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MULTIPLE SOLUTIONS OF A FOURTH-ORDER
NONHOMOGENEOUS EQUATION WITH
CRITICAL GROWTH IN R*

ABHISHEK SARKAR

Communicated by Mitsuharu Otani

ABSTRACT. In this article we study the existence of at least two positive weak
solutions of an nonhomogeneous fourth-order Navier boundary-value problem
involving critical exponential growth on a bounded domain in R*, with a pa-
rameter A > 0. We establish upper and lower bounds for A\, which determine
multiplicity and non-existence of solutions.

1. INTRODUCTION

Let © C R* be a bounded domain with the boundary 0Q € C?° for some 0 <
o < 1. In this context, we study the existence of multiple solutions in W/%[Q(Q) =
{u e W22(Q) : u = 0 on 90}, for the following fourth-order Navier boundary value
problem

A%y = /,Lu|u|‘”e“2 + Ah(z) in Q,
u,—Au >0 in Q, (1.1)
u=Au=0 on 09,

where h > 0 in Q, ||h|lp2) = 1, A > 0, p = 1if p > 0 and p € (0,A(2)) if
p = 0. Where \(2) and ¢; denote the first eigenvalue and the corresponding
eigenfunction of A? on W/%[Q(Q) respectively with respect to the Navier boundary
condition. We note that A\; > 0 and ¢, is strictly positive (see [4]). The existence of
multiple solutions for analogous problems in higher dimensions with critical expo-
nent, have been studied in [2,[§] for the Dirichlet boundary condition, and in [15] for
Navier boundary condition. The existence of multiple solutions for the fourth-order
nonhomogeneous quasilinear equation has been studied in [3]. The corresponding
problem for second order elliptic equations have been studied in [I1] for dimension
two and in [12] for higher dimensions. We note that, the critical growth for the
fourth-order equations is u +— |u|¥ M=%y for N > 5, from the point of view of
the Sobolev imbedding theorem in R™. In 1971, Moser [I0] proved the following
theorem.
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Theorem 1.1. Let Q C RN, N > 2 be a bounded domain. There ezists a constant
Cn > 0 such that for any u € Wol’N(Q), N > 2 with ||Vu| L~y <1, then

/ e dz < Cn1Q|, Vo < ay, (1.2)
Q

where N
1
P=N_7 W= Nwy i,
and wy_, is the surface measure of the unit sphere SN=1 C RN . Furthermore, the
integral on the left hand side can be made arbitrarily large if « > an by appropriate

choice of u with [|[Vul g~y < 1. The embedding
N
Wy N(©Q) 3 u s e e L),
is compact for a < ay and it is not compact for a« = ay.

In 1988, Adams [I] extended the above result of Moser to higher order Sobolev
spaces. To state the main theorem by Adams, we denote the m-th order derivatives
of u e C™(Q), by

Ty — A2y, for m even,
| VA=D2y - for moodd.
Now denote by W," o (€2) the completion of C§°(€2), under the Sobolev norm
m m/N
N/m N/m
S (A |Z ID i) (13)
al=1

Adams proved the following embedding.

Theorem 1.2. Let Q@ C RN be a bounded domain. If m is a positive integer
and m < N, then there exists a constant Cy = Co(N,m) > 0, such that for any

N
u e Wy (Q) with V™ ull pv/m(qy < 1, then

a7 L exw (Bu@ o) ar < . (1.4)

for all 8 < BN m, where

N ompymal —m
N [7722 F(T)}N/(N )7 when m is odd,

5 wy_1 L p(E=pE)

N f—

" N [M]N/(N_m) when m is even
WN_1 F( N;Tn) bl .

Furthermore, for any 8 > Bn,m, the integral can be made as large as possible by
appropriate choice of u with ||[V™ul| x/m gy < 1.

Now we define a subspace of W™ (Q), by

N m—1

W (Q) = {u € W™ (9) : Ao = 0 for 0 < j < [=5—]}.

m o . . . . m N
Note that, Wy '™ (£2) is strictly contained in W™ (2). Therefore, one has

N/(N—m)
sup BN mlul dz

<1Q

N
UEWO " (Q)1HVT'LUHLN/nl(Q)_
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N/(N—m)
< sup / BN mul dz.

(@Il gy €1

3z

uEWEV'

In 2012, Tarsi [13] established that the Adams’ inequality is also valid for the
N m, N .
larger space W, ™ (Q2). The key idea was to embed Wy/'™ (Q2) into a Zygmund
space. We state her embedding theorem below.

