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A NONLINEAR TRANSMISSION PROBLEM WITH TIME
DEPENDENT COEFFICIENTS

EUGENIO CABANILLAS LAPA, JAIME E. MUNOZ RIVERA

ABSTRACT. In this article, we consider a nonlinear transmission problem for
the wave equation with time dependent coefficients and linear internal damp-
ing. We prove the existence of a global solution and its exponential decay.
The result is achieved by using the multiplier technique and suitable unique
continuation theorem for the wave equation.

1. INTRODUCTION

In this work, we consider the transmission problem
prugs — gy + fi(u) =0 in ]0, Lo[xRT, (1.1
pavy — (a(z,t)ve) s + vy + fo(v) =0 in |Lg, L[xR™, (1.2
u(0,t) =v(L,t), t>0, (1.3
u(Lo,t) = v(Lo,t), buz(Lo,t) =a(Lo,t)v,(Lo,t), t>0, (14
u(z,0) = u’(z), wi(z,0) =u'(z), =x€]0,Lo, (1.5
v(x,0) = %(z), wvi(z,0) =v'(x), = €]Lo, L], (1.6

where p1, ps are constants; «, b are positive constants, f, g are nonlinear functions
and a(zx,t) is a positive function. Controllability and Stability for transmission
problem has been studied by many authors (see for example Lions [7], Lagnese [5],
Liu and Williams [8], Mufioz Rivera and Portillo Oquendo [9], Andrade, Fatori and
Munoz Rivera [1]).

The goal of this work is to study the existence and uniqueness of global solutions
of — and the asymptotic behavior of the energy.

All the authors mentioned above established their results with constant coeffi-
cients. To the best of our knowledge this is a first publication on transmission prob-
lem with time dependent coefficients and the nonlinear terms. In general the depen-
dence on spatial and time variables causes difficulties,semigroups arguments are not
suitable for finding solutions to —; therefore,we make use of a Galerkin’s
process. Note that the time-dependent coeflicient also appear in the second bound-
ary condition, thus there are some technical difficulties that we need to overcome.
To prove the exponential decay, the main difficulty is that the dissipation only
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works in [Lg, L] and we need estimates over the whole domain [0, L]; we overcome
this problem introducing suitable multiplicadors and a compactness/uniqueness ar-
gument.

2. NOTATION AND STATEMENT OF RESULTS

We denote
w,z) = w\xr)z\xr)axr 22— zz2x

where I =]0, Lo[ or | Lo, L[ for v’s and v’s respectively. Now, we state the general
hypotheses.

(A1) The functions f; € CY(R), i = 1,2, satisfy fi(s)s > 0 for all s € R and
D) < e+ s))P7, VseR, j=0,1

for some ¢ > 0 and p > 1. We assume that fi(s) > fo(s) and set

F = [ fe.
(A2) We assume that the coefficient a satisfies
a € WH>(0, 00; C*([Lo, L])) N W>(0, 00; L (Lo, L))
ar € L(0,00; L°°(Lo, L))
a(xz,t) > ap >0, V(z,t)€]Lg, L[x]0,00].
We define the Hilbert space
V = {(w,z) € H(0,Ly) x H' (Lo, L) : w(0) = 2(L) = 0; w(Lo) = 2(Lo)}.

Also we define the first-order energy functionals associated to each equation,

1 2 2 Lo
Br(t,w) = 5 (paluef? + bl +2/0 Fy (u)de

L
Baft) = 5 (palul? + (@) +2 [ Fafoyio)
E(t) = E1(t,u,v) = Ey(t,u) + Es(t,v).

We conclude this section with the following lemma which will play essential role
when establishing the asymptotic behavior of solutions.

Lemma 2.1 ([2, Lemma 9.1]). Let E : RT — Ry be a non-increasing function and
assume that there exist two constants p > 0 and ¢ > 0 such that

“+o0
/ EPTV2(1)dt < ¢E(s), 0<s < 4oo0.
S
Then for all t > 0,

E(t) < cE0)(1+t)72=D  jifp>1,
= | cE(0)et~wt ifp=1,

where ¢ and w are positive constants.
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3. EXISTENCE AND UNIQUENESS OF SOLUTIONS
First, we define weak solutions of problem (|1.1))-(1.6).

