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LEAST ENERGY SIGN-CHANGING SOLUTIONS FOR THE
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ABSTRACT. This article concerns the existence of the least energy sign-changing
solutions for the Schrodinger-Poisson system
—Au+ V(2)u + Ap(x)u = f(u), in R3,
—A¢p=u?, inR3

Because the so-called nonlocal term A¢(z)u is involved in the system, the vari-
ational functional of the above system has totally different properties from the
case of A = 0. By constraint variational method and quantitative deformation
lemma, we prove that the above problem has one least energy sign-changing
solution. Moreover, for any A > 0, we show that the energy of a sign-changing
solution is strictly larger than twice of the ground state energy. Finally, we

consider A\ as a parameter and study the convergence property of the least
energy sign-changing solutions as A “\, 0.

1. INTRODUCTION

In this article, we are interested in the existence, energy property of sign-

changing solution uy and a convergence property of uy as A\, 0 for the nonlinear
Schrodinger-Poisson system

—Au+V(2)u+ Ap(z)u = f(u), inR3
—A¢ =u?, inR?

)

(1.1)

where A > 0 is a parameter. We assume that f € C!(R,R) and satisfies the
following hypotheses:

(H1) f(t) =o(]t]) ast — 0.

(H2) |f(t)] < C(1+[t|P) for all t € R and 3 < p < 5.

(H3) limy_o F(t)/t* = +o0, where F(t) = fg f(s)ds.

(H4) f(t)/|t|]? is an increasing function of ¢ on R\ {0}.
We assume the potential V(z), satisfies

(H5) V(z) € C(R*,R), infyeps V(x) > 0 and lim,_o V(z) = +00.
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We define the Sobolev space

H={ue H(R®: / V(z)u*dr < oo}
RS

with the norm
1/2
| = (/ (VP + Viap2)dr) ", vue .
RS

By (H5), it follows that for 2 < ¢ < 6, the embedding H — L9(R?) is compact, see
[7. In fact, the condition (H5) may be weaken, for example, we refer to [0, [7] for
more details.

In recent years, there has been a great deal work dealing with problem ,
specially on the existence of positive solutions, ground states and semiclassical
states, see for examples, (2] Bl [4] 1T} 12| 13, 08, 19, 2], 22] 25| 28], etc. To the best
of our knowledge, there are very few results about the existence of sign-changing
solutions for problem (1.1)). Recently, in [I4], the authors study the infinitely many
sign-changing solutions for the nonlinear Schrédinger—Poisson system. And in [26],
the authors studied the existence of sign-changing solutions for a Schrodinger—
Poisson system with pure power nonlinearity |u|P~!u, moreover, only when A\ > 0
is small enough, the authors showed that the energy of any sign-changing solution
is strictly larger than the least energy. However, their method strongly depends
on the fact that the nonlinearity is homogeneous, so it is difficult to apply their
method to our problem.

For u € H. Let ¢, be unique solution of —A¢ = u? in D12(R?), then

1 u?(y
dulz) = — / W) dy.
Am Jrs |z =y
The weak solutions to problem (1.1} are the critical points of the functional defined
by

I(u) = %/}R3(|Vu\2 + V(@) |ul*)dz + % /]R3 puuide — /]R3 F(u)da.

Then I, € C'(H,R) and for any ¢ € H,
(I3 (u), ) = / (VuVy + V(z)up)dx + /\/ ouutpdr — f(u)dz.
R3 R3 R3
We call u a least energy sign-changing solution to problem (1.1)) if « is a solution
of problem (1.1]) with u* # 0 and
I(u) = inf{I\(v) : v= # 0, I} (v) = 0},

where uT = max{u(x),0} and v~ = min{u(z),0}.

When A = 0, problem does not depend on the nonlocal term ¢, (z) any
more, that is, it becomes to the following semilinear local equation

—Au+V(z)u= f(u), inR3 (1.2)

There are several ways in the literature to obtain sign-changing solutions for equa-
tion ([1.2), see for instance [5] [8] 10, [16] 17, 20, 29, [30, B1]. However, all these
methods heavily relay on the following decompositions:

