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EXISTENCE OF SOLUTIONS TO INFINITE SYSTEMS OF
NONLINEAR INTEGRAL EQUATIONS ON THE
REAL HALF-AXIS

AGNIESZKA CHLEBOWICZ

ABSTRACT. In this article we study the solvability of an infinite system of inte-
gral equations of Volterra-Hammerstein type in the space of functions defined,
continuous and bounded on the real half-axis with values in the sequence space
l1. We extend a known existence result for such an infinite system of integral
equations and prove a theorem applicable to a wider class of considered infinite
systems. We also give an example to show the usefulness of our result.

1. INTRODUCTION

The theory of integral equations is a significant branch of mathematical analysis
and is closely related to the theory of ordinary and partial differential equations.
Both these theories have numerous applications to physics, astronomy, chemistry,
engineering and other branches of exact sciences (cf. [11], 3] 16l 20, 22], for ex-
ample) because most important phenomena in the real world can be described in
terms of differential or integral equations. In the study of differential equations we
sometimes consider infinite systems of differential equations linked with applications
(cf. [8, 1T, T2, 19] and references therein). While the theory of infinite systems of
differential equations creates rather developed branch of differential equations, the
theory of infinite systems of integral equations is quite young field of study. Only
a few papers devoted to infinite systems of integral equations have appeared so far,
see [3 [ [6] [7, 9 [18].

The present paper concerns the theory of infinite systems of nonlinear integral
equations of Volterra-Hammerstein type. More precisely, we deal with infinite sys-
tems of the so-called quadratic integral equations of Volterra-Hammerstein type.
We look for solutions of the mentioned infinite systems in the Banach space con-
sisting of functions defined, continuous and bounded on the real half-axis R with
values in the Banach sequence space ;. The main tool used in our study is the
technique of measures of noncompactness [I, 2 [5] and the fixed point theorem of
Darbo type related to that technique (cf. [5 I0]).

The investigations in this paper continue those contained in papers [3, [@]. In
particular, in this paper we generalize results from paper [9].
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2. PRELIMINARIES

At the beginning we establish the notation and recall auxiliary facts used in the
paper. Thus, we denote by R the set of real numbers. The symbol N stands for the
set of natural numbers (positive integers). Apart from this we put Ry = [0, 00).
Next, assume that E is a Banach space with the norm || - ||z and with the zero
vector 6. Denote by B(x,r) the closed ball in E centered at x and with radius r.
We write B, to denote the ball B(6,r). Moreover, if X is a subset of the space E
then we denote by X the closure of X and by conv X the closed convex hull of the
set X. To denote the algebraic operations on subsets X and Y of the space E we
use the symbols X +Y and AX (A € R). If X is a nonempty and bounded subset
of E, then the symbol diam X stands for the diameter of X. Next, denote by Mg
the family of all nonempty and bounded subsets of E and by 9g its subfamily
consisting of all relatively compact sets. We accept the following definition of the
concept of a measure of noncompactness (cf. [5]).

Definition 2.1. A function p : 9Mp — R, is called a measure of noncompactness
in E if it satisfies the following conditions:
(i) The family ker y = {X € Mg : u(X) = 0} is nonempty and ker u C Ng.
i) X CY = u(X) < p(Y).

) 1(X) = p(X).
iv) p(conv X) = p(X).

) p(AX + (1 =N)Y) < Ap(X) + (1 = N)u(Y) for A € [0,1].

) If (X,,) is a sequence of closed sets from Mg such that X, ;3 C X, for
n = 1,2,... and if lim, 0o p(X,,) = 0 then the set Xoo = (o, X, is
nonempty.

The set ker p from axiom (i) is called the kernel of the measure of noncompactness
p. Let us notice that the intersection set X, in axiom (vi) belongs to the family
ker i [5]. This observation is important in our further investigations.

