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EXISTENCE AND UNIQUENESS OF STRONG SOLUTIONS TO
NONLINEAR NONLOCAL FUNCTIONAL DIFFERENTIAL
EQUATIONS

SHRUTI AGARWAL & DHIRENDRA BAHUGUNA

ABSTRACT. In the present work we consider a nonlinear nonlocal functional
differential equations in a real reflexive Banach space. We apply the method
of lines to establish the existence and uniqueness of a strong solution. We
consider also some applications of the abstract results.

1. INTRODUCTION

Consider the following nonlocal nonlinear functional differential equation in a
real reflexive Banach space X,

ul(t) + Au(t) = f(t’u(t)7u(b1(t))7u(b2(t))v ce 7u(bm(t)))’ te (OvTL

h(u) = ¢0; on [_7—’ 0]7 (11)

where 0 < T < 00, ¢g € Cy := C([—7,0]; X), the nonlinear operator A is single-
valued and m-accretive defined from the domain D(A) C X into X, the nonlinear
map f is defined from [0,7] x X™*! into X and the map h is defined from Cr :=
C([-7,T]; X) into Cr. Here C; := C([—7,t]; X) for t € [0,T] is the Banach space of
all continuous functions from [—7,t] into X endowed with the supremum norm

[6lle == sup_ o), ¢€Ci,

—7<n<t

where ||.]| is the norm in X. The existence and uniqueness results for (|1.1) may
also be applied to the particular case, namely, the retarded functional differential
equation,

u/(t) + Au(t) = f(t,u(t), u(t - 7_1)’ u(t - 7_2); s au(t - Tm))v te (OvT]v

u = ¢()a on [_Ta 0]7 (12)

where 7; > 0, and 7 = max {71, 72, ..., Tim }-
The study of the nonlocal functional differential equation of the type (|1.1)) is mo-
tivated by the paper of Byszewski and Akca [6]. In [6] the authors have considered
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the nonlocal Cauchy problem,

' (t) + Au(t) = f(t,u(t),u(ar(t)),uaz(t)),. .., ulan(t))), tec(0,T],
u(0) + g(u) = o,

where —A is the generator of a compact semigroup in X, g : C([0,7T]; X) into X,
ugp € X and a; : [0,7] — [0,7]. Although, in this case we may take h(u)(t) =
u(0) + g(u) on [—7,T], ¢o(t) = ug on [—7,0] and b;(t) = a,(t), for t € [0,T] to
write it as , but the analysis presented here will not be applicable to . We
consider here a Volterra type operator h which is assumed to satisfy h(¢1) = h(¢2)

n [—7,0] for any ¢ and ¢o in Cr with ¢1 = ¢ on [—7,0] (cf. (A3) stated below).
This condition will not hold in general for the operator h(u)(t) = u(0) + g(u). We
shall treat this case differently in our subsequent work.

For the earlier works on existence, uniqueness and stability of various types of
solutions of differential and functional differential equations with nonlocal condi-
tions, we refer to Byszewski and Lakshmikantham [7], Byszewski [5], Balachandran
and Chandrasekaran [3], Lin and Liu [II] and references cited in these papers.

Our aim is to extend the application of the method of lines to (1.1). For the
applications of the method of lines to nonlinear evolution and nonlinear functional
evolution equations, we refer to Kartsatos and Parrott [9], Kartsatos [§] Bahuguna
and Raghavendra [I] and references cited in these papers.

Let T be any number such that 0 < T < T. Any function in Cr is also considered
belonging to the space C4 as its restriction on the subinterval [—7, T], 0<T<T.
For any ¢ € Cj, we consider the problem,

W/ (t) + Au(t) = f(t,u(t), u(bi (), u(ba(t), - .., ulbnm(t))), t € (0,T],
u=¢, on[-T1,0].

Suppose that there is g € Cr such that h(¢g) = ¢o on [—7,0] and (0) € D(A).
Let W(tpo,T) = {¢ € Ci : %Y = 1o, on[—1,0]}. For any ¢ € W, T) we
prove the existence and uniqueness of a strong solution u of under the same
assumptions of Theorem stated in the next section, in the sense that there
exists a unique function u € Cz such that u(t) € D(A) for a.e. t € [0,7T], u is

differentiable a.e. on [0,7] and

u'(8) + Au(t) = f(tut), u(br(t)),- .., ubm(t), ae. te[0,T],
u=¢, on [—7’ 0].

(1.3)

(1.4)

(1.5)

Let uy € C7 be the strong solution of correspondmg to ¢ € W(wo, ) It can
be shown that u, € W(io, T). We deﬁne amap S from W(to,T) into W(vo,T)
given by
5S¢ =ugy, ¢ €W, T).

