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BOUNDARY MONOTONICITY FORMULAE AND
APPLICATIONS TO FREE BOUNDARY PROBLEMS I: THE
ELLIPTIC CASE

GEORG 8. WEISS

ABSTRACT. We derive a monotonicity formula at boundary points for a class of
nonlinear elliptic partial differential equations, including the obstacle problem
case, quenching, a free boundary problem with Bernoulli-type free boundary
condition as well as the blow-up case. As application model we prove — for
Dirichlet boundary data satisfying certain assumptions — the global existence
of a classical solution of the free boundary problem with Bernoulli-type free
boundary condition in two and three dimensions.

1. INTRODUCTION

Monotonicity formulae have proved useful in: Deriving growth estimates, ana-
lyzing asymptotic behavior, proving regularity, and investigating behavior that is
neither of a microscopic nor of a very large order (global analysis). Unfortunately
most of the known monotonicity formulae are valid only in an interior setting or
in special boundary cases, for example the convex domain case (cf. [9]). Only re-
cently progress has been made by B. White who succeeded in deriving a boundary
monotonicity formula for the Plateau problem (see [6],[I7]). In parabolic prob-
lems, boundary monotonicity formulae are desirable for the investigation of interior
points, too, as the existing monotonicity identities are formulae for the Cauchy
problem; cut-off or perturbation arguments have been only partly successful (see
for example [14] and [I1]).

In this first elliptic paper we derive boundary monotonicity identities for the
following class of semilinear elliptic equations containing free boundary problems
as well as the blow-up case:

A A
Au = %p max(u, 0)P~* — 5P max(—u,0)?~  for p € (0,4+00) — {2}

and for p =0,
Au=0 in {u>0}U{u< 0},
|V max(u,0)[* — |V max(—u,0)|* = Ay —A_.
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In the interior case, the identities coincide with those derived by the author in [16].
As model application we prove a global regularity result for the free boundary
problem with Bernoulli-type free boundary condition,

Au=01in QN{u > 0},|Vu| =1 on QN d{u > 0},u =up on IN. (1.1)

The applications of are as various as the modelling of jets and cavities [3],
electro-chemical machining [13] and optimal heat conductors [§]. As singular limit
problem of a reaction-diffusion equation it has also been used as a model for the
propagation of equidiffusional premixed flames with high activation energy [4]. For
the mathematical background of see [I]. For a boundary regularity result in
a two-dimensional special setting see [2].

The natural regularity for a solution u of this problem is Lipschitz regularity
[1]. On the other hand, the harmonic function with Lipschitz boundary values — a
special solution of problem — is not necessarily Lipschitz continuous on . We
construct therefore another solution of the problem, the minimal solution, which
we prove to be Lipschitz continuous under a growth assumption on up.

Our main result here (Theorem is that, assuming further conditions on up,
there exists in two and three dimensions a classical solution of (1.1)) on Q, i.e.
0{u > 0} is locally a C*#-surface on Q2 and u satisfies the condition |Vu| = 1 on
o{u>0}NQ.

Applications of the monotonicity formulae in other areas like regularity at corners
or cusps, and behavior of solutions in irregular domains seem feasible. Concerning
the application to the above Bernoulli-type free boundary problem, there is a result
by Karakhanyan, Kenig and Shahgholian for the smooth separation case — i.e.
tangential touch of the fixed and the free boundary — which uses different methods
[12).

2. NOTATION

We denote by x4 the characteristic function of the set A, by z -y the Euclidean
inner product on R™, by |z| the Euclidean norm in R", by B,(x¢) := {z € R" :
|z — x| < r} the ball of center xy and radius r, and by e; the i-th unit vector in
R™. We shall often use abbreviations for inverse images like {u > 0} := {x € Q0 :
u(z) > 0}, {x,, > 0} := {& € R" : &, > 0} etc. and occasionally we shall employ
the decomposition x = (2/, z,,) of a vector x € R™. By v we will always refer to the
outer normal on a given surface, by Vu - v to the normal derivative of the function
u and by Veu = Vu — (Vu - v)v to the tangential gradient of v on the surface.
Finally H?® shall denote the s-dimensional Hausdorff measure.

3. THE ELLIPTIC MONOTONICITY FORMULA

In this section we derive the monotonicity formula in the elliptic case. By a
translation we take the point at which we derive the monotonicity formula to be
the origin.