Theorem 1.3. Let N > 2, m < N and Q C RY be a bounded domain. Then, there
m,

is a constant C'y > 0, such that for all u € W™ (Q) with [|[V™ul| pv/mq) < 1, we
have

/ AN 4 < ORI, VB < Byms (1.5)
Q

and the constant B m appearing in (1.5]) is sharp and By m is same as in Theorem
2
Remark 1.4. When N = 4 = 2m, we have (3, 2 = 3272,

Remark 1.5. We note that the bilinear form

k k H —_
(u,v) — / V™ - VT = Jo & uf Y . %fm = 2k, (1.6)
Q Jo V(AFu) - V(A*v), if m =2k +1,

defines a scalar product on both spaces W/"?(Q2) and Wj(/n’z (©). Furthermore, if 2
is bounded, this scalar product induces a norm equivalent to (|L.3]).

Therefore, the above results imply that the nonlinearity of the problem (1.1]) is
of critical type. Now we state our main theorem regarding multiple solutions in
this non-compact situation, given by problem (|1.1J).

Theorem 1.6. There exist positive real numbers A\, < X*, with A\, independent of
h, such that the problem (L.1)) has at least two positive solutions for all X € (0, \,)
and no solution for all X > \*.

Though the Palais-Smale condition fails due to the presence of critical exponent,
first we adapt the method of Tarantello (cf. [12]) to prove the existence of a first
solution by a decomposition of Nehari manifold into three parts. Then, for the
existence of second solution, we rely on a refined version of the Mountain-Pass
Lemma, which was introduced by Ghoussoub and Preiss in [6].

2. DECOMPOSITION OF THE NEHARI MANIFOLD

Let f(u) = ,u|u|pue“2. The corresponding energy functional associated with

problem , is
1
J(u) = 7/ |Aul? — / F(u) — )\/ hu, (2.1)
2 Ja Q Q
where F(u) = [ f(s)ds. As the energy functional is not bounded from below on
Wf/Q(Q), we need to study J on the Nehari manifold
M = {u € WFA(Q) : (J'(u),u) = 0}, (2.2)

where J'(u) denotes the Fréchet derivative of J at u and (-, ) is the inner product.
Here we note that, M contains every solution of the problem (|1.1). For any u €
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Wff’Q(Q), we note that

= [ a0~ [ fu-a [
Q Q Q
) = [ (8uP = [ e,
Q Q
Similar to the method used by Tarantello [12], we split M into three parts

MO ={ue M: (J"(u)u,u) =0},

MT ={ue M: {(J'(u)u,u) > 0},
M™ ={ue M: (J'(u)u,u) < 0}.

3. TOPOLOGICAL PROPERTIES OF M% M+ M~

Our first aim is to show, M° = {0} for some small \. For this, let ¢ > 0 if p > 0
and ¢ < % if p = 0. Define, A := {u € W2(Q) : [, |Aul? < (14+) [, f'(u)u?}.
Then, Lemma implies that A # {0}. We now assume the following important
hypotheses

A>0, HhHLz(Q) =1,

inf (M/(p+2u2)|u\p+ze“2 —)\/ hu) > 0. (3.1)
Q Q

ueA\{0}

Condition (3.1 forces A to be suitably small. Indeed, we can prove the following
result.

Proposition 3.1. Let
B£3 p+2
A < pCg o=, (3.2)
where Cy = inf,en\ oy [o (P + 2u2)|u|P+2e*” > 0. Then (3.1)) holds.

Proof. Step 1: inf, e\ (0} ||uHW/%/,2(Q) > 0. Toward a contradiction, suppose that,
there exists a sequence {u,} C A\ {0}, with H“ﬂ”Wﬁ,@(Q) — 0 asn — oo. Let

Up . Then ||vnHWﬁ[,z(Q) = 1 and v,, satisfies

”“"”wﬁﬁ(n)

1040 [ Fluid v (3.3)

Since u,, — 0 in Wﬁf (©), by Adams’ inequality for the higher order derivative in
Theorem [1.3] we obtain f’(u,) — f(0) in L"(Q) for all 7 > 1. Since v,, is bounded
in Wff(ﬂ), v, has a weak limit say v in Wﬁf(Q) Certainly [|v[[y2,2(q) < 1 and
up to a subsequence which we still denote by v,, which converges stj\fongly to v in
L™ () for all r > 1. Hence from (B.3)), we obtain

[1af <1<+ 0r© [ o (3.4)
Q Q

This gives a contradiction for the case p > 0 since f'(0) = 0 in this case. For the
case p = 0, by the assumption

/|Av|22)\1/v2>(1+g)u/v2,
Q Q Q



EJDE-2017/27 FOURTH-ORDER CRITICAL GROWTH PROBLEM 5

which gives a contradiction to (3.3|) since f'(0) = p. This completes Step 1. Since
inf,en\ {0} ”uHWf,’Q(Q) > 0, from the definition of A, we obtain

0< inf / "(u)u* = inf / 1+ 2u2)e julPt2, 3.5
ot Qf( ) et Q(p Je' |ul (3.5)
Using (3.5, we can easily check that
Cop= inf / + 2u?)uf e’ > 0. 3.6
o= nt [ w2 (3.

