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EXISTENCE OF AXISYMMETRIC WEAK
SOLUTIONS OF THE 3-D EULER EQUATIONS
FOR NEAR-VORTEX-SHEET INITIAL DATA

DoONGHO CHAE & OLEG YU IMANUVILOV

ABSTRACT. We study the initial value problem for the 3-D Euler equation when the
fluid is inviscid and incompressible, and flows with axisymmetry and without swirl.
On the initial vorticity wp, we assumed that wg/r belongs to L(log L(R3))® with
a > 1/2, where r is the distance to an axis of symmetry. To prove the existence of
weak global solutions, we prove first a new a priori estimate for the solution.

INTRODUCTION

We consider the Euler equations for homogeneous inviscid incompressible fluid
flow in R3

@—I—(U-V)U:—Vp, divo=0 inRy xR3, (1)

ot
U(O, ) = "o, (2)

where v(t,x) = (v1(t, z),v2(t, x),v3(t,x)) is the velocity of the fluid flow and p(t, z)
is the pressure. The problem of finite-time breakdown of smooth solutions to (1)-
(2) for smooth initial data is a longstanding open problem in mathematical fluid
mechanics. (See [6,13,14] for a detailed discussion of this problem.) The situation
is similar even for the case of axisymmetry (see e.g.[11], [4]). In the case of axisym-
metry without swirl velocity (6-component of velocity), however, we have a global
unique smooth solution for smooth initial data [14,17]. In this case a crucial role
is played by the fact that wy(t,z)/r (where w = curlv, r = y/x?% + 3) is preserved
along the flow, and the problem looks similar to that of the 2-D Euler equations.
This apparent similarity between the axisymmetric 3-D flow without swirl and
the 2-D flow for smooth initial data breaks down for nonsmooth initial data. In
particular, Delort [8] found the very interesting phenomenon that for a sequence of
approximate solutions to the axisymmetric 3-D Euler equations with nonnegative
vortex-sheet initial data, either the sequence converges strongly in L2 ([0, 0o) x R?),
or the weak limit of the sequence is not a weak solution of the equations. This
is in contrast with Delort’s proof of the existence of weak solutions for the 2-D
Euler equations with the single-signed vortex-sheet initial data, where we have weak
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convergence for the approximate solution sequence. Due to the subtle concentration
cancellation type of phenomena in the nonlinear term, the weak limit itself becomes
a weak solution [7,10,15]. We refer to [13, Section 4.3] for an illuminating discussion
on the differences between the the quasi 2-D Euler equations and the “pure” 2-D
Euler equations for weak initial data.

In this paper we prove existence of weak solutions to (1)-(2) for the axisymmetric
initial data without swirl in which the vorticity satisfies

Wo wo o 1 3 ].
il ) LYR -
7‘)]6 (R%), @

[1 + <logJr

r

where logt ¢t = max{0,logt}. The idea of proof is as follows. We divide R? into
two parts: the region near the axis of symmetry, and the region away from the
axis. For the latter region, using the 2-D structure of the equations expressed in
cylindrical coordinate system, we obtain strong compactness for the approximate
solution sequence using arguments previously used in the 2-D problem in [3]. For
the region near axis, we could not adapt the previous 2-D arguments. See the next
section for explicit comparison between the nonlinear terms in the pure 2-D Euler
case and our case. Here we use a new a priori estimate for the axisymmetric flow,
combined with Delort’s argument in [8] to overcome these difficulties.

To the authors’ knowledge this a priori estimate (See Lemma 2.1) is completely
new for the 3-D Euler equations with axisymmetry. On the other hand, the results
obtained in this paper improve substantially the results in [5], where the authors
proved existence of weak solutions for

wo

€ LYR* N LP(R?), p> g.
.

It would be very interesting to study (1)-(2) with initial data in L!(R3).

