Electronic Journal of Differential Equations, Vol. 2005(2005), No. 09, pp. 1-16.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

NONLINEAR NEUMANN PROBLEMS ON BOUNDED
LIPSCHITZ DOMAINS

ABDELMAJID SIAI

ABSTRACT. We prove existence and uniqueness, up to a constant, of an entropy
solution to the nonlinear and non homogeneous Neumann problem
—divia(,, Vu)]+B8(u)=f inQ

ou

— +y(tu) =g on Q.

Ova
Our approach is based essentially on the theory of m-accretive operators in
Banach spaces, and in order preserving properties.

1. INTRODUCTION

Let Q be a connected open bounded set in RY, N > 3, with a connected Lipschitz
boundary 9. Let (f,g) € L'(Q) x L'(99) satisfy the condition [, f(y)dy +
/. 90 9(y)do(y) = 0 which is necessary and sufficient for solving classical Neumann
problem in smooth bounded domains [I0]. Let a(z, £) be an operator of Leray-Lions
type, in the sense that (z,¢) — a(z, &) is a Carathéodory function from Q x RN to
RN (a(z, &) —a(w, &), & — &) > 0, if & # & and there exist some constants p > 1,
C1, Cy > 0 and a function ho € L' (Q), p' = 527, such that (a(z, €), &) = C1¢[P and

la(z, )| < Ca(ho(x) + [€[P7L), for ae. z € Q and all £ € RY| (see [12]). We discuss
existence and uniqueness of a solution u for the nonlinear and non homogeneous
Neumann problem
—div[a(.,, Vu)] + f(u) = f in Q

% +7y(tu) =g on 09, (1)
The trace T7u on 0f2 is taken in the sense of [I]. The gradient Vu is defined by mean
of truncating, in the sense of [3], Vu = DTju on every set {|u|] < k}, k > 0, where

ou

Ty(r) = max{—k,min(k,r)}, r € R. The normal derivative 5 related to the

operator a may be interpreted as the trace of the inner product in RY (a(., Vu),v),
where v is the outward normal derivative vector field. More precisely (a(., DTyu), v)

represents a.e. on 02 an element of the dual space of Wl_%’p(é‘ﬂ) N L>®(09) (see
[9]), but this interpretation is not essential to our approach, since it does not appear
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explicitly in the definitions, given later, for weak solutions as well as for entropy
solutions.

For a sake of simplicity, 3,y are taken as continuous non decreasing real functions
everywhere defined on R, with 5(0) = v(0) = 0. We may extend our approach to
the case where 3, v are maximal monotone graphs in R? with some compatibility
conditions on their domains, as given in [I7].

We prove existence and uniqueness up to a constant, of an entropy solution u to
the problem , in the sense that u : Q — R is measurable, DTyu € LP(2), for
every k > 0, B(u) € LY(Q), v(Tu) € L1 (9Q), and for every p € C5°(RY), u satisfies

/ (al., Vu), DTy(u—p)) < / (f—B(w)) T(u—) + / (- (7)) Ti(ru—p). (1.2)
Q Q 0

Q

We cannot expect better result for uniqueness, since in the particular case where
0 =y =0, if u is a solution, then it is so for u + ¢, where ¢ is an arbitrary real
constant.

Later on, for uniqueness, we will take in the test function ¢ in a class larger
than C§°(RY).

To the best of our knowledge, the Non homogeneous case g # 0, with a double
nonlinearity 5(u) and y(7u), even in the Quasilinear case where divl[a(x, Vu)] = Au,
is new. The homogeneous case g = 0 has been discussed by many authors. See e.g.
[2], [8]. For the nonlinear problem, with particular 8 and -y, we refer the reader
to [1] for the case B(u) = u, and to [15] for 8 = 0 and y(7u) = Aru. In all these
approaches, the boundary condition is a part of the definition of the operator’s
domain. This is no longer possible in our situation. For this reason, to investigate
the non homogeneous quasilinear Neumann problem in a half-space, we used in [17]
a matrix operator A on a product space. This had been extended in [I§] to the
problem,

—div[a(., Vu)] + B(u) = f in RV \ 9Q
[STU] +y(tu) =g on 9N (1.3)

[ul =0 ondQ.

Where ) is given as previously, [8‘97“] and [u] are respectively the jump of the normal

derivative 597“ and of the trace Tu across 0f2.