Step 2: Finally, we have

A [ bl < Al < NS ([ )
Q Q

p+2

Q| 2p+8 2

< | | — (u/(p+2u2)|u‘P+2eu )
(1 Jo(p + 2u?)ufpt2ew?)vea & Jo

A|Q| 2555
< () (1 [ 4 2wl 2e”).
y Q

Hence, from the above inequality together with (3.2]) and (3.6)), we can complete
the proof. O

Lemma 3.2. Suppose X\ > 0 be such that (3.1]) holds. Then M" = {0}.

1/(p+4)

Proof. For the sake of contradiction, suppose there exists © € M° and u # 0. Then,
we have
/ |Aul? = / fu)u + )\/ hu, (3.7)
Q Q Q

/ |Aul? = / I (w)u?. (3.8)
Q Q
It follows from (3.8)), that

[ sl = [ re <o) [ re,
Q Q Q
therefore, u € A\ {0}. From (3.7) and (3.8)), we obtain
A/ hu = / (F (w)u — f(u))u = u/(p+2u2)|u\p+ze“2,
Q Q Q
which violates the condition (3.1]). Therefore, M° = {0}. O

Now we discuss the topological properties of M™* and M~. The study of Nehari
manifold is closely related to the behaviour of the map s — J(su). This technique
was first introduced in [5] by Drédbek and Pohozaev. Given u € Wﬁfz(ﬂ) \ {0}, we
define a map, &, : RT — R by

uls) = s [ 1auf = [ plsupu (3.9)

The choice of the above function is a consequence of the following expression

<J’(su)7su>:s(s/Q\Au\Q—/Qf(su)u—)\/ﬂhu)



6 A. SARKAR EJDE-2017/27

So, &u(s) = A [ hu if and only if su € M for s > 0.
Now we are ready to prove the following lemma.

Lemma 3.3. For everyu € Wﬁ/Q(Q)\{O}, there exists unique s, = s.(u) > 0, such
that &,(-) has its mazimum at s, with &,(s.) > 0. Also there holds, s.u € A\ {0}.

Proof. Differentiating (3.9)), we have

:/Q|Au|2—/ﬂf’(su)u2. (3.10)

s2€ (s) /|A su) —/Qf’(su)(su)2: (J" (su)su, su). (3.11)

Now we observe that, &,(+) is a concave function on R* since

Therefore,

—/ f(su)u® < 0. (3.12)
Q
Also from the range of u, we obtain
. / . _
slir& &,(s) >0, Shi& &u(s) = —o0.

Hence there exists a unique s, = s.(u) > 0, such that &, is increasing on (0, s.),
decreasing on (s.,00) and &, (s.) = 0. Now using (3.10]) and &, (s.) = 0, we deduce

fulss) = 5 /f (s.u)u —/fs*

= — [ (f'(ssu)scu — f(84u))ssu (3.13)

Sx JO

= — 2(s.u 2 sul? 26(5*“)2 > 0.
p—|—
Sk

Here we note that, f/(s)s — = p(p +2s%)|s \pse Finally
$:€,(54) / |A(s.u)|? —/ I (sxu)(ssu)* =0,
which implies, s.u € A\ {0}. O

Lemma 3.4. Let \ be such that holds. Then, for every u € Wﬁ/Q(Q) \ {0},
there exists a unique s— = s_(u) > 0 such that s_u € M~, s_ > s, and J(s_u) =
max,>s, J(su) Vs € [s.,00). Furthermore, if [, hu > 0, then there exists a unique
s+ = s4(u) > 0 such that syu € M*. In particular, s; < s, and

J(syu) < J(su) forall s €[0,s_]. (3.14)

Proof. Define the functional, p,, : [0,00) — R by p,(s) = J(su). Then it is easy to
verify that p, € C?((0,00),R) N C(]0,00),R). Now we have

puls) = 6u(9) =1 [ gl =€l V>0
Next from and -7 we obtain

Eul(ss) — )\/Qhu = Sl*{u/ﬂ(p+ 2(5*u)2)|s*u\p+2e(s*“)2 - /\/Qh(s*u)} > 0.
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Since &,(+) is strictly decreasing in (s.,00) and lims_ &,(s) = —o0, there exists a
unique s_ = s_(u) > s,, such that &,(s_) = A [, hu. That is s_u € M. One has
s_ > s, and py(sy <0, we obtain s_u € M.

On the other hand, when [, hu > 0, we have lim,_o4 &,(s) < 0, which implies,
£u(s) =X [ hu < 0 for s near 0. Hence there exists a unique s, such that &,(s4) =
)\fQ hu which implies s;u € M. From the graph, we see that &,(-) is strictly
increasing in (0, s.). Hence we have, s, u € M™T.

And the remaining properties of s_, s, can be proved by analyzing the identity

pu(s) = Euls) = A [, hu. O

Remark 3.5. If we define the positive cone P = {u € Wi (Q) : [, hu > 0} in
Wﬁ/Q(Q) Then, we obtain M* C P.