1. PRELIMINARIES

By a weak solution of the Euler equations with an initial data vy, we mean the
vector field v € L>([0,T); (L2 . (R3))?) with divv = 0 such that

loc

T
//[v-got+v®v:Vgo]dmdt+/ vo - ¢(0,z)dxr =0,
0 JR3 R3

for all o € C°°([0,T]; [C§°(R?)]?) with divep = 0 and (T, z) = 0 Here we have
used the notation v ® v : Vg = Z?,j=1 V05 (9i)z; -

We are concerned with the axisymmetric solutions to the Euler equations. By
an axisymmetric solution of equations (1)-(2) we mean a solution of the form

v(t,x) = v.(r,x3,t)e, + vo(r, x3,t)eq + v3(r, z3,t)es

in the cylindrical coordinate system, using the canonical basis

e?‘:(ﬂ’%ao)a EOZ(E’_E’O)’ 63:(()’0’1)’7': V.’L’%—F.’II%
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For such flows the first equation in (1) can be written as

Dv. _ (v)® _ _0p

Dt r  Or’ (3)
D
D (ru) =0, 0
Dvs __0p
3t N (91‘3’ (5)

for each component of velocity in the cylindrical coordinate system, where

QfﬁJr 9 .9
Dt ot or " Pors

On the other hand, the second equation of (1) becomes

0 0
E(Tvr) + 8—333,(TU3) =0. (6)

We observe that 6-component of the vorticity equation is written as

D Wo - 1 0 2
Dt ( r ) ot Oxg (rve)” @
h
where o B, ) % "
o= Oxs or

is the #—component of the vorticity vector w. If we assume that the initial velocity
vo € V™ ={ve [H™R*)?: divv =0}

with m > 4 is axisymmetric, then due to the symmetry properties of the Euler
equations, and by the existence of local unique classical solutions [12], the solution
remains axisymmetric during its existence. Here we used the standard Sobolev
space

H™(R?) = {u € L*(R?) : D*u € L*(R?), |a] < m}.

Furthermore, if vg has no “swirl” component, i.e. vy =0, then (4) and (7) imply
that _

D wo

—(—=)=0 Vvt>0. 9
Dt ( r ) (9)
We observe that in this case the vorticity becomes w(t,z) = wy(t,r,x3)eg. Thus,
we have, in particular,

|w(t7m)| = |w9(t7T7 m3)|7

where | - | denotes the Euclidean norm in R? in the left hand side, and the absolute
value in the right hand side of the equation. In [17] Saint-Raymond proved existence
of a global unique smooth solution for smooth vy without swirl.

Below we show explicitly the difference between the nonlinear terms for the 2-D
Euler equations and those for 3-D Euler equations with axisymmetry and without
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swirl. In the weak formulation of the 2-D Euler equations, if we use a test function

of the form ¢ = (—g—i, (5371/’) in order to satisfy div = 0, then

92 2 2
P )
//RQU(X)U Voldrdt = //RZ[ 6.%'16.%'2 va(@w% 922 dz dt .

On the other hand, in the axisymmetric 3-D Euler equation without swirl, if we
use as a test function ¢(t,x) = ¢,.(t,r,x3)e, + p3(t, 7, r3)es with
19y 10y

7‘8333 ¥s = ror

to satisfy 6(“0“) + 6(“03) =0, then

' B 0% 0% 0%
/0/R3[7)®U.Vgo]dmdt—27r/o/]RXR+[(T )87'83 VpU3 <W_%)

LU 00 WO
r Or r Ox3

Pr =

Here we have extra two nonlinear terms compared to the 2-D case, which have
apparent singularities on the axis of symmetry.

Before closing this section, we provide a brief introduction to the Orlicz spaces.
For more details see [1,9], and for applications to the 2-D Euler equations, see [3,16].
By an N-function we mean a real valued function A(t), ¢ > 0 which is continuous,
increasing, convex, and satisfies
lim —= =0, lim @:—i—oo

t—0 ¢ t—oo ¢
We say that A(t) satisfies Ag-condition near infinity if there exist &k > 0, ¢ > 0
such that
A(2t) < kA(t) Vt>to.

We denote A(t) > B(t) if for every k >0
o A(kt)
Let 2 be a domain in R™. Then the Orlicz class K 4(2) is defined as the set all

functions u such that [, A(|u(z)|)dz < co. On the other hand, the Orlicz space

L 4(Q) is defined as the linear hull of the Orlicz class K4(€2). The set L4(Q2) is a
Banach space equipped with the Luxembourg norm

ul|4 = inf {k : /QA(%)dx <1}.