Io(u) = Io(u™) + Io(u™), (1.3)
(I (u),u™y = (IH(ut),ut) and  (Ij(u),u”) = (I{(u™),u"), (1.4)
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where
To(u) = 1/ (Vul? + V(@) [ul)dz —/ Flu)dz.
2 R3 R3
Furthermore, and imply that the energy of any sign-changing solution
to is larger than two times the least energy in H. However, for the case A > 0,
due to the effect of the nonlocal term, the functional I no longer possesses the

same decompositions as (|1.3), (1.4). Indeed, we have

In(u) = Iy(u™) + Iy(u™) + E/R ¢u- (u")?dz + 2 [ Our (u™)?dz,  (1.5)
(I (), ut) = (T (ut), ut) + A / bu- (uh)2de, (1.6)
RS

(I(u),u™) = (I (u™),u”) + A - Pu+ (u™) d. (1.7)

So the methods to obtain sign-changing solutions of the local problem and
to estimate the energy of the sign-changing solutions seem not suitable for our
nonlocal one .

To obtain a sign-changing solution for problem , borrowing the idea in [23],
we first try to seek a minimizer of the energy functional I, over the following
constraint:

My = {u€ H:u* #0,(I4(w),u") = (I (u),u”) = 0}

and then we show that the minimizer is a sign-changing solution of (L.1]). Note that
the paper [§] is concerned with equation (1.2)), but in our problem he nonlocal
term is involved such that the properties (1.3]), fail, and it is rather difficult to
show that My # (. To prove it, in [24], the authors used the parametric method
and implicit function theorem, this makes the problem very complicated, here we
use Miranda’s Theorem in [I5], which was first used in [I] for the least energy
sign-changing solution to Schrédinger-Poisson system on bounded domain and can
greatly simplify the proof in [24]. To show that the minimizer of the constrained
problem is a sign-changing solution, we will use the quantitative deformation lemma
and degree theory.
The following are the main results of this article.

Theorem 1.1. Let (H1)—(H5) hold. Then for any A > 0, problem (1.1) has a least
energy sign-changing solution wuy, which has precisely two nodal domains.

In [26] the authors proved that the energy of any sign-changing solution is strictly
larger than the least energy only when A > 0 is small enough, here we improve it to
the case for any A > 0. In order to describe our result, some notations are needed.
Let

Ny = {u€ H\ {0} : (T4 (u),u) = 0}, (1.8)

Cy = uleI}\f})\ I)\(u) (19)

Let uy € H be a sign-changing solution of problem (1.1)), it is clear from (1.6 and
([T7) that uf & Ny

Theorem 1.2. Under the assumptions of Theorem cx > 0 is achieved and
I (uy) > 2cy, where uy is the least energy sign-changing solution obtained in Theo-
rem[1.1] In particular, cx > 0 is achieved either by a positive or a negative function.
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It is evident that the energy of the sign-changing solution uy obtained in Theorem
depends on A. As a by-product of this paper, we give a convergence property of
uy as A\, 0, which reflects some relationship between A > 0 and A = 0 in problem

().

Theorem 1.3. If the assumptions of Theorem [I.1] hold, then for any sequence
An with Ay \, 0 as n — oo, there exists a subsequence, still denoted by \,, such
that ux, — wuo strongly in H as n — oo, where ug is a least energy sign-changing

solution of the problem
—Au+V = , i R3,
u (x)u = f(u), in (1.10)
u € H,

which has precisely two nodal domains.

This paper is organized as follows. In Section2, we present some preliminary
lemmas which are essential for this paper. In Section 3, we give the proofs of
Theorems [1.1H]1.3| respectively.

2. SOME TECHNICAL LEMMAS

In the sequel, we will use constraint minimization on M to look for a critical
point of I. For this, we start with this section by claiming that the set M, is
nonempty in H.

Lemma 2.1. Assume that (H1)-(H5) hold, if u € H with u™ # 0, then there exists
a unique pair (sy,t,) € Ry x Ry such that s,u™ + t,u™ € M.

Proof. Fixed u € H with u* # 0. We first establish the existence of s,,, t,. Let
g(s,t) = (I\(sut +tu™), su™)

s2||lut|? + 84)\/ byt (uh)2dx + 2N | by, (uT)?dx
RS RS

(2.1)
— f(sut)sutda,
R3
h(s,t) = (I{(su™ +tu~),tu”)
= t?||u”||* + t4)\/ by (u")2da + 22N | Py (u)de (2.2)
R3 R3 .