The next corollary shows some topological properties of M™, M.

Corollary 3.6. Let SWff’z(Q) ={u € Wff(ﬂ) : ||u||WX[n,2(Q) = 1}. Then there
exists a homeomorphism S_ : SWf/’Q(Q) — M~ defined by S_(u) = s_(u)u. Also
M is homeomorphic to SWff(ﬂ) np.

Proof. The function S_ is continuous, because s_ is continuous as an application

of implicit function theorem applied to the map, (s,u) — &u(s) — A [, hu. Also we
deduce the continuity of (S_)~! by the fact that (S_)~!(w) = w/HwH In a similar
manner, we can prove that M™* is homeomorphic to SW;,;,Q @ N P. O

We set, 8y = inf{J(u) : u € M}. Relying on the embedding of Wff’z (Q) — L1(Q)
for all 1 < ¢ < oo and using the estimate, F(s) < L;lp(e52 —1) for all s € R, we
have the following two lemmas on the lower bound and upper bound of fy in terms
of A\, u.

Lemma 3.7. There exists C; = C1(p) > 0, such that

pt+4

Oy > —C1A»+3.
Proof. Let u € M. Then

J(u) = = /\Au|2 / F(u) — )\/hu
/Q[if(u)u— —f/hu

We note that a simple calculation gives

P
F(s) < @(esz —1), VseR. (3.15)
Using (3.15)), we deduce

J(u)

I \/

5 [ e+ vy =5 [ b

Y[ wrr=5 [

(3.16)

\ V
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since (s2 — 1)e s> +1 > cs* for some ¢ > 0 and for all s € R. By applying Holder
inequality, we obtain

/ hu < 11755 ]| o - (3.17)
Q

From (3.16)) and (3.17)), we obtain

p+2
cu Q|2+
7w 2 Lhulg — (Y s (318)
By considering the global minimum of the function
p+2
Q2+
ola) = (Pt - ()
we deduce 6y > —Cl)\%. Il
Lemma 3.8. There exists Cy > 0, such that
p(p+1p
Oy < ——~— 22
= ""2(p+2)

Proof. Choose v € Wﬁf () \ {0}, such that [, hv > 0. Therefore, by Lemma
there exists s; = s4(v) > 0, such that s;v € M™'. Hence

2
-5 ul? s4v)s4v — F(syv
Howo) == [ 180 + [ [Fss)sio = Fs,o) -

L,
< [ [fsoso = Flowo) = 57 (sro)(osop].
since syv € M. Now we consider the function
1 /!
() = f(s)s = Fs) = 5f'(s)s”

We note that 7/(s) = —4 f”(s)s?. Since (0) = 0, it follows that ~(s) < 0 for all
s € R. Also we can verify the following limits

- (s) pp(p+1)
1 =— £
Jam |s|p+2 2(p + 2) p >0,
o(s) 3
s L
lim ﬂ =—u Vp>0.

5§—00 |5|p+4682

From these two estimates, we obtain

1
wggﬁmf®%p+%%uﬂﬁ”aﬂ Vs € R. (3.20)
Therefore, using ) and (| we obtain

1
J(s4v) < —% / (p+ 2|s+v|2)|3+v|17+2e\8+v|2

pp(p+1)
= 2(p+2) /'*’U'H4

(3.21)

Hence 1
0o < pp(p +1)

< ——+——2Cy, where 02:/ syv|PT,
2(p+2) Q‘ +l
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As a consequence of Lemma we have the following lemma.

Lemma 3.9. Let A and h satisfy (3.1). Given u € M\ {0}, there exists 6 > 0 and
a differentiable function s : {w € W () : Hw||Wﬁ[,2(Q) <0} — R, with
5(0)=1, s(w)(u—w)e M, V”wHWﬁf“(Q) <0

and
2 [o Aulv — [o,(f u+f( v—)\thv

fQ|Au| _f f
Proof. Define a function G : R x Wf/Q(Q) — R by

Gls.w) =5 [ 1A@=w) = [ flstu=w))w=w) = [ u=w)

Then G € C*(R x Wﬁf’z(Q); R) and since u € M it implies

G(l,O):/Q|Au|2—/9f(u)u—>\/ﬂhu:0.

Also G5(1,0) # 0, indeed

R e A

thanks to Lemma [3.2] Then by the Implicit Function Theorem, there exists § > 0
and a map s: {w € Wf/Q(Q) s |lw|| < 6} — R of class C! that satisfies

G(s(w),w) =0, if ||w||Wﬁ/.2(Q) <9,
s(0) = 1.