In general K4(2) C L4(€2), but in case the domain €2 is bounded in R", and the
N-function A satisfies the As-condition near infinity we have K4(Q) = L4 () (see
[1]). For example LP(£2), 1 < p < oo is an Orlicz space with N-functions given by
A(t) = tP.

Recall that for a bounded domain £ we have the continuous imbedding, [1],

La(Q) <= Lp(Q) if A(t) = B(t).

Also recall the following duality relations [3, Lemma 4]. (Below X* denotes the
dual of X)
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Lemma 1.1. Let Q be a bounded domain in R"™, and o > 0. Let A(-),B(:) be
N-functions given by A(t) = t(log™ t)*, B(t) = exp(t¥/*) — 1, where t > 0. Then,
we have

Lp(Q) = L ().

By the Orlicz-Sobolev space WL 4(€2) we mean a subspace of the Orlicz space
L 4(2) consisting of functions u such that the distributional derivatives D*u are
contained in L4 () for all multi-index o’ with |a| < m, equipped with a Banach
space norm

[ullm,a = max [[D%ul[4 .
loe| <m

The following lemma corresponds to a special case of the general result by Don-
aldson and Trudinger [9].

Lemma 1.2. Let Q C R? be a bounded domain, and B(t) = exp(t?) — 1, then we
have a continuous imbedding

Hj(92) < Lp(Q).
Moreover, for any N-function A(t) with A(t) < B(t) we have a compact imbedding
H{ () == La(Q).

Combining dual of the compact imbedding in Lemma 1.2, and Lemma 1.1 we
have
Corollary 1.1. Let Q C R? be a bounded domain and A(t) = t(log™ t)* with

a > % Then we have the compact imbedding

LA(Q) —— H1(Q).

2. MAIN RESULTS
Our main result is as follows:

Theorem 2.1. Suppose o > % is given. Let vg € V° be an azisymmetric initial

data with vop = 0, and |“2| [1 + (log™ |£2])*] € L*(R3). Then there exists a weak
solution of problem (1)-(2). Moreover, the solution satisfies

[o(t, )llve < llvollvo,

) e

In this section our aim is to prove the above theorem. Below we denote

and

r r

J.

for almost every t € [0, 00).

M' [1 + <log+

| o+ o[22

Q=1[0,T] xR G=/{(r,x3) €R?|r > 0,23 € R}.

We start from establishment of the following a priori estimate.
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Lemma 2.1. Let v(t,z) € C([0,T];[C*(R3) N H(R®)]?)NC([0,T];V°) be the
classical solution of the Euler equations for the axisymmetric initial data vy with-

out the swirl component, and with the vorticity satisfying =* € LY(R3). Then the
following estimate holds:

T
1 Uy 2 wo
= (&Y gwat<cC 2 H—‘ . 10
/O/R:a 1+x§<r> o= <HUOHVO+ r llL(®s) (10)

Proof. The velocity conservation law for the Euler equations implies the estimate

V7ol Lo o0,7522(a)) + VT3]l Lo (0,7:22(c)) < Cllvollvo. (11)
Moreover, (9) immediately yields the estimate for L!-norm of vorticity
lw(t, )@ < llwollzr(a)-

We set p(z3) = [*2_1/(1 + 72)dr. Multiplying (9) by 2mrp(z3) scalarly in
L?(0,T; L?(@G)) and integrating by parts, we obtain

/ / 27 p' vgwe dr dxs dt
0

T

Pwe

0 ov,.