3.1. Assumptions.

(1) Qis an open set in R™ and 9Q—{0} is of class C, i.e. for each z € 9Q2—{0},
2 is in some neighborhood of = the subgraph of a C!-function.

(2) p€|0,+00)—{2},70 > 0,u € H"2(B,,(0)NQ) and Vu has an L-trace on
B, (0) N oA
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3) a= ﬁ and Vu(x) -z — au(xr) = OH" tae. on {z € B,,(0) NN :
v(z) - x = 0}, i.e. u is homogeneous on the “cone-part” of the boundary.
(4) w is a wvariational solution in the sense of Definition 3.1 in [I6]: a) for

p € (0,+00) — {2}, of the equation
A Al
Au = %pmax(u, 0Pt — 7])1&1&){(—%0)1)_1 . (3.1)

b) for p = 0, of the problem
Au=0 in {u> 0} U{u <0},

|V max(u,0)[* — |V max(—u,0)|> = Ay —A_  on d{u > 0} Ud{u < 0}.
For the sake of completeness let us recall the definition of a variational solution
[16, Definition 3.1]. We define u € HL?(Q) to be a variational solution of ,
ifu € COQNCHQN ({u > 01U 1 < 01), (o) o~ + X fucoy (—u) 1) €
L..(Q) for p € (0,1) and the first variation with respect to domain variations of
the functional

(3.2)

F(v) = / (1702 + A xus010” + A Xgocoy (—0)P)

vanishes at v = u, i.e., for any ¢ € C}(Q;R"),

0=~ F(u(e + () emo

= /Q <|Vu|2 + ¢ = 2VuDoVu + Ay X (us>03u? + & 4+ A X{u<o} (—u)? + (b) )
(3.3)

Remark 3.1. It follows that minimizers of the energy are variational solutions,
provided that they are continuous and satisfy the L'-bound.

Extension of the data: we cover {x € 90 : v(x)-x # 0} up to a set of vanishing
n— 1-dimensional Hausdorff measure by countably many disjoint balls B, (x;) such
that z; € 9Q and B, (x;)NOQ C {z € 9Q : v(z)-x # 0} is a C'-graph of a function
on zt for each z € B, (z;).

Now we define D := {0z : x € B, (x;) N0Q,0 > 1} and we define homogeneous
extensions g; : Dj — R and h; : D; — R™ as follows: for > 1 and = € B, (x;) N
0, let gj(0z) := 0“u(z) and let h;(fz) := 6>~ 'Vu(z). Moreover we set o :=
sgnv(x;) - ;.

Remark 3.2. Observe that the union of the graphs of g; and u is in general not a
graph in R"*1,

Theorem 3.3 (Elliptic Monotonicity Formula). Suppose that

/ |u|p+2/ (|hj|2+|hj-ng|+g§»+|gj\?) < +o0.
By (0)NQ2 21/ Brg (0)ND;
Let us define functions

I(r) = 7‘7"72(%1)/ <|VU|2 + A X fuso0yu? + /\—X{u<0}(_u)p> ,
Br(0)NQ

IB(’I") — arl—n—Qa/ quHn—l ,
9B, (0)NQ
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Ej(r) = r—nm2@l / ( — |hi> + 2h; - Vg; + A x(g, 50197
B,(0)ND;

+)\*X{g]’<0}(_gj)p) )
E]»B(r) = qrl 2 / gJQ»cl'H"_1 .
8B, (0)ND;

Then ®o(r) := I(r) — IP(r) + Z;il 0;(E;j(r) — EP(r)) satisfies for a.e. 0 < p <
o < ro the monotonicity identity

Do(0) — Po(p) = / pn—2(am1) / 2 (Vu ‘v — a7> dH"*dr >0 .
aBr(wo)ﬂQ

o r
We defer the proof of this theorem to the Appendix and go into the applications

first.
Corollary 3.4. Suppose in addition that the following suprema are finite:

sup 7‘_"_2(&_1)/ <|miﬂ(>\+,0)|X{u>0}up+ |min(/\—70)|X{u<0}(—u)p>,
B,.(0)nQ2

r€(0,r0)
sup ,rl—n—Za/ ’LLQdHn_l,
r€(0,m0) 8B, (0)NQ
o0

swp S [ (P o iy Vsl + [ min(oshe, Oy, 00]
re(0,70) B,.(0)ND;

j=1
Hmin(o;A-,0) (g, <0y (~95)" )
o0
sup Zmax(aj,O)rk”*Qa/ gde"il.
re(0,ro0) =1 9B (0)ND;

Then @o(r) \, Po(0) as r \, 0, and for any open D CC R™ and k > k(D) the
sequence ug(z) = % is bounded in H2(D N Qy), where QO = {px 1y 1y € Q}.