Definition 3.1. We say that the pair {u,v} is a weak solution of (1.1)-(1.6) when
{u,v} € L>=(0,T; V) n Wh*(0,T; L*(0, Lo) x L*(Lo, L))

and satisfies
L

Lo Lo
— ut(z)p(x T 1 w0 (2o ( T — P2 ol (@) (x T
pl/o (2)p(z,0)d +p/0 (2)pe(x, 0)d ”/L (2)(x, 0)d

0

L T Lo
iy / (@), 0)dz + py / / (ups + bisips + f1(u)p) da dt
L 0 0

0

T L
t / / (vt + e, vaths + avth + fo(v)0) dardt = 0
0 Lo

for any {, ¢} € C*(0,T;V) such that o(T) = ¢,(T) = 0 = P(T) = ¢4(T)

To show the existence of strong solutions we need a regularity result for the
elliptic system associated to the problem ([1.1))—(1.6) whose proof can be obtained,
with little modifications, in the book by Ladyzhenskaya and Ural’tseva [3, theorem
16.2].

Lemma 3.2. For any given functions F € L*(0, Lo), G € L*(Lo, L), there exists
only one solution {u,v} to the system
—buz, =F in )0, Lol,
—(a(z,t)vy)e =G in|Lg, L],
u(0) =v(L) =0,
U(Lo) = U(Lo), buI(Lo) = a(Lo,t)’UI(Lo),

with t a fized value in [0,T), with u in H*(0,Lo) and v in H?(Lo, L).

The existence result to the system (1.1))—(1.6) is summarized in the following
theorem.
Theorem 3.3. Suppose that {u°,v°} € V, {ul,v'} € L?(0,Lo) x L*(Lo, L) and
that assumptions (A1)-(A3) hold. Then there exists a unique weak solution of
(L) ~(L6) satisfying

{u,v} € C(0,T;V)NCY0,T; L*(0, Ly) x L*(Ly, L)).
In addition, if {u®,v°} € H?(0, Lo) x H?*(Lo, L), {u',v'} € V, verifying the com-
patibility condition
bul (Lo) = a(Lg,0) v2(Lo) . (3.1)

Then
2

{u,v} € (YWh>2(0,T; H*7%(0, Lo) x H*7*(Lo, L))
k=0
Proof. The main idea is to use the Galerkin Method. Let {¢, '} ,i=1,2,... be
a basis of V. Let us consider the Galerkin approximation

m

{u™ (), 0™ (1)} = Z him(O){¢",¥'}
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where u” and v™ satisfy

prugf, @) + 0w, @4) + (F1(u™), 0") + pa(vif, 9")

, . . (3.2)
+ (al@, )og", ¥5) + a(vf", ¥") + (f2(0™),¢") =0
where ¢ = 1,2,... With initial data
{w™(0),v™(0)} — {u’,x°} IV, (33

{uf™(0),v/*(0)} — {u',v*} in L?(0,L) x L*(Lo, L).

Standard results about ordinary differential equations guarantee that there exists
only one solution of this system on some interval [0, T,,[. The priori estimate that
follow imply that in fact T, = +o0. O

subsection*Existence of weak solutions Multiplying (3.2) by Al (¢) integrating
by parts and summing over 7, we get

d t)|L
- E(t,um,l}m) —|—OL|U?‘2 < |at( )‘L

E(t,u™,v™). A4
= 2L Bt um, o) (3.4)

From this inequality, the Gronwall’s inequality and taking into account the defini-
tion of the initial data of {u™,v™} we conclude that

E(t,u™,v™) <C, Vte[0,T], YmeN (3.5)
thus we deduce that

{u™,v™} is bounded in L*>(0,T;V)
{uf™ v"} is bounded in L>(0,T; L*(0, Lo) x L*(Lo, L))

which implies that

{u™, v} — {u,v} weak x in L>(0,T;V)
{uy", 07"} — {ug, v pweak * in L>(0,T; L*(0, Lo) x L?(Lo, L)).

In particular, by application of the Lions-Aubin’s Lemma [6, Theorem 5.1], we have
{u™ v™} — {u,v} strongly in L?(0,T; L?(0,Lg) x L?(Lg, L)) and consequently

u™ — wa.ein |0, Lo[ and f1(v™) — f1(u) a.e in |0, Lo|

v™ — v a.ein |Lg, L[ and fo(v™) — fo(v) a.e in | Lo, L.
Also, from the growth condition in (A1) we have

f1(u™) is bounded in L>°(0,T; L?(0, Lo))
f2(v™) is bounded in L>(0,T; L*(Lg, L));

therefore,
{f1(u™), f2(0™)} = {fi(w), fo(v)} in L*(0,T; L*(0, L) x L*(Lo, L)).