/ pwg / / 2mp U3( Y3 Y ) dr dxs dt
R3 0 or 8.’1}3

W T Foo
/ P2 g —/ / 7p'v3(t,0,x3) drs dt
R3
0vs

27r p"vsv, + plv.— 925 dr dzsdt,

where we used the regularity assumption of solution v, and the integration by parts
used above can be justified easily. Indeed,

ovs  Ov,
2 dr dxs dt
// vas(ar 61‘3) e
‘oo prg
= lim 27r// / p/vg%drdmgdt
T —+00 or
— lim 27r/ / / pvg—drd:pgdt
bk—>+00
T p4oo 400
—// 7p'v3(t,0,23) drdt + lim / / mp'v3(t, Ty, x3) das di
0 J—c0 TR+ Jo J oo
T poo
— lim // 27rp'vgvrdrdt

. Ovs
+ bkl—lg-loo/ / / 27 (p v3v, + p'v, 61‘3) drdzsdt.

0:

(12)
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for all sequence 7, — ~+o0. Since v € C([0,T]; (C*(R3))?),

400 T 400
/ |v|? dz dt —27r/ (/ / lv|? das dt> rdr
(0,T)xR3 0 0 J—o0
') T p+oo
:27r/ / / lv*rdrdt | dzs < oo,
—oo 0 Jo

and lim,, o p'(x3) = 0 one can find a sequence rp, — +oo0 and by — 400 such
that

T poo T proo bk
/ / p'va(t, vy, x3) dxs dt — 0, lim / / 27 pv3v,. dt dr
0 — 00 bk—>+00 0 0 _

by

— 0.

From (6) we have
ovs v, Ov,

Ors 1 or
Therefore (12) and (13) imply

wo T T p+4oo
0—/ p—dx —// 7p'v3(t,0,x3) drs dt
R3 T 0 0 J—o0

T 2 o
+ / / s (p"vgvr - ()" o', UT) drdzsdt. (14)
o Ja r or

Since, by assumption, v(¢, ) is a smooth and axisymmetric vector field

(13)

v(t,0,23) =0 VteRY, z3 € R

Thus integration by parts in (14), which can be justified similarly to the above,
implies

+oo
// 7rp7)3t0$3 dmgdt—i—//%rp x3)
" wo
—/ / 2mp vgvrdrd:cgdt—l—/ p—dzx
0 Ja rR3 T

Since p'(x3) > 0, |p(z3)| < C for all x3 € R! we obtain the inequality

d dzs dt

T

0

(UT)Q

T
2 2\ drdxsdt < 277/ / |p"v3v,.| dr dzs dt + C Hﬂ
-

<%Q/ dmwg(//%

Hence by the Cauchy-Bunyakovskii inequality we have

[ [ nt mmﬁq%/@

L'(R3)

r gy

dr dzs dt) +C || —

o, ) o
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Since sup,, ey |0 (x3)?/|p'(x3)] < C, inequalities (11) and (15) imply the estimate
(10). |

Now, let v§ be an axisymmetric initial datum without the swirl component such
that

wE
vE = o in VO, S € (CP(R3))3, —20 _, 200 4 [1(R3). (16)
T T

Such an approximation v§ for any axisymmetric function, vy € V° without swirl
was constructed in [17] for example. In [17] also, it was proved that in this case
there exists a unique solution of the problem (1)-(2), v.(t,-) € C([0,T]; [C*(R*)]3)N
L?(0,T; H'(R3)). Without loss of generality, passing to a subsequence if it is nec-
essary, we may assume that

v® — v weakly in [L*((0,T) x R*)}3. (17)

We have

Lemma 2.2. Let {v®(x,t)}.c(0,1) be a sequence of smooth solutions of (1)-(2) as-
sociated with the initial datum {v§} with azisymmetry and without swirl, and sat-
isfying (16) and (17). Then, for each ¢ € C([0,T]; Co(R?)), we have

/[(vi)Q () dadt — / (0,)% = (03)2)pdadt ase— +0.  (18)
Q Q

Remark. The above lemma is very similar to Delort’s in [8], where he proved it
in particular under the assumptions on the sequence {v®(z,¢)} that

w(z,t) > 0 almost everywhere in (0,7") x R?, and
{wg} is uniformly bounded in L>(0,00; L*(R; x R, (1 +r?)dr dx3)).
In our case, however, we only need to assume 2 € L'(R?), and {v°} is the associ-
ated sequence of approximated solutions.
Proof of Lemma 2.2. We follow Delort’s arguments. Denote