In the present, X1 = L'(Q) x L' (992) and A is an operator related to the problem

—div[a(.,,Vu)]=f in
1.4
8711 =g on 09, (1.4)
Ova
in the sense that A(u,7u) = (f,g), if u is an entropy solution to (1.4). A; is the
restriction of A to Xj.
Our approach is based essentially on the theory of m-accretive operators in Ba-
nach spaces and the following order preserving properties:
If F; = (fi,g:) € L'() x L*(89), i = 1,2, satisfy the conditions [, fi(y)dy +
f@Q 9i(y)do(y) = 0, A(u;, Tu;) = (fi, g:) and ¢ = signy(u1—ug) and ¢ = signg(Tug—
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Tusg), then

/Q(fl - f2)<P+/m{u1=u2} |f1 — fo +/89(91 - 92)1/)+/39ﬂ{7'u1=7-u2} lg1 — 92| > 0
(1.5)

If in addition, (u;,7u;) € X1, i = 1,2 and A (u;, 7u;) = (fi, gi), then for every
¢ € sign(u; — ug) and every ¢ € sign(Tu; — Tus), we have

/(fl — f2)p +/ (91 — g2)v >0, (1.6)
Q a0

where

: /Il i r#0 . el i r#£0
Slgn(r)_{[—m] if =0, Signo(r) =19 i, —o.

Note that the main difficulty of the problem here as well as in [I§] is that the
domain of the operator A in not necessary included in L' 4+ L*°.

The inequality is applied to the proof of uniqueness for the nonlinear per-
turbation (8(u),v(7u)), in the problem which leads to the uniqueness of the
solution u up to a constant, while is applied to the proof of existence of a solu-
tion to 7 and mainly when 8 and  are possibly, mulivalued maximal monotone
graphs in R2.

Following [2] and [8], the inequalities and may be interpreted as
properties of maximum principle type or order preserving properties in the sense
of [5] related to an operator whose domain is not necessary included in L'((2).

For the sequel, we proceed as follows: In Section 2, we collect some properties of
functional spaces and traces. In Section 3, we prove that operator A is one-to-one
(modulo constants) and A; is m-completely accretive on X;. Section 4 is devoted

to establish order preserving properties (1.5) and (1.6). In Section 5, we discuss
11).

existence and uniqueness for the entropy solution to (|

2. PRELIMINARIES AND NOTATIONS

Let M(2) be the space of classes of Borel measurable real valued functions on
Q, equipped with the topology of the convergence in measure

[ e,
d”“”iél+ﬁ—mmﬁ'

For r > 0, we consider the functional N, and the Marcinkiewicz space M"(Q),
No(u) = [supA|[{[ul > A}]"", ifwe M and M7(Q) = {u € M : Ny (u) < oo}
A>0

If r > 1 and B is the Borel family of subsets of  or 99, then N, is equivalent to
the norm,

1
Keg,u\l?(bo \K|%
(M7 (), || llazr), (respect: (MT(0Q)), | |larr), is a Banach space and the inclusion
M™ C L7 holds for all r,q, 1 < g < 7. (see [@]).
We recall from [I8] that, for an arbitrary r > 0, Nj.(u+v) < 2Y7 [N (u) + N (v)],
if 0 < g <7, then w € M" if and only if |u|? € Ma and M is closed subspace of
M. In particular M" is complete for the topology of convergence in measure.

/ |u(z)|dp(z), % + l, =1.
K

[ellarr =

r
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Following [3], the gradient by mean of truncating Vu is a measurable function
V : Q — RY such that V = DTju, a.e. on Q; = {|u| <k}, k> 0. (2.1)
and the set T71P(Q) is given by
THP(Q) = {u € M(Q), such that DTju € LP(Q2), for every k > 0}.

Note that in view of the identity 1<z} Vu = DTyu, the notation Vu becomes
superfluous on the set {|u| < k}, where Tju = u. For this reason 1)<z Vu will
be noted simply 1j,j<x) Du.

We apply also the sets Ttip(ﬂ) introduced in [T, Theorem 3.1] as being the subset
of functions in 7 *?(£2) for which a generalized notion of trace may be defined. More
precisely u € T,-P(Q) if u € TH?(€) and there exist a sequence (u,), in Wh? ()
and a measurable function v on 0f2 such that

Up — U a.e. in
DTy (u,) — DTy (u) in L'(Q), (2.2)
(Tup)n — v a.e. on 0.
Therefore, we set Tu = v the trace of u. The operator 7 satisfies the following
properties
(i) If u € WHP(Q), then 7Tyu = TyTu, for every k > 0 and Tu = Tu a.e. on
o09.
(i) If u € T2 (Q), then 7(Tpu) = Ty (7u), for all k > 0.
(il) 7(u — @) = Tu — 19, if o € WP(Q) and u € T,r7(Q).
In the sequel, Tu is noted simply Tu.