Moreover,

xa,. (Vug(z) - — auy(x)) — 0 strongly in L2 .(R™) as k — oc.

Proof. Defining D, = {pr "'y : y € D;} and calculating, for 0 < R < oo,

I(Rpy) = R~~~ / (|Vuk|2 + A X fup >0y ur” + )\—X{uk<o}(*uk)p),

BR(O)ka
IB(Rpy) = aRl_"_QO‘/ up?dH"
OBR(0)NQ,
B(Rp) = R [ (= 1hsf? + 21, - Vg,
Br(0)ND;

+ A X{g; 50195 + A—X{gj<0}(*9j)p),

EB(RPk) — aRl*ﬂ*QO&/ g?dHn717
8BR(0)ijk
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we infer from the monotonicity formula Theorem [3:3]and from the assumed growth
estimate that uy is bounded in HY2(D N Q) for k > k(D). Since ® is non-
decreasing and bounded in (0,7g), we know that @y has a right limit at 0. Conse-
quently, as k — oo,

0« @ (pxS) — Po(prR)

s —n—2(a—1) ug\ 2 n—1
= r 2 (Vukw/fa—) dH" *dr
R 9B, (0)Ny r

20z " (Vg (z) - = — aug(z))” .

/(BS(O)BR(O))ka,
O

4. APPLICATION EXAMPLE: BOUNDARY REGULARITY FOR A FREE BOUNDARY
PROBLEM WITH A BERNOULLI-TYPE CONDITION ON THE FREE BOUNDARY

Let © be a bounded domain in R™ whose boundary is of class C?7 for some
v € (0,1) and let up : OQ — [0, +00) satisfy up € C%7({up > 0}) as well as the
non-degeneracy condition Vyup # 0 on the boundary of {up > 0} relative to 9;
here Vy denotes the tangential gradient. Let us extend up to a smooth function on
Q. Moreover, let u be the minimal solution of the free boundary problem Au = 0
in QN {u > 0},|Vu| =1 on QN 9d{u > 0} and v = up on OS2. A minimal solution
is a function with up-boundary data on 9, satisfying for each open Q' C Q the
following conditions:

(1) u is a global minimizer of the energy
Bar(w) = [ (ol +xusa)

on the affine subspace {w € H"2(Q') : w —u € Hy*()}.
(2) For each global minimizer v of the energy Fq: on the affine subspace {w €

HY2(Q) :w—v € Hy?*()}, satisfying v > u on 9 (that is, max(u —

v,0) € Hy*(R)), we have v > u in €.
For the following reason there exists a minimal solution and this minimal solution
is unique: let vy,vo be a global minimizer of the energy FEq: on the affine sub-
space {w € HY2(Q) : w —v; € Hy* (W)}, {w € HY2(Q) : w — vy € Hy? ()},
respectively, and assume that v; and ve satisfy v; < vg on 9. Then

Eq/(v1) + Eq/(v2) = Eq/(min(vy,v2)) + Eq/ (max(vy, v2)),

Eq/(min(v1,v2)) > Eq:/(v1) and Eg (max(vy,v2)) > Eq/(va).

