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ABSTRACT. In this article we establish the theory of fractional Sobolev spaces
on Riemannian manifolds. As a consequence we investigate some important
properties, such as the reflexivity, separability, the embedding theorem and
so on. As an application, we consider fractional p-Laplacian equations with
homogeneous Dirichlet boundary conditions

(Ag)pu(z) = f(z,u) inQ,
u=0 in M\Q,

where N > ps with s € (0,1), p € (1,00), (—Ag); is the fractional p-Laplacian
on Riemannian manifolds, (M, g) is a compact Riemannian N —manifold,
is an open bounded subset of M with smooth boundary 02, and f is a
Carathéodory function satisfying the Ambrosetti-Rabinowitz type condition.
By using variational methods, we obtain the existence of nontrivial weak solu-
tions when the nonlinearity f satisfies sub-linear or super-linear growth con-
ditions.

1. INTRODUCTION

Recently, great attention has been paid on the study of problem involving frac-
tional and non-local operators. This type of problem arises in many applications,
such as, continuum mechanics, phase transition phenomena, population dynamics
and game theory, as they are the typical outcome of stochastically stabilization
of Lévy processes, see [3| [7, 19] and the references therein. Here we would like
to point out some interesting models involving the fractional Laplacian, such as,
the fractional Lane-Emden equation (see [I1]), the fractional Schrédinger equation
(see [37,[38]), the fractional Kirchhoff equation (see [12, 27, 28, [36]), the fractional
Cahn-Hilliard, Allen-Cahn and porous medium equations (see [2, [33]), the frac-
tional Yamabe problem (see [9]) and so on, have attracted recently considerable
attention. Indeed, the literature on non-local operators and their applications is
very interesting and quite large, we refer the interested reader to [5l 8, 21} 22] and
the references therein. For the basic properties of fractional Sobolev spaces, we
refer the interested reader to [10} 24].
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In this article we deal with the fractional p—Laplace problem

(=Ag)pulz) = f(z,u) nQ,

1.1

u=0 in M\Q, (L.1)
where N > ps with s € (0,1), p € (1,00), (M,g) is a compact Riemannian
N—manifold,  C M is an open bounded set with smooth boundary 9092, f :
I xR — R is a Carathéodory function and (—A,)?u(zx) is the fractional p-Laplace

P
operator which (up to normalization factors) may be defined as

u(z) — u(y)[P~*(u(z) — u(y))

(—Ag)su(z) =2 lim @, (z g~ e dpg(y)

p
e—0t M\ B (z)

for x € M, where B,(g) denotes the geodesic ball of M of center z and radius € and
dy(z,y) defines a distance on M whose topology coincides with the original one of
M, see Section 2 for more details.

In the Euclidean case, problem reduces to the fractional Laplacian problem
asp=2:

(=A)’u(x) = f(z,u) in Q,

u=0 inRY\Q. (1.2)
One typical feature of problem is the nonlocality, in the sense that the value
of (=A)*u(x) at any point € Q depends not only on €, but actually on the
entire space RY. The functional framework that takes into account problem
with Dirichlet boundary condition was introduced in [29] [30]. It is well known that
problem has been used to model some physical phenomena occurring in nonlo-
cal reaction-diffusion problems, non-Newtonian fluid, non-Newtonian filtration and
turbulent flows of a gas in a porous medium, and so on. In the non-Newtonian
fluid theory, the quantity p is characteristic of the medium. Media with p > 2
are called dilatant fluid and those with p < 2 are called pseudoplastics. If p = 2,
they are Newtonian fluids. Concerning the fractional Sobolev spaces in RY and its
applications to the qualitative analysis of solutions for problem , we refer to
[18, 17, 20, 28] 23, [31], [35] and the references therein for further details.

In recent years, the conformal fractional Laplacian has received a lot of atten-
tion. More precisely, the conformal fractional Laplacian is defined on the boundary
of a Poincaré-Einstein manifold in view of scattering theory, see [I4] for all the
necessary background. Caffarelli and Silvestre [8] presented a construction for the
standard fractional Laplacian (—Ag~)® as a Dirichlet-to-Neumann operator of a
uniformly degenerate elliptic boundary value problem. In the manifold case, Chang
and Gonzélez [9] linked the original definition of the conformal fractional Laplacian
coming from scattering theory to a Dirichlet-to-Neumann operator for a related
elliptic extension problem, thus allowing for an analytic treatment of Yamabe-type
problems in the non-local setting, see [I5]. As for several definitions of fractional
Laplace operator and their interrelation, we refer to [I0] for more details.

