= —1.

Hence the values of ¢ over the conjugacy classes are

|c1{1} A{(12)(3)} d{(123)} {(12)} {(1234)}
wGI 3 1 0 1 a1

Comparing this to x4 in the character table of Sy shows that ¢* = x4, and since ¢ is
linear then x4 is monomial. Similarly if we define  as the linear character x, in the

character table of Dy, then we find that ¢ = x5 € Irr(S;). Therefore, every irreducible
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character of S; is monomial so Sy is an M-group. <

Using the same idea, we can show that A4 is an M-group since its only non-linear
irreducible character is induced from the linear character x3 in the character table for
K. Additionally, D, is an M-group because its irreducible character of degree two is
induced from the linear character x3 in the character table for Z4. Finally, Ss is also an
M-group with its irreducible character of degree two induced from either of the nontrivial

characters on the group Zs.

4.2 Solvable Groups and M-Groups

After looking at some familiar examples of M-groups, now we will look at some general
results on M-groups. Earlier in this chapter we stated that every M-group was solvable.
A group is solvable if there exists a finite collection of normal subgroups 1 = Gy < Gy <
... < G, = G such that G,,+1/G, is abelian for 0 < i < n. We can also describe solvability
in terms of the derived subgroups where we have G = G® > GV > ... > G-D > G,
This series of groups is called the derwed series of G. If G is solvable then the smallest

integer such that G™ = 1 is called the derwed length of G, di(G).

As an example, consider the group Ss. We will show that S, is solvable and find its
the derived length. Since A, is of index two in S, it is normal, but is 44 = S7 Note
that S4/Ay is isomorphic to Zs so it is abelian and S < A4 by Theorem 2.5. Suppose

= H # Ay where H <1 Sy and H < Ay Considering only the group A4, we see that it
has four subgroups of order 3 generated by the three-cycles (for example, ((123))) and one
subgroup of order 4 generated by 2 two-cycles (((12)(34), (13)(24))). If H is a subgroup
generated by one of the three-cycles then H is not normal in S; since (123)(19(%) =
(243) ¢ ((123)). Thus H cannot possibly be one of the subgroups of order 3. If H =1
then S/ H is abelian which implies that Sy is abelian. Since this is not true, H # 1. Now
if H < ((12)(34),(13)(24)) then consider a four-cycle and a three-cycle (abcd) and (abe)
and their commutator [(abed), (abe)] = (abed)(abe)(dcba)(cba) = (a)(bde) ¢ H (since no

three-cycles are in H). ‘We have found an element that is obviously in the commutator
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subgroup of Sy which is not in H. We conclude then that A4y = S).

Now we need to find A} = @ Let H = A}. We have already explored some of the
subgroup structure of A4. By Lagrange, |H| = 1,2,3,4 or 6. Observe that no subgroup
generated by a three-cycle is normal in A4 since (abc)®©) = (adb) ¢ ((abc)). Thus
Al # ((abe)). If H = {1} then Ay/H = A4 and A4 is abelian. Since this is not true then
A, # {1}. We now know that A} has order 2 or 4 or 6.

Note that K < A, since each element in the Klein-4 group has a decomposition into
two transpositions. Moreover, |A4/K| = 3 so A4/K is abelian and A} < K. So |A4}| =2
or 4. Since no subgroup of Ay of order two is normal in A4 then A} cannot possibly be of
order two. Let H = ((ab)(cd), (ac)(bd)}, and because there is only one subgroup of order
4 in Ay, then H is normal in Ay. Thus A} = H = ((ab)(cd), (ac)(bd)).

Now we must find Sf’). Since Sf) = A} is of order 4 with two generators, then
53 = K (the Klein-4 group). We know that K is abelian; therefore, S = {1}, and
1= Sf) < Sf) < 8y < 84 where S) = Ay, and Sf) = ((ab)(cd), (ac)(bd)). It follows that
Sy is solvable and d1(Sy) = 3.

Theorem 4.2: Let G be an M-group and let 1 = f; < fo < ... < fr be the dis-
tinct degrees of the wrreducible characters of G. Let x € Irr(G) with x(1) = f,. Then
G® < ker(x).

Proof by Induction: For the base case let ¢ = 1 so x € Irr(G) such that x(1) =
f1 = 1. We want to show that G’ < ker(x). Since x(1) = 1 then x is linear. For g,h € G
we have x([g,]) = x(97'h"'gh) = x(¢7")x(h")x(9)x(R) = x(g7 " )x(9)x(h Hx(h) = 1
which shows that G’ < ker() as wanted

Let i > 1. By the inductive hypothesis for j < 4, if x(1) = f, then G¢~D < GO <
ker(x).

Let x € Irr(G) and since x is monomial and ¢ > 1 then there exists H < G (a proper
subgroup) and a linear character A € Irr(H) such that A® = x. Denote 1¢ as the trivial

character on G and 1y as the trivial character on H. By the Frobenius Reciprocity
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(Theorem 3.21)
{1z, 1alm) = ((1a)°, 16)-
Since 1glg = 1y and 1y € Irr(G) then
1= {1y, 1n) = ((1x)% La)-
If (15)¢ € Irr(G) then 1g = (1) which means 1g(1) = (15)¢(1), or 1 =[G : H]. Since
H is a proper subgroup of G this is impossible. Thus (15)¢ ¢ Irr(G). By Corollaries 3.8
and 3.11

(1m)¢ = a,%, where Irr(G) = {¥1,...,%n} and a, = (1), ;).

