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CONVERGENCE OF SOLUTIONS FOR A FIFTH-ORDER
NONLINEAR DIFFERENTIAL EQUATION

OLUFEMI ADEYINKA ADESINA, AWAR SIMON UKPERA

ABSTRACT. In this paper, we present sufficient conditions for all solutions of
a fifth-order nonlinear differential equation to converge. In this context, two
solutions converge to each other if their difference and those of their derivatives
up to order four approach zero as time approaches infinity. The nonlinear func-
tions involved are not necessarily differentiable, but satisfy certain increment
ratios that lie in the closed sub-interval of the Routh-Hurwitz interval.

1. INTRODUCTION

Nonlinear differential equations of higher order have been extensively studied
with high degree of generality. In particular, there have been interesting works on
asymptotic behaviour, boundedness, periodicity, almost periodicity and stability of
solutions for fifth-order nonlinear differential equations. Authors that have worked
in this direction include Abou-El-Ela and Sadek [T}, 2, [3], Adesina [4} [ [6], Afuwape
and Adesina [0, [10], Chukwu [II], 12], Sadek [14] and Tunc [I6l 17, I8 19, 20],
to mention a few. Most of the nonlinear functions involved in these works were
assumed to be differentiable, specially, the restoring terms. Specifically, in 1975
and 1976 respectively, Chukwu [I1] [12] discussed the boundedness and stability of
the solutions of the differential equations

x(v) Jrfl(zl:,J?l,itll,l‘m,l‘(iv))x(iv) +bx///+‘]¢-3(x//) +f4($l) +f5(x) :p(t) (1.1)
and
2 4 ax® 4 fo(a") + 2’ + fi(@') + fo(@) = p(t, 2,02, 2,20 (1.2)

Later, Yu [2]] studied the boundedness and asymptotic stability of the solutions of
the differential equation

x(”)+¢>(x,x’,x”,x”',x(i”))x(i”)+bx/”+h(x”)+g(x')+f(x) _ p(t,x,x’,x’/,x"/,x4).
(1.3)

Other interesting results on the boundedness and stability of solutions for equa-
tions of the form (1.3) were obtained by Abou-El-Ela and Sadek [I], Tiryaki and
Tunc [I5] and Tunc [I6]. In the case where the fifth order differential equations were
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non-autonomous, the asymptotic behaviour of solutions were treated by Abou-El-
Ela and Sadek [3], Sadek [I4] and Tunc [I7, 18| 19} 20]. Some of the results in these
works have been generalized to real vector differential equations, see for instance
Abou-El-Ela and Sadek [2]. All the above mentioned works were done by using the
Lyapunov’s second method except for the works of Adesina [4] Bl [6] and Afuwape
and Adesina [9] [10], where the frequency domain technique was employed to study
some qualitative behaviour of solutions.

However, the problem of convergence of solutions to these equations in which

the nonlinear terms are not necessarily required to be differentiable, has so far
remained intractable. The purpose of this paper therefore is to tackle this problem.
Motivation for this study comes from the works of Afuwape [7, ] and Ezeilo [13]
where sufficient conditions for the convergence of solutions of fourth and third order
equations were proved respectively.
Definition Two solutions z1(t), xz2(t) of the equation are said to converge
(to each other) if 1 —xo — 0, 21/ — 23" — 0, 21" — 23" — 0, 21" — 25" — 0,
1) — 2500 0 as t — 0.

In this paper, we shall investigate the convergence of solutions for equation

2+ ax®™ 4 b + (@) + g(a) + h(z) = p(t,z, 2, 2" 2 2)), (1.4)

where a, b are positive constants, functions f, g, h and p are real valued and
continuous in their respective arguments such that the uniqueness theorem is valid,
and the solutions are continuously dependent on the initial conditions. Moreover,
f(0) = ¢g(0) = h(0) = 0. Our results assert the existence of convergence of solutions
with the functions f, g, and h not necessarily differentiable. Here, the functions h
and g are only required to satisfy the increment ratios

h(¢+n) = h(C)

n € 107
g(¢+n) —g(() 1
n

where Iy and I; are closed sub-intervals of the Routh-Hurwitz interval. Our results
generalize, to fifth-order equations, the results in [7, 8]. Some existing results on
fifth-order nonlinear differential equations are also generalized.