Inspired by the above works, we are interested in considering the integral def-
inition of fractional Laplacian from RY to Riemannian manifolds. To our best
knowledge, there is no result along this line. It is worth to point out that our defi-
nition seems easier to be understood than the conformal fractional Laplacian, just
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from the analytic points of view. In the mean time, our definition would be con-
venient to generalize some related existence results on fractional Laplace equations
exploited by variational methods to those of Riemannian manifolds.

As an application of the fractional Sobelev spaces on Riemannian manifolds, we
will consider the existence of weak solutions for problem . For this purpose, we
assume that Q2 C M is a open bounded set and f :  x R — R is a Carathéodory
function satisfying the following;:

(A1) There exist a > 0 and 1 < ¢ < p% = Np/(N — ps) such that

[f(@, )l < a1+ |n]*h),

for a.e. z € O, n € R;
(A2) There exist v > p and r > 0 such that for a.e. x € Q and r € R, |£| > 7,

0 <7yF(z,§) <&f(x,9),

where F(x,§) = f(f flx,7)dr;
(A3) It holds

o J@0)
¢—0 [¢[P~1

(A4) There exist a; > 0 and an open bounded set €2y C €2 such that

= 0 uniformly for a. e. x €

|f (2, p)| > ay]p|Tt for a.e. x € Qg and all p € R.
Now, we give the definition of weak solutions for problem (1.1)).
Definition 1.1. We say that u € W;"?(Q) is a weak solution of problem (I.1]), if

// u(z) — u(y) P~ (u(z) — u(y)) dpig(x)dpig (y)
M x M ( ’ '

dg(,y))NFPs

= [ rau@)pla)dug (@)
for any p € WP (M), where space W3"* (M) will be introduced in Section 2.

Then, by variational methods, we can get the following existence results for

problem ([1.1)).

Theorem 1.2. Let (Al) and (A4) hold. If 1 < g < p, then the problem (L.1) has
a nontrivial weak solution in Wi (M).

Theorem 1.3. Let (A1)—(A3) hold. If p < q < p%, then problem (1.1) has a
nontrivial weak solution in W3 (M).

Remark 1.4. Theorems and can be viewed as the counterpart of [34]
Theorems 1.1 and 1.2] on compact Riemannian N-manifold in the non-Kirchhoff
case.

This article is organized as follows. In Section 2, we will present some neces-
sary definitions and properties of space W;*(M). In Section 3, using variational
methods, we obtain the existence of weak solutions for problem in two cases:
l<g<pandp<q<pi.
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2. FRACTIONAL SOBOLEV SPACE ON RIEMANNIAN MANIFOLDS

Let we first recall some basic material on Riemannian geometry (see [4] [16]).
Let (M, g) be a smooth Riemannian N—manifold, and let V be the Levi-Civita
connection. For u € C°°(M), then V¥u denotes the k—th covariant derivative of
w. In local coordinates, the pointwise norm of V*u is given by

[VEu| = g7 - g™ (V*U)iyig i, (V) i
When k = 1, the components of Vu in local coordinates are given by (Vu); = Viu.
By definition one has that

|Vu| = Z GIVIuVIiu
ij=1
Given (M, g) a smooth Riemannian N—manifold, and v : [a,b] — M a curve of
class C*, the length of + is

1) = [ Vo) (). (D)

For x,y € M, let C’;’y be the space of piecewise C! curves v : [a,b] — M such that
v(a) =z and v(b) = y. Then dy(z,y) = infcy  L(7) defines a distance on M whose
topology coincides with the original one of M. In particular, by Stine’s theorem,
a smooth Riemannian manifold is paracompact. By definition, d, is the distance
associated to g.

Given (M, g) a smooth Riemannian N-manifold, one can define a natural positive
Radon measure on M. In particular, the theory of the Lebesgue integral can be
applied. For (£2;, ¢;);cr some atlas of M, we shall say that a family (Q;,¢;,7;)es
is a partition of unity subordinate to (£2;,;)icr. As one can easily check, for any
atlas (€2, ;)icr of M, there exists a partition of unity (;,¢;,7;);cs subordinate
(Q, ¢i)icr- Then we can define the Riemannian measure as follows: given u : M —
R is continuous with compact support, and given (£2;, ;)ics is an atlas of M,

REIICEDS / o (Yt ma) o i @y

keJ

where (2, ¢j,n;)es is a partition of unity subordinate to (€, ¢;)icr, dpg(z) =
\/det(gi;)dz is the Riemannian volume element on (M, g), where the g;; are the
components of the Riemannian metric g in the chart and dx is the Lebesgue volume
element of RY.