=1

Since (1g)¢ is not irreducible, we have a, > 2 for some j or at least two of the a; are
greater than 0. This implies that deg(t,) < deg((1x)%) for all j =1,...,n with a, # 0.
By relabeling the 1, we may assume that 41,...,9, for m < n are the constituents of
(1)¢. Then we know that (1)% =372, a,9, where a, > 0. Soforall j =1,...,m
(1) < (n)°(1) = G+ H] = X°(1) = x(1) = J

By the inductive hypothesis G < ker(y,) for j = 1,...,m. For all g € G® we
have 1,(g) = ,(1) for all j = 1,...,m by Proposition 3.15. But for all g e G-,
we have (17)°(9) = X7 asth(e) = S0 ayth(1) = (L)®(1). Thus g € ker((1a)°),
again by Proposition 3.15. It follows that G¢~Y < ker((1x)%). By Proposition 3.20,
ker((1#)%) = MNpeg(ker(1x))®. But ker(ly) = H so Gt~V < N, H* < H (by taking
z = 1). Tt follows that (G¢D)" < H' and because G® = (G¢~D)’, then GO < H'.
Since A € Irr(H) and A is linear, then A is a homomorphism into the abelian group C*.
It follows that H' < ker(\) by Corollary 2.6. Thus G® < ker()). Observe that G® is
normal in G so (GW)® < (ker()))® for all z € G implies G® < (M, (ker(X))® = ker(A%)
by Proposition 3.20. Recall that A¢ = x so G® < ker(x). <

Corollary 4.3: If G 1s an M-group, then G 1s solvable.

Proof: Let G be an M-group and x € Irr(G) such that x(1) = f,. Then by Theorem

4.2, G® < ker(x). Since this is true for all irreducible characters,

G®) < G® <ker(y) foralli =1,2, ..,k



56

where k = |Irr(G)|. Hence G® < Myerr(e) ker(¥). Let g € ker(y) such that g # 1 and
1 € Irr(G). In the proof of Theorem 3.13 we show for the character p afforded by the
right regular representation, that the multiplicity of each irreducible character of G in p
is simply the degree of that character. In other words, (p,v) = ¥(1). So by Corollary

3.11 we can express p as

pg)= > (b= D »(L)(g.

Pelrr(G) Yeln(G)
Recall that in Section 3.1 we showed that p has a value of 0 for all non-identity elements

so if g # 1 then
0=p(g)= > »(L)¥(g).

Pelr(G)
But since g € ker(e) for all 1 € Irr(G) then 9(g) = ¥(1) (see Proposition 3.15). Hence

0="> @O
Yehr(G)
which implies ¢(1) = 0 for all ¢ € Irr(G). This cannot happen so the assumption that
g # 1 is incorrect. Thus for g € ker(¢), g =1 and G®) < Nyerer(e ker(¥) < 1. Hence
G® =1, and G is solvable with di{G) <k. &

One might think that all solvable groups are M-groups, but that is simply not true.
A counterexample is the group SL(2,3) which is solvable but not an M-group [5, p.67].

4.3 Miscellaneous Background Material

The goal of this thesis is to explain Alan Parks’ characterization of M-groups in purely
group-theoretic terms, not in terms of characters as was done above. In order to discuss
this new definition of M-groups, we need to review some basic facts of group theory,
Galois theory, and field theory. The following theorems and propositions are results we
will need in the next chapter when explaining Parks’ article.

Recall the following basic results from field and Galois theory presented without for-

mal proof
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Result 1: Let G = Gal(C/Q) = {o € Aut(C)|o(z) = x for all z € Q}, 0 € Gal(C/Q),
f(z) =37, a.x* be a polynomial in Q[X] (meaning the coefficients a, € Q), and a be a
root of f(z). Then 0 = [f(a)]° = o (3 r @) => 1 go(a,)-o(at) =3 ja,-o(a*) =
Yoo - (0(a)) = f(a”). This means that o permutes the roots of f(z) [4, p.277],
or more generally each automorphism ¢ € G = Gal(C/Q) permutes all the roots of a
polynomial in Q[X].

Result 2: If we define Q = {a € C| f(a) = 0} and assume f # 0 is an irreducible
polynomial in Q[X], then the action of the Galois group over C is transitive on 2 [4,
p.277]. Recall that a nonconstant polynomial in Q[X] is srreducible over Q if it cannot
be expressed as the product of two polynomials in Q[X] both of lower degree than the
given polynomial. Now because the action is transitive we know if wy,ws € 2 then there
exists o € G such that o(w;) = ws.

Result 3: Define the nth cyclotomic polynomial as ®,(z) = II.(z — €) where € runs
over the primitive complex roots of unity. Further, the set of the nth roots of unity is
{e* |k =0,...,n—1}. Since e® = sinf + icosf then for every value of 6, ¥ is a
complex number on the unit circle in the complex plane. The values of ¥ that when
raised to some power yield one, are the roots of unity. For ¢ to be a primitive nth root
of unity, €™ # 1 for 1 < m < n. Isaacsi book on group theory states several important
results about the cyclotomic polynomial in chapter 20 [4]:

1. The nth cyclotomic polynomial has integer coefficients [4, p.309],

2. The set of nth roots of unity form a cyclic group under multiplication [4, p.307],

3. For a prime p, the pth cyclotomic polynomial ®,(z) = II(z — ¢) = ”;p—_“ll =Pl 4
P2 4.+ + 1[4, p.309),

4. The number of primitive nth roots of unity is ¢(n) which is Euler’s function [4, p.308],
and

5. The nth cyclotomic polynomial is irreducible in Q[X] for all integers n > 1[4, p.311].

This last statement is the most important because when the nth cyclotomic polyno-
mial is irreducible 1 Q[X], then for every pair of roots of the polynomial ®,(z) there is

an automorphism in G = Gal(C/Q) that carries one root to the other root (because of

the transitivity discussed in Result 2).
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Before using this information to prove the following proposition some new nota-
tion needs to be introduced and explained. If f is a function, f : G — F where G

is a group, F' is a field, and ¢ € Aut(F'), then we write f = o o f. Equivalently,
f7(g) = (o0 f)(g) = a(£(9))-

Proposition 4.4: Let f and h be ingective functions defined on a finite, cychc group
G into C*; that 1s,
f:G—C* and h:G— C*.