We then prove that S is constant on W(1o, ~) and hence there exists a unique

Xo € W(to,T) such that xo = Sxo = ty,. We then show that Uy, is a strong
solution of (1.1 . Also, we establish that a strong solution u € W()g, T) of (|1.1)) can
be continued uniquely to either the whole interval [—7,T] or there is the maximal
interval [—7, tmax), 0 < tmax < T such that for every 0 < T < tmax, u € W(tbg, T)
is a strong solution of . on [—7,T] and in the later case either
lm Ju(t)]| = oo

t—t
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or u(t) goes to the boundary of D(A) as t — tyax—. Finally, we show that u is
unique if and only if ¥y € Cr satisfying h(wg) = ¢o is unique up to [—7,0]. We also
consider some applications of the abstract results.

2. PRELIMINARIES AND MAIN RESULT

Let X be a real Banach space such that its dual X* is uniformly convex. One of
the consequences of the fact that X* is uniformly convex is that the duality map
F: X — 2% given by

F(z) ={a" € X" : (z,2") = [l]* = ="},

is single-valued and is continuous on bounded subsets of X. Here 2%X" denotes the
power set of X*, ||.| and ||.||. are the norms of X and X*, respectively, (x,x*) is

the value of * € X* at © € X. Further, we assume the following conditions:
(A1) Theoperator A : D(A) C X — X is m-accretive, i.e., (Az— Ay, F(z—y)) >
0, for all z,y € D(A) and R(I + A) = X, where R(.) is the range of an

operator.
(A2) The nonlinear map f : [0,7] x X™*! — X satisfies a local Lipschitz-like
condition
Hf(taulvu27 .. ~um+1) - f(savla V2, .0y Um+1)H
m+1

< Ly(r)[t —s| + Z llug — vill],

for all (u1,uz, ..., Umi1), (V1,02,...,Vmi1) in Bo(X™HL (20,20, ..,20))
and ¢,s € [0,T] where Ly : Ry — R, is a nondecreasing function and for
zo€ X and r >0
m+1
Bo(X™ (20, 20,...,20)) = {(u1, ..., Umi1) € XL Z lw; — 2ol < 7}
i=1
(A3) The nonlinear map h : Cr — Cr is continuous and for any ¢; and ¢o in Cr
with ¢1 = qf)g on [77’, 0], h(¢1) = h(¢2) on [77’, 0]
(A4) For i = 1,2,...,m, the maps b; : [0,7] — [-7,T] are continuous and
bi(t) <t fortel[0,T].

Theorem 2.1. Suppose that the conditions (A1)-(A4) are satisfied and there exists
o € Cr such that h(o) = ¢o on [—7,0] and 1py(0) € D(A). Then has a strong
solution u on [—T, T], for some 0 < T < T, in the sense that there exists a function
u € Cz such that u(t) € D(A) for a.e. t € [0,T], u is differentiable a.e. on [0,T]
and

W (8) + Au(t) = Ftu(t), ubr(t)), ..., ulbm (), ae. te[0,T],

h(w) = b9, on [-7,0]. 1)

Also, u is unique in W(ipo, T) and u is Lipschitz continuous on [0,T]. Furthermore,
u can be continued uniquely either on the whole interval [—7,T| or there exists a
mazimal interval [0, tmax), 0 < tmax < T, such that u is a strong solution of
on every subinterval [—T, T}, 0 < T < tmax. A strong solution u of 18 unique
on the interval of existence if and only if Wo € Cr satisfying h(vo) = ¢ on [—7,0]

is unique up to [—7,0].
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3. DISCRETIZATION SCHEME AND A PRIORI ESTIMATES

In this section we establish the existence and uniqueness of a strong solution to

(1.4) for a given ¢ € W(o,T). Let ¢ € W(tby,T). Then zq := ¢(0) = ¢o(0) €
D(A). For the application of the method of lines to (1.4]), we proceed as follows.
We fix R > 0 and let Ro := R+ supyc(_ 1) [|¢(t) — 2o|. We choose o such that

0<ty <T,
tol|[Azo|| + 3Ly (Ro)(T + (m + 1)Ro) + || f(0, o, xo, - . ., x0)||] < R.