In what follows, we give some basic results that will be used in the next section.
In the Euclidean case, we refer to [13], 29} [30L B4] for related results. Let 0 < s <
1 < p < oo be real numbers and the fractional critical exponent p¥ be defined as

. {NNZP ifsp< N

Ps = o0 if sp> N.

This section is devoted to the definition of the fractional Sobolev spaces on
Riemannian manifolds. We start by fixing the fractional exponent s in (0,1). For
any p € [1,4+00), we define W*P(M) as follows:

WP(M) = {u € LP(M) : W € LP(M x M)}
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i.e, an intermediary Banach space between LP(M) and W*P (M), endowed with the
natural norm

)P 1/p
fallwercan = ([ 1@ ding(@) + [l nan)

where the term

[ulws.p vy = //MXM Ju(e EV-Zde g(x)dug(y))l/p.

is the so-called Gagliardo (semi)norm of u.

It is easy to prove that || - [[ys.r(ar) is @ norm on W*P(M). We will work in the
closed linear subspace
Wy (M) = {u € W*P(M) : supp(u) is a compact subset of M },

where supp(u) = {ac € M :u(zx) #0}.

Lemma 2.1. Let (M,dy) be a complete Riemannian N—manifold with finite vol-
ume, then C§°(M) C Ws’p(M).

Proof. For v e C§°(M), we only need to check that
v(z) —v(y)”
//MXM N—‘rpsd g(x)d/‘g(y)<oo.

[o(z) = v()] < [[VollLe andg(2,y),
[v(z) = v(y)l < 2[|vllLe

Notice that

for all x,y € M. Thus,
lv(z)) —v@)I” < 2llvlcrar)? min{(dg(z,y))?, 1}.

Therefore,

m — (sv)(y)[”
//MxM (z y))NJrPS dpg (@) dpig(y)

< Vol Collenan)? [ PR )y 0) < o

Consequently, for v € C§°(M) we have

v
//MxM | §V~)F|ps du'g(x)dug(y) < Q.
This implies v € WS p .

Remark 2.2. Lemma [2.]] n and the fact that C§°(M) is dense in LP(M) (see for
example [16]), imply that C§°(M) is dense also in WP (M).

Remark 2.3. The space WP (M) is the closure of C§°(M) in WP (M).

Lemma 2.4. Let (M,d,) be a compact Riemannian N—manifold. Then

(1) there exists a positive constant Cy = C1(N,p,q,s) such that for any v €
WOS’I)(M) and 1 < q < pt,

vix P
107 e ary < C1 //MXM [o( (N+Lsd o(2)dpg (y).
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(2) there exists a constant C = C’(N P, q,s) such that for any v € WP (M),

//MXM one SVJ)erad (@) dpg(y)

< ||UHWsp(M)

< C//MXM lo(z S\JLS dpg(z)dpg(y).

Proof. Let v € Wy'P(M). Since M is compact, M can be covered by a finite number
of charts

(B, (1), 0k )k=1,2,....m
satisfying

By(r/2) C k(B (1)) C Bo(2r) and %6” < gi; < Qdiy, (2.1)

where g;; are bilinear forms, @ > 1 is given, B, () denotes the ball of M of center
xy, and radius r, By(2r) denotes the Euclidean ball of RN of center 0 and radius
2r. Moreover, we have

él@il(yl) — o (W2)| < dy(y1,42) < Cley ' (y1) — o;  (12)], (2.2)

for y1,y2 € By, (1) where C > 1 is given.
Let () be a smooth partition of unity subordinate to the covering By, (r). For
any k, using [10, Theorem 6.5], we obtain

”UHLq(M) <2F Z ||77kv||Lq(M
k=1

m
pq+pN
Z NKv) 0P ”Lq(RN)
k=1

< 2" Z / /R - |(77kv)((pk1|(j)z;| j(vnfzs)(w; ‘wr dy
<con S [ R e

< mCCOZMJ&N //M u ( W tig (T)dpig (9)

=[], i 1 o)

where Cy = mC’COQMZP 2N s a positive constant depending only on N, s,p, q.
Thus, we obtain the assertion (1) The assertion (2) easily follows by combining
the definition of norm of W*P (M) with . O

(2.3)

Remark 2.5. By Lemma we obtain an equivalent norm on W§* (M) defined

as
w(x P 1/p
ol = ([ ' )y )
MXI\/[

for all v € WP (M).
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Lemma 2.6. Let (M,dy) be a compact Riemannian N-manifold, p € [1,00] and
€ (0,1). Then

[ullwerary < llullwean
for some suitable positive constant C = C(N,s,p) > 1. In particular,

WLP(M) C WP(M).