Then there exists o € G = Gal(C/Q) such that f7 = h.

Proof: G is cyclic so suppose (g9) = G and let |G| = a. In order to find the au-
tomorphism ¢ that will map f to h we need to know how the functions behave. Since

both functions are defined on a cyclic group, then the assignment of the generator,

2wk

g, completely determines all other values of the function. Let f(g) = ¢« = f; for

’
z2wk

some k € {0,1,...,a — 1} where ged(k,a) = 1. Likewise h(g) = "« = [, for some

k' € {0,1,...,a — 1} where ged(k’,a) = 1. Note that both §; and [ are primitive
roots of unity, and therefore roots of the ath cyclotomic polynomial which is irreducible
in Q[X]. From Galois theory we know that since the action of G on the primitive
ath roots of unity is transitive, then there exists ¢ € G such that o(8;) = (2. So
f(9) = o(f(g)) = o(p1) = B2 = h(g). Since f° and h agree on their generator g, then
f(9") = h(g™) where n € {0,1, ..,a— 1}. We have shown there exists o € G such that

7 =h %
Proposition 4.5: If £ € G and ¢ 15 a character of H < G, then (%)% = (¢*)C.

Proof: We will simply apply the definition of an induced character and use the fact

that automorphisms of a field preserve multiplication and addition.

@) = (£°¢%) (9)
= £(¢%9))
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= ( i Zgo(t_ gt)) |
teG
= Zs o(t™gt))

tGG

= Zgogot gt))

tEG

= Z ¥t gt)

tEG

- IHIZ (w)(e'at)

te@

= (¢%)%g) for all g € G.

Proposition 4.6: If X 1s a linear character of H < G such that ker(\) = M, then
ker(\*) = M*®.

Proof: Let g € ker(\*), then A*(g) = 1 which implies \(zgz™') = 1. Hence zgz~! €
ker(\) = M. It follows that g € 7'Mz, or g € M®. Similarly if we let g € M?®, then
g = z7'mz where m € M. Then X*(g) = \*(z7'mz) = Mz(z 7 'ma)zt)) = A(m) = 1
since M is the kernel of A\. Thus A*(g) =1 and g € ker(X\*); therefore, M* = ker(\*). &

4.4 The Schur Index

The last critical piece of background information is the Schur index. Before we can
begin to discuss the Schur index, we must understand some of the ideas behind the
concept. The following discussion and two propositions will provide the framework for
understanding the Schur index.

Suppose F' and K are fields such that ' C K and K is a finite extension of F'. So
let [K : F} = n and this implies the basis for K as a vector space over F' has n vectors.
Define {b,...,b,} as that basis. Let a € K and a =), f,b, where f, € F since every
element in K can be written as a linear combination of vectors in the basis Let @ be an

F-linear transformation of K into K such that @(b) = ab for all b € K. Observe that this
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is, in fact, an F-linear transformation since a(f-b) = f-a(b) and a(b+c) = a(b)+a(c) for
every f € F and b,c € K. Every linear transformation of K is completely determined by
where it sends the basis vectors. We know a@(b) € K so suppose a(by) = > .- ; fub, where
fa € F for all i. Similarly @(b2) = Y v, fi2b,, and we continue in this fashion so that
a(bn) = D7, finb,. We can form the matrix associated with the linear transformation a

and denote it as @ where

fu foo fn
. f21 f22 f2n
a= . . .

fnl fn2 fnn

Now define the function Trg/p : K — F such that- Trx/r(a) = Tr(a) = Tr(a) =
S fu € F. Let z € F,s0 £(b) = zbfor all b € K, and &(b1) = z-by = > 1) b
Observe that O = (f1; — )by + farba + ... + fn1bn. Since {b1,...b,} is a basis, then the
vectors are linearly independent. Hence f,; = 0 for all ¢ > 2 and (f1; — «) = 0. This
implies fi; = x. Similarly Z(bs) = z-by = Y 1 ; fu2b,, and 0 = fio+ (for —2)ba+. .. faobn.
Once again fig, fa2,...,fre = 0 and (f22 — x) = 0; it follows that fop = z. In the
same manner we find that f,, = =z when ¢ = j and f,, = 0 when ¢ # j. The matrix

representation of this linear transformation is,

z 0 0
5 0 = . 0
xTr =

00 x

Since there are n vectors in the basis, Z is an nxn matrix . Hence Tr(2) = n-x = [K : F]-x

since [K : F] =n. So if ¢ € F then Trg/p(z) = Tr(Z) = [K : F] - z.

Proposition 4.7: Suppose F' and K are fields such that F C K C C, [K : F] 1s
finate and that T s a K-representation of G with character x and degree k. Then there

exists an F-representation of G, denoted 1" unth associated character X' = Trg/p o X.

Proof: Choose a basis of K over F, say {b1,...,b,} where [K - F] = n. Define
T(g) = [t.,;(9)] where t,,(g) € K. Now define T'(g) as the matrix which has a submatrix
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inserted into each position [t,,(g)]. Replace each entry t,,(g) with the matrix associated
with the linear transformation %,,(g). Using t,,(g) we can determine where the basis vec-
tors of K are mapped, and thereby find t,,(g). Clearly 7" is an F-representation because
each entry in t,, is an element of F. Further x'(g) = Tr(T"(g)) = 3%, Tr([tn(9)]) =

>over Trire(ta(9) = Trryr Yooy tal9) = Traesr(x(9)) = (Trye © X)(9)-

We can now state and sketch the proof of the key proposition which gives rise to the

Schur index.

Proposition 4.8: If F C C and x € Irt(G) then there emsts m > 0, m € N such

that mx s an F(x)-character.