Lemma 2.1. Let be given 6 > 0 and p such that 1 < p < N. Ifp, = lefp:pl),

P2 = % and u € T,-P(Q) such that the trace Tu € L' (09) and u satisfies
1

- / |DulPdx < §, for every k > 0, (2.3)
{lul<k}

k

then we have
(i) uw € MP () and there exists a constant C5 = C5(N,p,Q,d) such that

H{lu| > k}| < Cs3k™  for every k > 0, (2.4)

(ii) Vu € MP2(Q) and there exists a constant Cqy = C4(N,p, 2, ) such that
H{IVu| > k}| < Cak™P2,  for every k > 0. (2.5)
Proof. (i) We denote by 7 = ﬁ Joq v the mean of any measurable function v,

when it exits and we select ko > 2|ul. If k > ko, then,
Hlul = K} = [{[Thu| = k}|

k
< HITwul + 5 2 k + [al}|
k .
< |{ITwul + 52k | Thul}|

_ k
< [{|Twu — Tyu| > 5}’

p*
P*) )

2 N
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where p* = NN—_’;.
The last estimation follows from Hélder inequality. Indeed if Q) = {|Thu—Tyu| >

%}, then

1-%
A

k — _
§|Q;€‘ S / |Tku kau\ S ||Tku — Tku p*
2,

Then applying [20, page 191], there exists a constant C' = C (N, p, ) such that
* k * * px _ p* *
{lul = k}| < C(IDTrull,)” (5)77 <20 Cow k7™, if k > ko

Hence, (2.4) follows if we select for example, C3 = max{Qp*Cé%,kgl 1€]}.
(ii) The same proof of [3| lemma 4.2] apply here, taking into account that the
constant C4 depends on 2. O

3. ACCRETIVE OPERATORS AND ENTROPY SOLUTIONS

We define the Banach spaces, X, = L"(Q2) x L"(0Q), r > 1, Xoo = L>®(Q) X
L (09) and the measure space X = (2 U 09, B U Byq, dx & do).

For (U, V) € X, x X, 2 + % =1, U = (u1,us), V = (v1,v3), we use the
notation

UV = (urv1,u2vy) and /UV:/u1v1+/ UgVs
X Q Ele)

The spaces X,., 7 > 1, and X, are equipped respectively with the norms
1/r

1/r
r — T” s — "’d T’d ,
121, = | /X (1o = / (@) de + /8 lota)"do(o)]
for F =(f,g) € X, and
| Flloc = esssup|f(z)| + esssup|g(z)],
€N €N

for F = (f,g) € Xo. Let us recall the classical sets
Py = {p: R — R, p Lipschitz, odd, non decreasing and p’ has a compact support},
Jo={j:R—R,j is convex, lower semi-continuous, with min j = 5(0) = 0}.

Definition 3.1. If A4; is a mapping from D(4;) C X; to X, then A; is said to
be is m-accretive in X, if the resolvent Jj\ql = (I + \A;)~? satisfies,

J /’\41 is a contraction everywhere defined in X5, for every A > 0.

X1 = L'(X) is a normal Banach space in the sense of [5, page 53]. If U; € D(A;),
F; € X4, are given such that, A,U; = F;, 1 =1,2 and p € Py, then

(AlUl — AlUQ)p(Ul — UQ) € LI(X)

Therefore, the condition

A((AlUl—Ale)p(Ul—U2>)+ z/((Alvl—A1U2>p<U1—Uz>>-

X

is equivalent to
/ (AlUl — AlUg)p(Ul — UQ) Z O,
x

This leads to the next definition [5, proposition 2.2].
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Definition 3.2. A; is m-completely accretive in X, if A; is m-accretive and
verifies one of the following equivalent conditions,

/ (I U - TN, < / §j(Uy = Uy), for all Uy,Us € X1, A >0 and j € J.
X X
(3.1)

/ (AlUl — A1U2)p(U1 — Ug) > 0, for all []17 U2 € D(Al) and pE Po. (32)
X

As a consequence, if Aj(u;,Tu;) = (fi,9:), ¢ = 1,2, then by selecting p(r) =
mT1 (r) in (3.2), r € R, and let m — 400, we obtain the next particular order
preserving property for Aq,

/(f1 — f2) signo(ur — ug) +/ (91 — g2)signo(Tur — Tuz) >0 (3.3)
Q a0

If A; is m-completely accretive in X7, we know from [5], proposition 3.7], (see also
I—Ji
A

[2]), that the Yosida approximation A; y = = A J /‘\41 satisfies, for every

U e D(A),

2
A; » is m-completely accretive, Lipschitz with coefficient 3 and 1)3?01 AU =AU
(3.4)
The operator a of Leray-Lions type is defined as follows,

(H1) a: QxRN - RN (z,€) — a(x,£) is a Carathéodory function in the sense
that, a is continuous in &, for almost every = € €2 and measurable in z for
every £ € RN,

(H2) There exist p, 1 <p < N, and C7 > 0, so that,

(a(x,€),€) > C1[¢JP, for a.e 2 € RY and every &€ € RV,

(H3) (a(z,&) —a(x,&2),& — fg? > 0, if & # &, for a.e. x € Q.
(H4) There exists some hg € LP (Q), p’ = p%l and Cy > 0, such that,
la(z, &) < Colho(z) + [€[P7Y), for a.e z € Q and every & € RY.