Proof. Let v : [0,1] — M be the minimizing geodesic from x and y, where x,y € M.
Then for v € WP (M) we have

[v(2) o)
/M/Mm{d (z)<1} (dg(T; (dg(z,y))N+ps dprg(x)dpg(y)
L Vet
= /M /Mﬁ{dg(x,y)<1}/0 (dg(z,y))N+es—r didyto (y)dpy () (2.4)
IVl Lo ar)
= /M (dg(x,y))]\“rpsfp dpig(y)
< C(N, s, p)lI Vol e ar)
v(z) — vy
/ /Mﬂ{d (@y)>1} (dg(T, ))N+psd“9( )dpg(y)
-1 @) )l (25)
<2 / /Mﬂ{d (z,y)>1} ( (x y))N-‘rPS N O g( )d/},g(y)

< C(N,p)llvllze(ar)-
From (2.4) and (2.5) it follows that
[ollwerary < CN, s, p)l|vllwrr(ar)-

and

Thus the proof is complete. (I
Remark 2.7. Remark [2.2] and Lemma imply that WP (M) is dense also in
WeP(M).

Lemma 2.8. Let (M,dy) be a compact Riemannian N—manifold. Then WP (M)
is separable.

Proof. Since W1P(M) is a separable Banach space (see [16]), there exists a count-
able dense subset 2 of WP(M). We claim that 2 is also dense in W*P(M). For
each u € W*P(M), there exists a sequence {u,}, in WHP(M) such that u, — u
strongly in W$P?(M), by the density of WYP(M) in W$P(M). Hence, for each
n > 1, there exists a sequence {Um, pn}m in A such that

Bm ||t — n|lwieary = 0.
m— 00

By the standard diagonal process, there exists a sequence {tum, n}n C {Um.n}m
such that
nlim ||umn7n - un”Wl’p(M) = O

Therefore, Lemma, [2.6] yields

|t — U||Ww(M) < Ntm,n = Unllwerary + lun — ullweran)

< C”“mmn - un”Wl’P(M) + |lun — “HWS’P(M)~
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This implies that w,,,, , — u strongly in WP (M) as n — co. Hence 2 is dense in
W#P(M). This, together with the countability of 2(, completes the proof. ([

Lemma 2.9. If (M,d,) is a complete Riemannian N-manifold, then W' (M) is
a Banach space.

Proof. We only need to check that W"*(M) is complete with respect to the norm
|- lwg»(ar)- Let {u} be a cauchy sequence in Wy (M). Thus, for any € > 0 there
exists V. such that if n,m > N, then

[un — umHLp (M) < flun — Um”%,;,p(M) <eé. (2.6)
Let {G;} be a sequence of compact sets such that G; C Gj41 C M for | € N and
M = U°,G;. Then the sequence {u;} is Cauchy in each LP(G;) for [ € N. By
induction we may find subsequences {utl }¢ and u® € LP(G)) such that ugl) — u®
a.e. on GG for I € N, and u(l“)xg = u®. Thus, lim,_, u( - lim, o u(T)XGT =

u a.e. on M. Therefore, by the Fatou Lemma and the second inequality in (2.6))
with € = 1, we have

//MxM T )J(vziid o(x)dpg (y)

(7') () P
.. Ur ur Yy
< lim inf //M N | e y))N+(175)| dpg(z)dpg(y)
X

T—00

p
< lim inf (||u g ull1|‘WS vy T+ g llwg ”(M))

T—00

p
< (14 g lwg 2 any ) < 0.

Thus, u € WgP(M). Let t > pu., by the second inequality in (2.6) and Fatou’s
lemma, we obtain

e =l rary < Hmminf e = ey rary < €

that is, u,, — u strongly in W;* (M) as n — oo. O
Lemma 2.10. Let (M,d,) be a complete Riemannian N -manifold. Then W3 (M)

is uniformly convex.