Proof: First note that F(x) is an extension of the field F' where all values of x are
adjoined to F'. By basic results from field theory it can be shown that there exists a finite
extension K of the field F'()x) of which x is a K-character. So the representation T’ = [t,,]
affording the irreducible character x might only have entries from F'(x) but not necessar-
ily - it could have entries from K. By Proposition 4.7 there exists an F'(x)-representation
of G with associated character X' = Trg/r(,) © x. Take the K-representation and each
entry in the matrix is replaced with the matrix ¢,,(z). Pick m = [K : F(x)] and since

x(z) € F(x) for all z € G (meaning the character has values all in F(x)) then

X' (2) = (Trx/reo © X)(®) = Trryrpg (X(2)) = [K : F(X)] - x(2) = mx(z)

for all z € G. So there exists m € N such that my = x’ is indeed an F(x)-character. <

We call the smallest such m the Schur index of x relative to F' and we write mp(x).
So mp(x) is the least positive integer m for which my is an F(x)-character. Observe
that if o € Gal(F(x)/F) that the Schur index for x? is simply the Schur index for x as

can easily be checked.



CHAPTER 5

‘A GROUP-THEORETIC
CHARACTERIZATION OF
M-GROUPS

5.1 Good Pairs and Induced Characters

Recall from Chapter 4 that an M-group is a group where every irreducible character
is induced from a linear character of some subgroup of G. I. Martin Isaacs posed the
problem of finding a characterization of M-groups in purely group theoretic terms [5,
p.67], and Alan Parks has found such a characterization based on cyclic subgroups and
the notion of good pairs as described in his article {7].

Let M,H < G and M < H such that H/M is cyclic. Then we define (H, M) to be a
paar. For H < G and g € G, define F(g) to be the set of commutators [g, H N Hg_l],
that is, Fy(g) = {[g,z] | « € HN H9'}. We define (H, M) as a good pasr if, for all
g€ G~ H, Fg(g) £ M. Note that Fg(g) C H because if g~'z~ gz € Fg(g) for some
z € HN HY then in particular z € H9 . Thus z € gHg™!, so z = ghg™! for some
h € H which implies 27! = gh'g™!. Then g7 'z lgz = g1 (gh~ g Y)gr = h™lz € H.
The distinction for a good pair is that although Fy(g) C H for all g € G, Fu(g) € M if
g¢ H.

For any pair (H, M) there exists a linear, irreducible character of H whose kernel is

62
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M. This character is said to proceed from (H, M). Observe that we are guaranteed the
existence of this character since H/M is cyclic. If the order of H/M is k, and hM is a gen-
erator of H/M, define X to be a character of H as follows: A(g) = &*if (AM)* = gM and ¢
is a primitive kth root of unity. We can see ker(\) = M since for m € M, (hM)* = mM
which implies A(m) = &* = 1. Further, if \(z) = 1 = &* then zM = (AM)* = M, and
z € M. Thus ) is a linear, irreducible character of H with kernel M, and therefore A
proceeds from (H, M).

Now for Parks’ characterization of M-groups. We define a relation on the set of good
pairs as follows. Suppose (H, M) and (K, L) are good pairs. Then (H,M) ~ (K, L) if
there exists g € GG such that

H'NL=KnM?I.

Further, we call this relation on good pairs Sg. Below we will show that S¢ is indeed an
equivalence relation (see Corollary 5.5), so let m¢g be the number of equivalence classes
of Sg.

We can identify another relation on elements of GG defined as follows: x ~ y if and only
if there exists g € G such that ()9 = (y). The equivalence classes in this relation are
often referred to as the rational conjugacy classes of G, and we will denote the number
of rational conjugacy classes of GG to be ng. Observe that this is an equivalence relation
since the reflexive, symmetric and transitive properties hold as demonstrated below.

Reﬂexiv‘e: We must show that (z) is conjugate to itself, so simply pick 1 € G and
observe that (z)! = (z).

Symmetric: We must show if ()9 = (y) for some g € G, then there exists k € G
where (y)* = (z). Since (z)9 = (y), pick k = g~'. We know (y) = g~*(z)g which implies
9(y)g™! = (z). Hence (y)¢" = (), or (y)* = (x).

Transitive: We must show if (z)? = (y) and (y)* = (z) for some g,h € G, then there
exists J € g such that (:c)J = (2). Pick j = gh and (z)? = ()9 = (gh) " z)(gh) =
hYg Y z)g)h = h™H(y)h = (2).

Using the equivalence relations we just described, we can state Parks’ theorem.
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Theorem 5.1: Let G be a finite group. Then mg < ng with equality +f and only +f

G 18 an M -group.

This theorem provides the desired characterization of M-groups without any depen-
dence on characters. Since its proof comprises the remainder of this thesis, it will be

presented later.

Lemma 5.2: Let A proceed from the pair (H,M) and let z € G. Then
(AHEHH: ()\w)H:an> =1 Zf and only Zf FH(.’E—I) g M.

Proof: First recall that Fy(z™!) is the set of all commutators [z~!, H N H*]. Let
K = HN H®, and since A proceeds from (H, M) then X is linear. Certainly a restriction
of X is still a linear character. Hence A and (A\®)g are linear. Since linear characters
are irreducible then either (Ag, (A\)k) =0 or (Ag, (A*)k) = 1.

Now suppose that (Mg, (A\*)k) = 1. By Theorem 3.9 (\*)g(g9) = Ax(g) for all
g € K. So AK(xgx‘l) = Ak(g), and since A is linear then we can view the charac-
ter as a homomorphism from the group G into C* under the group operation of mul-
tiplication. Therefore, A (zgz™!) - (Ak(9))™! = 1, and Ag(zgz~tg™!) = 1. So for all
g € K, zgzg! € ker(\k), or equivalently, [z~1,g7!] € ker(Ag) for all g € K. Recall
that A proceeds from (H, M) so ker(Ax) C M. Hence [z7},g7] € M forallg € K. Tt
follows that [z~!, K] C M and thus Fy(z!) C M.