2. ASSUMPTIONS AND MAIN RESULTS

Assumptions:
(1) The function p(t, z, ', 2", 2", (")) is equal to q(t)+r(t, z, ', ", z"", ()
with r(¢,0,0,0,0,0) = 0 for all ¢;
(2) For some positive constants a, b, a, 8 and Ay, (ab — a)a — a?B > 0,
(ab — a)a+alg > 0, (ab— ) > 0 and b? > j3;
(3) For some positive constants a, b, «, 3, Ao, A1 Ko and K7, the intervals

[(ab— a)a — a?p] H ,
[(ab— aa(j + aAO]H

Ip = [AO,KO[

I = [Al,Kl[

a
are in the Routh-Hurwitz interval.

The following results are proved.
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Theorem 2.1. In addition to the basic assumptions and 1-8 above, we assume
that

(i) there are positive constants «, ag, 8 and By such that

f(z2) — f(21)

a< P ZIE) sy o, (2.1)
Z9 — 21

B < 9lyz) = 9(y1) <Bo, Y2 F# Y1 (2.2)
Y2 — Y1

(ii) for any ¢,n, (n #0), the increment ratios for h and g satisfy
h(¢+n) — h(C)

n € IO?
et -©
n

(iii) there is a continuous function ¢(t) such that

|T(t, $17y17217U1,01) - T(t7$2»y27 22, u23v2)|

2.3
< ot)(|z1r — x2| + |yr — yo| + |21 — 22| + |ur — ua| + |v1 — v2|) (23)
holds for arbitrary t,z1,y1, 21, u1, V1, T2, Y2, 22, U2, V2.
Then if there exists a constant D1 such that
t
/ ¢?(r)dr < Dy (2.4)
0

for some o with 1 < ¢ <2, then all solutions of (1.4) converge.

Theorem 2.2. Assume the conditions in the Theorem are satisfied. Let x1(t),
x9(t) be any two solutions of (L.4). Then for each fized o, 1 < o < 2, there are
constants Do, D3 and D4 such that for to > tq,

S(tg) S DQS(tl) exp{ — D3(t2 — tl) + D4 : ¢Q(T)dT}, (25)

where
S(t) = (z2(t) — 21(t)? + (22'(8) — 21 (1))* + (22" (1) — 21" (1))
+ (IQH/(t) o Illl/(t))Q + (IQ(iv) (t) o Il(iv)(t))2.

Remark 2.3. If p = 0 and the hypotheses (i) and (ii) of the Theorem hold for
arbitrary 1 # 0, then the trivial solution of (|1.4) is exponentially stable.

(2.6)

Remark 2.4. If p = 0 and the hypotheses (i) and (ii) of the Theorem [2.1| hold for
arbitrary n # 0, and ¢ = 0, then there exists a constant D5 > 0 such that every
solution xz(t) of (|1.4) satisfies

[@(t)] < Ds; [2'()| < D53 |2"(t)] < Ds; 2" ()| < Ds; |2 (¢)] < Ds.