Proof. Let u,v € WgP (M) satisfy |[ullwzrar) = llvllweran = 1 and [[u—vllwsr
e, where € € (0, 2).

Case p > 2. By [1l inequality (28)], we have

u+v
|| HWS P M) + || P(M)

=3 //MxM e )Evlpidug(w)dug(y)
//MXM IU )gvll:dﬂg(w)dug(y)

=1.

1

(2.7)

= *HUHI;V&P(M) + *HUH%OS»P(M)
From it follows that || “F2 [T - werany S 11— (e/2)P. Taking 6 = d(e) such that
1-— (5/2)1’ = (1 — §)P, we obtain ||“+”HW0< oy < (1—=0).

Y
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Case 1 < p < 2. Note that

el cary = //MXM |u:cy))(lt)p/)p_ldﬂg(w)dug(y)}pll,

where p’ = p/(p — 1). With the help of the reverse Minkowski inequality (see [1]
Theorem 2.13]) and the inequality (27) in [1], we obtain

u—|—v
=== SP(M)+|| 1B any

// | —U(y)) + (v(2) —U(y))o”/
MxM 2(dg(z, y))

P
(2.8)
(u(z) = u(y)) = (v(x) — v(y)) 71
+( | dpy (2)dpy )
T /
1 1 p'-1
< (gl ran * 0le0n) =1
By (2.8), we have
U+ v, e’
||7|| sp(M)gl_ﬁ.
Taking § = 6(¢) such that 1 — (¢/2)?" = (1 —6)?', we obtain the desired conclusion.
(]

Remark 2.11. According to [I, Theorem 1.21], Wi*(M) is a reflexive Banach
space.

Lemma 2.12. Let (M,d,) be a compact Riemannian N-manifold and {v;} be a
bounded sequence in Wi (M). Then, there exists v € LY(M) such that up to a
subsequence,

v; — v strongly in LY(M), as j — oo,
for any q € [1,p7).
Proof. For any {v;}, which is a bounded sequence in W**(M). Since M is compact,
M can be covered by a finite number of charts (i, ¢k )k=1,2,....m such that for any
k the components gfj of g in (Q, v satisfying
1 k
50 < gij < 20

are bilinear forms. Let (1) be a smooth partition of unity subordinate to the
covering (). By means of Corollary 7.2 in [10], for any k, there exists wy, € LI(RY)
such that

(nkvj) o™t — wy  strongly in L7(px(Q)), as j — oo.
Then
MRU; — Wi © @ =g strongly in L9(Qy), as j — oo.
Furthermore, we can define v = >_}" | us € LY(M) satisfying
v; — v strongly in LY(M), as j — oo.

Thus, the proof is complete. (I
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3. PROOFS OF MAIN RESTULTS

Following the approach of [34], we will give the proofs of Theorems and
For the reader’s convenience, here we give a detailed treatment. For u € W;* (M),
we define

//MxM ](\/'_ZLSd/.tg(l')d,ug(y), H(U) = /QF([E,U)d,LLg(QT),
I(u) = J(u) — H(u).

Obviously, the energy functional I : WP (M) — R associated with problem (1.1
is well defined.

Lemma 3.1. If f satisfies (A1), then the functional H € C* (W3 (M),R) and
(H'(u / f(z,w)vdug(x)  for all u, v e WP (Q).
Proof. (i) H is Gateaux-differentiable in WP (M). Let u,v € Wi*(M). For each

xz € Qand 0 < |t| < 1, by the mean value theorem, there exits 0 < § < 1,

u+tv u
%(F(x,u—!—tv)—F(a:,u)):%/O f(a:,s)ds—%/o f(z,s)ds

1 u+tv
= ;/ f(z,s)ds

= f(z,u+ otv)v.
Combining (A1) with Young’s inequality, we obtain

[, u+ dto)e] < alfo] + fu+ oto] T o))
< a(2v|? + Ju+ §tv]? + 1) < a29(|v]? + |u|? + 1).