Next suppose Fy(z™') C M, then [z71,g7!] € M for all g € K where K =
H®*N H Thatis, [z71,97!] € ker(\k), or, Ax(zgz~'g™') = 1 Since X is linear then
1 = Ag(zgz™') - Ak(97"). This yields, 1 = Ag(zgz™) - (Ak(g))~! and it follows that
Ak (g) = Ak (zgz~'). But this is equivalent to Ag(g) = (\*)k(g) for all g € K. Thus by
Theorem 3.9 we have (Ag, (A\®)g) =1. ¢

Proposition 5.3: Let (H, M) be a pawr wnth H < G and let \ proceed from (H, M).
Then (H, M) 15 a good pawr +f and only of ¢ 1s wreducible.
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Proof: Suppose that A\¢ € Irr(G) and then (A% \¢) = 1 by the First Orthogonality
Relation. Pick some x € G ~ H and there is an H, H transversal T such that 1,z € T
(Recall that an H, H transversal is simply a set of double coset representatives for the

subgroups H and H - refer to Section 3.7, p.45). By Mackey’s Theorem (A%, \C) =
YoerAmenm, (A menm). So

1 = (A% X%
> Dgena, V) menr) + Qane, O mnm)

= (Agenm, A m=nm) + Mg, Am).

Obviously (Ag, Ag) = 1 which implies that (Ageng, (A%)geny) = 0. By Lemma 5.2 since
(Amenm, (A geng) # 1, then Fy(z™') € M. Hence (H, M) is a good pair since for all
t€GNH, Fy(zt) M.

Now suppose that (H, M) is a good pair and we must show that A¢ is irreducible.
Since (H, M) is a good pair then for all z € G \ H, Fy(z) ¢ M. Then by Lemma 5.2
we know that (Ageng, (A\®)g=ng) 7 1. Since A is linear and therefore irreducible, then by
the First Orthogonality Relation (Agzng, (A%)genm) = 0 for all z € G\ H. By Mackey’s
Theorem, (A%, A%) = ¥, +Agtnm, (A)menm) = (<\H,)\H) + Y eraPatnm, () genm)-
Since (Amenm, (A)ging) = 0 for all t € T\ 1, then (A¢,\¢) = (A\g, Ag) = 1. Therefore
A€ is irreducible by Corollary 3.10. ¢

The following proposition will help to clarify the relationship between characters and

related good pairs.

Proposition 5.4: If (H,M) and (K, L) are good pairs then they are related if and
only if there are characters A and p proceeding from (H, M) and (K, L), respectively,
such that X6 = u®.

Proof: Suppose A and p proceed from good pairs (H, M) and (K, L) respectively
and \¢ = u®. We want to show that (H, M) and (K, L) are related, that is, we need to
show there exists x € G such that H*NL =K N M=*.

Let T be an H, K transversal in G such that T = {z,|]1 = 1,...,t} and {Hz,K|s =
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1,...,t} is a set of double cosets whose union is all of G. By Mackey’s Theorem,
(XG, 1) = 3 {gmnk, (W) genx). By assumption, A¢ = u€ and because of Propo-
sition 5.3 we know that A and u€® are irreducible. So (A\¢ u®) = 1. Thus, 1 =
Zf=1 (E=nK, (A™)ge.nk) and there exists © € T such that (ugenk, (A*)m=nk) # 0. .
Since ¢ and A proceed from good pairs by the assumption, then they are both linear
characters on K and H respectively. Thus Agesnx and pgeng are also linear and so
is (\®)genk. Linear characters are irreducible so (up=nk, (A*)g=nk) = 0 or 1 for all
z € T. We conclude there exists z € T such that (ugenk, (\*)genx) = 1 which implies
(A®)genk = pr=nk- Recall that characters are functions so ker(ugeng) = ker({\*) g=nx)-

By the definition of kernel, ker(up=nx) = {y € H* N K|u(y) = 1}. Since p proceeds
from (K, L) then ker(u) = L by definition. 4 is defined on K and since H*NK < K then
ker(pgenk) = ker(u) NH*NK = LN H*N K. Now ) is defined on H and proceeds from
(H, M) so ker(\) = M. We know that A\* is defined on H* and H*NK < H®. Moreover,
ker(A*) = M® by Proposition 4.6. Thus ker((A\*)g=nk) = ker(A*)NH*NK = M*NH*NK.

We have ker(pg=nx) = ker((A*)g=nx) so we conclude that LNH*NK = M*NH*NK.
Since M < H, then M* < H* and M* N H* = M*®. Similarly L< Kso LNK = L. It
follows that LNH*NK = LNH* and M*NH*NK = M*NK. Thus, H*NL = KNM*
which is precisely the definition of two good pairs being related. We have shown that

(H, M) ~ (K, L).

Now suppose that good pairs (H, M) and (K, L) are related, and we want to show
there exist A and u proceeding from (H, M) and (K, L) respectively, such that A% = €.

Because (H, M) and (K, L) are related then H* N L = K N M?* for some z € G and
it follows that (H*NLYNK = KNM®*, and H* N LN K = H* N (K N M?*) Define
N =H*NLNK and obviously N < H* N K. Now observe L < K and H* N K < (G so
N=LN(H*NK)IKN(H*NK)=KnNH* Thus N < H*N K so we can consider
the factor group (H* N K)/N.

By the Diamond Theorem [4, p.33], since (H* N K) < G and L 4 K, then (H* N
K)/(H*NK)NL) = ((H*NK)L)/L. Also (H*NK) < Kand L < K,s0o (H*NK)L < K
and (H*NK)/N is isomorphic to some subgroup U of K/L Because (K, L) is a pair then
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K/L is cyclic. Since all irreducible characters of cyclic subgroups are linear then there
exists a linear character, v € Irr((H* N K)/N) such that v is faithful. (Simply define the
value of v on the generator to be a kth primitive root when the order of the cyclic group
(H*N K)/N is k). Since U and (H* N K)/N are isomorphic we can identify the values
of v on (H*N K)/N with the corresponding elements in U. Then we can extend v to an
irreducible character of K denoted yu such that ker(u) = L.