The rest of the proof of the existence of a weak solution is matter of routine.
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Regularity of solutions. To get the regularity, we take a basis B = {{o%,¢'},i €
N} such that

{u® 0"}, {u',v'}are in the span of {{",¢°}, {p', ¥'}}.

Therefore, {u™(0),v™(0)} = {u° v°} and {u}*(0),v"(0)} = {ul,v'}. Let us differ-
entiate the approximate equation and multiply by A}, (t). Using a similar argument
as before we obtain

d

(™ o™ Falo [ = = (fi(™)u, i) = (F ™)) v
. (3.6)
— (a0 o) + 5 (ar, (0)%)
where
b 1
Ba(t,u,0) = S fuarl? + 3wt + 22 ol + 5 (0, v0).
Note that

—(ay", viyy) = —(aw, v + (@l v) + (ae (V71)7), (3.7)

E5(0,u™,v™) is bounded, because of our choice of the basis.
From the assumption (A1) and from the Sobolev imbedding we have

Lo Lo

(p—1)/2
fimyaagde < [ a6

0 0
and similarly

L

L —-1)/
fo(™v v de < C{/
Lo L

(p 2
(U fo)2de] " llop (39)

0

Substituting (3.7)), the inequalities (3.8)—(3.9)), using the estimative (3.5 in (3.6))

and applying Gronwall’s inequality we conclude that
Ey(t,u™,v™) < C (3.10)
which imply
{u™ vy — {ug, v} weak * in L°°(0,T; H*(0, Ly) x H' (Lo, L))
{uf? vy — {ug, v} weak * in L>(0,T; L*(0, Ly) x L*(Lo, L)).
Therefore, {u, v} satisfies (L.I)—(L.4) and we have

—bigy = —prug — fi(u) € L*(0, Lo),

)

—(a(z,t)vy)e = —povy — f2(v) — avy € L* (Lo, L),

u(Lo,t) = U(L(),t), buz(Lo,t) = a(L(),t)UI(LQ,t).
u(0,t) =0 =wv(L,t)

Then using Lemma 3.2 we have the required regularity for {u,v}.
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4. EXPONENTIAL DECAY

In this section we prove that the solution of the system f decay ex-
ponentially as time approaches infinity. In the remainder of this paper we denote
by ¢ a positive constant which takes different values in different places. We shall
suppose that p; < ps and

a(z,t) <b, ai(z,t) <0, ¥(x,t)€]Lo, L[x]0,00]
az(z,t) <0.

Theorem 4.1. Take {u°,v°} in V and {u',v'} in L*(0, Lo) x L*(Lo, L) with
ul(Lo) = 0. (4.1)
Then there exists positive constants v and ¢ such that
E(t) <cE(0)e ", Vt>0. (4.2)

We shall prove this theorem for strong solutions; our conclusion follow by standard
density arguments.

The dissipative property of (1.1))—(1.6] is given by the following lemma.

Lemma 4.2. The first-order energy satisfies

d

pr By (t,u,v) = —alv® + (ag, v2). (4.3)
Proof. Multiplying equation (1.1)) by u:, equation (1.2)) by v; and performing an
integration by parts we get the result. O

Let ¢ € C§°(0, L) be such that ¢» = 1 in |Lg — §, Ly + ¢[ for some ¢ > 0, small
constant. Let us introduce the following functional

Lo L
I(t) = / pP1ULqUydx +/ P2V QU dx
0 Lo
where ¢(z) = x.
Lemma 4.3. There exists ¢c1 > 0 such that for all € > 0,

D 10) < 20 (2 = o) (Lot + aLo 1 - LoDy r,, )

1 [Fe
 Lo(Fy (u(Lo, £)) — Fa(u(Lo, 1)) — 5/0 (prus + b + 2F(u))de

1 Lo+6 Lo L Lo
- - / avidr + ¢, (/ (v? 4 av?)dx + / vide + / u?dz
4 Lo Lo+6 Lo 0

L
+/ v2dx> +eE(t,u,v).
L

0
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Proof. Multiplying (L.1) by qu,, equation (1.2)) by ¥quv,, integrating by parts and
using the corresponding boundary conditions we obtain

d L
—(prue, qua) = 70[171“?@0,15) + bu2(Lo,t)] — LoF1 (u(Lo, t))

dt
L o (4.4)
~5 / pluf + bui + 2F; (u)dx
0
d Lo 9 2
@(pQUh qum) < DY [vat (LO, t) + a(L0> t)’l)m(Lo, t)}