Definition 3.3. If u is any measurable function on 2, then u is a weak solution
to the problem (L4), if u € T,7* (), a(., Vu) € LY(Q) and for every v € Cg°(RY),

/Q<a(.,Vu),DU> = /RN fv—|—/BQg.Tv,

It is well known, from [16], that uniqueness of weak solutions for degenerate
elliptic equations, fails to be always true, then following [3], (see [13], for example,
for another type of solutions, the renormalized solutions).

Definition 3.4. u is said to be an entropy solution to (1.4), if u € T&p(Q) and u
satisfies,

/Qa(.7 Du)DTy(u— ) < /Qka(u —¢)+ /89 9Tk (Tu — @) (3.5)

for every ¢ € TP (Q) N L=(Q).
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We notice that if we set K = k + ||¢]|0o, then {ju — ¢| < k} C {|u| < K}, thus
1{‘u_w|gk}.Vu = 1{\u—¢|§k}-DTKU = 1{|u_¢|§k}.Du, since TKU = u on the set
{Ju—"gl < kY.

We can prove easily as in [3] that if w is an entropy solution of 7 then u is
a weak solution.

To discuss uniqueness, for the problem , the test functions ¢ must be taken
in a class, larger than C5°(€) and that contains Tiu. In [3], the class 7, (Q) N
L>() is well adapted to the problem with Dirichlet condition on 9. In [I8] this
extension is obtained directly from [3], in the class 71?(RN) N Lo(RY) N L= (RY),
since we have the identity 7' (RN) N Lo(RY) = THP(RN) N Lo(RY), where
Lo(RY) = {u € M(RY) s.t. |{Ju] > k}| < +oo, for every k > 0}. In the present,
we need the next lemma.

Lemma 3.5. (i) If ¢ € T,"P(Q) N L>®(Y), then, there exists a sequence (@p)n in
Cs°(Q), n € N, such that Ty(u— ¢,) converges a.e. on Q to Tj,(u— @), 7T (u— ©y)
converges a.e. on 08 to 7Ty, (u—¢) and DTy (u—p,) converges weakly in (LP(Q2))N
to DTy (u — @), for every k > 0.
(ii)In particular, v € T, P(Q) is an entropy solution to (L4), if and only if u
satisfies ([3.8)), for every ¢ € TP (Q) N L ().
Proof. (i) Let (6,), a regularizing sequence in RY, ¢,, € C*(RY) and ¢y,m =
(0-1B(0,m)) * 0, m,n € N. By the diagonal process, there exists a sequence @y,
that converges a.e. on Q to . Tk (u— ) and Tk (u—¢,) are in WH1(Q), we assume
that Ty (u — ,,) converges a.e. on 2 to Ti(u—¢) and the same type of convergence
for the trace on 0S.

For the weak convergence of the sequence DT (u — ,,), it is sufficient to prove
that

/Q (DTiu= ). ) = [ (DTulu = 2).0). for every v € [65° (@)

By the divergence theorem, we have,

[ vt enul = [ Tt )@ (0(0),via)do()
Q oQ

Where v(z) is the outward normal vector in € 9. Thus,

| OTu=gn)0)
- [Btu=pn)divel + [ Tifu o) @)0(), o)) do o)
Q o0

The lemma is proved by applying dominated convergence in the last two integrals
and then again the divergence theorem in the opposite sense. Part (ii) is an imme-
diate consequence of part (i). O

For the sequel, the operators A and A; are given as follows,
(u, 7u) € D(A), if u € T,VP(Q), 7u € L*(89Q) and there exists
(f,g) € X; such that, u is an entropy solution for (L.4)). (3.6)
Aqis the restriction of A to Xj.

Theorem 3.6. (i) Ay is m-completely accretive in X;.
(ii) A is one-to-one.
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Proof. (i). In view of (H3) the inequality is satisfied. Hence, A; is completely
accretive in X;. Now, we prove that I + Ay is onto from X; to Xj.

Step 1: Construction of an approximate sequence. First, we consider the reflexive
Banach space

E=W"(©Q) x 2@9), Ul = (ulyeny + 1010000

and we define a subspace X and an operator Ay as follows, Xo = {(u,v) € E:v =
Tu}, and U = (u, 7u) € Xp is a solution to Ag(u,7u) = (f,9) € E' if,

/(a(.,Du),Dv) = / fo —|—/ g.tv, for every V = (v, 7v) € Xj.
Q Q o9

Next, we consider, the convex functional

D, (u,v) = %{/ﬂu%x)dm + /89 v2(x)da(m)} + nilp /Q |u|Pdx; U = (u,v) € Xo,

The real mapping t — (Ag(u + tv),w) is continuous, for all u,v,w € E, then Ag
is monotone and Hemi-continuous (see [7], [I1]), thus it is Pseudo-monotone. It is
also coercive in the sense that

o (AU, U)Y 4+ @,(U)
Ul &—+00,U € X0 Ue
Let FF = (f,g) be given in X; and F,, = (fn,9n) = (Tnf,Tng). Then F, €
X1 0 Xoo C B, [falls < £ and gl < llgllis fu converges to f in L1(0),
and g,, converges to g in L'(99). By [7, corollary 30], there exists U,, € X, that
satisfies, for all V' € X,
@, (V) — @0 (Un) 2 (Fy — AoUn, V = Upn)prx

