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GROUND STATE, BOUND STATES AND BIFURCATION
PROPERTIES FOR A SCHRODINGER-POISSON SYSTEM
WITH CRITICAL EXPONENT

JIANQING CHEN, LIRONG HUANG, EUGENIO M. ROCHA

ABSTRACT. This article concerns the existence of ground state and bound
states, and the study of their bifurcation properties for the Schrédinger-Poisson
system

—Au+u+ ¢u = |u)*u + ph(z)u, —Ap=u? inR3.
Under suitable assumptions on the coefficient h(z), we prove that the ground
state must bifurcate from zero, and that another bound state bifurcates from a
solution, when p = py is the first eigenvalue of —Au +u = ph(x)u in H(R3).

1. INTRODUCTION

Let D12(R3) be the completion of C§°(R?) with respect to the Dirichlet norm
ullHre == [fgs [Vu|?’dz and H'(R?®) be the usual Sobolev space with the norm
[ull? == fgs (IVul* + |ul?) dz. In this article, we study the system

—Au+u+ ¢u = |u|*u+ ph(z)u in R3,
—A¢=u? inR3, (1.1)

where ;1 > 0 and the real valued function h(z) > 0 for any x € R3. The system
(1.1) can be looked on as a non-autonomous version of the system

—Au+u+¢u= f(u) inR3
—A¢ =u? inR?,
which has been derived from finding standing waves of the Schrodinger-Poisson
system

(1.2)

iy — A+ ¢ = f(¢) in R,
~A¢ = [¢* in R
A starting point of studying system (|1.1)) is the following fact. For any u €
H'(R3?), there is a unique ¢, € DV?(R3) with

s |7 — Y|
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such that —A¢, = u?, see e.g. [24] or Section 2 of this article. Inserting this ¢,
into the first equation of the system (1.1]), we obtain

— Au+u+ ¢pyu = [ul*u+ ph(z)u, ue H'(R?). (1.3)
Denote
Fw = [ éu@lu(o)ds
R3

and introduce the Euler-Lagrange functional

1 1 1
Tu(w) = gl + FF(u) - /R (g 1ul° + & n(eyu )z
We know from [24] and the Sobolev inequality that I, is well defined and I, €
C1(H'(R3),R). Moreover, for any v € H'(R3),

(I, (u),v) = /R3 (VuVo + uv + ¢yuv — (Jul*uv + ph(z)uv)) da.

It is known that there is a one to one correspondence between solutions of (1.3
and critical points of I, in H'(R?). Note that if u € H'(R?) is a solution of (1.3)),
then (u, ¢,) is a solution of the system (L.I). If u > 0, u # 0 and w is a solution of
, then (u, ¢,,) is a nonnegative solution of since ¢, is always nonnegative.
We call u € H'(R?) a bound state of if I/ (u) = 0. At this time (u,,) is
called a bound state of the system (L.I). A v € H'(R?) is called a ground state of
if I),(u) = 0 and I, (u) < I,(w) for any w € {u € H'(R?) : I},(u) = 0}. In this
case, we call (u, ¢,) a ground state of the system . Hence to study the system
, it suffices to study . We assume the following condition.
(H1) The function h € L32(R3), h(z) > 0 and h(z) #Z 0 in R3. There are
p1 >0, ph >0, po >0 and 3 > 0 such that p)|z|™? < h(z) < py|z|~? for
any = € B,,(0)\{0}.
Under condition (H1), we know that the eigenvalue problem —Au+u = ph(z)u, u €
H'(R®) has a first eigenvalue 1 > 0 and 4 is simple, see Lemma [2.1] of Section 2.
The aim of this article is to prove the existence of a nonnegative ground state
and nonnegative bound states of , and study their bifurcation properties in
the case of y > 1. We begin with a result concerning with the case of 0 < pu < py.

Theorem 1.1. Suppose that the function h(x) satisfies the assumption (H1) and
1< B8<2 If0 < pu < py, then equation (1.3)) has at least one nonnegative bound
state in H'(R?).

The next theorem considers the case when g in a small right neighborhood of
M-

Theorem 1.2. Suppose that the function h(x) satisfies the assumption (H1) and
3/2 < 8 < 2. Then there exists 6 > 0 such that, for p; < p < pg +96,
(1) equation has at least one nonnegative ground state ug , with I,,(ug ) <
0, which bifurcates from 0 in the sense that for any p™ > py and p(™ —
w1, there exist a sequence of solutions Ug, () such that Ug, () — 0 strongly
in H'(R3);
(2) equation has a nonnegative bound state us ,, with I,,(us,,) > 0. More-
over the ua,, bifurcates from a solution of (P,,) in the sense that for any
™ > g and p™ — g, there exist a sequence of solutions Uy ) and a
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uy,, € H'(R?) with I, (u,,) = 0 and I,(u,,) > 0 such that ug ;o — uy,
strongly in H*(R?).

The proofs of Theorem [I.T] and [T.2] are based on critical point theory. There are
several difficulties in the road of getting critical points of I,, in H L(R3) since we are
dealing with the problem in the whole space R?, the power 6 in the term fR3 |u|Sdx
reaching the critical Sobolev exponent for H'(R?), the appearance of a nonlocal
term ¢, u and the non coercive linear part. To explain our strategy, we review some
related known results. For the system , under various conditions of f, there
are a lot of papers dealing with the existence and nonexistence of positive solutions
(u, ) € HY(R3) x DV2(R3), see for example [2, 24] and the references therein.
The lack of compactness from H'(R3) — LP(R?) (2 < p < 6) was overcome by
restricting the problem in H!(R?) which is a subspace of H*(R?®) containing only
radial functions. The existence of multiple radial solutions and/or multiple non-
radial solutions have been obtained in [2] [T4]. See also [6], 16} 17, 18], 19, 20, 25| 30}
31] for some other results related to the system .