To distinguish some classes of measures of noncompactness we say that the mea-
sure p is sublinear if it satisfies the following extra conditions:

(vil) p(X +Y) < p(X) + p(Y).
(viii) p(AX) = |A|pu(X) for A € R.

We say that a measure of noncompactness p has maximum property if

(ix) p(XUY) =max{u(X), u(Y)}.
We say that a measure of noncompactness p is full if

(x) kerpp =MNg.

A sublinear measure of noncompactness which is full and has maximum property
is called a regular measure of noncompactness [5].

The first measure of noncompactness was defined in 1930 by Kuratowski [I7] in
the following way

a(X) = inf {5 > 0 : X can be covered by a finite family of sets X1, Xo,..., X,
such that diam X; <e fori=1,2,... ,m}.

The measure «(X) is called the Kuratowski measure of noncompactness. It is
known (see [0]) that the Kuratowski measure of noncompactness is regular. The
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most useful measure of noncompactness is the Hausdorff measure of noncompact-
ness which was introduced in [14) [I5] by the definition

X(X) =inf{e > 0: X has a finite € — net in E}.

It is easily seen that the measure x(X) is regular and equivalent to the Kuratowski
measure «(X) [5]. Additionally, in some Banach spaces such as C([a,b]), I, and
co we can write the exact formulas for the Hausdorff measure of noncompactness.
Each such a formula involves the structure of a considered space. For example, in
the sequence space [ consisting of all sequences (x,,) such that Y~ | |z,| < co we
have the formula

X(X):nh_{go{sup{ZWH533:(3%)6)(}}- (2.1)

It is worth mentioning that up to now we do not know exact formulas expressing
the Kuratowski measure of noncompactness. This fact shows the importance and
usefulness of the Hausdorff measure of noncompactness.

Later on we will apply the fixed point theorem of Darbo type [B 0] to prove
our main result. Fundamental to this theorem is the concept of measure of non-
compactness.

Theorem 2.2. Let p be an arbitrary measure of noncompactness in the Banach
space E. Assume that Q0 is a nonempty, bounded, closed and convexr subset of E
and Q : @ — Q is a continuous operator such that there exists a constant k € [0,1)
for which u(QX) < ku(X) for an arbitrary nonempty subset X of Q. Then the
operator @ has at least one fized point in the set 2.

Next, we consider the Banach space BC(R4,FE). This space consists of all
functions z : Ry — FE which are continuous and bounded on R;. The space
BC (R4, E) is equipped with the classical supremum norm defined in the following
way

[#]loc = sup{[lz(t)|[z : t € Ry}
for x € BC(R4, E). Additionally, we will assume that y is the Hausdorff measure
of noncompactness in the Banach space E. Now let us recall the definition of a
measure of noncompactness in the space BC'(R4, E) introduced in paper [3]. To
this end assume that X is an arbitrary nonempty and bounded subset of the space
BC(R4, E). Fix numbers ¢ > 0 and T > 0. For x € X we denote by w” (z,¢) the
modulus of continuity of the function x on the interval [0, T] defined by the formula

wl(z,e) = sup{||z(t) — z(s)||z : t,s € [0,T],|t — s| <&}
Next, let us put
wl'(X,e) = sup{w’ (z,¢) : z € X},
T — i T
wo (X) = gl_r)%w (X, ), (2.2)
wo(X) = lim wl (X).
T—o00

For a fixed t € R we denote by X (t) = {z(t) : € X} the so-called cross-section

of the set X at the point t. Obviously we have that X (¢) € M. For T > 0 we can
define

Xr(X) = sup{x(X(#)) : t € [0, T1}
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and
Toe(X) = lim r(X). (23)
— 00
For a fixed T > 0 we define
ar(X) = sup {sup{la(t)] > T}}

and next we put

oo (X) = Tlim ap(X). (2.4)
—00
Finally, gathering (2.2), (2.3) and (2.4) we can define
Xa(X) = wo(X) 4 Xoo (X) + a00(X). (2.5)

It can be shown [3] that the function x, defined on the family Mpcr, &) by
formula is a measure of noncompactness in the space BC(R, F). The kernel
ker x, of this measure consists of nonempty and bounded subsets X of the space
BC (R4, E) such that functions from X are locally equicontinuous on Ry and for
any t € R, the cross-section X (t) is relatively compact in the space E. Moreover,
all functions belonging to X tend to zero at infinity with the same rate i.e, the
following condition
Ves0 Irs0VaexVist ||2(t)|E < €

is satisfied.