Thus, F, — AgU,, = 09,(U,) € E’, 09, is the subdifferential of ®,,, 9P, is
univalued here. In other words, U, (un,Tun € Xo and U, satisfies,

/unv+/ Tun71)+/< (., Duy,), /|u [P~ unv—/fnv+/ gnTY,
Q o o
(3.7)

for every V = (v, mv) € Xj.
Step 2: we claim that the sequence (£ |u,[P~1), converges to 0 in L*(£2). If we take
v = Ti(uy,) in (3.7), then v € WHP(Q), and we obtain,

G
k {lun|<k}
We deduce from (2.4)), that (|un|p’1)n is uniformly bounded in the Marcinkiewicz

space M %(Q) and then in L'(Q2). After passing to a subsequence, we assume
that L|u,[P~! converges in L'(£2) and a.e. on Q to 0.

Step 3: Convergence in measure of the sequence (uy),. We consider the decom-
position,

Uun = wm| >t} C{Jun| >k} U {|um| >k} U{|un| <&, Jum| <K, [un — um| > t}

= +o00.

[Dun " < [[Fally < [|F ]| (3-8)

Since (up,)y, is uniformly bounded in the Marcinkiewicz space MP!, then, for every
e > 0, there exists ko such that [{|u,| > k}| < e and [{Jun| > k}| < e, if & > ko.
Next, if we select some k > ko, since (Txuy,)n, is bounded in W1P(Q), we assume
then, up to a subsequence, that (Tyu,), is a Cauchy sequence in L'(2) and in
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measure. Then we have [{|u,| < K, |um| < k,|up — um| > t} < g, if m, n are
sufficiently large.

Hence, up to a subsequence, (u,), converges in measure and a.e. to some u and
u € MP1(Q).
Step 4: Convergence of the sequence (Duy,),. If k, 1, t, & are positive real numbers,
we have the inclusions,

{|Dup, — Dup| >t} C{|tun — um| > k} U {|Duy| > 1} U{|Duy| > 1}
U {|Dun| <1, |Dus| <1, |ty — tm| < k, |Dup, — Duy| > t}.

We proceed, first, with the last term in the previous inclusion
Let a compact K and a function p be given as follows,

K={(&¢eRVxRN:[¢| <1,[¢| <1,|€= (] >t}

z) = min (a(z,§)—a(z,(),& —
(o) = min (a(e.€) - a(e.0).¢ - O
We derive from (H1) and (H3), that p is defined for a.e. x € Q and is positive.
Thus |[{¢r = 0} = 0, and there exists n > 0, such that for every measurable subset
S of Q, if fs < n, then |S| < e. By applying this last statement to,

S = {|Duy| < 1,|Dum| <1, |ty — tm| <k, |Duy, — Dugy,| > t},
Since,

/ w< /(a(%Dun) —a(z, Duy,), Du, — Duyy,) < k|| F||1,
s s

then |S| < ¢, if k is small enough.

Next, if k is fixed small enough, from the step 3, we have, [{|un —um| > k}| < ¢,
if m, n are sufficiently large.

According to and , (Duy, )y, is uniformly bounded in the Marcinkiewicz
space MP2 py = %. Hence [{|Duy,| > U} < € and [{|Dun| > I}| < ¢, for |
sufficiently large.

Then, we may assume that, Du,, converges in measure and a.e. on €2, if n — 400
to some V and |V| € MP2(RY).

We claim that v € 7+?(Q) and Vu = V. For a fixed k > 0, on one hand Tyu,, is
converging to Tpu by dominated convergence, and therefore DTyu,, is converging
to DTu in D'(RY), on the other hand, (DTyu,), is bounded in LP(Q), thus,
DTyu, is converges weakly to a Vj in LP, therefore also in D'(RY). By uniqueness,
DTyu =V, € LP(Q) and DT}, converges weakly in LP(Q2) to DT u. Consequently,
u e THP(Q).

Next, we prove that

DTyu,, converges in measure and a.e. on €2 to Vu, as n — +oo and k — +oc0.
(3.9)
Since Ty yq © T = T}, for every k > 0 and a > 0, then, by the same arguments as
for (Duy,)n, we obtain from that (DTjup), converges in measure to some vy,
then claim that (DTgu,), converges weakly to vy, since that leads to vy = DTgu.
Indeed, ife > 0, and ¢ € LPI(Q), then for every k > 0, we can select two positive
constants ¢, and n > 0 such that, for every n € N and every measurable subset
S C Q, we have

9 .
| DTkun|lp < cx, and HLPHLP/(S) < Ea if [S]<n
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By Fatou lemma, we have ||vg]|, < cx. Next, if we set,

A= —— S\ ={|DThup — vx| > A}
2107 [lell o (g

and ng such that |Sy| < n for n > ng, then
|| (Ot =gl < [ 1DTun = onliel + [ DTt~ il
Q Sx Q\Sx

1
< QCkHSOHLp/(sA) + AP ||<P||Lp'(Q) <e.