For n € N, let h,, = to/n. We set ufy = x¢ for all n € N and define each of {u? "
as the unique solution of the equation

“_TZH FAu= fE UG (b)), A (B (D), (31)
where 4 (t) = ¢(t) for ¢t € [—7,0], 4 (t) = xo for ¢ € [0, %] and for 2 < j < mn,
o(1), te -0,
@) = u?1+;xtt?o@#u?n,zigéiﬁb_17 (3.2)
Uj-1 t € [t7_y,to]-

The existence of a unique u} € D(A) satisfying (3.1) is a consequence of the m-

accretivity of A. Using (A2) we first prove that the points {u;’ 7—o lie in a ball

with its radius independent of the discretization parameters j, h,, and n. We then

prove a priori estimates on the difference quotients {(u} —u}_;)/h,} using (A2).

We define the sequence {U™} C Cy, of polygonal functions

) = {¢(t), tel-r0], 53)

(e h%(t =t )} —ufy), te(thq,t]],

and prove the convergence of {U"} to a unique strong solution u of (1.4)) in C;, as
n — 0o.
Now, we show that {u}z "_, lie in a ball in X of radius independent of j, h,, and

j=0
n.
Lemma 3.1. ForneN, j=1,2,...,n,
et — woll < R.
Proof. From for j = 1 and the accretivity of A, we have
llut — zol| < hp[l|Azoll +3L¢(Ro)(T + (m + 1)Ro) + || (0, zo, zo, ..., z0)|]] < R.
Assume that [|ul —xo|| < Rfori=1,2,...,5— 1. Now, for 2 < j <mn,
[uj — ol < |uf_y — oll + hall[Azo|l + 3L (Ro)(T + (m + 1) Ro)
+11£(0, 20, 20, ..., zo) [|]-
Repeating the above inequality, we obtain
l[uj —xoll < jhnlllAxol| + 3L s (Ro)(T + (m +1)Ro)
+[1£(0,20, 20, ..., x0)[l] < R,
as jhy, < tg for 0 < j <n. This completes the proof of the lemma. O

n_.n
Uy “j—l}

Now, we establish a priori estimates for the difference quotients {~—;
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Lemma 3.2. There exists a positive constant K independent of the discretization
parameters n, j and h, such that

ull —ul_
HJT“H <K, j=1,2...,n,n=12,....

Proof. In this proof and subsequently, K will represent a generic constant inde-
pendent of j, h, and n. Subtracting Aul} = Az from both the sides in (3.1)) and
applying F(u} — uf)), using accretivity of A, we get

uy — uf

| =— 1 I < Aol + [1£(0, 20, zo. - . o) || + 3Ly (Ro)(T + (m + 1)Ro) < K.

Now, for 2 < j < n applying F'(u} —u}_;) to (3.1) and using accretivity of A, we
get

B T.Ll unfl 2 n ~n n
| < Ty (). ()

J
- .f(t?—lv u?—Q’ a?—Q(bl (t?—l))a e aﬂ'?—2<bm( ?—1)))”

From the above inequality we get

ut —ul ul_; —ul_
Hjhinle <( +Chn)’|%nj2|| +Chn,

where C' is a positive constant independent of j, h,, and n. Repeating the above
inequality, we get

!|]__ L[ < (14 Cha)i Gy < C1e™€ < K.

This completes the proof of the lemma. O

We introduce another sequence {X"} of step functions from [—h,,, to] into X by

X%ﬂ{%,t [, 0],

ut, e (17, ).

Remark 3.3. From Lemma it follows that the functions U” and 4y, 0 < r <
n —1, are Lipschitz continuous on [0, y] with a uniform Lipschitz constant K. The
sequence U™(t) — X"™(t) — 0 in X as n — oo uniformly on [0,tg]. Furthermore,
X" (t) € D(A) for t € [0,t9] and the sequences {U"(t)} and {X™(¢)} are bounded
in X, uniformly in n € N and ¢ € [0,%9]. The sequence {AX"(¢)} is bounded
uniformly in n € N and ¢ € [0, to].

For notational convenience, let

fn() f( ?v ?17 j— 1(b1( ))v""ﬂ;'lfl(bm(t?)))u

t € (t]_q,t7], 1 < j <n. Then may be rewritten as
a-
UM+ AX™(0) = [M(0),  te (0,1, (3.4)

where % denotes the left derivative in (0,o]. Also, for ¢ € (0,%o], we have

KAWU@_m—W /ﬁ ) ds. (3.5)

Lemma 3.4. There exists u € Cy, such that U™ — u in Cyy, as n — oo. Moreover,
u s Lipschitz continuous on [0, o).
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Proof. From for t € (0,to], we have
(LU (1)~ UH(0), (0~ XH0)) < ((0) ~ 40, P (0) — X5(0).