1 fy) dy

4r R3 |w—y|

(A7 f)(z) =
Relation v* = —A~!curlw® implies

v§ = A7 0505,
v5 = —A710305

v§ = A7HOows — 01W5) .
Let ® € C§°(R3),in ® > 0,® =1 for all (t,z) € supp ¢. Set

Qv = AT 95(Pws) + wi,
Q5 = —pAT105(dws) + w3,
Qv = AT (02(Pw]) — 01 (Pw5)) + w5,
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where
0
1 €
o|®,A” 6$3]w
0
e __ 1 €
ws = —@[®, A~ 6w3]w
0 0
€ 1 1 €
ws = o([®,A” 3$2] —[®,A™ 3$1]w 5) s

where [A, B] = AB — BA is the commutator of operators A, B, and 0; = 8/8
Note that wf are uniformly bounded in L>(0,7;H{ (R?)) N H1 0,T; Hloc (R?’))
for each 2‘ = 1,2,3. Really let us prove this claim for example for wj. Denote

=A"15 (<I>w2) Then Az, = 6%3(@@)5), and

3
g g g a g aq) 1>
A(PvS) = 05(Pws) — O3Pws + 2 ; 3o, (vla—%) —SAD.
Denote u, = ®v{ — z.. Then
0(0;0v5) 02D _  0(0;Bv5) 0 > 0
Au, = — - — s+2 {—) —viAd
b 0xs * Oz vt o0x1 0x10x3 vs ; T; (v1 6wi) U1
and
L 0(0:Bv5)  9(;B0E) .9 _0d
.= A 1 1 3 2
b < 0xs * o0x1 * ~ ox; (v1 8%)
0*® 0%®
ATt < viAD
+ (61‘% Ui 6.%'161'3 >

where the first component of u. is bounded in L°°(0,7; H'(R3)), and the second
one is bounded in L>°(0,T; H}.,.(R?)) due to compactness of supp ® in [0,7] x R3.
Since the function ¢ also has a compact support in [0, 7] x R?, the first part of our

statement is proved. To prove the uniform boundness of 8; in L2(0,T; H ;2 (R3))

we first recall that for any smooth solution v of the 3-D Euler equations with initial
data vg, we have in general

[v(t) — v(t2)llg-2(5,) < C(r)|voll3o [t — tal

for all t1,to with 0 < t; <ty < T, where B, is a ball with the center 0 and radius
r (see e.g. [5]). This estimate implies immediately that

ov®
ot

<C(r), (19)
L*°(0,T;H—3(B;))

where C is independent of €. Taking the time derivative of u. we have

ow <o) '
L2(0,T;H~*(Br))

ot

ov®
ot

+ HU6HL2(O,T;V0)> < C(r).
L2(0,T;H—3(B,))
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Hence to prove (18) we need only to pass to the limit in the following equation.

A = / [(A7105(2w5))” + (AT105(2w]))” — (AT102(2w]))? — (AT'01(Bw5))?
Q
+ 2(A71 0, (BwS)) (AT101 (BwS))]p dx dt.
After simplifications we have:

A® = (Pws, pAT2(8] — 05)(Dw5)) 2(Q) + (BwT, PA (85 — 83)(Puf))L2(q)
—2(duwi, ¢A‘26182(¢w§))L2(Q) + Af = AT + A,
where
Af = (dw§, [AT103, 0] (AT 05(Pw5))) r2(g) +(Pwi, [AT" 05, 0] (A1 05(Pw)))) 12(Q)
— (Pwi, [AT 02, @) (AT102(Pw)))) 12(Q) — (Bws, [AT101, 0] (AT 01 (Pw5))) 12(q)
+2(Pwi, [AT102, @] (A1 (PwS))) £2(q)-

Since each sequence [A™19;, ] (A7 0 (Pwi)) belongs to a compact set in Hi. (R?),
we obtain
Ay — Apgase —0

for a subsequence. In [8] Delort proved that the term Aj can be rewritten as follows