While for nonautonomous version of Schrodinger-Poisson system, just a few re-
sults are known. Jiang et al. [22] studied the following Schrédinger-Poisson system
with non constant coefficient,

—Au+ (1+Ag(x)u + 0p(x)u = [ulP"?u  in R3,
—A¢p=u®> inR3 lim ¢(z)=0,

x| —o00
in which the authors prove the existence of ground state solution and its asymptotic
behavior depending on # and A. The lack of compactness was overcome by suitable
assumptions on g(x) and A large enough. The Schrodinger-Poisson system with
critical nonlinearity of the form

—Au+u+ du=V(x)|u*u+ pP(x)|ulf%u in R3
—Ap=u?> InR3 2<q¢g<6,u>0

has been studied by Zhao et al. [32]. Zhao et al. [32] assumed that V (z) € C(R3,R),
lim 4|00 V(2) = Voo € (0,00) and V(z) > Vi for € R?® and prove the existence
of one positive solution for 4 < ¢ < 6 and each p > 0. It is also proven the existence
of one positive solution for ¢ = 4 and p large enough. Cerami et al. [I2] study the
following type of Schrodinger-Poisson system

—Au+u+ L(z)pu = g(z,u) in R3,

~A¢ = L(z)u?® in R3. 14

Besides some other conditions and the assumption of L(z) € L?(R?), they prove
the existence and nonexistence of ground state solutions. The assumption L(z) €
L?(R3) will imply suitable compactness property of the coupled term L(z)¢u.
Huang et al. [2I] used this property to study the existence of multiple solutions
of when g(z,u) = a(z)|u[P~%u + ph(z)u and p stays in a right neighborhood
of p1. The lack of compactness was overcome by suitable assumptions on the sign
changing function a(z). But the case of L(z) = 1 and a(x) = 1 is still unknown
since in this case a global compactness can not be recovered. In [I3], the authors
considered the system

—Au+ |z)*u+ du = [ulP2u+ pu in R,
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—Ap=u? in R3,

in which the lack of compactness was overcome with the help of the harmonic
potential |z|*u. While for the (L.3), we have to analyze the energy level of the
functional I, such that the Palais-Smale ((PS) for short) condition may hold at
suitable interval. Besides these, another difficulty is to find mountain pass geometry
for the functional I,, in the case of u > p;. We emphasize that for the semilinear
elliptic equation

— Au = a(x)ulP"2u+ pK (z)u, in R3 (1.5)
Costa et al. [I5] have proven the mountain pass geometry for the related functional
of when fi > ji;, where ji; is the first eigenvalue of —Au = pK(r)u in
DY2(R3). Costa et al. have managed to do these with the help of an additional
condition fR3 a(z)éldr < 0, where €; is the eigenvalue corresponding to ji;. In the
present paper, no such kind of condition can be used. We will develop further the
techniques in [21I] to prove the mountain pass geometry. A third difficulty is to
look for a ground state of . A usual method of getting a ground state is by
minimizing the functional I,, over the set {u € H'(R*)\{0} : (I}, (u),u) = 0}. But
in the case of > 1, one can not do like this because we do not know if 0 belongs
to the boundary of this Nehari set. To overcome this trouble, we will investigate
minimization problems over the set {u € H'(R*)\{0} : I/ (u) = 0}.

This paper is organized as follows. In Section 2, we give some useful preliminar-
ies. Special attentions are focused on several lemmas analyzing the Palais-Smale
conditions of the functional /,,, which will play an important role to prove the main
results. In Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem
1.2.

Throughout this paper, o(1) is a generic infinitesimal. The H~!(R3) denotes
dual space of HY(R?). L4(R3) (1 < ¢ < +o0) is a Lebesgue space with the norm
denoted by ||u||Le. The Sg denotes the best Sobolev constant for the embedding of
DY2(R3) in LS(R?) defined by

Jas [Vul?da

Se = in —_—
6 weD1:2(R3)\ {0} (f]Rs |u|6dx)1/3

For any p > 0 and z € R?, B,(z) denotes the ball of radius p centered at z. C
or C; (j =1, 2, ...) denotes various positive constants, whose exact value is not
important.

2. PRELIMINARIES

In this section, we give some useful preliminary lemmas, which will be used to
analyze the (PS) conditions. First of all, let us recall the variational setting of the
problem. For any u € H'(R?), denoting L, (v) the linear functional in D:2(R?) by
Ly(v) = [gs u?vdx, one may deduce from the Hélder and the Sobolev inequalities
that

|Lu()] < [[ull? iz [0llze < Cllul® vl pre. (2.1)

Hence, for any v € H(R?), the Lax-Milgram theorem implies that there exists a
unique ¢, € DY?(R3) such that

V¢, Vodr = / u*vdr  for any v € DV?(R?),

R3 R3



EJDE-2019/28 SCHRODINGER-POISSON SYSTEM 5

i.e., ¢, is the weak solution of —A¢ = u? in D1'2(R3). Moreover it holds that

A Jps |z =y
Clearly ¢, (z) > 0 for any x € R®. We also have that
[pullprz = / Voo |*dz = / puuida. (2.2)
R3 RS
Using ([2.1) and (2.2), we obtain that
I$ullze < Cligullpre < Cllull? 2 < Cllul®. (2.3)
Then we deduce that
[ oulopa)de < Clu. (2.4)
R3
Hence on H!(R?), the functionals
Flu)= [ pu(a)u®(z)dz, (2.5)
R3
1 1 1
La(u) = ~Jul]? + ~ F(w) —/ (Sl + 2 ey da (2.6)
2 4 R3 6 2

are well defined and C'. Moreover, for any v € H(R3),
(I, (u),v) = / (VuVo + uwv + ¢yuv — |u|*uv — ph(z)uv) dz.
R3

The following Lemma is a direct consequence of [29, Lemma 2.13].

Lemma 2.1. Assume that (H1) holds. Then we have the following conclusions.

1) The functional u € H'(R3) — [, Yuldw is weakly contmuous
R
2) For eachv € H'(R3 the unctwnal u 6 HY(R3) — [, h(x)uvdz is weakly
R
continuous.

Using the spectral theory of compact symmetric operators on Hilbert space, the
above lemma implies the existence of a sequence of eigenvalues (n)nen of

—Au +u = ph(z)u, in H'(R?)

with p; < ps < ... and each eigenvalue being of finite multiplicity. The associated
normalized eigenfunctions are denoted by ey, es,... with |le;]] =1, i = 1,2,....
Moreover, one has ;1 > 0 with an eigenfunction e; > 0 in R3. In addition, we have
the following variational characterization of fi,:

T | s
= 2 Hn 2
ueH1(1R3)\{o}f]R3 r)ulds’ S0} fps h(z)ulda’
where S | = {span{ei,ez,...,e,_1}}t.

Next we analyze the (PS) condition of the functional I,, in H'(R3). The follow-
ing definition is standard.