Consequently Eq/(min(vy,v2)) = Eq/(v1) and Eg (max(vi,ve)) = Eq/(vs), im-
plying that min(v;,v) is a global minimizer on {w € H“2(Q') : w—v, € Hy* (')}
and max(v1,vs) is a global minimizer on {w € H“2(Q) : w — vy € Hy ()}
Therefore, u defined by u(xz) := inf{v(z) : v is a global minimizer of Eq with
respect to up-boundary data } is the unique function with properties 1) and 2):
first, by [I 1.3] there exists a global minimizer, so the set in the above infimum is
non-empty. Next, as the family of global minimizers with respect to up-boundary
data is locally in € equicontinuous, we may reduce the family in the definition of u
to a countable family (w.,)men of global minimizers with respect to up-boundary
data. Since min(ws,...,w,,) is for each m € N a global minimizer with respect
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to up-boundary data, the limit u, too, must by weak lower-semicontinuity of the
energy be a global minimizer with respect to up-boundary data. Consider now v
as in property 2): extending the function min(v,u) by u outside ', we see that
the extended function is contained in the set of the above infimum. Consequently
min(v,u) > u in Q. Last, taking two functions u; and us with properties 1) and
2), we may set ' := Q and test property 2) for u; with us and vice versa to obtain
the uniqueness.

Incidentally — going back to v; and vy defined above — the strong maximum
principle tells us that 0 < vy (zg) = va(zg) for some zy € ' implies that v; = vy in
the connected component of xg. In particular, v1 < vy on 9§ implies v; < vy in
Q.

Although the harmonic function with up boundary data — corresponding to
the “maximal solution” in our concept — can except in the case up = 0 never be
Lipschitz continuous on Q (in the two-dimensional case this is a consequence of
Corollary , Lipschitz continuity of the minimal solution can be ensured by an
assumption on up. More precisely:

Proposition 4.1 (Lipschitz continuity). Let Q and up be as above and let u be
the minimal solution with respect to Q and up. If (Q,up) satisfies in addition for

Ry = ((%)75 - 1)71/2 diam(Q), ifn>3
0= (e — 1)—1/2 diam(Q2), ifn=2,
G0 R (T) 1= {”RO? (1- (mz_zifol)%n), ifn>3

—Rolog‘zl_%i‘;ol, ifn=2
Ky (yo) :=={z € R" : Voup(yo) - (x — yo) < —0|Voup(yo)|}

the condition
up < max(dzy. ry,0) on IQ for some § > 0, each yo € 02N {up =0}

and some xog € 0BR,(yo) N {x € R" : v(yo) - (x — yo) > 0} N K (o),

(4.1)

then u is Lipschitz continuous on Q and {u > 0} cannot approach 09 tangentially.
More precisely: w =0 in an open neighborhood of the interior of {up = 0} relative
to 092, and there is k € (0,1) such that for each yo in the boundary of {up = 0}
relative to 0X), the free boundary is in an open neighborhood of yy contained in
{z € R" : —k|z — yo| < p(yo) - (x —vo) < K|z — yo|}. Here u(yo) denotes the
outward pointing unit co-normal on the relative boundary of {up = 0}.

Proof. Let yo and zq as in the Proposition. Since u is the minimal solution, we can
compare it to max(¢y, ry,0) in Q to obtain the growth estimate

u(yo + ) < |zl (4.2)

as well as
u=0in Bg,(z9) NQ;

note that by the choice of Ry and by [Il, 2.6], max(¢z,,r,,0) is a global minimizer in
Q. On the other hand, as u is subharmonic in (2, we may at a point yg on the relative
boundary of {up = 0} define K; = {z € R": Voup(yo)- (z—y0) > 0|Veun(yo)|},
and make use of the non-degeneracy of up and compare u to the global minimizer
max(—dz, r,,0) (cf. [I, 2.6]) where x1 € 0Bg, (yo) N{z € R : v(yo) - (x — yo) >
0}n K;‘ such that Ry > ¢,z1 ¢ Q and up > max(—¢y, r,,0) on IQ N B, (r1);
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such constants ¢ > 0 and 6 > 0 depending only on n,Q,up exist because of the
non-degeneracy of up as well as the smoothness of 92 and u D\m. We obtain
u>01in QN Bg, (x1). Both balls Bg, (z1) and Bg,(x) are touching the point yo,
implying the non-tangential touch of the free boundary.

To prove the Lipschitz continuity, let us first derive a bound for the normal
derivative of u on 90 N {u > 0}. Let zp € 92 N {u > 0} be a point close to
{up = 0} and let Ry := dist(zo, {up = 0}). By the already proven part (the
non-tangential touch) we know that v > 0 in Q N Bzgr,(20) where ¢ € (0,1) is a
constant depending on n, ), up and the chosen relative neighborhood of {up = 0}.