T
Aiz/o//K(t,7‘,wg,7",mg)(@w(ﬁ)(t,r,xg)(@wg)(t,rl,mg)drdmng'dmgdt,

where the function K (t,r,x3,r’, %) satisfies
K € C™®on {(r,z3,7",25) € Ry x Rx Ry x R;(r,z3) # (r',z5)}

and K is locally bounded on R; x R x R; x R.
Let n(7) € C°(RY), n(7) > 0 for any 7 € R! and = 1 in some neighborhood
of 0. Set

Ai—Ils"s—i—lg"s—/OT/G/GK(t,r,xg,r’,xg) (1—77(%)) (1—77(%/)) x

o )
(1 -7 <|T r] +6|x3 m3|>> (Pwy)(t, 7, z3)(Pwy) (¢, 7', %) dr desdr’ dzsydt

Lt ) (o (5) ()
o) (=)

! —
+ (|T |+ Jzs $3|>] (Pwy)(t, 7, 23)(Pwy) (t, ', x5) dr dzs dr’ dxydt.  (20)

]

Our aim is to prove that for any x > 0 there exist ¢g > 0 and §y > 0 such that

5| <k Vee(0,e), 6<(0,8). (21)
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We start from the following estimate

T +o0o
1I5°] < c[/ / / |<I>w§|dm3drdt( + 1)
0 Jir|<es /oo L*(R?)

T
-l-// |(Pwg)(t, 7, 3)(Pwy) (¢, 7', z%)| dr dzs dr’ dabdt].
0 J(GxG)N{|r—r'|+|zz—x5|<cd}

Wo
r

(22)
Let us consider the system of ordinary differential equations
dX.(t, o
# :’I)E(tyXa(tya))7 Xa(t705)|t:0 = . (23)

Using (23), one can write out the solution of (9) as

(%) (t, X.(t,0)) = (@> (@), acRS.

r
Or, equivalently _
w
Bt0) = (“22) (0 1), (24)
T T

Let us denote
Dgi =X, (t, {(r,z3) € G|r <9, (r,x3) € supp ®(¢, )}) .

Since, by assumption, supp ® is compact in [0,7] x R3 and the mapping X (¢, ")
conserves a volumes, we have

sup ,u(Dgti) —0 asd— +0, (25)
t€[0,T] ’

uniformly in €.
Taking into account that det(VX.(¢,a)) = 1, one can estimate the first term of
the right hand side of (22) as follows:

T +o00 T W& 0
/ / / 27| Qwy | dr dzs dt < C'/ / <L) (t,xz)| drdt =B 5.
0 JIr|<es J—oco o Jof) r
Note that R
W,
B.s <C sup / <‘w0’0 + ‘wo,e _ 06 ) dz .
te(0,1) JO§") r r r

Hence, by (16),(25) for any x > 0 there exists 9 > 0,09 > 0 such that
Bl < - Ve € (0,20), 6 € (0,80), (26)

where a = C’(H%HU(W) + 1). On other hand, from

/ |(Pw) (t, 7, 3)(Pwy) (t, 7, 25)| dr dxs dr’ dxfy dt
(GXG)N{|r—r'|+|z3—x5|<cd}
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after the change of variables we obtain

T
/ / |(<I>w§)(t,r',wg)|(/ |(Pwy)(t, 7 + 7', &3 + x%)|drdEs) dr' dzydt
0 Ja {I7|+|23]<cd}

£

T
<cl||® su BWE)(t,7 + 1, G + ab)| dF dFs) dt
p 0 3
L1(R3) ( {IF|+12s|<cs}

r rx4)EG

T
/ ( sup / lwg (¢, 7 + ', &3 + 24)| dr dZ3) dt
Li(Rr3) JO  (r',25)€G J{|F|+|Z3|<cd}

wE
L"’(Xgl(t,x))‘ dx dt .
' (27)

wE
<C|=

r

Wo

T
<C|— / sup /
LY(R3)JO (r',@5)€G J{(rz3)ECG||r—r'|+|zs—x}|<cd}

r

Set u({z € R3||r — r'| + |z3 — 24| < c6}) = v(5). Then

|(Pwy) (t, 7, x3)||(Pwy) (¢, 7', z5)| dr dzs dr' dzy di

sup /
B B

LAE) | 8y<y(6)

/(ch)n{r—r'|+|ac3—m’3<c<5}

~

w§ w§
<OoT |22 “o

dr. (28)

r

Since y(d) — 0 as § — 0 for any x > 0, one can find Jp > 0 and &¢ > 0 such that
right hand side of (28) is less than or equal to % for all § € (0,dp) and € € (0,).
Then, taking into account (28) , we obtain (21).