In what follows we will work in the Banach space BC(R4, E) for E = [l;, where
l1 is a classical sequence space. Thus, our considerations will be carried out in the
Banach space BC(Ry,l;). This space is denoted by BC. The norm in the space
B(1 is defined in the following way

|zl By = sup{llz(®)]l, : ¢ € Ry} =sup{ Y |za(t)| : t € Ry},
n=1
where z(t) = (zn(t)) € BCi. In this case, based on formula (2.1)), we can express
the measure of noncompactness x, in the space BCy by formula (2.5)), where the
components wo(X), Xo, (X) and ax(X) are represented in the following way (cf.

31):

e
_ Tlgxlm{;gné{x_figex{sup{gxn(t) —a(o)sts e 0o <P
Y T T
o= g (o {emp(3 o)} } =0

3. SOLUTIONS OF AN INFINITE SYSTEM OF INTEGRAL EQUATIONS ON THE REAL
HALF-AXIS

In this section we study the existence of solutions to the infinite system of the
nonlinear quadratic integral equations of Volterra-Hammerstein type of the form

Tn(t) = an(t) + fu(t,z1(t), z2(1), .. )/O kn(t, $)gn(s, x1(s),x2(s),...)ds (3.1)
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forn=1,2,... and for t € R,.

It is worth mentioning that in paper [9] we considered a particular case of equation
in the space BC} and in paper [3] we considered also the same particular case
of equation but in the space BCy = BC (R, cp). Therefore our further result
is a generalization of results obtained in [3] [9].

In this section we work in the Banach space BC; = BC(R4,!l;) described in
Section 2] In what follows we formulate assumptions under which infinite system
of integral equations will be investigated.

(i) The function sequence (a,(t)) is an element of the space BC; satisfying
limy oo D ro g an(t) = 0.

(ii) The functions k,(t,s) = k, : RZ — R are continuous on the set R2 (n =
1,2,...). Moreover, the functions ¢t — k, (¢, s) are locally equicontinuous on the set
R uniformly with respect to s € R} i.e., the following condition is satisfied

V7500 3550Vnene, toef0,1) Vsery [[t2 — t1] <6 = |kn(te, s) — kn(t1, s)| < €]

(iii) There exists a constant K37 > 0 such that

o) t
3 / en(t, )| ds < K
n=1 0

for any t € Ry.

(iv) The sequence (ky(t,s)) is equibounded on R i.e., there exists a constant
K5 > 0 such that |k, (t,s)] < Kg for t,s € Ry andn=1,2,....

(v) The function Y 7| f, is defined on the set Ry x R> and takes real values.
Moreover, the function ¢t — > >° | f,.(t, 1,22, ...) is locally uniformly continuous
on Ry uniformly with respect to z = (z,) € I ie., the following condition is
satisfied

Ves0V1>036>0Y (2, ) ety Ve, sefo,) [T — 8| <0

= Z |fn(t,z1,22,...) = fu(s,21,20,...)] < el

n=1

(vi) There exists a function [ : R — R4 which is nondecreasing on Ry, con-
tinuous at 0 and there exist a natural number p and a nonnegative integer ¢ such
that for any r > 0 and for = = (x;), y = (y;) € {1 with ||z||;, <7, |ly|l;, < r and for
teRy,neN, n>p-+1 the following inequality

n-+q
Falt 31,02, ) = fult g, ) <10) S i — i
i=n—p
is satisfied. Moreover, the following inequality
n+q
‘fn(t7x17m27 .. ) - fn(tayl7y27 - )| S l(’l") Z Ixi - yzl
i=n

holds for = (z;), vy = (y;) € 1 with [jz];, < 7, |lyll, < r and for ¢t € Ry,
1<n<p.
(vii) There exists a function m : Ry — R, nondecreasing on R, continuous at