Now N =H*NKNM* < H*N K. Because M < H then certainly M* < H® and
by the Diamond Theorem [4, p.33], (H® N K)/N = (H* N K)M?®/M=®. Observe that
H*N K < H® and M® < H*. So (H* N K)M*/M? is isomorphic to some subgroup of
H® /M= call it V. We know that (H, M) is a good pair, so there exists ¢ proceeding
from (H, M) such that 9€ is irreducible. Define 9/* on H® as the conjugate character
of 1. Since ker(¢)) = M then ker(y*) = M®. Moreover, since ¥ is linear then so is ¢*.
Finally by Proposition 3.29 we have that 1 = (%, ¢°¢) = ((¢°)%, (¥*)¢). Thus (¢°)¢
is irreducible, (H*, M®) is a good pair by Proposition 5.3, and H*/M?* is cyclic. Hence
(H*NK)/N = (H*NK)/(H*NKNM?®) 2V which is some cyclic subgroup of H*/M*".
Once again consider the faithful character v defined on (H*N K)/N, and we will identify
its values with the corresponding elements of V. Then we can extend v to an irreducible
character of H* denoted A\*, where M* = ker(A*) and ) is an irreducible character of H
such that M = ker(}).

We now have A* € Irr(H*) and g € Irr(K) where L = ker(u) and M® = ker(\®).
We know there exists an H, K transversal T including x (recall that z is the element
guaranteed to exist such that H* N L = K N M®). By Mackey’s Theorem, (A%, u€) =
deT(qunK, (M)gsnk) = (a=nk, (A*)g=nk)- Since p and A* are extensions of v into K
and H*, then pg=nxg = v and (A\*)g=ng = v. Therefore (up=nr, (A\*)g=nx) = (v,v) =1
because v is a linear, irreducible character for H®* N K Since (H, M) and (K, L) are
good pairs, then by Proposition 5.3 we know A“ and u€ are both irreducible. The inner
product of two irreducible characters is 0 or 1 and (\¢, u®) > 1 Obviously (A%, u®) # 0,
and we conclude that (A%, u®) = 1. By the First Orthogonality Relation it follows that

pe =X %
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Corollary 5.5: Sg 1s an equivalence relation on the good pairs of G.

Proof: Let (H, M), (K,L) and (J, P) be good pairs. We will show the reflexive,
symmetric and transitive properties are true for Sg.

First we need to show that (H, M) ~ (H,M). This is trivial as HYNM = HN M?
for g = 1.

Second suppose that (H, M) ~ (K, L), and we need to show that (K, L) ~ (H, M).
As (H,M) ~ (K, L) there exists g € G such that H9N L = K N M?9. Conjugating this
equation by g~ yields K9 N M = HN LY. Thus (K, L) ~ (H, M).

Finally suppose (H,M) ~ (K, L) and (K, L) ~ (J,P), and we need to show that
(H,M) ~ (J, P). We know by Proposition 5.4 that there exist A and u proceeding from
(H,M) and (K, L) respectively such that u® = \¢. Additionally there exist ¢ and
proceeding from (K, L) and (J, P) respectively such that ¢ = %% As described in
Proposition 2.4, we can identify a character of K with a corresponding character of K/L.
Thus one can view A and ¢ as faithfully representing the same cyclic group K/L. Then
by Proposition 4.4, there exists an automorphism o € G such that ¢” = A (Recall that
G is the Galois group Gal(C/Q) and that ¢” = g o ¢, or ¢7(g9) = o(p(g)) for all g € G).
Hence

pe = X% = (p7)¢ = (¥°)7 = (¥°)" = (¥7)%.
Note that ((p")G = (%) by Proposition 4.5. Because o is an automorphism that fixes
Q, then 97 is in fact a character proceeding from (J, P) as well (since ker(¢°) = P).
Therefore (H, M) ~ (J, P)

Since all three properties are true, then Sg is an equivalence relation.

5.2 Galois Conjugate Characters

To continue the characterization of M-groups using the concept of good pairs we need
to introduce the idea of Galois conjugate characters. This will entail a review of some

basic facts of field theory. We know that the Galois group G = Gal(C/Q) is defined as
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G = {0 € Aut(C) | o(z) = z for all z € Q}. Let T be a C-representation of G with
associated character x such that T'(z) = [t,,(z)] where t,,(z) € C for all ¢, j. Then for all
o € G define T”(x) as the representation [o(t,,(x))}, and it follows that the character of
T*(3) is x°(5) = TH(T"(2)) = Telo(ty ()] = 53, 0(t(2)) = 0(5, tua(2)) = 7(x(2)) =
(cox)(z) for all z € G. If ¥, x € Irr(G), where both are C-characters, then ¢ is a Galos
congugate of x if there exists o € Gal(C/Q) such that x° = . In other words, there must
be some automorphism of C, namely o, that fixes Q element-wise and o(x(z)) = ¥(x)

for all z € G.
Proposition 5.6: x s wreducible if and only of x° s wrreducible.

Proof: Suppose x € Irr(G) and we want to show (x?,x°) = 1. Since x € Irr(G)
then {x,x) = 1. Recall that o is an automorphism and therefore o preserves addition
and multiplication. By the definition of inner product,

]‘ 1
X, x°) = @Zx”(x)x"(w")

z€G

- ﬁZa(X(Cﬂ))U(X@_I))

- r(l;—lzcr(x(x)x(x-l))
- a(ﬁzxu)x(x—w)
= ({6 x)

= o(1)

=1

Hence x“ is irreducible by Corollary 3.10. A similar proof exists to show that x° €
Irr(G) implies x € Irr(G). &
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5.3 (Galois Conjugacy Classes and Irreducible

Q-Characters

To prove Parks’ theorem we must find a connection between the Galois conjugacy classes
of irreducible, monomial characters and the classes of related good pairs. This relation-
ship is not at all obvious at this point as more background needs to be introduced to
motivate the connection.