On the other hand, we have

K(t, 7,23, r'z}) (1 —q (%)) (1_17 (%)) (1_n (yr—r'\ + |3 —x3\>)

€ C™([0,T7] x
Hence
I 5 I0 as e—0. (29)
Thus by (21) and (29),
Ai — Al.
The proof of the lemma is complete. |

Let us introduce a class of axisymmetric vector fields without a swirl component,
L2(R3) = {v € (L*(R?))3|v = v(r,z3),v9 = 0}. For a given N-function A(t),
following [3], we introduce

QAR?) = {v e LAR*) N WL (R?) |dive = 0,curlv € L,(R?)}

equipped with the Banach space norm ||v||g, (rs) = (||v||%2(R3) + ||curlv||%Z(R3))1/2.
Here the derivatives are in the distribution sense. We can extend our definition to
Q4(Q) for any axisymmetric domain € in R3.

Now, we establish the following compactness lemma, which is an axisymmetric

analogue of Lemma 6. of [3].
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Lemma 2.3. Let A(t) be an N-function satisfying the Ag—condition, and satisfies
A(t) = t(log™ ¢)2. Then for any bounded sequence {v°} in QA (R3) there exists a
subsequence, denoted by the same notation, {v°} and v € Qa(R3) such that

lim [ pl|?de = / plv|? dz
R3 R3

e—0

for any given axisymmetric test function p € C$(R3) with suppp C {(r,z3) €
R? |7 > 0}.

Proof. Let {v°} be a uniformly bounded sequence in Q4 (R3). Then, there exists
a subsequence, denoted by {v°}, and v in Q4 (R3) such that

v — v weakly in L*(R?). (30)
For such v(¢) we introduce stream functions () = ¢(¢) (r,z3) such that

10y o 1 oY)
—_— v P —

"ﬁg):_ 3 =

r Ors r or

Let a function p € C§°(R?) and a bounded domain W with suppp C W C G be
given. Then, by integration by part we obtain

oo de= [ (@ + 0 )

() 1 9
_277/ ( (6)16¢_+pvgf);a¢ )rdrdxg
R3

P Oz3 or
_ 9p @) _ 9P @) @)
_27T/Ra <a$3vr 1/} 87’7)3 ¢
(&) (&)
2@~ 0% 0 ar da
6333 81’
ap € € ap € €
_ 27-(/(; (a_xg,”£ g — 20y )) dr des
+27r/ WY pdr das = {1}() + {2}, (31)
G
Since
e V£ .
VY llLz oy = C(W) || — = C(W)[v°llL2w) < C,
L2(W)

we obtain by Rellich’s compact imbedding lemma that
p1y° = p1p strongly in - L*(W) Vpy € C°(W)
after choosing a subsequence. This, combined with (30), provides easily that {1} —

{1} in (31) as e — 0.
To prove {2} — {2} we observe that

p= = pi, (32)
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and

lwgllz L (w) < Cllwgllzaowy < C2, (33)
t +1)2

(log
where B(t) = exp(t?) — 1. Since A(t) = t(log™ ¢)* = t(logt ¢)z by hypothesis,
applying Corollary 1.1, we find that there exists a subsequence {wj} and wy in
H=Y(W) =< L4(W) such that

wh —wp in HHW). (34)

We decompose our estimate

/G(wgw — wptp)pdr dxs

< '/ (wg — wp)Y°pdrdxs
w
=Ji+J5.