0 and there exists a sequence (f,,) of nonnegative functions, belonging to the space
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oo

BC4 with the property limy_,oo > ney f,,(t) = 0 and such that for any r > 0 and
for each xz = (z;) € I with ||z||;; < the following inequality

n+q

|fnt 21,22, )] < fr(t) + m(r) Z |i]

holds for n = 1,2,... and for ¢t € R, where ¢ is the number from assumption (vi).

On the basis of assumption (vii) we infer that there exists the finite constant
F = sup{d_02, f.(t) : t € Ri}. In view of assumption (i) we may define the
finite constant A = sup{>_.~, |a,(t)| : t € Ry}. Now we can formulate our other
assumptions.

(viii) The function g,, = g, (¢, x1, 1, .. .) is defined on the set Ry x R*> and takes
real values for n = 1,2,.... Moreover, the operator g defined on the set R x I; by
the equality

(gl’)(f) = (gn(t> .’)3)) = (gl<t7 x)792(t7 $)7 o )
transforms the set Ry x I; into /1 and is bounded on the set Ry x [; by a positive
G i.e., for any x € [; and for each t € R, we have that ||(gz)(t)|;, < G. Apart
from this the family of functions {(gx)(t)};er. is equicontinuous at every point of
the space l;. More precisely, for any arbitrarily fixed x € [; and for a given € > 0
there exists 6 > 0 such that

[(gy)(t) = (gz)B)|l1, <€

for every t € R, and for any y € I; such that ||y — z||;, <§.
(ix) There exists a positive solution 7y of the inequality

A+ FGK; + (p+ 1)GKyrm(r) <r

such that
GKi(p+ q+ 1) max{l(rg),m(ro)} < 1.

In the sequel we will use in our considerations the following simple lemma (cf.
[90)-

Lemma 3.1. If the sequence (ay,) belongs to the space ly then lim, o >
0.

oo

i=n |a1| -

The proof of the above lemma is an immediate consequence of the Cauchy condi-
tion for real sequences. Now we formulate the main result of the paper concerning
the solvability of infinite system of integral equations (3.1)).

Theorem 3.2. Under assumptions (1)—(ix) the infinite system of integral equations
(3-1) has at least one solution x(t) = (x,(t)) in the space BC1 = BC(R4, ).

Proof. We define three operators F, V, Q on the space BCy as follows:
(Fz)(t) = (Faz)(t) = (fult,2(t)) = (fult, 21(t), 22(2), - .)),
(Va)(t) = (Vaz)(t) = (/Ot Fn(t, $)gn(s,1(s), 22(s), .. .) ds),

(Q2)(t) = (Qu)(t)) = (an(t) + (Fuz)(t) (Vaz)(1))

for an arbitrary function z = (z,,) € BC; and for t € R,.
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At the beginning we show that operator @ transforms the space BC] into itself.
Thus, let us fix a function = = z(t) = (2,(t)) € BCy. Then, based on assumption
(vii) for an arbitrary ¢ € Ry we obtain

D O IFE) B =D [ fult, m1(8), 22(8), .|
n=1 n=1
(e’ n+p
<X [Fa® +mle®)n) 3 lma)l]
00 oo n+p
< S .0 +mllzlse) SO lui)
n=1 n=1 i=n
<Y )+ e+ mllzlse) Y lza (D).
Hence we derive the estimate
|Fz]|pe, < F+ (p+m(|zllse)|zl e, - (3:2)

This shows that the function (Fz)(¢) is bounded on the set R,..