For convenience once again denote the Galois group, Gal(C/Q) = G. As usual we
will use Irr(G) to represent the set of all irreducible characters of G over the field C,
and Irrg(G) as the set of all irreducible characters of G over the field Q or the set of all
Q-characters of G. In other words, the representation affording each character in Irrg(G)
has entries only from Q. Note that when we are working over C no subscript to indicate
the field is necessary. Define the set {x°|c € G} as the Galois conjugacy class with
representative x. Let x € Irr(G) and consider ) _ . x°. Because each x” is a character
and the sum of characters is a character, then ) . x” is also a character of the group

G. Further observe (3 .; x?)(g) € Q by the following lemma.

Lemma 5.7: If x s an wreducible C-character of a group G and G = Gal(C/Q),
then (3 e X7)(9) € Q.

Proof: Let a € G and consider (}_ s x7)*. We have

(zxa>a=aozxa=zaoxo

oeg oceg =Y

since ¢« is a homomorphism and preserves addition in C. Further, by the definition of
Galois conjugate we can rewrite ), aox” as ) o(x?)* which is equal to 3 . (x)*”.
Since o, € G and G is a group then for a fixed o, {a - o|lo € G} is simply a permutation
or reordering of the group elements in G. Thus > _ . x*7 = > x° forall g € G.
Hence (3 g X7)* = D peg X”, and a fixes ), ., x°. Since our choice of a € G was
arbitrary, then > . x?(g) is fixed by all oo € G for all g € G. Basic Galois theory tells

us that 3 ., x?(g) € Qforallge G. ¢



71

Proposition 5.8: For a finite group G, |Irrg(G)| equals the number of Galois con-

qugacy classes of wrreducible characters over C.

Proof: First recall that a QQ-character is a character afforded by a Q-representation.

Let 8 € Irr(G). We will show that the character mg(6) >

»cg 07 is an irreducible character
afforded by a Q-representation where mq(6) is the Schur index of 8 in Q (Refer to Section
4.4 for information on the Schur index). Using results from Grove (which we do not prove
since they would take us too far afield from the problem at hand), if § € Irr(G), then
mg(0) is the multiplicity of § as a constituent of some irreducible Q-character 1 of the
group G [2, p.189]. So (1, 0) = mq(f) and ¥ = mq(0) -6+, crpmy(c)~qoy GxX for suitable
a, € NU{0}. By Proposition 10.2.7 in Grove’s book [2, p.188], since ¢ € Irrg(G) there is
a unique, irreducible x € Irr(G) such that ¥ = mg(x) > _,cg X7 Where G = Gal(Q(x)/Q).
In addition, this proposition tells us that 1 is the only character in Irrg(G) such that
{¥,x) > 0.

At this point we know there exists x € Irr(G) such that ¢ = mg(x) D_,cq X7 Where
the irreducible constituents for 1 are x?. Since 6 is a constituent of 4 too, then § = x7
for some 7 € G. So 67 = x and ¢ = mg(x) > seg X° becomes mg(07") Eaeg(e'f_l)” =
mo(07 ") > seg 07 Since the Schur index of any Galois conjugate of a character equals the
Schur index of the character, then for a given 8 € Irr(G) we have that ¥ = mq(8) >, 0°
is the unique, irreducible character afforded by a Q-representation that has  as a con-
situent.

In the same manner if ¢ is an irreducible Q-character of (G, then we will show there
is a unique Galois conjugacy class of irreducible C-characters corresponding to . Then
we would have a one-to-one correspondence between the Galois conjugacy classes of
irreducible characters of G over C and the irreducible Q-characters of G.

Grove [2, p.188] states if ¥ € Irrg(G) then there exists x € Irr(G) where ¥ =
mo(X) D yeg X’- We want to show the conjugacy class xY is unique. Suppose there
exists v ¢ {x?|oc € G} such that ¢ = mq(y) 3", as well. Since conjugacy classes are
either equivalent or disjoint, then 79 Nx% =@ So

0=3—p=> mox)x’ —>_ mo(1)

oeg 0€g
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These summations cannot be combined because for all ¢ € G, 47 # x for all Galois
conjugacy class representatives 7. The set of irreducible C-characters forms a basis for
all C-characters on G [2, p.108]. Thus Irr(G) is a linearly independent set that spans the
set of class functions on G. Since
0="> mal)x" —>_maM,
o€g o€
then all coefficients must be 0. This is a contradiction since the Schur index must be a
positive integer. Thus v € {x|o € G}, and there is indeed a unique Galois conjugacy

class for each ¢ € Irrg(G). &

5.4 Irreducible Q-Characters and Rational Conju-
gacy Classes

We have now shown in Proposition 5.8 that the number of Galois conjugacy classes of
irreducible C-characters of the group G is equal to the number of irreducible characters
of the group G over Q. One might wonder how this relates to Parks’ classification of

M-groups using good pairs.

Proposition 5.9: For a finite group G, |Irrg(G)| = ng.

This proposition is attributed to the Berman-Witt Theorem [1, p.282], and is not
included in this thesis because the methods used in its proof are beyond the scope of this

text.

Corollary 5.10: The number of rational conjugacy classes of G, ng, equals the num-

ber of Galows conjugacy classes of wrreducible C-characters.