Definition 2.2. For d € R, the functional I, is said to satisfy (PS)4 condition if
for any (un)nen C H'(R?) with I,(u,) — d and I}, (up,) — 0, the (un)nen contains
a convergent subsequence in H'(R?). The functional I, is said to satisfy (PS)
conditions if I, satisfies (P.S)4 condition for any d € R.
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Lemma 2.3. Let (un)nen C H'(R?) be such that I,,(u,) — d € R and I, (u,) — 0,
then (Un)nen s bounded in H'(R3).

Proof. For n large enough, we have

1
d+ 1+ o(D)lfun|l = Lu(un) = 7 (I (un), un)
(2.7)
f||un||2—f/ h(z)u dm+—/ i [Pl
3
Note that for any ¢ > 0, from h € L3/2(R3) we obtain
1/3 2/3
/ h(z)u2dz < (/ |un\6dx) (/ |h(x)|3/2dx)
R3 R3 R3
é 6 Z —1/2 3/2
3 R3 3 R3
Choosing ¥ = 1/u, we obtain
1 2 M 2 1 6
a1+ ounll 2 Hunl? — £ [ h@ydde+ ~ [ Junloda
4 4 R3 12 R3
X X (2.8)
> Gl = G [ hie) 2
6 s
This implies that (u,)ney is bounded in H!(IR?). O

The following lemma is a variant of Brezis-Lieb lemma. One may find the proof
in [32].

Lemma 2.4 ([32]). If a sequence (un)nen C HY(R3?) and u, — ug weakly in
H(R3), then for n large enough

/ (bun(un)zdx:/ ¢u0(u0)2dm+/ q’)(un,uo)(un—uofdx—i—o(l).
R3 R3 R3

Lemma 2.5. There is a §; > 0 such that for any u € [u1, 1 + 01), any solution u
of (1.3) satisfies
1
IM(U) > —555/2

Proof. Since u is a weak solution of (1.3]), we obtain

1 1 1
I,(u) = 5<||u|\2 - ,u/]R3 h(x)uzdx) + 1 /R3 byuidr — 6 /IRB |u|Sdx
1 1
= 7<||u|\2 - ,u/ h(x)uzdx) + = » puutda

Noticing that [lul|* > p1 [gs h(@)u?da for any v € H'(R?), we deduce that for
u # 0,
1
I, (u) > — B qbu 2dx > 0.

Claim: there is a §; > 0 such that for any p € [u1, 41 4 61), any solution u of (|1.3)
satisfies

1
Ilt(u) > *553/2
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Suppose that this claim is not true, then there are (™ > py with (™ — p; and
solutions u,,m) of (1.3)) such that

IM(n) (uu(n)) < —*53/2.

Note that I’ ,,(u,m ) = 0. Then similar to the proof in Lemma we deduce
1% H
that for n large enough,

1
Loy (um)) + o(D) [ | > Ly (tyn)) — 1( () (W) ) U}
() [ e 2de.

Since for any n € N, [lu,m[* >

1
> e I = (1
?).

This implies that (w,,) )nen is bounded in H' (R
p1 Jgs h(x)(u,n)?da, we obtain

(n)
[t II” — M(")/ () (w0 )2 da > (1 - L)Hu,m 1> =0
R3 H1

as (™ — p; because (uu("))neN is bounded in H'(R3). Combining this with the
fact of

1 1
Lo () = g(HuN(n)HQ — p™ / h(z)(uu(n))2dx) +5 / Sy (o) e,
R3 R3

we deduce that

1
liminf 7,,n) (w,m)) > — hm inf Pu (uu(m)zdx >0,
3 I3

n—oo n—oo
which contradicts that

1 ,3/2
I#(n) (u#(n)) < _556/ .

This proves the claim; the proof is complete. O
Lemma 2.6. If € [p1, 1 + 61), then I, satisfies (PS)q condition for any d < 0.

Proof. Let (un)nen C HY(R?) be a (PS)q sequence of I, with d < 0, i.e., I,,(u,) —
d and I} (u,) — 0 as n — oco. Then for n large enough,

1 1 1
d-+o(1) = Zllun|* - g/R h(w)ulde + /]R b, uldr — /R |

Eifun)un) =l = [ hydo+ [ o udde = [ Junfd.
R3 R3 R3

Similar to the proof in Lemma we can deduce that (ug)nen is bounded in
HY(R3). Without loss of generality, we may assume that u,, — ugo weakly in H*(R?)
and u,, — ug a.e. in R3. Denoting w,, := u,, —ug, we obtain from Brezis-Lieb lemma
and Lemma that for n large enough,

lun[* = lluoll* + llwn | + o(1),

/qbuud;v—/ ¢u0u0dx+/ bu, widx + o(1),

lunllZs = lluollge + llwnllZs + o(1).

and
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Using Lemma we also have that [o, h(z)uide — [ps h(z)ujde as n — oo.
Therefore
d+o(1) = I,(un)

1 1
= IH(U,O) + §||vwn||2L2 + §||wn||%2 (2.9)

1
2 6
| w d n dzx.
+ 3(25 L, W, ax 6/3|w | T

Since as n — 00, (I/,(un),¥) — 0 for any ¢ € H'(R?), we obtain that I/,(ug) = 0.

From which we deduce that
HUOH2_,U'/ h(x) da:+/ Pugtt dx:/ luo|®da. (2.10)

Noting that (us)nen is bounded in H'(R?), we deduce from I,(u,) — 0 that

o(1) = |Jun||? —M/ x)u dx—i—/ I et dm—/ |, S daz.

Combining this with (2.10) as well as Lemma [2.1} we obtain that
o(1) = HwnHQ—l—/ ¢wnwidx—/ |wy,|®da. (2.11)
R3 R3
Recalling the definition of Sg, we know that
1/3
Vul|3: > S6</ |u\6d;v> for any u € D“?(R?).
R3

Now we distinguish two cases:
(i) Jgs lwn|®dz £ 0 as n — oo;
(ii) [gs lwn|%dz — 0 as n — oo.

Suppose that the case (i) occurs. Then there exist m > 0 and a subsequence
of (wn nGN; still denoted by (wy,)nen, such that f]R3 |w,,|%dz > n; > 0. We obtain

from ) that
Hwnniz > So(IVunl + ol + [ u,wdds o) "
Hence we get that for n large enough,
Vw22 > 552 + o(1). (2.12)
Therefore using , and -7 we deduce that for n large enough,
d+o(1)=1,(u,)

1 1
= Lu(uo) + 5lIVwnlZe + 5 lwnl72

1 .1
n w. dxr — — n 6d
+ 4/R3¢ nWndT 6/Rs fon["da (2.13)
1 , 1, o, 1 ,
= I, (ug) + *||an||L2 + *llwn||L2 + = | Sw,wpdz
12 s

1
> =550+ g1 Vwnlts + glwallts + 35 [ dw,wddo >0
3 12 Jos

which contradicts to the condition d < 0. This means that the case (i) does not
occur. Therefore the case (ii) occurs. Using (2.11)), we deduce that ||w,||* — 0 as
n — co. Hence we have proven that u, — ug strongly in H*(R?). a
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We end this section by a characterization of the mountain pass geometry for the
functional I, in H!(R3).