Next we show that the function Fz is continuous on the interval R,. To this
end let us fix Ty and € > 0. Next, choose a number § > 0 according to assumption
(v). Since the function 2 = z(t) belongs to the space BC; so we can choose § > 0
in such a way that the following condition

Viseor ([t — sl <0 = [la(t) —2(s)ll, <e (3-3)

is satisfied. Thus, taking ¢,s € [0,7] such that |t — s| < § and using assumptions
(v) and (vi) we obtain

I(Fa)(t) — )l = Z| Foz) n)(s)]
< Z [fn(ts 21 (t), 22(1), . .) = fuls, 21(2), 22(2), . .|

+ Z |fn(871‘1(t),332(t), .- ) - fn(saxl(s)va(s)’ - )‘
n=1

0o n+q
<e+) Ulzlze) 42 |zi(t) — zi(s)]

=e+ (2] Bc,) Z [lxn—p(t) - xn—p(s)l
o1 (6) = nepia ()] + -+ [Eat) — Fnsa(5)]

< e+ U(l2llse) | D [n-p(t) = 2np(s)]

n=1

+ Z |Zn—pt1(t) = Tr—pr1(s)] + ...
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+ 3 1@nta®) = Turq(s)l]
n=1

<etl(lzlse)p+a+1) ) |zalt) = za(s)l

n=1

<e+I(lzllse, (p+ g+ Dllz(t) — ()]s,

Observe that in the above calculations we assumed that n > p 4+ 1. Obviously in
the case when 1 < n < p we obtain also the same estimate.

Now, choosing the number 6 > 0 in such a way that both assumption (v) and
condition are satisfied we obtain

[(Fz) () — (Fz)(s)ll, <+ (p+q+ Dzl zo,)e.

Hence we infer that the function Fz is continuous on the interval [0,7]. Based on
the arbitrariness of T' we obtain the continuity of the function F'z on the interval R, .
Combining the above established facts we conclude that the operator F' transforms
the space BC into itself.

Next, we intend to show that the operator V transforms the space BC; into
itself. Thus, let us take an arbitrary function = = z(t) = (z,(t)) € BCy. At first
we show the boundedness of the function Vz on the interval R;. Indeed, for an
arbitrary number ¢ € Ry, in virtue of assumptions (iii) and (viii), we obtain

SO (Va1 |<Z/ ot ) 19 (5,21(5), 22(s), .. )\ds

n=1

(3.4)

Hence we infer that
(V) < GK.

This means that the function Vx is bounded on R..

To prove the continuity of the function Vx on the interval R, let us fix e > 0 and
T > 0. Next, let us choose a number ¢ > 0 according to (3.3) and ¢;,t3 € [0,T) such
that [to — t1] < 0. Without loss of generality we may assume that to > ¢;. Then,
keeping in mind assumptions (iv) and (viii) and applying the Lebesgue monotone
convergence theorem [2I], we obtain the following estimates:

3 (Va)(t) - (Ve
<z|/ Ealta, $)90(5,71(5), 22(5), ) ds

—/02kn(tl,s)gn(s7x1(s),a:2(s)7...)ds|
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o0 t2
£y |/ o (t1, 8)gn (5, 21(5), 22(5), .. ) ds
n=1 0
ty
—/ kn(t1, 8)gn(s, 1(8), 22(s),...) ds|
< Z/ o (t2,8) — kn(t1, )] |gn (s, 21(5), 22(s), . . )|ds

3 [ttt
: Z/ wi (9)lgn (s, 21(s), 22(s), . |d5+z KQ gn (s, 21(s), 22(s), .. .)|ds

< W (6) Z/2|gnsx1 2a(s), - .>|ds+K22/2|gn<s,x1<s>,m2<s>,...>\ds

F(6) /o Z|gn(s,x1(s),x2(s),...)|ds+K2/ Z lgn (s, z1(s), x2(s),...)|ds
<l ) [ o) @lds + K [ Ian) (o)l ds
< Wl (0)GT + K»G6, (3.5)

where w] (§) denotes a common modulus of continuity of the function sequence t—
kn(t,s) on the interval [0,T] (according to assumption (ii)). Obviously w} (§) — 0
as d — 0. Hence, on the basis of (3.5)) we obtain the following estimate