(s'(0),v) = (3:22)

Then

o
I
o
g
Q
2
g
é

I
\
E
=
|

/f w))s(w)(u - w)

that is s(w)(u —w) € M for all w € Wff’g (©) with ||w|| < 6. Now if we differentiate
the identity G(s(w),w) = 0 with respect to w, we obtain

0 = (Gs(s(w), w)s' (w) + Gy(s(w),w),v), Yo Wr(Q).
Put w = 0 in the above identity and we obtain
0 = (G4(1,0)5'(0) + G (1,0),v) = G4(1,0)(s'(0),v) + (Gw(1,0),v).

Therefore,

(Gw(1,0),v) 2fQAUAU_fQ uu + f(u) ”_)‘fﬂh”
(1,0) Jo [Aul? —fo’ '
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4. LOCAL MINIMUM OF J IN Wf/’Q(Q)

We are now in a position to prove the existence of a local minimizer for J,
which ensures the existence of a first solution. Note that, M C Wﬁfz(Q) is closed,
hence a complete metric space. Now J is bounded below on M. By the Ekeland’s
Variational Principle, there exists a sequence {u,} C M\ {0}, satisfying

1 1
J(up) < b + - J() > J(up) — EHU — “n”Wf\‘f(Q)’ Yv € M. (4.1)
Proposition 4.1. Let A and h satisfy (3.1)). Then, we have
Jim LT (un) [l 22 ()1 = 0-

Proof. We proceed in three steps.
Claim 1: liminf,, HunHWﬁﬁ(Q) > 0. Suppose this claim is false. Then, there ex-
ists a subsequence of {uy,}, which we still denote by {uy }, such that HunHWff(Q) —

0 as n — oo. Therefore, J(u,) — 0 as n — oo by continuity of the functional J.
Which contradicts Lemma

Claim 2: liminf, .o [,(p + 2u2)|u, [PF2e%n > 0. We argue by contradiction.
Assume there exists a subsequence of {u,, }, which is still denoted by {u,,}, satisfying

lim [ (p+ 2ui)|un|p+26“i —0 asn— 0. (4.2)
n—oo Q

Here we note that, u, — 0 in L7(Q) for all ¢ € [1,00), by using (4.2)), and for the
case p > 0, we obtain

/ fun)u, = “/ |Un|p+2€“ir —0 asn— oo.
Q Q

Therefore, we have [, f(un)u, — 0 and [, hu, — 0 as n — oco. Since {u,} C M,
we deduce HunHWff"‘ — 0 as n — oo, hence a contradiction to Claim 1. Similar
argument also holds for p = 0.

Claim 3: liminf, o | [, [Aun|* — [, f/(un)uZ| > 0. Suppose the claim does not
hold. Then for a subsequence {u,}, we have

[ 18 = [ )=o) (4.3
Q Q
From (4.3) and using Claim 1, we infer that
lim inf f/(u, )uZ > 0.
n—oo
Therefore, we have u,, € A\ {0} for large n. Since {u,} C M, we obtain

ounzyémm+éwwm—fwwwmn

= —,u/(p—|—2ui)|un\p+2 un —|—/\/ hu,,
Q Q

which contradicts (3.1)). This completes the proof of the claim.
Now we complete the proof of the proposition. Suppose the statement of the
proposition is false, i.e., ||J’(un)||(sz\/,z(9)),1 > 0, for all large n (otherwise obvious).

Now we set, u = u,, € M and w = 5&% for § > 0 small (by Riesz representation
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theorem, we identify J' (un) as an element in W/%/Q(Q)) Applying Lemma we

obtain s, (0) := [(5H§,(u yil > 0, such that

J /(un)
17" (un)|
Now from (4.1)) and with the help of Taylor expansion, we have

ws = $p,(9) [un O ] e M.

s = wall = ) = T
J/(Un)

= (1= sn (BT (w5), ) + 850 (BT (w5), 1705

)+ 0(6).
Dividing by ¢ > 0 and taking limit as § — 0, we obtain

%(1 + [0 (O)[[unll) = =55, (0)(T" (un), un) + 17 (ua) || = |7 (un)]]-
Hence )
17 (un) |l < S0+ |57 (0)][[wn])-

We complete the proof by noticing that, |s/,(0)[ is uniformly bounded on n by (3.22)
and using the Claim 2. (]

Theorem 4.2. Let A and h satisfy (3.1)). Then there exists a nonnegative function
ug € M, such that J(ug) = inf,e oy J(u). Moreover, ug is a local minimum
for J in Wﬁf’z (Q).

Proof. Let {u,} be a sequence which minimizes J on M \ {0} as in (4.1).