Lo+6 1 Lo+6
+ LoFa(v(Lo,t)) + 7/ rayPvide — 7/ av2dx (4.5)
2L 4/ ’

0 0
L

L
+m/ wﬁmﬁmw/Xﬁ+&wMM
Lo+6 Lo

Summing up (4.4) and (4.5)), and taking the assumption on a, into account, we get

C10) <~ l(p2 — pr ) (Lo, 1) + (Lo 103 (Lo, ) — o (Lo, 1)

= Lo[F1(u(Lo, 1)) = Fa(v(Lo, 1))]

1 Lo Lo+06
- f/ (prui + buZ + 2F; (u))dx — f/ avidr (4.6)
2 Jo 4 /L,
L L Lo
+a (/ (v? 4 av?)dx + / (v? 4 Fy(v))dx + F(u)dm)
Lo+6 Lo 0
According to (Al), we have f;(0) = 0 and
[fi(s)] < ells| + [s17) (4.7)
this implies
[Ei(s)] < e(|s* + [s]°1) < e|s]? + |s]*). (4.8)
From the interpolation inequality
1 a 1-«a
«@ 11—« o
|y‘P < |y|2 |y‘q ) ]; - 5 + q ) CRS [Oa 1]

and the immersion H'(Q) — L2?P=1(Q), Q =0, Lo, |Lo, L[, we obtain for all
t>0

u(t)[30 < c-[B(0)2CDlu(t)3 + WW(@ 52770 for all e > 0.
Considering that
luz (t)]3 < cE(0,u,v) = c1 E(0)
it follows that
()35 < e [E0)]2*~V]u(t)|3 + eE(t,u,v). (4.9)
Replacing the inequalities 7 in (4.6) our conclusion follows. ([l

Let ¢ € C*(R) a nonnegative function such that ¢ = 0in I/ =]Lo— 3, Lo+3[
and ¢ = 1 in R\Is and consider the functional

L
J(t) :/ P20rpv dx.
Lo
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We have the following lemma.

Lemma 4.4. Given € > 0, there exists a positive constant c. such that
d 1 /L Lo+6 L
— J(t)g——/ avidaz—I—e/ avgdx—l—ca/ (v? 4 v?)dx
dt 2 Lo+6 Lo Lo

Proof. Multiplying equation (|1.2)) by v and integrating by parts we get

ST(0) = ~(0va, 90) — (02, 220) — o, 90) = (i, 2(0)0) + (w1, 900,

Applying Young’s Inequality and hypothesis (A1) we concludes our assertion. [
Let us consider the functional
K(t)=1I(t)+ (2¢1 +1)J(¢)

and we take € = 1 in lemma 4.4, where e, is the solution of the equation

1
(261 + 1)61 = g .
Taking in to consideration (Al) in lemma 4.3, we obtain
d 1t
—K(t) < —Eq(t,u) — < | (avi +2F2(v))dz +cE(t, u,v)
dt 8 /Lo

I Lo (4.10)
+ 82(/ (v +v?)dx + / u?dx).
Lo 0
Now in order to estimate the last two terms of (4.10) we need the following result.

Lemma 4.5. Let {u,v} be a solution in theorem 3.3. Then there exists Ty > 0
such that if T > Ty we have

t

T T T
/ (|u|2+\u|2)dsgg[/ (b|u$|2+|ut|2)ds+/ |a1/2vx\2ds]+cg/ l2ds (4.11)
S

S S S

for any e > 0 and c. is a constant depending on T and €, by independent of {u,v},
for any initial data {u®,v°}, {ut,v'} satisfying E(0,u,v) < R, where R > 0 is fizved
and 0 < § < T < 4o00.

Proof. We use a contradiction argument. If (4.11]) were false, there would exist a
sequence of solutions {u”,v”} such that

T t T
[ 0P s = v [ jop s eo [ Oz + ful + a0, s
S S S
and E(0,u”,v") < R for all v. Let
T
2= [ s,
S

v¥(x,t)
Av

2V (z,t) = , 0<t<T.