Proof: This is immediate from Propositions 5 8 and 5.9
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5.5 A Group-Theoretic Characterization of M-Groups

To complete Parks’ classification we must show mg < ng with equality if and only if G
is an M-group (Remember that m is the number of classes of related good pairs). Let
(H,,M,),1 <1< mg, be aset of representatives of each equivalence class of related good
pairs. For all 4, there exists A\, proceeding from (H,, M,). Since (H,, M,) is a good pair,
then by Proposition 5.3, ¢ is irreducible. Before proceeding with the proof that the
number of Galois conjugacy classes of monomial, irreducible characters over C is mg, we

need the following lemma.

Lemma 5.11: Let G be a finite group and A € Irr(G) wath A(1) = 1. Then G/ker(X)

18 cyclic.

Proof: Since A(1) = 1 then A : G — C* is a homomorphism into an abelian
group under multiplication. By the Isomorphism Theorem [4, p.31] G/ker(\) = A(G).
Suppose that |G| = n and let { be a primitive nth root of unity. Certainly ¢" = 1 for
all g € G so A(¢™) = 1 which implies (A(g))" = 1 for all g € G. Thus A(g) is an nth
root of unity. So A(G) C {¢*|i =0,...,n — 1} and certainly () = {¢*}i =0,...,n — 1}

is a cyclic group. Therefore A\(G) is cyclic and we conclude that G /ker(\) is also cyclic. ¢

Proposition 5.12: m¢ equals the number of distinct Galows conjugacy classes of

monomaal, wrreducible characters over C.

Proof: Let x € Irr(G) such that x is monomial. x must be in some Galois conjugacy
class of the irreducible, monomial characters of G. We will show there exists a unique
i, 1 <1 < mg, such that x is Galois conjugate to A® where )\, proceeds from the good
pair (H,, M,). In other words, each representative of a Galois conjugacy class must be
associated with one and only one character proceeding from its respective good pair
(H,, M,).

Since x € Irr(G) is monomial, then x is induced from a linear character of some

subgroup of G. So there exists H < G and p € Irr(H) such that  is linear and u® = y.
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Further define M = ker(u). Since M is the kernel of y then M is normal in H. H/M is
cyclic by Lemma 5.11 and (H, M) is therefore a pair.

The goal is to show there is a unique 7 such that x° = ¢ for some ¢ € G. Since
X is irreducible, then (H, M) is a good pair from which p pfoceeds (Proposition 5.3).
The set of all good pairs is partitioned into equivalency classes of related good pairs so
there exists ¢, 1 < i < mg, such that (H,M) ~ (H,,M,). By Proposition 5.4 there
are characters p' and X proceeding from (H, M) and (H,, M,), respectively, such that
(#')¢ = (V)¢. Note that we know virtually nothing about the characters p’ and X except
for the fact that they exist. Further, we cannot assume that g’ = p or that X' = \,, but
we do know that p and p' faithfully represent the same cyclic group H/M and that A,
and X faithfully represent the same cyclic group H,/M,.

Because of the irreducibility of cyclotomic polynomials and by Proposition 4.4, there
exist 0,7 € G such that pu” = ¢’ and (X)™ = A,.

We know

X7 = ()T = (W)°F = [(W)°] =[N = IX)1° = (W)°.

By Proposition 4.5 we can switch the application of automorphisms and induction of
characters as done in the above equation.

At this point we have shown for every distinct representative, x, of the Galois conju-
gacy classes of monomial, irreducible C-characters of GG there exists i, 1 < i < mg such
that x° = A& where 0,7 € G. Since G is a group, then o -7 € G as well, and we conclude
X¢ is indeed a Galois conjugate of x. Further, we associate with each Galois conjugacy
class representative, , the related good pairs representative (H,, M,) from which the
character A\, proceeds. However, the question if our choice of 7 is unique still remains.

Assume  is also conjugate to AS. Then there exists 6 € G such that x’ = A, Thus
([ 1)) = XC. Denote ¢ € G such that ¢ =771 - =1 - 0 and (M)%)¥ = (\,)°,
or (A)¥)¢ = AS. Since (\,)¥ and X, proceed from good pairs (H,, M,) and (H,, M,)
respectively, then (H,, M,) ~ (H,, M,) which implies ¢« = j and J, is unique. At this

point we have shown that there is a well-defined map,

F: 0 x € (@)} — {1,...,mg}.
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We must show that f is a bijection.

Suppose f(x) = ¢ and f(x) = 7. Since f(x) = ¢ then there exists ¢ € G such
that x” = (\)€¢. Also, f(x) = j implies there exists § € G such that x® = (),))%, or,
X = ()9 S0 (M)F = ((L)€))°, and (A)E = ((A,)°**)C. Since A, and (3,)° """
both proceed from good pairs, then by Proposition 5.4 (H,, M,) ~ (H,,M,) and i = j.
Hence f is an injective function.

Let ¢ € {1,...,mg} and we must show there exists a representative x of the Galois
conjugacy classes of monomial characters such that f(x) = i. Consider the charac-
ter (\,)¢ where )\, proceeds from the good pair (H,, M,). It is irreducible by Propo-
sition 5.3 and also monomial. Thus (AZ)G is in some conjugacy class of the monomial
Galois-conjugate ch@racters. Define 6 as the monomial class representative such that
(\)C € {6°)o € G and 6 € Irr(G)}. Hence f(#) = i and since f is one-to-one and onto
then [{x9|x € Irr(G)| = mg. We have now shown that the number of classes of related
good pairs, mg, is equal to the number of Galois conjugacy classes of monomial, irre-

ducible C-characters. {

Proof of Theorem 5.1: Denote the number of Galois conjugacy classes of monomial,

irreducible C-characters as a. By the previous proposition we have
mg = a < the number of Galois conjugacy classes of irreducible C-characters = ng.

Thus mg < ng. G is an M-group if and only if the conjugacy classes of irreducible C-
characters are exactly the conjugacy classes of monomial, irreducible C-characters if and

only if mg = ng. Thus Parks’ group-theoretic characterization of M-groups is complete.

¢
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