Lemma 2.7. There exist §o > 0 with 02 < 61, p > 0 and o« > 0 such that for any

€ [p1, p1 + 02),
IH‘BBP >a > 0.

Proof. For any u € H'(R?), there exist t € R and v € Si- such that

u =te; +v, where /RS (VuVey + vey) dz = 0. (2.14)

Hence from direct computations we obtain
lull = (IV(ter +0)II3 + ter +0[3) % = (22 + [[ol|?)/*, (2.15)
o [ aptde < ol g [ h@etds = ef =1 (216)

11 / h(z)ejvdx = / (VoVey +vey)dr = 0. (2.17)
R3 R3

We first consider the case of i = p1. Denoting 61 := %(1 — %) > 0, then by the
relations from ([2.14)) to (2.17)), we obtain

1 1 i 1
T 0) = gl + 3P = 5 [ halde = [ s

1 1
— §||t61 + v||2 + ZF(tel +v)

1
M h(:b)(tel—l—v)de—f/ |te; + v|®dx
2 o 6 Jas
1 m , 1 1/ 6
> = 1——) —F(t —— | |t d
2 5 (1= 2l + gF(ten +0) = o [ fter +of'de

1
> Ou|v]|* + S F(ter +v) = Calt]” = Caflo]*,

Next we estimate the term F'(te; + v). Using the expression of F'(u), we have that

_ 1 (tei(y) + v(y))*(tei(x) + v(x))
F(tey +v) = /]R3><]R3 T

2
i dydzx.

Since
(tex(y) +v(y))* (ter () + v(2))?
= t'(e1(y))*(er())* + (v(y)*(v(=
+2t% (e1(y) (er(2))*v(y) + e1 (@)
+ 2t (ex(z)v(x) (v(y))? (
+12 ((e1(2))?(v(y)? + der(y)er ()v(y)o() + (e1(y))* (v(2))?) ,
we know that
‘/ el(y)(el (l‘))%}(g) + el(x)(el(y))Qv(m) dy dm‘ < CH,UH (2 18)
R3xR3 |z — y B ) -
‘/ 2(61($))2(U(y))2 + 461(3/)61(50)“(9)”(13) dydx‘ < C||UH2 (2 19)
R3 xR3 |z -yl B ’ .
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‘ / el(x)v(x)(v(y))2 + el(y)v<y)(v(m))2 dydm‘ < CH,UHB (2 20)
R3xR3 |z —y| - . -
Hence

Ly (u) > 01 [|0]|® + Oat]* = C1[t]° = Cal|v[|® — CaJt?|lo]
1
~ Cult ol = Colel ol + 5 [ ot
R3
where 03 = § [gs ¢e,€3dz. Note that
1 2
22 < 2116 4+ Zlol3
ol < 21t° + 2o
1 5
ol < S126 4 2Qpl18/5
I < 1+ 2ol

and for some gy with 2 < ¢y < 4, we also have that

1 —1, 34
¢ oll < —lol|% + L= j¢|a"T
q0 4o
Therefore,
C C -1 3q C
T () 2 Ol + Balf — o — =D e _ S
0 (2.21)
2Cy Cs 5Cs
= ol — =2 1t1° = 22 [o° = Ol — o] ®

qz"ﬁ’l > 4 (since g < 4), we know that there are positive constants

03, 0, and 65, 6, such that

From ¢gg > 2 and

Ly (w) > O3[v]|* + Oa]t]*
provided that [|v]| < 3 and |¢| < 6. Hence there are positive constants 65 and 05
such that .
L (w) = Osllul* - for [[ul® < 32, (2.22)
Set 6 := min{%@;,ég, po — p1} > 0 and 65 := min{é,d;}. Then for any u €
[1, 1 + 62), we deduce from ([2.22)) that

L) =T (u) + (1 — 1) Jj, hle)ude

> Os[ull* — L5 ul?

= Jull? (05 uf? — 5;21)

> |ul* (10562 — 10502)

= 10503 |ull?
for 162 < |ju||> < 62. Choosing p := |jul| = (£ + ||fu||2)1/2 and o == 10502p?, we
complete the proof. O

3. PROOF OF THEOREM [I.1]

In this section, we will prove Theorem[I.1] Since for 0 < p < py, it is standard to
prove the existence of one bound state of , which corresponds to a mountain
pass type critical point of the functional I,,. In the following we will focus our
attention to the case of g = p1. As we have seen in Lemma [2.7] with the help of
the competing between the Poisson term ¢,u and the nonlinear term, the 0 is a
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local minimizer of the functional I,,, and I,,, contains mountain pass geometry. We
will use mountain pass lemma to prove Theorem |I.1]

Lemma 3.1 ([3]). Let E be a Banach space and a functional I € C*(E,R). Suppose
that I(0) =0 and

(1) there are constants p, o > 0 such that I),, > a; and
(2) there is a i € E\B, such that I(u) < 0.
Define ¢ = infyer sup,ejo 17 1(7(t)) with

I'={yeC([0,1],E) : 7(0) =0, (1) = u}.
If I satisfies (PS). condition, then I possesses a critical value ¢ > a.

We will use Lemma [3.1] by choosing I = I,, and E = H'(R®). Since the problem
contains critical nonlinearity, we need an extremal function u. of the embedding
from D'2(R?) into L%(R3), where

c1/4
Ue(x) =C———=, >0
=
and C'is a normalizing constant. Let ¢ € C§°(R?) be such that 0 < ¢ <1,¢[p, =
1 and supp ¢ C Bag, for some Ry > 0. Set v. = pu. and then v. € H'(R3) with
ve(x) > 0 for any € R3. The following asymptotic estimates hold for ¢ small
enough (see [11]):

[Vve|2: = K1 4+ O(e?),  |jve||26 = Ko + O(e) (3.1)
and
O(e*/*) a€2,3),
[ve[|Fa = § O/ *|Inel) o =3, (3.2)
O(e"5) a € (3,6),

with 52 = S. Hence [ ¢, v2dz < C’||fu5|\i% = Ce. Since h(z) satisfies (H1), we
also have that for e small enough,

2 |z| =Pl /2 2
/ h(z)|ve|*dx > Cpl/ 7dx—|—/ h(z)|ve|“dx
R3 |z|=p2

jal<pe €+ |2[?
2

p

> C’plel/Q/ : Tidr

- o rP(e+r?)
1

p2e 2 2
P
/ ﬁdﬁ
0 PP (1+ p?)