For the rest of this article, D, Do, D3, ... and the D*’s stand for positive con-
stants. Their identities are preserved throughout this paper.
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3. PROOF OF MAIN RESULTS

Proof of Theorem[2.4 1t is convenient here to consider (1.4) as the equivalent sys-
tem

2’ =y,
y =2,
2 =u, (3.1)
u =v+Q(t),
U/ = —av — bu - f(Z) - g(y) - h(IE) + r(t,x, x/’x//’xll/’x(iv)) - G‘Q(t)v
where Q(t) fo 7)dT. Let x;(t),y;(t), zi(t), u; (t),v;(t), (¢ = 1,2), be two solu-
tions of (| .7 such that inequalities (2.1)), (2.2),
_ _ _ 2
Ay < h(z2) — h(z1) < Ko[[(ab v)a —a ﬂ]]v
X9 — I a
A, < 9W2) —9lw) _ g [ [(ab — a);l + aAo]]
Y2 — 4 a

are satisfied. The main tool in the proofs of the convergence theorems will be the
function

bB(a+ a(l —¢)) af’e

3201 _ 1,2 2 2
2V =5%[1 — €|lz® + [a” + T +a(1_6)]y
2 _ 2 _
LR+ (bl_f)eJr 1€_ﬁe+eﬂfj(b1 _Og}zeraQuer[lJr 1_6} 2

+2a8(1 — €)zy + 208(1 — €)zz + 2aB(1 — €)xu + 26(1 — €)zv (3.2)
+ 2(ba + afe)yz + 2[ac + Pe + %]yu + 2ayv + 2ab(1 — €)zu

(acac+ b)e

2[b
[ + 1—¢

|zv + 2auv,

where 0 < € < 1, ab— a > 0 and b > (3. Indeed we can rearrange the terms in

(13-2) to obtain

2V = 2V + 2V + 2V + 2V, 4 2V5 + 2V, (3.3)
where

au €2 (aB + D) €
2V = [B(1 - bz+ — + v+ ——2"+2 %
1=8(1-€x+ay+bz+ 5 + 9] —|—1_Ez + . zv+2(1_6)v,

1
2Vo = 3%(1 — €)ex® + aB(1 — €)zu + §a2u2;

1 1
Vs = bﬁwf + 2[ﬂ + ﬁ + Belyu + - a’u?;
1—c¢€ 2 1-— 8
2
2V, = ﬂy +2aﬁeyz+€ﬁ( —o) 22;
a(l—e) al—¢
(b* = B)e 5  (ab— 2abe) 15,
2Vs = = ;
Vs 2(1_6)2 5 zu+8au,
2,2
2V = —— 4+ auv + v2.
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We note that V; is obviously positive definite. This follows from the condition
0<e< 1. AlsoV;,i=2,3,...,6 regarded as quadratic forms in z and w, y and
u, y and z, z and u, z and v, u and v respectively is always positive. Let us recall
that a real 2 x 2 matrix

ap a2

az Qa4

is positive definite if and only if it is symmetric, and the elements a;, a4 and
aja4 — agag are non negative. Thus we can rearrange the terms in V5 as

B2(1—¢) apl5d <x>
(.’E, u) <a6(156) L; u)’
2

from which we have § < e < 1 as a condition for the positive semi-definiteness.

Similarly, for V3, we have

9 _
(1_2) > [?—i— 16_664-56]2

as a condition for its positive semi-definiteness. As for V; and V5, we have

a’bfe

(b~ 0)3 > a0’(1~ O and a5 — ) > (ab — 2abe)* -

as conditions for the positive semi-definiteness. The condition for positive semi-
definiteness of Vg is the same as that for V;. Hence V is positive definite. We can
therefore find a constant Dg > 0, such that

Dg(x? + 9> + 22 +u? +03) < V. (3.4)

Furthermore, by using the Schwartz inequality |z||u| < %(z% + u?), then 2|Va| <
D1*(2? + u?) for some D1* = D1*(a,f3,€) > 0. Similarly, we obtain the following
estimates:

2|Va| < Do™(y* +u?), Do" = Da"(a,b, e, 3,¢) >0,
2|Va| < Ds*(y* +2%), Ds* = Ds*(a,b,a, B,¢€) > 0,
2|Vs| < Dy*(2* +u?), D" = Dy*(a,b,a, B3,€) >0,
2|Vs| < Ds*(u? +v?), Ds* = Ds*(a,¢) > 0.
Thus there exists a constant D7 > 0, such that
V < Dy(a? +y? + 22 +u? +0?), (3.5)
where
D7 = max {D1*; D>"; D3*; Ds*; Ds™ }.
Using inequalities and , we obtain
Dg(2? +y* + 22 +u? +0) <V < Dy(a® + 9 + 22 +u? +0?). (3.6)
O

The following result can be easily verified for W = V.