Since 1 < ¢ < p%, by Lemma we have u,v € LY(M). Moreover, the Lebesgue’s
dominated convergence theorem implies

t—0

lim%(H(u—&—tv)—H(u) —hm/ f(z, u + dtv)vdpg ()

/thm flz, v+ dtv)vdpg(x / flz, w)vdpg(x).
Q —?
(i) The continuity of Gateaux-derivative. Let {u,} C WP (M), u € WyP (M)

such that u, — u strongly in W;'P(M) as n — oco. Without loss of generality, we
assume that v, — v a.e. in Q. In view of (Al), for any measurable subset U C €,

[ 1w (o) < 28 s ([ g )+ ),

where p(U) denotes the N dimensional Radon measure of set U. Since 1 < ¢ < p¥,
by Lemma [2.4] and Hélder’s inequality, we have

/ g+l _q
) g o) < 20 () e
U LU L?

pi—4q

< (@) 7=+ Cu).

+ M(U))
) (3.1)
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It follows from (3.1)) that the sequence {|f(z,un) — f(x,u)|? } is uniformly bounded
and equi-integrable in L!(Q). The Vitali convergence theorem implies

lim \f(:c Up) — f@,u)|"dpg(x) = 0.
n—oo
Thus, by Holder’s inequahty and Lemma (1), we obtain
[H' (un) — H'(u)|| < [ f (2, un) = fl2, W)l Lo o) 9l Lo

< O (1) — F(@, )| por 0y — O,

as n — 0o. Hence, we complete the proof. ([l
Using the same strategy as in Lemma [3.1] we have

Lemma 3.2. The functional J € C* (WP (M),R) and

u(z) — u(y) P (u(z) — u(y))(v(z) —v(y))
//MxM (dy(x, y))N+rs dpig(z)dpg(y),

for all u,v € WyP(M). Moreover, for each u € WgP(M), J'(u) € WP (M)*,
where WP (M)* denotes the dual space of Wy (M).

Proof. Firstly, it is easy to see that
(J'(u),v)

_ lu(z) — u(y) P2 (uw(z) — u(y))(v(z) — v(y)) N (3.2)
- //MXM (dg(z,y))Nes dpg () dpig (y),

for all u, v e WiP(M). It follows from that for each u € Wy"P(M), J'(u) €
Wy ()

Next, we prove that J € CYH (WS (M),R). Let {u,} C WP (M), ue Wy (M)
with w, — wu strongly in Wy*(M) as n — oo. By Lemma there exists a
subsequence of {u,} still denoted by {u,} such that u,, — w a.e. in Q. Then the
sequence

{ Jun (@) = un ()P~ (un(x) — Un(y))} is bounded in L? (2 x ),

(dg()) 7
and
M ({E y) |un( ) un(y)‘p_Q(ﬁ) _un(y))
(dg(z,y)) ¥

u(z) — u(y)|P~*(u(x) — u(y))
N+,ps
(dg(z,y)) »
a.e. in M x M. Thus, the Brézis-Lieb Lemma (see [0]) implies

lim / /MxMwn(x,y) — Mz, )" dpg(2)dpiy ()

n—oo

= Jim [ (Qunluercan = s on)dig (@) ).

n—oo

— M(z,y) :=

(3.3)

The fact that u, — u strongly in W* (M) implies

tim [ (Mu(e9) = M) dsg @)y ) = 0 (3.4)

n—oo
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Combining (3.4)) with the Holder inequality, we have

1 (un) — ()| = sup (T (un) = J'(u), v)| =0,
’UEWS’F(Q), ”vllwg’l"(g)gl

as n — oo. O

Combining Lemmas [3.1] and [3.2] we obtain that I € C*(W;?(M),R) and

L ) w2 ) - u) o) o),
V= //MxM Ay )ty 1)

for all u,v € Ws’p

Case 1: 1 < ¢ < p. In this subsection, we prove the existence of weak solutions of
problem (1.1]), where the growth exponent ¢ of function f satisfies 1 < g < p.

Lemma 3.3. Let (A1) be satisfied. Then the functional I € CY(WP(M),R) is
weakly lower semi-continuous.

Proof. Firstly, we notice that the map v — ||v|[}}s.» (1) Is lower semi-continuous in
0
the weak topology of W (M). Indeed, we define a functional ¢ : Wy*(M) — R

" (@) — o)
U I)
//MXM ))NFps dﬂg( )dﬂg(y)-
Similar to Lemma we obtain v € C’l(WOg P(M)) and

(¥ (w),v

- p/ /MxM s w(yﬂp_(diz(uf y)»_quﬁif) N = oD gy, @)y ),

for all w,v € Wi"P(M). Note that

w + v “Huw(z) —w(y)P “Ho(x) —v(y)|P
w3 < E e P = O ey o)

1 1
= 51/}(11’) + §¢(U)~

Thus, 1 is a convex functional in WP (M). Furthermore, 9 is subdifferentiable and
the subdifferential denoted by dv satisfies 99 (u) = {¢'(u)} for each u € WP (M)
(see [26 Proposition 1.1]). Now, let {v,} C WP (M),v € W;P(M) with v, — v
weakly in WP (M) as n — co. Then it follows from the definition of subdifferential
that

Y(on) = ¥(v) = (' (v), v — ).