Thus, DTu, converges in measure and a.e to DTyu , as n — 4o00. Consequently,
for every k > 0, there exists some ny, € N, such that, d(DTyuy, , DTpu) < %, where
d is the metric on M. On the other hand,

\DTku — VU|
DT, = < — — . 1
d(DTyu, V) /91+|DTku—Vu| <{lul >k} —0, ask— +oo. (3.10)

Therefore, we assume the subsequence (DT uy,, ), converges in measure and a.e. to
Vu, as k — 4o00.
But for a.e. x € Q, if k > |u(z)| and k' > |u(z)|, we have

| DTty () — DT th ()]
< |DTyun(x) — Du(x)| + |Du(x) — DT ti, ()]
= |DTyun(x) — DTu(x)| + | DTu(z) — DTum(z)| < e

if m and n are sufficiently large,

At last by the same argument as in , we conclude that, up to a subsequence
DT}, converges in measure and a.e. to Duy, if & — 4o00. Since (Duy,),, converges
in measure and a.e. to Vu, we conclude that DTju,, converges in measure and a.e.
to Vu, as n, k — +oo. This completes the proof of .

Applying classical arguments for Carathéodory functions, we assume that the
sequence (a(., Du,)), converges in measure to a(., Du). ;From (H4) and the fact
that |Du,|P~! a.e. uniformly bounded in the Marcinkiewicz space M %(Q), we
deduce that (a(., Duy)), is equi-integrable on Q. Hence, a(., Du,) converges in
LY(Q) to a(., Du).

Step 5: Convergence of the trace. We prove that (7u,), converges to some w €
M(8Q), that u € T,-P(Q) and w = Tu, do a.e.

Since the trace operator is completely continuous from WP (Q) to LP(92), we
assume that Tyru, = 7TRu, — 7Ty, a.e. on Sy = {z € 9Q; |Tru| < k}, for every
k > 0. Thus 7u,, converges a.e. to w on df), w = 7Txu, a.e. on Sk, for every k > 0.

On the other hand, DT} u, converges weakly in LP and in measure to DTju, we
deduce also that DTyu, converges to DTju in L*(£2).

We summarize, DTyu, DTyu, we deduce that L(£2).

(un)n converges in measure to some u,
DTyu, converges to DTyu in L*(£2),

Tu, converges a.e. to w on Jf2.

We conclude, as defined in (2.2), that u € 7,-*(Q) and Tu = w.
Step 6: It remains to prove that u is an entropy solution to

u—divja(.,Du)]=f inQ
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0
TU + g g on 0f)
Ovg
If ¢ € C5°(Q2), and v = Ty, (u, — ) in (3.7), then we have

/(a(., Duy,), DTy (upn, — ¢))
)

1 _
- / (i — i — ~[tn]P~ %) Tt — 0) + / (90 — )7 T (10 — ),
Q n ElY)

u, — u a.e. on Q and Tu, — Tu a.e. on 0.

For the left member, we notice first that D(u— ) = 0, a.e. on the set {|ju—¢| =
k}. Then DTy (up—p) = D(tn —©)1{ju, —p|<k} a-€. , and (a(., Duy, ), DTy (un —¢))
converges a.e on €2, to (a(., Du), Du — D)) 1{ju—y|<k} = (al., Du), DTk (u — ¢))).
Next

lim (a(., Dun), Do) 1|y, —p|<k} :/ (a(., Du), D)
" Jan{lu—e|<k} QN {|u—p|<k}

On the other hand, (a(., Duy,,), DTxu,) > 0, a.e. and a(., Du,) converges in L' ().
Therefore,

/ (a(.. Du), DTi(u — )
Q

n

- /Qliminf<a(.,Dun),DTk(Un —))

:/ liminf<a(.,Dun),DTkun>f/ lim(a(., Duy,), Dy)
QN {|un—p|<k} Q

n M{lun—pl<k} ™

< lim inf/ (a(., Duy), DTu,) — lim (a(., Duy,), D)
" Jan{lun—p|<k} " Jan{|un—p|<k}

= 1iminf/Q<a(.,Dun),DTk(Un — )

n

n

1
< liminf/ (fn — un — ﬁlun‘p_Qun)Tk(un - )
Q

n

+ lim inf/ (gn — Tun)Ti(Tun — 7).
o

By the Lebesgue theorem, we have

hTILn/anTk(un7§0)+h}Ln gnTTk(unfgo) :Aka(U7@)+AQgTTk(U*¢)~

Next we prove that

liminf/ (—up — l|un|p_2un)Tk(un —p) < /(—u)Tk(u — ).
" Q n Q

In view of the fact that (X |u,|P~?u,) converges to 0 in L*(2), we have

lim inf/ —up, T (U, — @)
n Q

[219]

< lim Sup/Q —up T (un, — @)

n

< limsup/ —(up — )Tk (un — ) — lim/ OTr(un — )
Q n Jo

n
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< /Qlimsup [ = (un — @) Th(un — @)] — /QwTk(u — )

n

:/quTk(ufcp).