Lemma 3.1. Let the function W (t) = W(xqo — x1,Y2 — Y1, 22 — 21, Uz — U1,V — V1)
be defined by

bB(a+ a(l —¢)) af3%e
1—e€ a(l —

2W = B%[1 — €|(zy — x1)* + [0® +

_|_
)
~—
—~
<
)

I
<
=
S~—"

o
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I [bQ n (521:5)6 n 162ﬁ n ﬁ(a(b a;}(@ C ) 4 a(us — wr)?
+[1+ 11— ‘ eKUQ —v1)? +2aB(1 — €)(x2 — 1) (y2 — y1)

+ 2b5(1 — 6)(1‘2 — ml)(zg - 2’1) + 2a,6(1 - 6)({,132 - :L‘l)(’LLQ - U1)
+28(1 — €)(z2 — fUl)(U2 —v1) + 2(ba + afe)(y2 — y1)(22 — 21)

+ 2[ac + Be + 7]@2 —y1)(uz —u1) + 2a(y2 — y1)(v2 — v1)

(ac + b)e

+2ab(1 —€)(22 — 21)(u2 —w1) +2[b+ 1—¢

J(22 — 21)(v2 — 1)
+ 2a(ug — uy)(va — v1),
where 0 < € < 1 and W(0,0,0,0,0) = 0, then there exist finite constants Dg > 0,
D7 > 0 such that
D6{($2 - Il)z + (y2 — y1)2 + (22 — 21)2 + (ug — U1)2 + (v2 — Ul)z}
<W (3.7)
< Drf(za —21)* + (g2 — 11)* + (22 — 21)% + (u2 — u1)® + (v2 — v1)*}.
Proof. These inequalities follows from the verification of W as a Lyapunov function
and the fact that the solutions (x;, y;, 2, ui, v; + Q(t)), (i = 1,2), satisfy the system
(3.1)). Then S(¢) as defined in (2.6)) becomes
S(t) = {(w2(t) = 21(8))* + (y2(t) = y1(1))* + (22(t) — 21(1))?
+ (uz(t) —ur(1)® + (v2(t) —02(1)*}.

Next we prove a result on the derivative of W (¢) with respect to t.

Lemma 3.2. Let the hypotheses (i) and (i) of the Theorem [2.1] hold, then there

exist positive constants Dg and Dg such that
dw
—r S2DsS+ Do S|4 (3.8)

where 0 = r(t, 22, Y2, 22, u2,v2 + Q) — r(t, 21, Y1, 21, U1, v1 + Q).
Proof. Using the system (3.1)), a direct computation of £2- dW gives after simplification

aw
W = *Wl + W2, (39)

where
W1 = B(1— €)H(z2,21)(z2 — 21)* + aBe(y2 — y1)*

; 2
+ ﬁ(ba +aBe)(a(l —e) —1)(z2 — 21)

1
+ abe(uy — u1)? + 1

ae(va —v1)* + (G(y2,51) — B)B(1 — €)(x2 — 71)

ba + afe
a(l —¢)
+ (F(z2,21) — ) [5(1 —€)(r2 — 21) + a(y2 — y1) + aluz —u1)

+alyz—y1) — (22—21)+a(u2—u1)+(vi%vl)](y2—y1)
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(v2 — 1)

el CREY
+2(0e +aba) (g2 — ) — ) ~ PLLOZD )y, )
1

+ o — ~(aba(l = (1 - ) — aBe)](z2 — 21) (e — v0);

1
[a*a

W, =

OB = (a2 = 1)+l — 1) — T (= 2)

(3.10)
Faun =) + 5=

Flz2,21) = f(z2) — f(z1)

;22 F 2
zZ9 — 21

G(y27y1) = Ma Y2 7& Y1,
Y2 — U1
h(xs) — f(x

H(wanl)zi( ;z_if 1)3 Ty 7 T1.