%ﬁrﬁm and Q = 611%2 (€ — 20) we infer from the above growth
2

estimate that v is a harmonic function in B;(0) N Q satisfying |v| < £ in B(0).

Scaling v(x) =

Since we assumed zg to be close to {up = 0}, Q is near B;(0) a domain close to a
half-space and its smoothness is uniform in zy3. Thus we may apply local boundary
regularity for harmonic functions (see for example [10, Corollary 6.7]) and obtain
a bound for |[Vv[|;«@np, (o)) depending only on n,©Q,up and the chosen relative

neighborhood of {up = Oi. Scaling back, we obtain a uniform bound for |Vu| at
points of 9 that are close to {up = 0}.
At points of 9Q that are relatively far from {up = 0}, the distance to the set
{u = 0} is estimated from below by a positive constant, and we combine the bound
for u, i.e. u < supyn up, with local boundary regularity for harmonic functions to
derive a bound for |Vu].

Thus Vu is bounded on {u > 0} N 02, and the fact that

lim sup [Vu(z)| <1
mHIUEQﬁa{u>O}
(see [T, Remark 6.4]) together with the maximum principle yields the Lipschitz
continuity of u on . O

Theorem 4.2. Let n = 2,3, let Q be a bounded domain of class C*7 and let
up : O — [0,+00) satisfy up € C*7({up > 0}), the non-degeneracy condition
Voup # 0 on the boundary of {up > 0} relative to O as well as condition .

Furthermore let us assume that the boundary data satisfy
[Voup(z) - (# — o) — aup ()| < Clv(z) - (x — o)

on 00N By, (xg) for some C < oo and every xg € 02N {up = 0}. Last, let u be
the minimal solution of the free boundary problem Au =0 in QN{u > 0}, |Vu| =1
on QN o{u >0} and u = up on Q. Then d{u > 0} is locally a CP-surface on
Q for some (3 € (0,1), and u satisfies the condition |Vu| =1 on 0{u > 0} N Q.

The following lemma stating uniqueness of the blow-up limit will be crucial in
the proof of the theorem.

Lemma 4.3. Let the assumptions of Theorem [{.9 be satisfied. Then, at each
point xo of the boundary of {up = 0} relative to 0, u(xzg + rz)/r converges on
each compact subset of {v(zo) - (x — x¢) < 0} to exactly one of the two half-plane
solutions hy and hy as v — 0. Here

hi(xz) = max(x - Voup(zo) + znv/1 — |[Voup(z0)|?,0),

ha(x) = max(z - Voup(xo) — 2nv/1 — [Veup(z0)|2,0) .
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Proof. Observe that as

aup(x) — Voup(z) - (x — x0)
Vgj(z)-v(z) = @ —x9) v(@) on 0D;,

the assumption |Voup(z) - (x —x9) — aup(z)| < Clv(x) - (x — x0)| ensures that the
g;-integrals in the monotonicity formula stay bounded as » — 0. By a rotation we
may take v xo) to be en where e, is the n-th unit vector in R™. By the assumptions
and by (4.2)), u,(x) = u(xe + rz)/r converges on {z,, = 0} to max(z-w,0) for some
w € RN B0 ) —{0}. Each limit ug of (u)re(0,1) With respect to a sequence
rr — 0 as k — oo is harmonic in the open set {z, > 0} N {uy > 0}, homogeneous
of degree 1 (cf. Corollary and a global minimizer of the energy Ep, o) with
respect to ug-boundary values (cf. [I, Lemma 5.4]). In the two-dimensional case,
it follows from the homogeneity and from the fact that ug is harmonic in the
open set {ug > 0} N {z,, > 0} that ug is linear in each connected component of
{up > 0} N {z, > 0} and must therefore be a half-plane solution max(z - v,0)
satisfying v € dB1(0) (cf. [I5 Corollary 3.3]).
In the three-dimensional case we proceed as follows: according to Proposition [4.1]
the free boundary d{uy > 0} does not touch {z, = 0} N {Voup(xg) - < 0}.
Moreover, by [15, Corollary 2.9], the set {ug = 0} is the finite union of convex
cones with vertex at the origin. But then the connected component of {ug = 0}°
touching {x,, = 0} must be the restriction of some half-space {z - v < 0} (where
v € 9B1(0)) to the set {x,, > 0}. Since ug satisfies on {x,, > 0} N d{z - v > 0} the
boundary conditions ug = 0 and d,ug = —1, we obtain from the unique solvability
of the Cauchy problem that ug(z) = max(x - v,0).