— | f@u")tu"dz.
R3
From (f1) and (H3), it is easy to obtain that g(s,s) =0, h(s,s) > 0 for s > 0 small
and g(t,t) <0, h(t,t) > 0 for ¢ > 0 large. Hence there exist 0 < r < R such that
g(r,r) >0, h(r,r) >0, g(R,R)<0, h(R,R)<O. (2.3)
From (2.1, (2.2) and (2.3)), we have
g(r,p) >0, ¢g(B,R) <0, VBe][rR]
h(a,7) >0, h(R,a) <0, Voaé€]lrR].

By Miranda’s Theorem [I5], there exists some point (s,,t,) with a < s,,t, <
such that g(sy,t,) = h(sy,t,) = 0. So s,u™ + t,u™ € M.
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Now we show that the pair (sy,¢,) is unique and consider it in two cases. If
u € My, then ut +u~ =u € M,. It means that

(I3 (u), ut)y = (I3 (u),u”) = 0;
that is,
et + A / bur (Hdz+ A [ du-hde= [ fHyutde,  (24)
3 ]RS
and
-2 _ N\ -
flu™ || +/\/R3 Py (u dx+/\/ Gyt (u™)de = g f(u™)u~dz. (2.5)

We show that (s,,t,) = (1,1) is the unique pair of numbers such that s, u™+t,u~ €
M.

Assume that (§,, t~u) is another pair of numbers such that 5,u™ + tyu~ € M.
By the definition of My, we have

B2 2 + 547 / burwVodo 4 BN [ 60w Pdo
R3

f(§uu+)§uu+dx,

(2.6)

£2]|u~ ||2+t4/\/ by (u™)?de + E2E2N ¢u+( )2dx
(2.7)
fltuu™ tu™ de.
RS

Without loss of generality, we may assume that 0 < 5, < £,. Then, from (2.6]), we
have

82 |Jut||? —|—s4)\/ byr (ut)?dz + 52 )\/ by (uT)?dx < /]R3 fGuh)sutde,

Moreover, we have

~ + ~
52t +>\/ b () 2dz 4 A | o u)2de < [ LMD v (9
R3

By { . ) and -, one has
suut)  fla,uh)
5.2 -1 +2</ (f(x’S““ - ) T)dda. 2.9
R I e o (A NN R
It follows from (H4 ) and . that 1 < @&, < .. By the same method, we may get
ﬂu <1 by (H4), and (| , which shows that &, = ﬁu =1.

Ifu & My, then there ex1sts a pair of positive numbers (o, 8,,) such that o, u™+
Buu~ € M. Suppose that there exists another pair of positive numbers (a,, 3.,
such that o/, u™ + Blu~ € My. Set v:= a,u™ + Byu™ and v' := o u™ + BLu~, we

have
/
u + 4 Cu ﬂ
au ﬂu
Since v € M, we obtain that a,, = o/, and 3, = /3, which implies that (a,, 8,) is
the unique pair of numbers such that a,ut 4+ B,u~ € My. The proof is complete.
O

3
R3 Su

=alut + BLu” =v € M.
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Lemma 2.2. Assume that (H1)—(H5) hold. For a fized w € H with u* # 0. If
g1(1,1) <0 and hi(1,1) <0, then there exists a unique pair (Sy,t,) € (0,1] x (0, 1]
such that g1(Su,ty) = h1(Su,ty) = 0.

Proof. Suppose that s, > t,, > 0. By Lemma we know that s,u™ +t,u” € My,
then

SRRy mm/ b0 ()2
> 2 |lut|? + st /\/ G+ (u)2dr + 22N [ by (uT)?da (2.10)
RS
f(syu™)s,utdz.
]RS
Moreover, g1(1,1) < 0 implies that
[|ut||? —i—)\/ ot (U dx—l—)\/ by (u)?dx < fluMutdz. (2.11)
R3 R3
Combining ([2.4) with 7 we have
1 flsuu®) — f(u?)
——1) +2>/< — )+4d.
(32 1™ 2 |\ Guurys ~ oy o 1
If s, > 1, the left-hand side of this inequality is negative. But from (H4), the

right-hand side of this inequality is positive, so we have s,, < 1. The proof is thus
complete. (I

Lemma 2.3. For a fived w € H with u* # 0, then (su,t,) obtained in Lemma
is the unique maximum point of the function ¢ : Ry x Ry — R defined as
o(s,t) = Iy(su™ +tu™).