From the above inequality, we obtain

1d- n k 2
S U - Rl
d-

< (W) = UR®) = () + 50, FU™ () = UF(1) = F(X"(1) = X*(1)))
+ (1) = fE), FU () - UR(1))-

Now,
(@) = fFE@O) < enn(t) + KU = U*|s,
where
enk(t) = K[|t} =t/ + (hn + i) + | X" (t — b)) = U (@) + | X*(t = he) = U™ (1)
+Z 16 () — bi ()] + [bi(ty) — bi(1)]),
for t € (t;b 1,t;L] and t € (tl—ptﬂ» 1<j<m,1<1<k. Therefore, €,,(t) — 0 as

n, k — oo uniformly on [0,¢o]. This implies that for a.e. ¢t € [0, to],
o O UA(0))* < Kleny, + U™ = U7,

where €!, is a sequence of numbers such that €., — 0 as n,k — oo. Integrating
the above inequality over (0,s), 0 < s < t < tg, taking the supremum over (0, t)
and using the fact that U™ = ¢ on [—7, 0] for all n, we get

t
U~ UM} < KiTely o+ [ [0n - U2 ds)
0

Applying Gronwall’s inequality we conclude that there exists u € C;, such that
U™ — w in Cy,. Clearly, u = ¢ on [—7,0] and from Remark it follows that u is
Lipschitz continuous on [0, t]. This completes the proof of the lemma. O

Proof of Theorem[2.1]. First, we prove the existence on [—7, %] and then prove the
unique continuation of the solution on [—7,T]. Proceeding similarly as in [2], we
may show that u(t) € D(A) for t € [0,t0], AX™(t) — Au(t) on [0,to] and Au(t)
is weakly continuous on [0,?y]. Here — denotes the weak convergence in X. For
every * € X* and t € (0, ¢o], we have

/ (AX"(s),2™)ds = (xg,z") — (U™ (t), z™) +/ < f™(s),z") ds.
0 0

Using Lemma and the bounded convergence theorem, we obtain as n — oo,

/0 (Au(s),z*) ds = (zg,z") — (u(t), ™)

. (3.6)
+/0 (f(s,u(s),u(d1(s)),...,u(bn(s))),z") ds.
Since Au(t) is Bochner integrable (cf. [2]) on [0, o], from we get
u(t) + Au(t) = f(&, u(®), u(bi(t)),. .., ulbn(t))), a.e. t€[0,to]. (3.7

dt
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Clearly, u is Lipschitz continuous on [0, ¢g] and u(t) € D(A) for t € [0, ). Now we
prove the uniqueness of a function u € C;, which is differentiable a.e. on [0, tp] with
u(t) € D(A) a.e. on [0,to] and u = ¢ on [—7, 0] satisfying (3.7). Let u1,uz € Cy, be
two such functions. Let R = max {||uq||¢,, [|uz2]lt, - Then for u = u; — ug, we have

d
%Ilu(tﬂl? <GB [ullf,  ae. te0,t],

where C7 : Ry — Ry is a nondecreasing function. Integrating over (0,s) for
0 < s <t < i, taking supremum over (0,¢) and using the fact that « = 0 on
[—T7,0], we get

t
lul2 < Cy(R) / Jul2 ds.

Application of Gronwall’s inequality implies that w =0 on [—7, to].
Now, we prove the unique continuation of the solution u on [—7,T]. Suppose
to < T and consider the problem

W' (t) + Aw(t) = f(t,w(t), w(bi(t), w(bz(t)), ..., wbn(t))), 0<t<T—to,

w= ¢, on[—T—ty,0],
~ (3.8)
where f(t,ul,UQ, [N 7Um+1) = f(t + to,ul,u2, [N 7Um+1)7 0 S t S T— to,

~ ¢(t+t0), t e [—T—to,—to],
$o(t) =
u(t +tg), te[—to,0],

bi(t) = bi(t+to) —to, t € [0, T —to] i = 1,2,...,m. i

Since ¢o(0) = u(to) € D(A) and f satisfies (A2) and b;, i = 1,2,...,m satisty
(A4) on [0,T — to], we may proceed as before and prove the existence of a unique
w € C([—1 —to, t1]; X), 0 < t1 < T — tg, such that w is Lipschitz continuous on
[0,t1], w(t) € D(A) for t € [0,t1] and w satisfies

w' () + Aw(t) = f(t,w(t), w(by(t)), w(ba(t)),. .., wbm(t)), ae. tel0,t],

w =gy, on [—7 — to,0].
(3.9)
Then the function
i) {u(t), t e [~ to),
w(t —to), t€ [to,to+ 1],

is Lipschitz continuous on [0, ¢y + 1], @(t) € D(A) for t € [0,to + ¢1] and satisfies
(1.5) a.e. on [0,%p + t1]. Continuing this way we may prove the existence on the
whole interval [—7,T] or there is the maximal interval [—7,tmax), 0 < tmax < T
such that u is a strong solution of on every subinterval [—7,T], 0 < T < tpax.
In the later case, if lim;—;  [[u(?)|| < oo and lim;_,, — u(t) € D(A), then we
may continue the solution beyond ¢, but this will contradict the definition of
maximal interval of existence. Therefore, either lim;—;  [[u(t)|| = oo or u(t)
goes to the boundary of D(A) as t — t,q0—-

Thus, for each ¢ € W(ty, T), we have proved the existence and uniqueness of a
strong solution of .