Furthermore, in the two- and three-dimensional case, |v/|> + v2 = 1. Note that

v = Voup(zg). Thus v, = /1 —|Voup(xo)|? or v, = —+/1 = |Voup(zo)|?.
Therefore h; and he make up the whole w-limit set with respect to r — 0, and
we obtain uniqueness of the blow-up limit. O

Proof of the Theorem. Let us consider a point x; in the boundary of {up = 0}
relative to 9. For small 6; > 0 and each zg € QN Bs, (r1) N o{u > 0}, we
obtain from Lemma that w is in B,.(zo) N Q close to some half-plane solution
max(z - v(z1),0) (in particular, v = 0 in B,.(z¢) N {(z — zp) - v(x1) < —d2} and
u > 01in By(xo) N {(z — o) - v(z1) > d2}). Thus interior regularity theory (see [1]
Theorem 8.1]) implies that d{u > 0} is in Br(xo) the graph of a CA-function in
the direction of —v(z;) with a uniformly bounded C'*#-norm. We obtain that for
each point x5 € 9{u > 0} NIQ (note that this set coincides by Propositionwith
the boundary of {up = 0} relative to 9Q), d{u > 0} N is in an open neighborhood
of 2o the graph of a C1:A-function in the direction of —v(z3).

Combining this with interior regularity results (we refer to [I, Theorem 8.3] for
the two-dimensional case and to [5] for the three-dimensional case), this yields the
statement of our theorem. g

5. APPENDIX

Proof of the monotonicity formula: For small positive k,

N () := max(0, min(1, %(7‘ —z]))), &ux(x) := min(1, %dist(x, Q°)),
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we take after approximation ¢, (z) := nx(z)&s(x)x as test function in (3.3). We
obtain

0=I7+15+ 15, (5.1)
where

1 = [ e (1Tl = 2Vuf® + nhexgusop” + A xguco) (<),

1§ = /§,~;(|VU|QV17N ~x = 2Vu - xVu - Ve + A X us0yu’ Vi, -

+ )‘fX{u<0} (—U)pvnm : -73)7

I3 = /nﬁ(|Vu|2V£ﬁ 2 =2Vu-aVu -V + A Xfus0y W' Vs -

+ )‘fX{u<0}(_u)pv§m : -'17) .
The first integral

If — [n(|Vu|2 + A X fuso0yu? + )‘—X{u<0}(_u)p) - 2|VU|2}
B, (0)NQ

as k — 0. The second integral I5 approaches
—/ [T(WU\Q + A X {us0pu” + )‘7X{u<0}(_u)p) —2r(Vu- ’/)2} dH" !
8B, (0)NQ
for a.e. 7 € (0,79) as K — 0. The third integral I§ approaches
—/ [u . x(\Vu|2 + A X fusoyuf + )\_X{u<0}(—u)p) —2Vu-azVu- u} dH"*
B,.(0)nd%

as £ — 0. Furthermore the fact that max(u,6) and —min(u,—0) are for small
positive 6 subsolutions satisfying

A
Amax(uve) - %pX{u>9}up_l > Oa
. Ao _
A(—min(u, —0)) — TPX{1L<—9}(—U)1) >0
implies that the distributions
A
Amax(u, ) — %px{uw}uz’_l,

. A _
A(—min(u, —0)) — 7?X{u<—0}(_u)p !

are non-negative finite o-additive measures with support in d{w > 0} and d{u <
—0}, respectively. Since %px{uw}u”’l — %px{uw}u?”l in L{ _(B-(0)N Q) as
6 — 0+, we obtain that A max(u,f) — A max(u, 0) weakly-* in (CJ(B,(0) N Q))*
as § — 0+ and that

A
supp(A max(u,0) — %px{uw}up_l) C 0{u>0}. (5.2)

Approximating max(u,0) by mollified functions we now see that

/Vmax(u,O) V(= —/CA max(u, 0)
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for any ¢ € C°(B,(0)NQ) N Hy*(B,(0) N Q). An analogous formula holds for
—min(u, 0). Using this and (5.2)) one can now easily derive the formula