[(Va)(ta) = (Vo) ()|, < wi (0)GT + KaG6,

which allows us to infer that the function Vx is continuous on [0, 7). The number
T was arbitrarily chosen so we deduce that the function Vx is continuous on the
interval R;. Finally, combining the established properties of the function Vz we
deduce that the operator V maps the space BCy into itself.

Next, we are going to show that the operator @) transforms the space BC into
itself. To prove this fact let us notice that the space BC; can be treated as the
Banach algebra with respect to the coordinatewise multiplication of sequences of
functions. Thus, keeping in mind the definition of the operator @@ and taking into
account that the functions Fx and Vz are continuous on Ry we infer that the
function Qx is also continuous on R . In a similar way we prove the boundedness
of the function Qx on R, . Finally, we conclude that the operator @) transforms the
space BC; into BC,.

Next, in view of estimates , and assumption (i) for arbitrarily fixed
t € Ry we obtain

Z |<Z|an \+Z |(Fa) ()] (Vo) ()]

n=1
<A+ (Z () (@®)]) (D [(Va) (1)

n=1 n=1

< A+ [[(F2)Olu | (Va) @)1,
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< A+ ||Fz|ge, [Vl Be,
< A+ [F+ (p+ )m(|zllsc, )=l 5e, |G
Hence, we obtain the inequality
1Qz] o, = A+ FGE1 + (p+ 1)GEim(||z]|5cy) ||zl e -

From the above estimate and assumption (ix) we deduce that there exists a number
ro > 0 such that the operator @) transforms the ball B, into itself.

Next we prove that the operator @) is continuous on the ball B,,. To this end fix
a number € > 0 and an element « € B,,. Next, take an arbitrary function y € B,
such that ||z — y||pc, < e. Fix arbitrarily number ¢ € Ry. In view of assumption
(vi) we obtain the following estimates:

ZI (Fr) ny) (1)

";1 n+q
Z 7/'O Z |5L'z z ‘
= Z I(ro) anfp(t) - ynfp(t” + |$nfp+1(t) - yn,p+1(t)| +.o.

|mn+q (t) - yn+q(t) |]

< U(ro) [ Z |Zn—p(t) — Yn—p(t)| + Z |Zn—pt+1(t) = Yn—pr1(t)| + ...
3 enra(t) = ynra (0]
n=1

<Uro)p+g+1) Y [zn(t) — yalt)]

n=1

<l(ro)(p+aq+1)flz(t) —y®)|n-

Consequently
HF.TZ — FyHB01 < l(’/’o)(p +q+ 1)5‘.
This means that the operator F' is continuous on the ball B, .
Furthermore, we consider the function ¢ = () defined for € > 0 in the following

way

0(e) = sup{lgn(t,x) — gn(t,y)| : x,y € I, |l —y|;, <e&,t € Ry,n € N}

Then, by assumption (viii) we deduce that d(¢) — 0 as € — 0. Take € > 0 and
choose arbitrary x,y € By, such that |z —y| pc, < €. For a fixed t € R} we obtain

Y 1(Vaa)(t) = (Vay)(2)]

< 2—:1/0 ki (t, 8)||gn (8, 21(8), 22(8), - - ) — gn (5, 91(5), y2(5), ... ) |ds
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<> / e (1, 9)1(2) dis
S Klé(&')

This implies the estimate
Vz = Vyllse, < Kid(e)

and proves the continuity of the operator V on the ball B,,.

Finally, linking the continuity of the operators ' and V' on the ball B, and taking
into account the representation of the operator ) given at the beginning of the
proof, we infer that () is continuous on B, .