Let x1 = G(y2,y1) — 8 and x2 = F(29,21) — a. Furthermore let H(z2,z1) be
denoted simply by H, and define

3

7 6 4 3
D=1 D> =1 Y u=1 Y =1L > y-=1
i=1 i=1 i=1 i=1 i=1
where A\; > 0, p; >0, v; >0, 7, >0 and v; > 0. Then W; can be re-arranged as
Wi = Wi+ Wig + WisWig + Wis + Wig + Wig + Wig + Wig + Way + W, (3.11)

where

Wi = MB(1 — €)H(za — 21)* + a1 Be + x1) (Y2 — 1)?
n (ba+ afe)(a(l —¢) — 1)

o= (22 — 21)* + Trabe(ug — up)?

ae
tng—(v2— v)%;

Wia = A2B(1 — €)H (z2 — x1)* + x18(1 — €)(w2 — 1) (y2 — ¥1)
+ peafe(ys — 1)

Wiz = A38(1 — ) H(zg — 1) + x28(1 — €)(22 — 1) (22 — 21)
+ o (ba + afe)(a(l —€) — 1)

2.

a(l —e€) (22 = 21)%
Wis = pzoBe(y2 — y1)° + X1 (b + aBe)(y2 — y1)(z2 — 21)

a(l—¢)
b — ) —

VB( o + aﬁ;?ia_lﬁ) €)—1) (22— 21)%
Wis = paaBe(ya — 1) + ax1(yz — y1)(uz — u1) + m2abe(ug — u)?;
Wie = psaBe(ys — y1)* + ! !

. 6Xl(yz —y1)(v2 —v1) +

— 2-
176’72%(112 v1)%;
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(ba + afe)(a(l —€) — 1)
a(l —¢)

+ peaBe(ya — y1)*;

(ba+ afe)(a(l —€) — 1)
a(l —¢)

+ 3abe(uy — up)?;

(ba+ afe)(a(l —€) — 1)

Wiz =y (20 — 21)% + xoa(z2 — 21) (Y2 — y1)

Wis = vs (20 — 21)% + axi(z2 — 21)(uz — uy)

ng = Vg a(l — 6) (Z2 - Z1)2
+ (1+a) = (aba(l = (1 = €)%) — a”fe) (22 — 21)(v2 — 1)
a(l —e€)
+ - 673ae(112 —v1)%

Wo1 = 7aabe(ug — up)? + 2(Be + aba) (ug — uy)(yo — y1) + praBe(yz — y1)?;

(ba + afe)(a(l —€) — 1) (1+(1—¢)
a(l —¢) (22 = =1)" — 2Pe 1—¢

+ Tyabe(uy — up)?.

Woo = g (22 — 21)(u2 — u1)

Since each Wy;, (i = 1,2,...,9), Wa; and Was are quadratic in their respective
variables, then by using the fact that any quadratic of the form Ap? + Bpq + Cq?
is non negative if 4AC — B? > 0, it follows that

4
Wis > ifH< ——\ ;
12 = 0 i =~ Al(l — 6) 22 (€]

ﬁ—eﬁ&Aol&(ba + afe)(a(l —€) —1);

Wiy >0 if x12 < 4pgbevza®(1 — €)(a(l —€) — 1);
Wis >0 if x1? < dpaab® e m;
Wig >0 if X12 < 4,u5aozﬁ6272;

Wiz >0 if xo? <

. 4
Wiz >0 if xo? < ?1/4(ba + afe)(a(l —€) — 1)ugfe;
4

>0 ify?< ———
Wis 20 if xa ~ aa(l —¢)

vs(ba + afe)(a(l —€) — 1)brse.