1 2
P 1-2
L_dp=Ce'".

/0 208

Next, we define the following minimax value

dy, = inf sup Im('V(t))
7€l te0,1)

1—

[

=Cpie

[Sie

> Cpre'™

with

Iy = {ye0([0,1], H'(R?)) : 7(0) = 0, L, (7(1)) <0} .
Lemma 3.2. If h(x) satisfies the assumption (H1) with 1 < 3 < 2, then the d,,
defined in Lemma satisfies d,,, < %52/2.
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Proof. Tt suffices to find a path v(t) starting from 0 such that

1
sup I, (v(t)) < 55’2/2.
te0,1]

Note that for t > 0, 21, (tv.) = tg(t) with

g(t) = ||lve? f,ul/ h(a:)v?da:thz/ by v2dx 7t4/ vdz.
R3 R3 R3

It is easy to see that there is a unique 7. such that g(7.) = 0. We claim that there
are constants C' and C such that 0 < C < T. < C. Indeed if up to a subsequence
(still denoted by T.) such that 7. — 0 as € — 0, then

0= g(T2) = |oe]l? — / h(x)o2de + T2 / do.v2d — T / oSda
R3 R3 R3

=K1 +0("/2) = 0(' %) + o(1)

which is a contradiction since K7 > 0. If there is a subsequence (still denoted by
T.) such that T, — oo as € — 0, then we have that

1
0= g (Il = [ apizae) +0) =72 [ 1t

which is also a contradiction since [p, v8dz = (K + O(¢))” and K, > 0. Hence we
only need to estimate I, (tv.) for ¢ in a finite interval. Therefore we may have that

I, (tve) < g1(t) + C/ (byav?dx,
R3

2 tﬁ
)= 5 (I0el? = [ moptae) =5 [ ot
2 6 Jrs
It is deduced from , . and . ) that

sup Iy, (tve) < sup g1(t) + O(¢)
t>0 t>0

1 3/2 —3/2
<1 2 _ 2 6
<3 (||v5|| oA /]RS h(a:)vsdx) </R3 vedac) + O(e)

where

1 3/2 _
<3 (m +O(V?) - 051%) (Ka+0()) ™% + 0(e)
- 3K3/2 (1 +O(EV?) - 051*%) K72 (1- 0() + 0(e)
_ 3/2 /2y _ ~.1-8
35 (1 +O(eM?) - Ce ) +O(e)
< gsg”
for € small enough since 1 < 8 < 2. O

Lemma 3.3. If the function h(z) satisfies the assumption (H1), then the I, satis-
fies (PS)q condition for any d < %52/2 in the case of = 7.
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Proof. Let (un)nen C H'(R®) be a (PS)4 sequence of I,,, with d < 153/>. Then
we have that for n large enough,

1 1 1
d+o(1) = 5”“71”2 — % /]R3 h(x)u,%dx + 1 /}R3 gbunuidx ~ % /]R3 |un|6dx,

<ILluu»,un>::nunH2—-u1J/ fﬂm)nidx—%j/ ¢unuidx-—t/’|unﬁdx.
R3 R3 R3

Similar to the proof in Lemma we can deduce that (uy,)pen is bounded in
H'(R?). Going if necessary to a subsequence, we may assume that u,, — 1y weakly
in H*(R?) and u,, — ug a.e. in R®. Denote w,, := u, — uy. We then obtain from
Brezis-Lieb lemma and Lemma that for n large enough,

[un [ = lluol|® + [lwn|* + o(1),
/ qﬁunu%dx:/ gbuOugdx+/ bu, widx + o(1),
R3 R3 R3
lunllze = lluollgs + lwallge + o(1).
mee |5 h(x)uzdr — |5 h(x)ugdr as n — oo, we obtain that
Since [is h(z)udde — [os h(z)udd btain th
d+o(1) = I, (un)

= L) + 5Vl + Sllwnlde+ 5 [ duudde =g [ ol
R3 R3

(3.4)
Using (I}, (un),) — 0 for any ¢» € H'(R?), one may deduce that I/, (ug) = 0.
Hence we have

||u0||2 — ul/ h(m)ugdm +/ (buOu%dx = / |u0|6dx
R3 R3 R3
and then
1 2 2 1 2
Ly (uo) = 5 (lluoll® —pn | h(z)ugde ) + Pugugdz > 0.
3 ]RS 12 ]RS

Now using an argument similar to the proof of (2.11)), we have
o(1) = [|[Vwn |32 + [[wn]|32 +/ b, widx —/ lw,|®dz. (3.5)
R3 R3
Using the relation
1/3 )
[Vul3z > SG(/ |u|6dz> for any u € D**(R?),
R3

we proceed our discussion according to the following two cases:
() fgs [wn|®dz £ 0 as n — oo;
(A1) [fgs lwn|®dz — 0 as n — oco.

Suppose that case (I) occurs. Then going if necessary to a subsequence, still
denoted by (wy,)nen, we may obtain from (3.5) that

1/3
HWMWZ%@WM@+MM%+AjW%M*dW :

which implies that for n large enough,

[V, |2: > S5/
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It is deduced from this and that d > %Sg’/ 2, which is a contradiction. Therefore
the case (IT) must occur, i.e., [pq|wy|®dz — 0 as n — co. This and imply
that ||w,|| — 0. Hence we have proven that I, satisfies (PS)q condition for any
d<%52/2 and p = 3. O

Proof of Theorem[1.1. By Lemma [3.1} Lemma [3.3] the d,, is a critical value of I,,,
and d,, > 0. The proof of nonnegativity for at least one of the corresponding
critical point is inspired by the idea of [I]. In fact, since I, (u) = I,,, (|u|) for any
u € HY(R3), for every n € N, there exists v, € I'; with ,,(t) > 0 (a.e. in R3) for
all ¢t € [0, 1] such that

1
Ay, < tIen[g,}i] Ly, (9 (1)) < dy + w (3.6)

Consequently, by means of Ekeland’s variational principle [5], there exists v € I’y
with the following properties:

1
d,, < max I *(+)) < max [ t d .
H1 = te[gﬁ] 251 ('Yn( )) — te[(z)l,)i] 25} (Fyn( )) < M1 n?