Proof. From the proof of Lemma we know that (s,,t,) is the unique critical
point of ¢ in Ry x Ry. By (H3), we conclude that ¢(s,t) — —oo uniformly as
|(s,t)] — o0, so it is sufficient to show that a maximum point cannot be achieved
on the boundary of (Ry,R;). If we assume that (0,7) is a maximum point of ¢.
Then since

#(s,t) = Ly(sut + fu_)

2
=S—||u+||2 5 urtwdn = [ PGty
RS
‘”/ bu( dz+sﬂ/ but (u d:c)

—||u 2+ t4/ G dx—/RS P~ )da

is an increasing function with respect to s if s is small enough, the pair (0,#) is not
a maximum point of ¢ in Ry x R;. The proof is now finished. ]

By Lemma we define the minimization problem
my = inf {IA(u) Tu € MA}.

Lemma 2.4. Assume that (H1)—(H5) hold, then my > 0 can be achieved for any
A > 0.
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Proof. For every u € My, we have (I} (u),u) = 0. From (f1), (f2), for any € > 0,
there exists C. > 0 such that

f(s)s <es? + Cc|s|P™  for all s € R. (2.12)

By Sobolev embedding theorem, we obtain
Il < / (IVul® + V(@)[u2)dz + /\/ dutde = | fluude
R3 R3 R3

SG/ |u\2dx+ce/ |u|P+1dx (2.13)
R3 R3

< Caellull® + Cflul .

Pick € = 1/(2C5). So there exists a constant a > 0 such that ||ul|* > «. By ([2.3),
we have

f(s)s —4F(s) > 0.
Then

() = Tn(a) — 3 (84 ) ) = 12

This implies that Iy (u) is coercive in My and my > § > 0.

Let {un}n C My be such that Iy (u,) — my. Then {u,}, is bounded in H and

there exists uy € H such that u,jf — uf weakly in H. Since u,, € M), we have

(It (un), uif) = 0, that is
| ||? + )\/ Gt (uF)dx + )\/ b7 (ut)?dx — fuHutdzr =o0.
R3 R3 R3

Similar as (2.7) we also have |[u||? > 3 for all n € N, where 3 is a constant.
Since u, € My, by (2.6 again, we have

8 < ug|* < / S g Juyy de < 6/ |uf|2dm+05/ lut [P de.
RR3 R3 R3

In view of the boundedness of {uy,},, there is Co > 0 such that

>

~] e

0 <eCy+ CE/ lu [PHd.
R3
Choosing € = 3/(2C3), we obtain
gy > 2.14
[ e o2 (214)

where C is a positive constant, in fact, C = C%
203
By (2.8) and the compact embedding H — L9(R3) for 2 < q < 6, we obtain

gy > D
/Rs ‘u)\| v= 2C

Thus, uf # 0. By (f1), (f2), the compact embedding and [27, Theorem A.4],

lim f(u,il)uffdx:/ f(uf)ufalx7
R3

n—oo [p3

(2.15)
lim F(ul)dz = F(uf)da.

n—oo R3 R3
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By the weak semicontinuity of norm and Fatou’s Lemma, we have

\|u>\||2+>\/ b, (uy) d:c+)\/ ¢,5 (uf)?da

< nmmf{nuﬂ? +>\/ &+ (u) dw+)\/ qﬁu;(uf)?d:r}.
n—oo R3 " R3 "
From (2.9)), we have
||u§tu2+x/ ¢ui(u§)2dx+x/ &, (uy) dz g/ fluy)us da (2.16)
From and Lemma 2.2] there exists (su,,tu,) € (0,1] x (0,1] such that

Uy := Sy, Uy + tu,uy € M.

Condition (H4) implies that H(s) := sf(s) — 4F(s) is a non-negative function,
increasing in |s|, so we have
1
my < Ix(ux) = In(uy) — Z(K(ﬂx),ﬁﬂ
1
+ */ (f(ﬂx)% - 4F(@A)>d$
4 Jos

1 1
= st B+ [ (Fem)snd — 4P ) )do

— s 2
= 4IIUAH

1 _ 1 _ _ _
gl P4 [ (Fn) s — 4P () de
4 4 Jps

< FlualP + /R (Flanyun = 4F () ) do

< liminf [I)\(un) - i([&(un),unﬁ =m,y.

n—oo

Then we conclude that s,, =t,, = 1. Thus, ay = uy and I)(uy) = my. O

3. PROOF OF MAIN RESULTS

Proof of Theorem[I.1. We first prove that the minimizer uy for the minimization
problem is indeed a sign-changing solution of problem (1.1)); that is, I} (ux) = 0.
For it, we will use the quantitative deformation lemma.
It is obvious that I§(uy)ul =0 = I} (ux)u, . From Lemma for any (s,t) €