Thus Wy > Wiy provided that the above inequalities are satisfied in addition to
0 < x1? <4min {pzberza®(1 — €)((l = €) — 1); paab®e*ry;

psacBeya; ﬁ(ba + afe)(a(l —¢€) — 1)b7'36}; (3.12)
A
0% £ L a1 - ) i (S0 Iy
with H lying in
_ 2
Iy = [AOaKO[[(ab a)aa e ﬁ]]] (3.14)
and G lying in
I = (A, g (2= War ol (3.15)

a
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where Iy and I; are sub-interval of the Routh-Hurwitz intervals (0, [(ab—alﬂ)
and (0, [(“”*“2173‘“”) respectively, and

a y 4
(ab—a)a—a?p  Ai(l—¢)

Koy = Ao piz0e;

e

Ki= 4(ab —a)a—a?f

X min {ugbeyga2(1 —e)(a(l—¢) —1);

Vs
paab?€ 1o psacBe? o; m(ba + afe)(a(l — €) — 1)brze}.
On choosing
. - —(aBe+ba) 1
2D8—m1n{6(1 6),0[, 0((1—6) 7a71_6}a

we have
W1 > Wi > 2DgS, (3.16)
and if (aBe + ba) )
—(ape + b
Do = 1—e)a o
9 ma’X{ﬁ( 6),0{, Oé(l—€) ;a3 1_6}7
then

Wy < DygSY20). (3.17)
Combining (3.16) and (3.17) in , inequality (3.8)) is obtained. At last the

conclusion to the proof of the Theorem will now be given. For this purpose, let

o0 be any constant in the range 1 < 9 < 2 and set 0 = 1 — § so that 0 < o < %
Then, on rearranging inequality (3.8)) we have

aw

— +DsS < DySY/2|0] — DgS, (3.18)

from which

dW
W + DgS = D1gS° W™,
where )
W* = 8z=9)[|0] — D1, 52, (3.19)
with D1; = &%, If |9] < D;115Y2, then W* < 0. On the other hand, if 6] >

Do
D;11S%/2, then the definition of W* in the equation (3.19) gives at least
w* < §G=)|g|
and also S1/2 < j‘jil. Thus
11
S%(l—Qo’) < [gﬂ](l—za)’
11
and from this together with W* follows

w* < D12|9|2(1_U)7

where Dyy = D1;" Y. On using the estimate on W* in inequality (3.18]), we

obtain AW
T DS < D1oD125°10)2 077 < Dy387 ¢2(1-9) g1—0) (3.20)

which follows from
|7"(t7x17y1;21,U17U1) - T(tax27y27227u2702)|
< o) (ler — w2| + [y — yal + |21 — 22| + [ur — ua| + Jv1 — v2).
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In view of the fact that o = 2(1 — o), we obtain

O%V < —DgS + D13¢°S,

and on using inequalities (3.7, we have

C%V + [D14 — D150°()]W <0, (3.21)

for some constants D14 and Di5. On integrating the estimate (3.21) from t; to to
(t1 < t3), we obtain

W(tz) S W(tl) exp{ - D14(t2 - tl) + D15/t ’ ¢Q(T)dT}. (322)

On using Lemma we obtain inequality (2.5), with Dy = g—g; D3 = Dy and
D, = D15. This completes the proof of the Theorem (I

Proof of Theorem[2.1 The proof follows from the inequality and the condition
on ¢(t). On choosing Dy = g—i in inequality , then as t = t, — t; — 00,
S(t) — 0 which proves that zo — 21 — 0, y2 —y1 — 0, 20 — 21 — 0, ug —u; — 0,
vy —v; — 0 ast — . O
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