Step 1: liminf, .. [,hu, > 0 and hence u, € M™. Indeed, u, € M and by
using Lemma [3.8] there exists C' > 0, such that

J(un) = +2 / A + / () — F(un)

—A hn< —C.
p+2

Now we note that, F(s) < ﬁf(s)s for all s € R. Using (4.4), we conclude

(4.4)

liminf | hu, > 0.

n—oo O

Step 2: limsup,,_, ”“HW/%,’Q(Q) < 00.
Case 1. If p > 0, then by using (4.4), we obtain directly

|Au,|? < /\/ htty,,
Q Q

and then with the help of Sobolev embedding we derive {u, } is bounded in Wﬁ/Q(Q)
Case 2. If p = 0, by using the fact that 3 f(s)s — F(s) > Cs* for all s € R and for
some C > 0, we deduce that {u,} is a bounded sequence in L?(£2). It implies that
{F(uy)} is a bounded sequence in L'(Q) using and hence {u,} is a bounded
sequence in Wﬁ,’z (Q).

Step 3: Existence of ug € M™. From the previous step up to a subsequence,
U, — up weakly in Wifz(Q) Now from the Proposition we note that { f(u,)un}
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is a bounded sequence in L*(§2). Therefore, by recalling Vitali convergence theorem
(for details see Lemma , we obtain

/f(un)¢—> / flug)p, for all ¢ € WRP(Q).
Q Q

Hence, ug will solve (1.1). It is obvious that ug # 0 as h # 0, that is ug € M.
We see that 0y < J(up). From we obtain by using Fatou’s Lemma that
0o = liminf,, o J(un) > J(ug). Therefore, uy minimizes J on M \ {0}. Now we
have to show uy € M™. Since ug satisfies fQ hug > 0, by Lemma@ there exists
s4+(up) such that sy (ug)ug € M*. We claim sy (ug) = 1. Suppose s4(ug) < 1,
then s_(up) = 1 and hence ug € M~. By using Lemma we obtain

J(S+(U0)UO) < J(UO) = 90,
which is impossible since s (ug)ug € M \ {0}.

Step 4: ug is a local minimum for for J in W/%/Z(Q) We see that s (ug) = 1, since
up € M™T (from Step 3). Also from (3.14), we have
sq(ug) =1 < s4(ug).

Now by the continuity of s, (ug), for sufficiently small § > 0, we have

1 < s4(up —w), V”w”vvf;z(g) < 6. (4.5)
By Lemma for § > 0 small enough if necessary, there exists s : {w € Wf/Z(Q) :
lw|| < 6} — R, such that s(w)(up —w) € M and s(0) = 1. Whenever s(w) — 1 as
[lw] — 0, we have

s(w) < su(ug — w), Yw € WK/Q(Q) with |Jw| < 6.
Hence, we obtain s(w)(ug —w) € M™, using the above inequality and Lemma
Again by using the Lemma[3.14] we see that
J(up —w) > J(s(w)(up — w)) > J(ug), Vs €[0,s.(up —w)l.

Therefore, from (4.5), we observe that J(ug—w) > J(ug) for every ”w”Wﬁr’z(Q) < 6.
Consequently, ug is a local minimizer.

Step 5: A positive local minimum for J. When ug, —Aug > 0, we are done.
Otherwise, we obtain positive solution by the following procedure (cf. [3]). Since
—Aug € L*(Q) (also we note that —Aug # 0, as ug € M™), by standard elliptic
PDE theory (see e.g [14, Theorem 9.1.4]), the boundary-value problem

—Av =|—Ayy| inQ,
v=0 on 09,
has a strong solution in WK/Q(Q) Note that, ||11HWA2f,z = ||uo||W/%/,z and also by

maximum principle, we obtain v > |ug| in 2. Hence, we obtain
Joll = ol el > fuolpia, [ B0 >0, (4.6)
From (4.6)), we have
1= sy (uo) < s4+(v) < s5-(v) < s—(uo).

Then Lemma [3.4] implies

J(sy(w)v) = min J(sv) < J(v) < J(up), (4.7

s€[0,s—(v)]
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where the first inequality is not strict if and only if sy (v) = 1.

Since J(s4(v)v) > 6 and J(ug) = 6y, we obtain s;(v) = 1 from (4.7)), which
implies v € MT and J(v) = J(ug) = p. Then v is also a local minimum for J.
When ug does not satisfy ug, —Aug > 0 a.e in €2, we replace ug by v. [l

5. EXISTENCE OF A SECOND SOLUTION

The existence of a second solution for 7 depends on whether we can apply
some version of Mountain Pass Lemma. We wish to look for a solution of the form
u1 = v + ug, where ug is the local minimum for the functional . Then, we see
that u; will solve , whenever v solves the equation

A% = f(v+ug) — f(ug) in 2,
v,—Av >0 inQ, (5.1)
v=Av =0 on 9.
We can write the above problem as
A%y = f(z,v) inQ,
v,—Av >0 in Q, (5.2)
v=Av=0 on 09,

when we define the map f: Q x R — R by

~ ) f(s+uo(z)) — f(uo(x)) if s >0,
f(m’s)_{o if s < 0.

The energy functional corresponding to (5.2)) is J, : Wﬁfz(Q) — R, defined by

Tuo(w) =5 [ 180 = [ Favv)

where F (z,s) fo x,t)dt. Now onwards, we denote J,, by Jy. These type of
functionals were studied in many articles, for example see [16] [2]. We now state the
Generalized Mountain Pass Lemma that was introduced by Ghoussoub and Preiss
[6].