/ |Vu|* = / uVu - vdH" ™ + / uVu - vdH"
B, (0)NQ 8B, (0)NQ B,.(0)noQ

p

(5.3)
2 / (A X a0y u” + A= X {u<oy (—)")
B,.(0)N9

2

for a.e. r € (0,79). Next, multiplying the limit identity of (5.1 by —r—n—2(@=1-1
we get for a.e. r € (0,r9)

0 = Inty + Bouy + Ints + Ints + Bous + BOU.? ; (54)
where
Int; = —(n+ 2(a — 1)) 2l@=D-1

X / (\VU\Q + A4 X {us0yu? + A—X{u<o}(—u)p) )
B, (0)NQ

Inty = 2(a — 1)~ " 2@=1)=1 /

<>\+X{u>o}up + )\—X{u<o}(*u)p> ,
B, (0)nQ

Intz = (2(a — 1) + 2)r—"-2<a-1>—1/ |Vul?,
B,.(0)NQ

Bou; = r~ "2~ / (|VU|2 + Ar X {us0yu? + )\—X{u<0}(—u)p)d7fn_1 ;
8B, (0)NQ

Bouy = —2r~ 2@~ / (Vu-v)?dH" 1,
OB, (0)NQ

Bouf! = p2a-h)—1 /B [V . ac(|Vu|2 + A X fusoyu?

+ /\—X{u<0}(*u)p) —2Vu-zVu- y] dH™ L.
By (5.3), identity (5.4) becomes

0 = Int; + Bouy + Int, 4+ Bous 4+ Bouy 4 Bous 4 Bouy | (5.5)

NOREY)

where
Inty = (2(a — 1) — g(Q(a _ 1) 4 2))p e

></ ()‘+X{u>0}up +>\7X{u<0}(_u)p) =0
B (0)NQ
by the definition of the value «,

2
Boug = —2r " 2(@-1) / (Vu ‘v — ag) dH™ L,
E) T

B,.(0)NQ

Bouy = —2ar_"_2(°‘_1)_1/ uVu - vdH" 1,
OB, (0)NQ

Bous = 20[27"7"72('171)72/ u?dH"
8B, (0)NQ

Bouf = r~ 2o~ / [V ' $(|VU|2 + A X us0yu? + )\—X{u<0}(—u)p)
B,.(0)NoQ



EJDE-2004/44 BOUNDARY MONOTONICITY FORMULAE 11

—2(Vu-z —ou)Vu - V:| dH" " .

Note that Boug is the integrand on the right-hand side of monotonicity identity
Theorem Moreover,

Int; + Bou; + Bouy + Bous

0 — 17n72a/ 2 n—1
=—— Zajar gjdH
or = E)

B,(0)ND;

0\ nsta
g ey / (IVul® + XX qus0yu” + A xu<oy (~u)")
r B,.(0)NQ

_ a,r,—n—Z(a—l)—l/ uden—l)
dB,.(0)NQ

for a.e. 7 € (0,79). Consequently, for a.e. r € (0,79),

@o(r)
o0

= —Boug + r "1 Py /
27 b

—xwpmuﬁ)+k—@xwwﬂ—uy-—xwﬁmﬂ—wVU+WM~—V%P)

v 2 (IVul” = Vg5l + At (xgusoy”
I"IBD]‘

—2(Vu -z —au)Vu - 1/} dH" !

= —Boug + r " 2@-D-1 oj /
2% Js

+2(Vyg; -z —ag))Vy; -v—v-z|Vg|* +v-zlh; — Vg[>| dH" L.

[ —2(Vu -z — au)Vu - v+ v - z|Vul?
noD;

Since Vu = Vg; + V(u — g;) - vv =: Vg; + z;v on 0D,, we obtain
Oo(r)

= —Boug 4 " 2a-h-1 Z 0j / [Q(ng -z —ag;)Vg; v
= B,(0)NdD;

- zxo:E|ng|2 —2(Vg; - —agj + zjz-v)(Vg; v+ 2z) +v-x|Vg;?

+2jw-v+22;Vg; ve-v+v-zlh; — ngﬂ dH" !

= —Boug 4 72Dt Z o / [ - zfx v+v-xlhj —Vg;|?| dH"
= " /B.(0noD;

= —Bougs
for a.e. 7 € (0,79).
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