R+ X R+ and (Sat) 7é (17 1)a

IA(suj +tuy) < I,\(u}\L +uy) =my.
If I} (uy) # 0, then there exist § > 0 and x > 0 such that

15 (v)|| > K for all [[v—uy| < 34.
Let D := (3,3) x (1,2) and g(s,t) := su) + tu,. From Lemma we also have

my :=maxly og < my.
A nax I g A

For e := min{(my —m,)/2,k6/8} and S := B(uy, ), there is a deformation n such
that

n(1,u) = wif u & I ([ma — 26, my + 2¢]) N Sas;

n(1, Iy TN S) c IS

In(n(l,u))) < In(u )foralluGH.
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See [27] for more details. It is clear that

max_I(n(1,9(s,t)))) < ma.
(s,t)eD

Now we prove that n(1, g(D)) N My # @ which contradicts to the definition of my.
Let us define h(s,t) =n(1,g(s,t))) and
Wo(s, 1) = (14905, ), Tl (s, )y ) = (I Gsuf + tuy s, T (suf, + tuy u; ).

Uy (s,1) = (éfg(h(s,t))hﬂs,t), %Ig(h(s,t))h_(s,t)).
Lemma and the degree theory imply that deg(¥o, D,0) = 1. It follows from
that ¢ = h on 0D. Consequently, we obtain
deg(¥, D,0) = deg(¥y, D,0) = 1.
Thus, ¥y (sg,to) = 0 for some (sg,to) € D, so that
(1, 9(s0,t0))) = h(so,t0) € M,

which is a contradiction. From this, u) is a critical point of Iy, moreover, it is a
sign-changing solution for problem .

Now we prove that uy has exactly two nodal domains. By contradiction, we as-
sume that u) has at least three nodal domains €2, 5, Q3. Without loss generality,
we may assume that uy > 0 a.e. in Q7 and u) < 0 a.e. in Q. Set

Uy, = XQ, U\, 1=1,2,3,
where
- 1 x€ Qi,
X=00 zeRN\ Q.

Then wuy, # 0 and (I'(uy),uy,) = 0 for i = 1,2, 3, so we have
<I/(U)\1 +U)\2), (U’)\l +’u’>\2>i> <0.

By Lemma [2.2] there exists (s,,t,) € (0,1] x (0, 1] such that s,ux, + tyus, € My.
Since

1
0= ZU&(UA%UAQ

1 A 1
= D2 + 2 / burtin, 2z — ~ / F(ung yunyd
4 4 Rs 4 Rs
1 A 1
< D2+ 2 / buring2dz — ~ [ Fluy,)de
4 4 RS 4 ]R3
)\ 2 )\ 2
< In(uxg) + = Gun, Ung “da + — Dy, Ung - dx.
4 R3 4 ]R3 2

From (H4), we have

my < In(syun, + tytn,)

1
= I\(spuy, + tyuy,) — Z(Iﬁ\(svu)\l + tyUn, ), Splin, + tplin,)

2 2 t2 2 1
= SUHU)\IH * UHu/\Q” +/ (7f(51)u)\1)8'uu)\1 - F(SUUAl))dx
R3

4 4
1
—l—/ (Zf(tvuAQ)tvu)\z —F(tyuA2)>dx
R3
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[Jux [I” + [luas |12 1
S b (§/(aur, = Flun,))da
1
—I—/R3 (Zf(u)Q)u,\2 —F(u)\2))dx
A 2 A 2
= D(un) + Di(wa) + 7 | Gy, unde+ 7 [ duy un, “de
R3 R3
A A
+ 1 /R3 qﬁuAluAQde + 1 /R3 qSquuAQZda:
A
< In(uny) + In(un,) + In(usg) + 1/3 Puy, U, d
R
A A A
"1 /R GugurCdr + 7 /R Dus, 2“0 + /R D, Ur, "

A A
+ 1 /R3 qﬁuhu)\fda: + 1 /R3 qﬁu&uASZda:
= Ix(ux) = my,

which is impossible, so u) has exactly two nodal domains. [

Proof of Theorem[I-3 As in the proof of Lemma [2.4] for each A > 0, we can get
a vy € Ny such that I(vy) = ¢y > 0, where Ny and ¢, are defined by and
, respectively. Moreover, the critical points of Iy on N are the critical points
of Iy in H. Thus, vy is a ground state solution of problem .