1
n(t)) — :; 3 < —=;
e () =3Ol < = (3.7)
there exists t,, € [0, 1] such that z, = 7, (¢,,) satisfies

Ly (20) = nax Ly (7 (1)), and [T}, (zn)l| < 1/V/n.

By Lemma and Lemma we get a convergent subsequence (still denoted by
(2n)nen). We may assume that z, — z in H!(R3) as n — co. On the other hand,
by ([3.7), we also arrive at v, (t,) — z in H'(R?) as n — oco. Since 7, (t) > 0, we
conclude that z > 0, z # 0 in R® with I, () > 0 and it is a nonnegative bound
state of in the case of j = 1. O

4. GROUND STATE AND BOUND STATES FOR 1 > i1

In this section, we assume condition (H1). We will prove the existence of ground
state and bound states of as well as their bifurcation properties with respect
to pu. As we have pointed out in the introduction, usually to study the existence of
ground state, one considers a minimization problem like

inf{I,(u) :uwe M}, M={ueH" R :(I(u),u) =0}

But in the present paper, we can not do like this because for p > p1, we can not
deduce 0 ¢ OM. To overcome this difficulty, we define the set of all nontrivial
critical points of I,, in H'(R?):

N ={ue H' (R*)\{0} : I,(u) = 0}.
Then we consider the minimization problem
o, = inf{I,(u) : ue N} (4.1)
To show that is well defined, we have to prove that N # ) for suitable p > p1.
Lemma 4.1. Let d2 and p be as in Lemma and p € (p1, p1 + 62). Define the

minimization problem

do inf I,(u).

llull<p

)
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Then the dy,, is achieved by a nonnegative wg, € H'(R®). Moreover this wo,, is
a nonnegative solution of the (|1.3)).

Proof. In the first place, we prove that for p € (u1, pt1+02), it holds —oco < dg , < 0.
Keeping the definition of I,,(u) in mind, we obtain from the Sobolev inequality that

1 1 1
I,(u) = f||uH2 - H/ h(z)ude + = | ¢uuidr — 7/ |u|®dx
2 Jps 4 Jps 6 Jrs
2 *|| [ ||MH2 Cllul® > —co for [lull < p.
Next, for any ¢ > 0, we have
t2 9 MtQ 9 t4 9 tﬁ 6
I(ter) = <lei||* — = | h(z)eide+ — | e, eide — — le1|°dz.
2 R3 4 R3 6 R3

It is now deduced from py [ps h(z)eidz = ||le1||* that

tG
tten) = 5 (1= LY+ 5 [ octan = [ jertean

Since p > 1, we obtain that I,,(te;) < 0 for ¢ small enough. Thus we have proven
that —oco < do,, < 0 for € (p1, pr1 + 02).

In the second place, let (v, )nen be a minimizing sequence, that is, ||v, || < p and
I,(vn) — do,, as n — oo. By the Ekeland’s variational principle, we can obtain
that there is a sequence (up,)neny C H(R3) with ||u,|| < p such that as n — oo,

Iu(un) = do, and I, (un) — 0.

Then similar to the proof of Lemma we can prove that (un)nen i bounded in
H'(R3). Using Lemma [2.6] we obtain that (u,)nen contains a convergent subse-
quence, still denoted by (u, )nen, such that u,, — ug strongly in H!(R?). Noticing
the fact that if (v, )nen is & minimizing sequence, then (|v,,|)ren is also a minimizing
sequence, we may assume that for each n € N, the u,, > 0 in R®. Therefore we may
assume that ug > 0 in R®. The I}, (u,,) — 0 and u,, — ug strongly in H'(R?) imply
that I;L(uo) = 0. Hence choosing wg ,, = ug, we know that wg , is a nonnegative
solution of the (1.3]). The proof is complete. ([

We emphasize that the above lemma does NOT mean that wq , is a ground state
of (1.3). But it does imply that A" # 0 for any p € (p1, 41 + 62). Now we are in a
position to prove that the ¢y, defined in (4.1) can be achieved.

Lemma 4.2. For p € (p1, 1 + 02), the ¢y, is achieved by a non negative v, €
HY(R3), which is a nonnegative critical point of 1,,. Moreover, this vy, is a non-
negative ground state of the (1.3)).

Proof. Noting that from Lemma we know that N # 0 for p € (p1,p1 + 62).
Hence we have that ¢y, < 0. Next we prove that the ¢, > —oo.

For any u € N, since I} (u) = 0, then (I} (u),u) = 0. Similar to the proof of
Lemma [2.3] we can obtain that

1 1 1
Tufw) = 1,(0) = F{Th0).0) > Gl = g [ ha)2a.

Therefore ¢g,,, > —o0.
Now let (uy)nen €A be a sequence such that

I(un) = cop and I (up) = 0.
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Since —oo < ¢, < 0, we know from Lemma-that (un)nen contains a convergent
subsequence in H 1(R3) and then we may assume without loss of generality that
u, — vo strongly in H'(R?). Therefore we have that I,,(vo) = co,,, and I},(vg) = 0.
Choosing vg , = vg and we finish the proof of the Lemma (]

Next, to analyze further the (PS)q condition of the functional I,,, we have to
prove a relation between the minimizer wp,, obtained in Lemma [£.1]and the mini-
mizer v, obtained in Lemma

Lemma 4.3. There exists 63 > 0 and d3 < 0o such that for any p € (pu1, p1 + 03),
the v, obtained in Lemma[{.] coincides the wo,, obtained in Lemma [4.1]

Proof. The proof is divided into two steps. In the first place, for v # 0 and u is a
critical point of I,, with u = 111, we have that

Mw—m/h@fw+/¢w%wi/wmw
R3 R3 R3

1
) = 3 (Il = [ baide) + 35 [ ot

Since [[u]|? > p1 [gs h(z)u?dz for any u € H*(R?), we obtain that

and hence

I, (u) > ¢uu2daj > 0.

~ 12

In the second place, denoted by ug ,, a ground state obtained in Lemma[4.2] For
any sequence (™ > p; and p(™ — py as n — oo, we have that U, ,(n) satisfies

I;/l,(") (UO7M(n) ) = 0,

Co,pmy = Lyym) (ug H(n)) < 0.