Definition 5.1. Let H be a closed subset of the Banach Space Wﬁf (©). We say

that a sequence {v,} C Wff(Q) is a Palais-Smale sequence for Jy at the level ¢
around H, if
(1) limy,— oo dist(vy,, H) =0,
(i) limp oo Jo(vn) = ¢,
(iil) limp— o0 ||Jé(vn)||(WK/,2(Q))_1 =0.

In short, we say such a sequence is a (PS)p,. sequence.

Remark 5.2. In case H = Wﬁ,’z (€2), the above definition coincides with the usual
Palais-Smale sequence at the level c.

Lemma 5.3. Let H C Wﬁ,z(Q) be a closed set, c € R. Assume, {v,} C Wff(ﬂ)
be a (PS)p,. sequence. Then (up to a subsequence), v, — vy weakly in Wﬁf(Q),
and

lim f x,vp) / f x,v9), lim F(z,v,) = / F(z,v0). (5.3)
Q Q

n—oo n—oo
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Proof. From the fact that {v,} is a (PS)n . sequence, we have

%/Q|Avn|2—/QF($7vn)=c+on(1), (5.4)
y /Q Av,Ap — /Q F(@,00)8] < 0D @llyz2q), Vo € WiF(Q). (5.5)

Now we make the following claim.

Claim: sup,, ||vn||Wf/~2(Q) < o0 and sup,, [, f(z,v,) < co.
Given any € > 0, there exists s > 0, such that

/F(m,s) < 6/ sf(z,s), V|s| > s.. (5.6)
Q Q
Using (5.4) and (5.6), we have

1 N -
7/ |Av, |2 g/ F(xmn)—i—/ F(x,v,) + c+ on(1)
2 Ja Qn{jvn<s.} Qn{jvn|>s.}

g/ F(x,vn)Jre/ f (@, v0)vn + ¢+ 0, (1) (5.7)
QN{|vn|<sc} Q

<Cc+ 6/ f(x,vn)vn.
Q
Now from (5.7) and by substituting ¢ = v,, in (5.5)), we obtain
[ F@wn < [ 1808 +0s0lvnlzeo

<2C. + 26/ f(@,v0)v, + on(Dllonllw22 ),
Q

Hence, by choosing e small enough if needed, we obtain

2C,

| F@wen < 7o+ on(lonllzeon (58)

We conclude the claim by using and (5.8). Also note that, sup,, [, f(z,v,)vn <
0o. Since {v,} C Wﬁfz(Q) is bounded, up to a subsequence v,, — vy weakly in
Wﬁf’z(ﬂ), for some vy € WﬁfQ(Q)

Let |A| denote the Lebesgue measure of A C R*. Now we set

C = Sup/ ‘f(x;vn)an
n Q

and notice that C' < oo, from the above claim. Given € > 0, we define

= max NZ’ S).
He xEQ,\sIS%V( 8

Then, for any A C Q with |A4| < i, we have

- fx,v,)v, ~
/ @, 0m)] < / @ vn)on] (@, vn)]
A AN{Jvn|>29} |vn| An{|vn|<28}

S%%—MGIA\ <e



EJDE-2017/27 FOURTH-ORDER CRITICAL GROWTH PROBLEM 15

Therefore, {f(x, v,)} is an equi-integrable family in L*(Q) and so is {F(x,v,)} (we
note that, |F(z,t)| < C1[t||f(z,t)| for all (z,t) € Q@ x R and for some C; > 0). By
applying the Vitali convergence theorem, we complete the proof. O

Certainly, Jy(0) = 0 and v = 0 is a local minimum for Jy. Also, we have

lim Jy(sv) = —o0, WYv € Wﬁ/Q(Q) \ {0}
§—00

Hence, we can fix e € Wf/Q(Q) \ {0}, such that Jy(e) < 0. Now, we define the
mountain pass level

co = inf sup Jo((s)),
Y€L se(0,1]

where T' = {y € C([0, 1],Wf/’2(9)) : v(0) = 0,7(1) = e}. Note that, from the
definition, we have ¢g > 0. Define, Ry = He”Wff’z(Q)' We note that, inf{Jy(v) :

V|[y2.2.0y = R} =0 for all R € (0, Ry). We consider, H = W22(Q) if co > 0 and
Wi () N

H = {||UHWJ3/,2(Q) = o} if ¢y = 0. We now present an upper bound for co.
Lemma 5.4. The upper bound cq for the Mountain Pass level satisfies
co < 1672, (5.9)

Proof. Without loss of generality, we can assume that the unit ball By(1) C Q. For
any € > 0, we define

ok logn (1 —mlaf?), if o] € 0, ).
(@) = —\/%logm if o] € [J=, 1), (5.10)
xn(2), if || € [1,00),
where
Xn € C5°(92), X’ﬂ’aBl(O) = Xnloa = 0.