Then we have

T T
u/ |2¥|2ds + co/ (b|w;\2 +w!]? + |a1/2zg|2)ds <1
S S
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and consequently

T
/ |2¢[%ds — 0 as v — oo,
S

T
[+ a0 s <
S

Also we have

T
/ (122 + [w”?)ds = 1.
S

(4.12)

(4.13)

(4.14)

Since S is chosen in the interval [0,T], we obtain from (4.12)—(4.13)) that, there

exists a subsequence {w”, z¥} which we denote in the same way, such that

w” —w in L*(0,T; H'(0, Ly)),

wl — w; in L2(0,T; L*(0, Ly)),

2¥ — z in L*(0,T; H' (Lo, L)),

2/ — 0 in L?(0,T; L*(Lo, L)).
From which

w” — w in L*(0,T; L*(0, Ly)),

2¥ — z in L*(0,T; L*(Lo, L)).

This implies

T
/ (J2° + |w|*)ds = 1.
0

(4.15)

Besides, from the uniqueness of the limit we conclude that z;(z,0) = 0 and therefore

z(x,t) = ().

Note that {w", 2"} satisfies

1 .
prwy, — bwh, + )Tfl(/\l,w”) =0 in ]0,Lo[x]0,T7,

1
p2zy — (a(@,0)27)0 + 1= f2(Av2") +azi’ =0 in |Lo, L[x]0, T,

w”(0,t) =0 = 2"(L,t),
U)V(Lo,t) = ZD(L(), t),
bw;(Lo,t) = a(Lo,t)Z;(Lo,t),

v u”0(x y 1,
w”(z,0) = )\f ), wy (x,0) = )\—Vu ’1(x),
1 1
2(2,0) = — v"(z), 2f(2,0) = — v ().

Ay Ay

(4.16)
U

(4.17)
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Now, we observe that {A,},>1 is a bounded sequence,

T 1/2
A= [ [0 yas]
S

T 1/2
<l [ + s

S
S CE(Oa U,U) S CR7

where R is a fixed value, because the initial data are in the ball B(f, R). Hence,
there exists a subsequence of {A,},>1 (still denoted by (\,) such that

Ay — A €]0, 00l
In this case passing to limit in (4.17), when v — oo for {w, z}, we get

1
P1Ws — bwey + X fi(hw) =0 in ]0, Lo[x]0, T,
1
(a(z,t)zz)z + ng(Az) =0 in]Lg, L[x]0,T],
w(0,t) =0 = 2(L,1) (4.18)
w(L07t) = Z(Lo,t)
wa (Lo7 t) = a(Lo, t)Za; (Lo, t),
Zt(l‘,O) =0 in}Lo,L[X]O,T[,
and for y = wy,
P1Ytt — bymz + f/()‘w)y =0 in ]07 LO[X]OaT[a
y(0,t) =0 =y(Lo,1), (4.19)
byw (Lo7 t) = at(Lo, t)zw (Lo, t).
Here, we observe that
wzt(LO; at(L07 t)
wx(L()v a’(LOat) .
Then after an integration, w,(Lo,t) = k a(Lo,t) whee k is a constant. Using the
hypotheses, we obtain

) _
t)

0= lim wy(Lo,t) = ka(Lo,0).

t—0+
Consequently k = 0 and y,(Lo,t) = 0. Thus, the function y satisfies
Py — byze + f'(Mw)y =0 in ]0, Lo[x]0, T,
y(0,t) =0 =y(Lo,t) on]0,T],
Yz (Lo, t) =0 on ]0,T7.
Then, using the results in [4] (based on Ruiz arguments [10]) adapted to our case

we conclude that y = 0, that is w;(x,t) = 0, for T suitable big.
Returning to (4.18) we obtain the elliptic system

1
—bwyy + X f1(hw) =0,
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multiplying by u and v respectively and integrating, then summing up we arrive at

Lo L 1 Lo 1 L
b/ w?dx +/ a(z,t)z2dx + X f1(Qw)wdz + X fa(Az)zdx =0.
0 LU 0 LO
So we have w = 0 and z = 0, which contradicts .
Suppose we are not in the above situation and there exists a subsequence satis-
fying A\, — 0. Applying inequality to the solutions {u”,v”} we have

L Lo

d
K (1) < —8E(t,u, o) +03(/

Lo

(W) + (0")?)de + /

0

(u”)2d:r)7
integrating from s to T, we obtain
T T
KU() + b [ Bl o< KS) e [ QopP o+ ) e
S S

Since KV satisfies
coE(t,u”,v") < KY(T) < e1 E(t,u’,v")

and F is a decreasing function we have

T
E(T,u”,v”)+56/ E(t,u”,v")dt
s

)