Similar to the proof of Lemma 2.3 . we may deduce that (u o) Jnen is bounded in
H(R?). Since I,An) (ug,,m) = 0, one also has that

1 n
Lo (g ) = (||u0 um |2 —ul )/3 h(z )(u07#<,L>)2dx>

/ (;Suo o (o #(m) dz.

Using the definition of uq, we may deduce that, as n — oo,

— 0

2 (n) 2 M(n) 2

Huohu(n) — U h(x)(u07u(7L)) dr > (1 — —) H/U/O”u(n)
R3 H1
because the (ug ,(n) )nen is bounded in H'(R?). Next from (ug ) )nen is bounded
in H*(R?), we may assume without loss of generality that Ug, ) — Up weakly in
H(R3).
Claim: As n — oo, the ug ) — o strongly in H'(R?) and @ = 0.
Proof of this claim. From g,y — o weakly in H'(R?), we may assume that

Ug ) — To a.e. in R®. Using these and the fact of I,/L(M(“O,u(")) = 0, we deduce
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that I}, (tig) = 0. Then similar to the proof in Lemma we obtain
- 1, 1, .
o(1) + I, (ug ym)) = Lo (o) + §|\an||2Lz + §||wn|\2L2

1 1
+7/ ¢>@n(u~)n)2daz—f/ |1y, | dx,
4 Jgs 6 Jgs

where w0, := g ,(n) — Ug. Now we distinguish two cases:
(i) fRs |, [Sdx /5 0 as n — oo;
(H) fR3 |1Dn‘6d517 — 0 as n — oo.

(4.2)

Suppose that the case (i) occurs. Using an argument similar to the proof in
Lemma [2.6] we deduce that

o (tg0) + 0(1) 2 I, () + 353/2,
This is a contradiction because I,,, (o) > —%53/2 by Lemmaand Iy (ug ) <
0. Hence the case (i) does not occur. Therefore the case (ii) occurs, which implies
that ug ) — Uo strongly in H'(R?) (the proof is similar to those in Lemma .
From this we also have that [os ¢, (0n)*dz — [os da, () da.
Next we prove that &g = 0. Arguing by a contradiction, if %y # 0, then we know
that

e 1 _
liminf 7, ) (ug ) > 2 /Rg ba, (Tig) dz > 0,

n—oo
which is also a contradiction since I, (ug ,,m)) < 0. Therefore iy = 0.
Hence there is d5 > 0 and d3 < 02 such that for any p € (p1, 1 +93), [Juo,.| < ps
which implies that ¢y, = dp,. Using Lemma we get a nonnegative ground
state of 7 called wo,, and ¢y, = do ;= I (wo ). O

Remark 4.4. The proof of Lemmaimplies that the ground state wy ,, bifurcates
from zero.

Next we prove the existence of another nonnegative bound state of (1.3]). To ob-
tain this goal, we have to characterize further the (PS)4 condition of the functional
I,.

Lemma 4.5. If h(z) satisfies (H1) and p € (1, p1 + 93), then I, satisfies (PS)q
condition for any d < ¢y, + %Sg/g.

Proof. Let (up)nen C H'(R3) be a (PS)4 sequence of I, with d < ¢o,, + %Sg/z,

that is I,,(un) — d and I}, (u,) — 0 as n — oo. Then for n large enough,
1 1 1
d+o(1) = 5luall? = § [ hayido+ ] [ ouuide— [ junfds,
2 2 Jrs 4 Jps ) 6 Jps

(T (), ) = Jun|? — / h(a)uldi + / b, 2 — / L
R3 R3 R3

Similar to the proof in Lemma we can deduce that (up)nen is bounded in
H'(R3). Going if necessary to a subsequence, still denoted by (u,)nen, We may
assume that u, — ug weakly in H*(R®) and u,, — ug a.e. in R®. Denote w,, :=
Uy — ug. We then obtain from Brezis-Lieb lemma and Lemma that for n large
enough,

[ | = luol|* + [lwn[* + o(1),
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/RS G, urdr = /RS Puyugdz + /R?’ G, widz + o(1),
lunllfe = luoll%e + lwallZs + o(1)-
Using Lemma Jas M(@)uzde — [os h(z)uddz as n — oo. Therefore
d+o(1)=1,(un)

1 1
= Lu(uo) + 5[ Vwal|Zz + FllwallZ: (4.3)

1 ) 1
— w, Wadr — = n|Cda.
5 [ pwudde = [ s

Since (I}, (un),%) — 0 for any ¢ € H'(R?), we get that I} (ug) = 0. Moreover

I, (uog) > co,y, and

l|luol|® — ,u/ h(z)uddx + / buouidr = / luo|®dzx.
R3 R3 R3
Note that (u,)nen is bounded in H*(R?). The Brezis-Lieb lemma, Lemma and

o(1) = ||un||2—u/ h(x)uidx—i—/ ¢unuid$—/ \un\ﬁdx
R3 R3 R3

imply
0(1) = |VwnllZ2 + [lwalZ- +/ Pw, Wy dz —/ |wn|°da. (4.4)
R3 R3

Using the relation
1/3
[Vul|3: > SG</ |u|6dac) for any u € D"?(R?),
R3

we distinguish two cases:
(I) fR3 |wn‘6d$ 7L> 0 as n — o0;
(H) fRS |wn‘6d$ — 0 asn — 0.

Suppose that the case (I) occurs. Using a proof similar to Lemma we obtain

1/3
IVl > o (IFwnle + walie+ [ 0, wdde = o)

and for n large enough,
[Vw, |22 > S5/% + o(1). (4.5)
Therefore using and , we deduce that for n large enough,
d+o(1)

= I, (un)

1 1 1 1
Lu(u0) + SIVwnlZe + = uon 22 + / b, wldr — & / .
2 2 4 RS 6 ]R3

1 1 1

) + 519wl + g lonlie+ 15 [ owwida (46)
1 2 1 2 1 2

> o+ IVl + g lunlie + 55 [ Gunuida

1
> Co,p + 552/2,
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which contradicts to the assumption d < ¢, + %Sg/ ?. Therefore the case (IT) must

oceur, i.e., [gs [wy|®dz — 0 as n — oo. This and (4.4) imply that ||w,| — 0. Hence
we have proven that I, satisfies (PS)q4 condition for any d < ¢, + %52/2. O

For the functional I,,, we define the following minimax value

da, = inf sup I,(v(?))
7€l2 ¢e(0,1]

with
Iy = {y € C([0,1], H'(R?)) : 7(0) = wo,u, Lu((1)) < co,pu}-

Lemma 4.6. If pu € (pu1, 1 + 03) and h(z) satisfies (H1) with 3 < 8 < 2, then the
da,,, defined in the above satisfies

1
da < o+ 552/2.