In the same way, we have,
lim inf —TUpTT) (uy — ) < / —TutTi(u — ).
" o0 o0
This completes the proof of (i).
(ii). If uw is an entropy solution to with data F' = (f,g) € X1, and h,k > 0,
then by taking Tjipn(u — Tiu) as test functions in (3.7), and applying (H2), we
obtain

o / Duf? <k / Ltk / 9] < KIIF1.
{h<|u|<k+h} {h<|u|<k+h} (h<|ru|<k+h}

In particular ([2.3)) while taking h = 0.
We deduce, then from (2.5 and the condition 7u € L*(9Q) in (3.6)) that,

lim | DulP = 0. (3.11)
h—+co Jin<ju|<k+h}

Next, if uy,up € 7,-P(€) are two entropy solutions to (T.4) with the same data
(f,g), by taking the same decomposition as in [3], for a fixed k,

S1(h) = {lur = ug| <k} 0 [{ua] < h}U{|ug| < h}]
Sa(h) = {lur = ug| <k} 0 [{Jua] = h} U {|ug| < h}]
Sy(h) = {lur = ua| < k} N [{Juz| = h} U{Jua| <R},

and selecting ¢ = Thus as test function in the equation related to uy, we have

/ (a(., Duy), Duy — Dus)
{lulfThuz‘Sk}ﬂ{|U2|<h}

+/ <a(-aDU1),DU1>
{lur —Thuz|<k}n{|uz|>h}

< / [Ty (ur — Thus) +/ 9T (Tur — 7Thuz)
Q oQ
Then, taking into account that

/Q<a(-,Dul)aD“1>1{|u1—nu2|§k}1{|uz|zh} 20,

/ (a(.,Duy), —Dus) < / (a(., Duy), Duy — Duy),
S Sa

we have

/ (a(., Duy), Dus) —|—/ (a(., Duy), Duy — Dus)
S S1

< / fT(ur — Thuz) +/ 9T (Tur — 7Thuz)
Q o9
On the other hand, if S5 = {h — k <|ug| < h} and Sy = {h < |u1| < h + k}, then

| s (a(., Duy), —Dug)| < 03||DU2||LP(53)(||h0|\m’(s4) + |||Dul\p_1||m’(s4))
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With the help of (2.4]) and (2.5) we conclude that

lim (a(., Duy), —Dus) = 0. (3.12)
h—+oo Sg(h)

Next, we do the same for the equation related to wug, with test function ¢ = Thu,
an add the two inequalities:

hrnlnf/ <a(., Dul) — a(., D’LLQ),DUl — Du2>15'1(h)
Q

h—+4o00
+ lim (a(., Duy), —Dug) + lim (a(., Dug), —Duy)
h— 400 Sy (h) h— 400 Sé (h)

Shlir+n /f[Tk(ul_Thu2)+Tk(u2_Thul)]
— oo Q

+ lim g[Tk(Tul _TThu2)+Tk(Tu2 —TThul)].
h—+o00 [0

Then, by applying the Lebesgue dominated convergence on the right, and Fatou
lemma on the left, taking into account (3.12]), we obtain,

/ (a(., Duy) — a(., Dug), Duy — Dug) =0, k> 0.
{lui—uz|<k}
It arises from (H3), that Du; = Dug, a.e. in Q. O

4. AN ORDER PRESERVING PROPERTY

Theorem 4.1. (i) If uy,uy € T,-7 () are entropy solutions for
—divla(., Du;)] = f;, in Q
) 4.1
Ous =g; on 0N, (4.1)
oy,

i=1,2, and ¢ = signg(u1 — us), ¥ = signg(Tu; — Tusz), then we have the following
order preserving property:

_ 3 B - -
/m{u1_u2} lfi = fol + /am{ml—nn} |91 — g2| + /Q(fl Ja)o + /asz(gl g2)0 >
(4.2)

(i1) If furthermore, U; = (u;, Tu;) € Dom(A1), then for every ¢ € sign(uy — ug)
and v € sign(Tu; — Tus), we have

/(fl - f2)p +/ (91 —g2)¢ > 0. (4.3)
0 B

Proof. (i) If U; = (u;,7u;) € D(A), is an entropy solution for the problem (4.1
with data F; = (fi,9:;) € X1, ¢ = 1,2, then from Theorem there exist V;, =
(Vins TV;n) € X3 such that V;, is an entropy solution for,