Hence, we obtain ¢ (v) < liminf,, . ¥ (v,), that is, the map v — ||UH€V;,,J(M) is
weakly lower semi-continuous.

Let u,, — u weakly in W3*(M). By assumption (H1) and Lemma up to
a subsequence, u, — u strongly in L4(£2). Without loss of generality, we assume

that u, — v a.e. in Q. Assumption (Al) implies

F(z,t) < a (|t +q7"[t7) < 2a(ft]? +1).
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Thus, for any measurable subset U C 2,

[ 1) ditg (@) < 20 [ funftds + 200,
U U

From 1 < ¢ < p}, Lemma [2.4) and Holder’s inequality, we have

/IF(x,un)Idug(@S2a||unlq|| vr |I1H + 2au(U)
U La (U PI=4(U)

*

< 2acuun\|3v;.p(M)<u<U>>T: + 20(0),

Similar to the proof of Lemma we obtain

lim F(a: up)dpg(x) = | F(z,uw)dpg(z).
Thus, the functional H is Weakly continuous. Furthermore, we obtain that I is
weakly lower semi-continuous. O

Proof of Theorem[I-3 By (A1), we have |F(z,t)| < 2a(|t|? + 1). Thus, by Lemma
[2.4] we obtain

//MxM e I(VJELS dpg(2)dpg(y) - 2a /Q lu|%dpg(x) — 2ap(2)

*HUIIP ~ 2007 el = 2ap(92).

Wi (a) o)

Since ¢ < p, we have I(u) — oo as ||ullwzs»ar) — 00. By Lemma I is weakly

lower semi-continuous on W;*(M). So the functional I has a minimum point ug in
WP (Q) (see [32, Theorem 1.2]) and ug € WP (M) is a weak solution of problem

[L.D). O

Case 2: p < q <pi.

Lemma 3.4. Let f satisfy (Al) and (A3). If p < q < p%, then there exist p > 0
and o > 0 such that
I(u) > a>0,

for any uw € WP (M) with lullws e ary = p-
Proof. In view of (A1) and (A3), for any > 0, there exists C(¢) > 0 such that for
any £ € R and a.e. z € ), we have

|F($7€)| < el¢]” + C(e)[€]". (3.5)
Let u € WyP(M). By (3.5) and Lemma we obtain

A" o
//MxM N+psd to (%) g (y) _g/ﬂ\“(l“)l dpig ()

(e / (i) |y (3.6)

];IIUHP s

Choosing € = 1/(2pC1), from (3.6) we have

1 1
p q p
1) 2 oo lullys oany = Ol oany 2 [0l any (55 = Ol

(M) 5C1||“HW5P M)~ C(g)CfHUH?/V(fm(My
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where C' is a constant only depending on N,s,p. Now, let ||u\|W§,p(M) =p>0.
Since ¢ > p, we can choose p sufficiently small such that 1/(2p) — Cp?™P > 0, so
that

1
> — —CpT™?) = .
I(u)ipp<2p Cp ) a>0
As desired. O

Lemma 3.5. Let f satisfies (A1)—(A3). Ifp < q < p%, then there exists e € CF(§2)
such that |e[lwzs» ) = p and I(p) < a, where p and o are given in Lemma .

Proof. From (A2) it follows that
Fz, &) > 7 min{ F(z,r), F(z, =r)}[£]7, (3.7)

for all [¢] > r and a.e. x € Q. Thus, by (3.7) and F(z,&) < max¢<, F(z,&) for all
|€] < r, we obtain

F(z,&) > r~ " min{F (z,r), F(x,—r)}&]" — maxF(x £)
NS (3.8)
— min{F(z,r), F(z,—r)},

for any £ € R and a.e. = € Q.
By Lemma we can fix ug € C§°(€2) such that [uollyws»ary = 1. Now, let

t>1. By (3.8), we have
|tug () — tuo(y)[” /
I{tuo) d d F(z,tu d
2 //MXJVI (x y))Nﬂ’S (@)dpg(y o(z))dpg(x)

< E — r‘"’t”/ min{F(z,r), F(x,—r)}uo(z)| dpge(z)

+ lelax F(x,&) + min{F(z,r), F(z,—r)}dpe(z).