Now, let uy be the strong solution of corresponding to ¢ € W(tpo, T). Since
ug = ¢ on [—7,0], it follows that ugs € W (1, T). We define a map S : W (v, T) —
W(¢o, T) given by S¢ = ug for ¢ € W(1o,T). Using similar arguments as used
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above in the proof of uniqueness and the fact that uy = uy = 9o on [—7,0], we
obtain

t
156 — SBI2 = ug — up|? < Co(R*) / lug — g2 ds,

where R*Y = max {|ug|| 7, [|uy|l#} and Cz : Ry — Ry is a nondecreasing function.
Applying Gronwall’s inequality we obtain that S is constant on W(wo,f’) and
therefore there exists a unique xo € W(vy, T) such that Sxo = X0 = Uy, It is easy
to verify that u,, (= xo) is a strong solution to . Clearly, if ¥y € Cr satisfying
h(1po) = ¢g on [—7,0] is unique up to [—7,0] then u is unique. If there are two g
and 1y in Cr satisfying h(to) = h(’lz;o) = ¢ on [—7,0], with 1y # Yo on [—,0],
then W(t,T) N W(tbo, T) = 0 and hence the solutions v and @ of belonging
to W(to, T) and W(1)o, T), respectively, are different. This completes the proof of

Theorem 2.1 O

4. APPLICATIONS

Theorem may be applied to get the existence and uniqueness results for (1.1
in the case when the operator A, with the domain D(A) = H*™(Q) N HF*() into
X := L%(Q), is associated with the nonlinear partial differential operator

Au = Z (_1)|a‘DaAa(£E7U(CL'),D'LL7 ..., D),

|| <m

in a bounded domain € in R™ with sufficiently smooth boundary 02, where A, (z, &)
are real functions defined on  x RN for some N € N and satisfying Caratheodory
condition of measurability and certain growth conditions (cf. Barbu [4] page 48).
In , we may take f as the function f : [0,7] x (L?(2))™+t — L2(Q), given

by

m—+1

J(tu,ug, .. umyr) = fo(t) +alt) Z il 2 (o) i,
i=1

where fo : [0,T] — L?(f2), and a : [0, T] — R are Lipschitz continuous functions on
[0,7] and ||.|| £2(q) denotes the norm in L?(€2). For the functions b;, i = 1,2,...,n
and h we may have any of the following.

(bl) Let 7; > 0. For i = 1,2,...,m, let b;(t) =t — 7, t € [0, T].

(b2) Let 75, i =1,2,...,m be such that 0 < 7, <T. For t € [0,7T], let

0 t<m;
bl(t): ) —TZ7
t—71, t>7.

(b3) For i = 1,2, e,y let bz(t) = kit, te [O,T], 0< k‘i < 1.
(b4) Let N € N. Let 0 < k; < 1/(NTN),i=1,2,...,m. Fori=1,2,...,m, let
bi(t) = kit™, te(0,T).

Let —7 < a3 <as < - <a, <0, ¢ with C:=>"_,¢ #0and ¢ > 0, for
i=1,...,7. Let x € D(A). Consider the conditions:

(hl) g1(x) :== fET k(0)x(0)do = x for x € C(|-7,0]; X), where k is in L!(—7,0)

with k = f_OT k(s)ds # 0
(h2) g2(x) == 31y cax(as) = @ for x € C([=7, 0]; X);
(03) g3(x) =25y & [, x(s)ds =z for x € C([~7,0]; X).
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Clearly, g; : C([-7,01;X) — X, i = 1,2,3. For i = 1,2,3, define h;(¢))(t) =
9i(Yl—r,0) on [=7,T] for ¢ € C([—7,T]; X) where ||, q) is the restriction of 1) on
[—7,0]. Let ¢o(t) = « on [—7,0]. Then conditions (h1), (h2) and (h3) are equivalent
to h;(v¥) = ¢g on [—7,0], i = 1,2, 3, respectively. For (hl), we may take ¢o(t) = z/k
and for (h2) as well as for (h3), we may take ¢o(t) = z/C on [—7,T].
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