1
—vp,,; —div[a(.,, Dv, )] = fi in Q
n

0 n,t
—TUp,; + Un, =g; onodf), neN.
n OVa
By taking ¢ = 0 in the entropy condition and applying (H2), we have

a

1
F oy Pl < Wi = SVaill, < 20l
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Then applying the same proof as in the previous section, we assume then that
(vn,i)n converges in measure and a.e. to some w; € MP*(Q), Tv,; converges do a.e.
to 7w;. Thus (,%Unz)n and (%T’Umi)n converge a.e. to 0 and a(., Dv, ;) converges
in L1(Q) to a(., Dw;), where w; is an entropy solution to the problem

—div[a(., Dw;)] = f; inQ

awi
oo g; on 0f)

Applying again Theorem [3.6] we have Dw; = Du; a.e. Hence, there exist some
constants ¢y, co € R, such that w; = u; + ¢;. Consider, then the sequences

1

1
Un,; = Un,i — Ci, fn,i = fi - ﬁun,i - Ecia

In,i = Gi — ETun,i - Eciy Pn = Slg‘no(un,l - Un,z),

Yy, =signo(Tup1 — Tun2), =12, neN.
Then u, ; is an entropy solution to
—div[a(., Dup ;)] = fn: inQ

—— =gn,; onodd, neN
Since (Un i, TUp,;) € X1, from (3.3)), we have
/(fn,l - fn,Q)cpn +/ (gn,l - gn,2)¢n > 0.
Q o0
After suppressing a negative part on the left, this leads to,

/Q(fl_fz)@n—i—/gm(gl_g2>wn_%<cl_62)[/9%1—1—/391!)”] > 0.

In particular,

/ |f1*f2|+/ l91 — 92|
{ur=uz} {Tu1=Tus}

+ lim (f1 = f2)on + lim (91— 92)¢n 20

n—-+4oo {ul#U‘Q} n—-—4oo {'rulyﬁTuz}

(4.4)

Since (un,;)n converges in measure and a.e. to u; and 7Tu,, ; converges do -a.e. to
Tu;, then we have
lim ¢, =signo(u; —uz), a.e. on the set {u; — us # 0},
n—-+oo
lirJrr1 Y = signo(Tu; — Tug), a.e. on the set{Tu; — Tuz # 0}.
n—-—+0oo

Then passing to the limit n — +oo in (4.4), we obtain (4.2).
(ii) This is exactly the same as in [I8] theorem 4.1.(ii)], while changing the integrals
on RY by integrals on €. |
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5. EXISTENCE AND UNIQUENESS

Theorem 5.1. If 8,7 are non decreasing continuous functions on R such that
B(0) =~4(0) =0 and f € LY(Q), g € L'(99Q), then there exists an entropy solution
u e TEP(Q) to the problem

—divja(., Du)] + B(u) = f in Q

Ou
o +7(tu) =g on QN

with, (B(w),v(Tu)) € X1 and [|(B(u),y(rw))llx < [I(f,9)llx and w is unique, up to an
additive constant. Furthermore, if 3 or «v is one-to-one, then the entropy solution
1S UNIQUE.

(5.1)

Proof. Existence: Let E, and X, be the same spaces, and Ay the same operator
on Xy as in the proof of the Theorem Then we define the sequence (®,,),, of
convex and lower semi-continuous functions in X, as follows:

:/Orﬁ(s)dS, J’w(r)=/orv(8)ds

3L Jads(w) + [oqdr(TW)] + 5 [ lulPdz,
D, (u,v) = if jg(u) € L*(2) and j,(tu) € L'(99)

+o00 otherwise.

Let F, = (fn,9n) = (Tnf,Tng) € E' N X;. Applying again, [T, Corollary 30], there
exits U, = (up, Tuy,) € Xo, a solution for

/< (., Duy), Dv) /6 Un, v+/ (T ). TV
/|u P20 4 & /|un\f' v (5.2)

= / fnv +/ gnv, forall V = (v,7v) € Xj.
o0

If Fy = (fo — Bun) — 2un|P"up, g, — ¥(7uy)), then [|F, ||y < 3||F|;. Thus we
obtain, as previously,

and for U = (u,v) € Xp,

cl/ |Duy,|P < 3k| F|1.
{h<|u|<k+h}

We assume that (u,), converges in measure to some u, that +|u,[P~?u, converges

to 0 in L'(Q). Then applying (4.2)), we have

[ 18 = Bt + [ () = 5(ru)

Ay Ay AT A P

Hence, (B8(un), ¥(Tun))n is a Cauchy sequence in Xj.

The rest of the proof of existence and uniqueness up to a constant of a solution
for and the entropy condition is the same as for Theorem and finally, by
Fatou lemma, we have, ||(B(w),v(7u))|l1 < [|(f, 9)|l1-
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Uniqueness: Applying again we have uniqueness for the nonlinear perturbation
(B(w),y(ru)). Thus we have uniqueness up to a constant for the solution u. If uq,
ug are two entropy solutions and ugs = w1 + ¢, then, Tus = 7u; + ¢. Thus ¢ =0, if
[ or 7y is one-to-one. O
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