Proof. 1t suffices to find a path starting from wy,, and the maximum of the energy

functional in this path is strictly less than co, + %Sg/z. To simplify the notation,
we denote wg := wy,,, which corresponds to the critical value cg,,. We will prove
that there is a Ty such that the path v(t) = wo + tTpv, is what we need. Note that
as s — 00, I,(wo + sv;) — —oo. Similar to the proof in Lemma we only need
to estimate I, (wo + tv.) for ¢ in a finite interval. By direct calculation, we have

1
I, (wo + tve) = 5 <||Vw0 + tVo.||? — u/s h(z)|wo + tv€|2dx)
R

1 1
+ - / ¢(wo+w£)(’w0 + t’UE)2d£L' — */ |wo + tUE‘Gd(E
4 R3 6 R3
= I, (wo) + I, (tve) + Ay + As + As,

where

Ay = t/ (VwoVue + wove) do — ut/ h(z)wov.dz,
R3 R

3

1 B
Ay = 7/ ———dxdy
167 Jrsxps € =yl
with

B = wo(y) + tv(y)*lwo (@) + tve(2)[* — wo(@)*|wo(y)* — [tve(y) *[tve (2) 2,

1
Ay = 6/ (Jwo + tv[© — [wo|® — [tve|©) da.
RB

Since wy is a solution of (1.3)), we have that

Al = / (wo) tvedx — / Do Wotvd.
R3 R3
From an elementary inequality
la+ b —[af” — b < C(la["~ (o] + |alpP~),  p>1, a,bER,
we know that
|43 < C/}R3 (|wo® |tve| + |wo[tve|?) da.
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For the estimate of As, using the symmetry property with respect to z and y, we
can obtain

|As| SC/ qbwowovgdx—i—/ gzbwo(ve)zdx—i—/ ¢y, WU AT
R3 R3 R3

LC wo(x)wO(y)Ua(x)ve(y) dz dy.
R3 xR3 |z —yl

Noticing that

[, dugtvds < ougllclwol o ol
and ||’UEHL1752 = O(e1) for & small enough, we obtain that

/ Do WoVedT = 0(6%).
R3

Similarly we obtain that for e small enough,

/ buwy (ve)2dz = O(e1/?), / Dy, WoUdx = O(E%),

R3 R3

/ |wo|v:|dz = O(e7), / lwo|ve|Pdz = O(%),
R3 R3

[ e g, oy
R3 xR3 |z — yl '

Hence we deduce that for € small enough,

Lu(wo + tv) < I,(wo) + L (tve) + O(e7).

Since
B

1 3
max I, (tve) < 355 + O(Y?) + 0(e) — Cel ™2,
from % < B < 2 we obtain that there is £g > 0 such that for 0 < € < gy,
1 3 1 3
1%1>agclﬂ(wo +tv.) < 55’62 + 1, (wo) = 5562 + Co -
The proof is complete. ([l

Lemma 4.7. Let i € (p1, p1 + 93) and wo , be the minimizer obtained in Lemma
[4-3 Then the dy, is a critical value of I,.

Proof. Since for p € (p1, 1 + 03), from Lemmas and the quantity wg , is
a local minimizer of I,,. Moreover, I,,(wo,, + sv.) — —o0 as s — 4o00. Therefore
Lemma [.5] and the mountain pass lemma imply that dy, is a critical value of
L. O

Proof of Theorem[1.4 The conclusion (i) of Theorem follows from Lemma
and Remark It remains to prove (ii) of Theorem By Lemma Lemma
and Lemma the dy,, is a critical value of I, and do, > 0. The proof of
nonnegativity for at least one of the corresponding critical point is inspired by the
idea of [1]. In fact, since I,,(u) = I,,(|u|) for any u € H'(R?), for every n € N, there
exists v, € I'y with v, (t) > 0 (a.e. in R?) for all ¢ € [0, 1] such that

1
dy, < I (1) < d .y 4.7
20 S A u(m (1)) < 20 (4.7)
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Consequently, by Ekeland’s variational principle, there exists 7 € I's with the
following properties:

1
ds , < L, (v (1) < L,(va(t d =
20 < max Lu(ya (1) < max Lu((t)) < dou+
1
max [yn(t) = 3Ol < ==

t€[0,1]
there exists t,, € [0, 1] such that z, =~ (t,) satisfies

(4.8)

1
I(z0) = mae L (:(6). s 1 (z0)] < —=
From Lemma we get a convergent subsequence (still denoted by (z,)nen). We
may assume that z, — z strongly in H*(R?®) as n — oo. On the other hand, by
([@.3), we also arrive at v, (t,,) — z strongly in H'(R?) as n — oo. Since v, (t) > 0,
we conclude that z > 0, z # 0 in R® with I,,(z) > 0 and it is a nonnegative solution
of problem .

Next, we prove the bifurcation property. Let us , be the nonnegative solution
given by the above proof, that is, I} (uz,) = 0 and I,(uz,) = da,. We claim
that for any sequence u(™ > 1 and p(™ — py, there exist a sequence of solution
Ug, ,(m) Of in the case of = p(™ and a u,, € H'(R?) with I, (u,,) = 0 and
I, (uy, ) > 0, such that uy ;) — uy, strongly in H'(R?). In fact, by the definition
of dy , and the proof of Lemma @ we deduce that for n large enough,

0<a<dy,m < max L, (wg pymy + 8Ve),

1
Iu(n) (wO,;L("> + S’UE) < Iu(n) (w07u(n)) + Iu(n) (SUE) + 0(64 )

Then as n — oo (consequently x(™ — p1),

1 1
limsupd, ) < max I, (svs)+0(e7) < gsg’/Q, (4.9)

n—oo

Next, similar to the proof in Lemma we can deduce that (u2,M<n))n€N is
bounded in H'(R3). Going if necessary to a subsequence, we may assume that
Uy () — Uz weakly in H'(R3) and Uy y(m) — Uz a.e. in R3. Then we have that
I, (ig) = 0. Moreover I,,, (ti2) > 0. If (s ,m) )Jnen does not converge strongly to iz
in H'(R?), then using an argument similar to the proof of Lemma we deduce
that .

Lo (g ) 2 Ty () + 552,

which contradicts to (4.9). Hence uy () — @i strongly in H*(R?) and I,, (a2) > 0.
The claim holds and the proof is complete. O
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