/
< 1

T T
< ?/ E(t,u”,v")dt + 03/ (|v,§’|2 + \v”|2 + |u”|2)dt;
s

S

thus, we obtain
c T T
BT, 0")+ G = ) [ Bt o)t < ca [ (P o+ 107 o+ o),
S S

Dividing both sides of the above inequality by A2, using and , taking T
large enough we conclude that (Jw¥|? + |2¢|? + |w¥%|? + |2%]?)(T) is bounded. Now,
multiplying equations 1, :4.17 o by wy and z{ respectively, performing an
integration by parts we get

T T
B(t,u’,2") < E(T,u",2") + a / 2 [2dt — / (ar, (22)?)dt.
S S

From , and Poincare Inequality we deduce that F(t,w", 2") is bounded
for all ¢ € [S,T]. Then in particular, on a subsequence we obtain
w” — w  weak star in L>(0,T; H(0, L)),
w? — w; weak star in L>(0,T; L*(0, L)),
2¥ — z weak star in L>(0,T; H' (Lo, L))
2¥ — 2z weak star in L°°(0,T; L?(Lo, L))
w” —w in L*(0,T; L*(0, L)
2¥ —z in L*(0,T; L*(Lo, L)

—~

)
Y

);
).
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On the other hand,we note that
Aiyfl(Ayw”) — f1(0O)w in L*(0,T; L*(0, Lo)z]0, T), (4.20)
Aiyfg(AVz”) — £5(0)z in L*(0,T; L*(Lo, L)x]0, TY). (4.21)
Indeed

v 1 v
A, = |f1(0)w” — )\—fl(Ayw )E2((0,L0)el0,T])

v

v

V|2 g/ _
S I CR
+2/| L\ ()2 da dt

2
uv|>e )\l/

]. , N 1 .
= /luVKef{(O)w” Af1<u”)l2d:cdt+/uu>€|f1(o)w = fi)P et

Lufl(u”)|2dxdt+2|f{(0)|2/ |2 da dt

|luv|>e

1
Ju”|* + Y|?) dx dt

< MZJw” |32 (0, 0)ajo,rp) + C (ﬁ
luv|>e v

1
X"
21,,.,V(2 1 v|2p 1
< M; "LU ‘L2(0,Loz]0,T[) +C /\7|u | (1 + m) dx dt
|[uv|>e M €
v — v |2

< MZ|w” 20, Loyajo,rp + CeX 2 1W¥ 120 (0.Lo)el0.D)

where M. = sup, <. |f1(0) — flT(S)L M, —0ase—0.

From (.13, {w”} is bounded in L>(0,T; H(0, Lo)) — L°>(0,T; L* (0, Lo)),
and consequently

limsup A, < sup |w”|%2((0’LO)I]O,T[).M3

V—00 v

Thus,taking ¢ — 0 we obtain (4.20). Applying a similar method as that used for
{w"} we get (E2).

Now, the limit function {w, z} satisfies
P1Wt — by + f1(0)w =0 in |0, Lo[x]0, T,
(a(z,t)22)e + f5(0)2 =0 in Lo, L[x]0,T7,
w(0,t) =0 = z(L,t),
w(Lo,t) = z(Lo, 1),
bw, (Lo, t) = a(Lg,t)z:(Lo, t),
zt(x,t) =0 in |Lo, L[x]0,T]|
Repeating the above procedure we get w = 0 and z = 0 which is a contradiction.
The proof of lemma 4.5 is now complete.
Proof of theorem 4.1. Let us introduce the functional
L(t)=N E(t) + K(t)
with N > 0. Using Young’s Inequality and taking N large enough we find that
b0E(t) < L(t) < 0, E(1) (4.22)

for some positive constants 6y and 6.
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Applying the inequalities (4.10) and (4.22)), along with the ones in Lemma 4.5
and integrating from S to T where 0 < .S < T < oo we obtain

T
/ E(t)dt < c¢ E(S).
s
In this situation, lemma 2.1 implies
E(t) <c E(0)e ™,
this completes the proof. (I

Remark. If in Equation we consider a linear localized dissipation o = a/()
in C2(]Lo, L]), with a(x) = 1 in |Lg, Lo + 6] , a(z) = 0 in |Lg + 2§, L[, then our
situation is very delicate and we need a new unique continuation theorem for the
wave equation with variable coefficients. This is a work in preparation by the
authors.
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