+ ‘/W(lﬁa — Y )wypdrdzs

From (32) and (34) we obtain
Ji < ClY* e owyllws — wolla-1wy — 0

after choosing a subsequence, if necessary. On the other hand, the convergence
J5 — 0 for another subsequence, if necessary, follows from (32). This completes
the proof of the lemma. [ |

Using Lemma 2.3 we establish the following

Lemma 2.4. Suppose a sequence {v°} and v be given as in (1.7), Lemma 2.2. Let
n(r) € C*Ry), n(r) >0, n(r) =1, r € [1,00] and n(r) = 0 forr < 1. Then for
any § > 0 and ¢ € C*([0,T]; C§°(R?)) we have

/n(%) [v¢ —v|*pdrdt -0 ase — 40, (35)
Q

after choosing a subsequence.

Proof. Let W be any given bounded domain in G whose closure does not intersect
with the axis of symmetry. By conservation of L?(R?) norm of velocity we have

[v° (&, 122wy < COV) 0% (8, )72 sy = COV)[0G]I72ms) < C(Wiw0) . (36)

wg (t,x)
r

On the other hand, the conservation of along the flow, (9), implies

“(t,)

€
“o

=)y wry < C(W) =CcW) < C(W,w), (37)

L 4(R3)

La(R3) r

where A = A(t) = t(log™ t)*. Combining (36) and (37), we find that

sup [[v°(¢, ")l @aw) < C. (38)
te[0,T]

From the estimate (38), combined with (19), together with Lemma 2.3, we deduce
by using the standard compactness lemma that there is a subsequence {ve(t,r, x3)}
such that

v® — v strongly in L*([0,T] x W) .
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Now (35) follows from this immediately. The lemma is proved. |

Proof of Theorem 1.1 To prove the theorem we have only to show that
IF = /Qva;godmdt —I= /Qvingpdzvdt, (39)

for all 4,5 € {1,2,3}, and ¢ € C°°([0,T]; C§°(R?)). Let n(1) € C(RL),0 < n <
1,n(r) =1forall T € [1,+00) and n(7) = 0 for 7 € [0, 3]. For any § > 0 we set

Iazlla’é-l—[;’é:/n(g) vajgpdx—l—/ <l—n<g))va§gpd$.
Q Q

By Lemma 2.4
If"s — /Qn (g) vivjedr as € — 0. (40)

Hence the statement of theorem will be proved, if we show that for any x > 0 there
exists dp > 0 such that for all § € (0,dy) one can find £¢(d) > 0 that

6
1

<k Vee(0,¢p). (41)

Indeed, in case either i or j equals 1 or 2, by Lemma 2.1 we have

r T p4oo pd
‘/ (1—77 (5))va§gpdm §27T/ / / r|vpvsp| dr des dt
Q 0 J—oo JO
T p+oo §
305/ / / [pvrvi| dr des dt (42)
0 J—oo JO

T ptoo  ptoo 1 |v8|2
<Cs "L drdzgdt | [|vE]ve
os\ [ [ ] ot drdsar) el

1
2
#1) (o +1).

<3 (lolfyo + |2

L1(R3)

Hence taking parameter €p = 1 and parameter &y sufficiently small, we obtain (41).
Let us consider the case i = j = 3. Then

59) < C/Q 1 (5)] w5) do (43)

Set p(r) =1 —n(r). Let 6; > 0 be such that

[ @ i < 5 vscom.

In the above we also proved that for each x > 0 there exists d2 > 0 such that

/Q(vi)% (5) dedt < -5 V3 €(0,0,), € € (0,1). (45)
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Let 50 = min{él, 52}
Note that by Lemma 2.2 for § € (0, dp)

r

L1092 = @9l (5) dedt [ (@0 o)l (5) de e,

as € — +0.
Thus for every x > 0 and § € (0,dy) one can find €¢(d) that

r

007 = 09 = 0+ w10 (5) do k] < 5 Ve @eale). a0)

Inequalities (43)-(46) imply (41). Since now (36) is proved for an arbitrary i,j €
{1, 2,3}, the proof of the existence part of Theorem 2.1 is complete. The inequalities
for the energy and the vorticity follow immediately by the energy conservation for
velocity and the conservation of ¢ for the smooth approximate solutions, and
taking limit for suitable subsequence. This completes the proof of the theorem. W
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