Furthermore, Ay, |oo = 0 and Xy, |Vxn|, Ax, are of O(\/2110W) as n — o0o. Then,

Tn € Wi/Q(Q) Now we normalize 7,, by setting
Tn
Tn

”722

== é ; Q .

||~3n||WZv2 Q N ( )
N ()

Suppose (5.9)) is not true. This implies for all n, there is s,, > 0 (see [7]), such that
Jo(snTn) = sup Jo(s7,) > 1672, Vn.

s>0
Hence
2 ~
%” - / F(x,sum) > 1672, Vn. (5.11)
Q
In particular
s2 > 32n%, Vn. (5.12)

It follows that, %Jo(STn) = 0 at the point of maximum s = s,, for Jy, we obtain

Si = / f(.’L‘, SnTn)(snTn)~ (513)
Q
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Now, from the definition of f, we have inf, g f(z,s) > > ¢* for |s| large. Then, from
- for sufficiently large n, we obtain

nZ Fl@snn) (57
s /{|T|< (@, $nTn ) (SnTn)

1
<2

2_2
> / e (s, )
{lel= 7=} (5.14)

2
2 logn S Vs 1
> e"nien? ———/logn——;
V1672 2n
™ ( ng,
= —e‘ 1672
8

“2legng (logn)?.

Using (b and ( -, it follows that sp is bounded and also s2 — 3272. Also
from 1) we have s, > % (log n) for all large n, which gives a contradiction. [

We now prove the theorem regarding the existence of a second solution.

Theorem 5.5. Given a local minimum ug of J in Wf/’Q(Q), there exists an element
vo € Wﬁf(Q) with vg > 0 in Q, such that J(vg) = 0.

Proof. From Lemma we have ¢ € [0,1672). Consider {v,} be a Palais-Smale
sequence for Jy at the level ¢g around H (such a (PS)p., sequence exists [6]).
Then, up to a subsequence, v, — vy weakly in Wﬁ,Q(Q) for some vy € WK/Q (Q) by
Lemma [5.3 and holds. We can easily check that, v is a solution of and
therefore a critical point of Jy. It remains to show that vy is not a trivial solution.
We prove this by contradiction.

Case I. ¢y =0, vop = 0. We note that, H = {”UHWﬁ,’?‘(Q) = %} in this case. Also,

on(1) = Jo(vn) = %/Q\Avn\z—/ﬂﬁ(x,vn)z %L\Avn|2+on(l),

which contradicts that dist(v,, H) — 0 as n — oo.

Case II. ¢y € (0, 1672 ) vo = 0. Using the fact that Jo(v,) — co, we see that for

given any € > 0, ||v,]|? w22 ) < 327% — € for all large n. Let, 0 < § < 5=z and

32r2
m > 1. We have
2
/ |f (@, v )vn|? < C’/ ((+8)allon )¢ |\um\2)2,

since, sup,eq |f(z,5)s| < Ce+9s* for all s € R and for some C' > 0. Now
using Tarsi’s embedding (L5]), we obtain sup,cq [, [f(#,vn)va|? < oo since (1 +
8)qllvn|* < 3272, Since v, — 0 pointwise almost everywhere in Q, by recalling

Vitali convergence theorem, one obtains fQ f (x,vn)vn, — 0 as n — oo. Therefore,
1 -
On(l)anHWJ’fﬁ(Q) = (Jo(vn), vn) = 5/ |Av,[? — / f(@,vp)v
Q Q
1
f/ Aval® + 0n(1),
2 Ja

which contradicts, 3 [, |Av,|* = ¢ as n — oo,
Therefore, vg # 0 in  and the positivity of vg and —Awp follows from the fact
that, f(x,s) >0 for all (z,s) € Q x R and using the maximum principle. O
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6. PROOF OF THEOREM
pt3
Define, \, := pCJ** |Q\_% where C is same as in the Proposition (3.1]). Then,
condition (3.1) is true whenever 0 < A < A,. From the Theorem and we
show the existence of at least two positive solutions for (1.1). Also, we define

. - I
X = pp ””(1%) (f{?]w;)

We prove, there is no solution of (1.1)) when A > A\*. Assume, uy be a solution of
(1.1). Now multiply (|1.1) by ¢1 and then integrating by parts over €2, we obtain

/Q¢1(AQU,\):/Qf(U,\Wl‘f—)\/Qh(bh

A /Q héy — /Q (Arus — f(ur))r. (6.1)

We see that, A1t — f(t) < At —putPt! = O(t) for all t > 0. The global maximum for

the function © is pu‘l/p(p)_‘ﬁl )% on (0,00). Then, from (6.1]) and the definition of

A*, we obtain A < X\*. This completes the proof of Theorem [I.6]

which implies
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