From Theorem we know that problem has a least energy sign-changing
solution w) which changes sign only once. Suppose that uy = u;\r +u, . As the
proof of Step 1 in Lemma there exist unique Sut > 0 and tu; > 0 such that

su;ru;f € Ny, tu;ux € Ni.

From (1.6)) and (1.7, we have

(L), u) <0, (I(uy),uy) <0.
So, by (H1)—(H4), one has Sut € (0,1) and tu € (0,1). Then, by Lemma we
obtain

2¢cy < IA(suiu}\L) + IA(tu;u;) < I,\(suiuj —|—tu;u;) < IA(u:\" +uy) = my,

that is Iy(ux) > 2¢y, which implies that ¢y > 0 can not be achieved by a sign-
changing function. This completes the proof. U

Now we prove Theorem In the following, we regard A > 0 as a parameter in
problem (1.1)). We shall study the convergence property of uy as A\, 0.

Proof of Theorem[1.3. For any A > 0, let uy € H be the least energy sign-changing
solution of problem (|I.1) obtained in Theorem which has exactly two nodal

domains.

Step 1. We show that, for any sequence {A,}, with A, \, 0 as n — oo, {ux, }n
is bounded in H. Choose a nonzero function ¢ € C§°(R3) with ¢* # 0. From
f(s)s —4F(s) > 0, for s # 0, we have f(s)s > 4F(s). Then, (H3) implies that, for
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any A € [0, 1], there exists a pair (01,02) € (R4 x Ry ), which does not depend on
A, such that

02 Nlo™ 1% + 61N / bt (h)2dx + 0703\ / G- (¢T)dw
—/ f(O10T)01p1dx < 0,
Bl P+ 037 [ 0pr (o o+ 6300 [ 0,107
= [ 025700 <0

In view ofLemmasand for any A € [0, 1], there is a unique pair (s, (), t,(N)) €

o
(0,1] x (0,1] such that @ := s,(X\)010T +t,(A)020™ € M. Thus, for all A € [0, 1],
we have

Ii(uy) < Li(p (I\(9), )
_ llel?

=+ [ (G106 F@)do
< ||<i||2 +/RS (03¢2+C4‘¢|p+1)dx

0,072 G50 |2
Bt 2 / (Caltrg™)? + il
R3

~

= I\(p) —

e~ =

+

- 4 4
+ Ca(0297)% + Cilap™ [P ) de
= ().

Moreover, for n large enough, we obtain
1 / 1 2
Co+12 I, (un,) = In, (un,) = (I, (), una) 2 Zllea, 1%

So {uxy }n is bounded in H.

Step 2. There exists a subsequence of {\,},, still denoted by {\,},, such that
uy, — up weakly in H. Then, ug is a weak solution of . Since wy,, is the
least energy sign-changing solution of with A = \,,, then by the compactness
of the embedding H — L9(R3) for 2 < g < 2*, we obtain that uy, — wug strongly
in H as n — oo. In fact,

Jun, = woll? = {15, 2, = Tyfuo)sun, = o) = An [ Gy, ur, (1, — )i
8
+ [t ), —w)ds — [ fuo)un, - uo)d.
R3 R3

Then ug # 0 and ug has exactly two nodal domains.

Step 3. Suppose that vy is a least energy sign-changing solution of ([1.10]), we may
refer to [9] for the existence of vg. By Lemma for each A, > 0, there is a unique
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pair (sy,,tx,) € Ry x Ry such that sy, v+, vy € My,. So we have
G2+ st [ oo+ R, B0 [ o (0 o
RS R

=/, f(sx,v8)sx, v de,
R

Bulos P+t 0 [ 6, w02+ 3,8 0 [ our(u Vo
R R

:/ F(tx, v )ta, vo de.

R3

We know that v satisfies ||v||? = Jrs f(wE)vEdz. Tt is easy to check that
(sn,str,) — (1,1), asn — oc. (3.1)

From this limit and Lemma we have
Ip(vo) < Ip(ug) = lim Iy, (uy,) = lim Iy, (uj\' —|—u;)

< lim Iy, (sAnujﬁ —|—t,\nu;\n)

n—oo
= I() (Uo).
This means that ug is a least energy sign-changing solution of (|1.10) which has
precisely two nodal domains. The proof is complete. ([
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