Using (A1) and (A2), we obtain that 0 < F(z,&) < a(|r| + |r]?) for |§] < r a. e.
x € Q. Thus, 0 < min{F(x,r), F(z,—r)} < a(|r] + |r|?) a.e. z € Q. Since v > p
by assumption (A2), passing to the limit as ¢ — oo, we obtain that I(tug) — —oo.
Thus, the assertion follows by taking e = Tug with T sufficiently large. O

Definition 3.6. We say that I satisfies (PS) condition in WyP(M), if for any
sequence {u,} C Wy*(M) such that I(u,) is bounded and I’ (u,) — 0 as n — oo,
there exists a convergent subsequence of {u,, }.

Lemma 3.7. Let f satisfy (A1)—(A3). If p < q < p%, then the functional I satisfies
the (PS) condition.

Proof. For any sequence {u,,} C Wy"* (M) such that I(u,) is bounded and I’ (u,,) —
0 as n — oo, there exits C' > 0 such that [(I"(us),un)| < Cllunllwsr sy and
[I(un)| < C. By (Al), we have

F(z,uy) —~y ! T, Up ) Un )d g (T
|/leuﬂ<r}<< ) (2 i g ()

< (a+y7H(0r+
where {|u,| <r} ={z € Q:|u,(z

(3.9)
Q] <C,

)
| <r}. Thus, by (H2) and (3.9)), we obtain

(I' (), )

~

C+ C”unHWO“’(M) > I(uy) —

2
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n N //M M |u” x;,l;;f(-s-gzg dﬂg( )dﬂg(y)
- / (F(a:, un) — v f (@, un)ug) dpg(2)
Qﬂ{\un\<r}

“\p v //M M |u” (7,y) )Xf(-s-z?s dpg(@)dpg(y) — C,

where C' denotes various positive constants. Hence, {un} is bounded in W§*(M).
Since Wy* (M) is a reflexive Banach space, up to a subsequence, still denoted by
{uy} such that u,, — u weakly in W3*(M). Then (I'(uy), u, — u) — 0.

For each ¢ € Wg’p(M) we define a functional 7' : W (M) — (W5P(M))" by

() P2(p(x) — ¢(y)) Y )
//MXM (dg(z,y))N+ps (v() (y))dpg(w)dpg(y),

for all v € WP (M). Clearly, by the Holder inequality, T'(¢) is also continuous,
being

(T(0), 0)| < lllfyoan 10llwgrary - for all v € WeP (M),

Thus, we have

(I'(un)yup —u) = (T(up), up, — u) — ; fz, up) (up — u)dpg(z) — 0 (3.10)

as n — oo. Moreover, by Lemma [2.12] up to a subsequence,
U, — u strongly in LI(2) and a.e. in Q.

Thus, f(x,u,)(u, —u) — 0 a.e. in @ as n — oo. It is easy to check that sequence
{f(z,un)(un —u)} is uniformly bounded and equi-integrable in L!(Q2). Hence, the
Vitali convergence theorem implies

lim [ f(z,un)(un —u)dpg(z) =0.

n—oo Jo
Therefore, from it follows that
nan;(T(un),un —uy =0.
Furthermore, by the weak convergence of {u,} in Wy?(M), we obtain
nlLrI;Q(T(un) —T(u),up —u) =0.
Let us recall the well-known vector inequalities:

([€P72¢ = [nP=2n) - (€ =n) = Cplé =P, p=>2

p—2¢ p—2 M
(|§| §—Inl ) €—n)= (|§|+|77|)2 P’

for all £,n € RN, where Cp, ép are constants depending only on p. From which it
is easy to verify that for p > 2 and 1 < p < 2, we have

[un () — un(y) — u(z) + uly)|P ~
//MXM (dg (2, )N ps dpg(x)dpg(y) — 0, (3.11)

as n — oo. Hence, from we obtain that u, — u strongly in WJ*(M) as
n — o0o. Therefore, the proof is complete. O

1<p<?,
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Proof of Theorem[I.3 According to Lemmas [3.4H3.7] the Mountain Pass Theorem
[32, Theorem 6.1] implies that there exists a critical point u € W** (M) for problem

(). O
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