Further, we study the behaviour of the operators F, V and @ with respect to
measure of noncompactness x, defined by (cf. also the components of the
measure X, defined by formulas —). To this end take a nonempty subset
X of the ball B,,. Next, fix arbitrary numbers ¢ > 0 and 7" > 0 and choose a
function = z(t) = (z,(t)) € X. Then, for ¢t,s € [0,T] such that |t — s| < e,
making use of assumptions (v) and (vi), we obtain

S (Fa) (1) = (Fa) ()] € S 1fults 0 (8), 0a(t), -.) = fuls,21(8), 22(0), ..
+ Z |fn(87$1(t)71‘2(t)7 . ) - fn(8,$1(8)7l‘2(8), i )l

< wf (Fye) +1(ro)(p+a+1) Y [a(t) — za(s)]

n=1
< w{(FﬂS) + l(?"o)(p +q+ l)wT(x,a),

where we denoted

wi (F,e) = sup{ Z |[fn(t,x1, @, ...) — fo(s,x1,22,...)| : t, s €[0,T],

n=1

[t —s| <e,x € By}

Obviously, in view of assumption (v) we have that wl (F,¢) — 0 as ¢ — 0. From
the above estimate we obtain

Wl (Fr,e) <wi (F.e) +U(ro)(p+ g+ Dw' (z,¢). (3.7)
In a similar way as above (cf. estimate (3.5))) we obtain the inequality
wl(Va,e) < GTwl (€) + GKae. (3.8)

Finally, take ¢ > 0 and T > 0. Then, for an arbitrary function x € X and for
t,s € [0,T] such that |t — s| < e based on (3.7), (3-8), and we obtain
1(Q)(t) = (Qu) ()]l < lla(t) = als)lli, + [(Fz)()(Vz)(t) = (Fa)(s)(Va)(s)]n
< la(t) = a(s)lln, + [(F2)@)(Ve)(t) = (Va)(t) (F)(s),
+[(Va) () (Fz)(s) — (Fa)(s)(Va)(s)ln
< lla(®) = a(s)lle, + [1(V2) (@)
+ [I(Fz) (), |(Va)(t) — (Vi)
<wl(a,e) + GK 1w (Fx,¢)

(Fz)(t) = (Fz)(s)]li
(

s)llu
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+ [F + (p+ V)rom(ro)|w” (Vz,e)
<w(a,e) + GK {w] (F,e) + U(ro)(p+ g+ Dw” (z,¢)}
+ [F + (p+ 1) rom(ro)] { K2Ge + GTwj ()},

where w{ (F,¢) and w} () were defined previously.
Now, from the above inequality, we derive

w(QX,e) <w'(a,2) + GK{w] (F.e) + 1(ro)(p+ ¢ + Dw" (X,e)}

+ [F + (p+ Drom(ro)|{ K2Ge + GTw( (¢) }.
From assumption (i) we deduce that w” (a,e) — 0 as € — 0. Moreover, in view of
assumption (v) we have that w! (F,e) — 0 as ¢ — 0. Similarly, keeping in mind

assumption (ii) we conclude that w{ (¢) — 0 as e — 0. Thus, in view of the above
established facts and estimate (3.9 we obtain

wi (QX) < GE1(p + g + Dl(ro)wg (X).
Consequently, we obtain
wo(QX) < GKi(p+ g+ 1)l(rg)wo(X). (3.10)

In what follows we estimate the second component expressed by of mea-
sure of noncompactness x, defined by . More precisely, we will estimate the
expression Y, (QX) for an arbitrarily fixed nonempty subset X of the ball B,,. To
this end, fix a function z € X and a number 7' > 0. Then, for ¢ 6 [0 T] and for an
arbitrary natural number n, arguing similarly as in estimates and (| ., we
obtain

> 1@Q@)®] < Y la®] + 3 |(Fa) (0)(Via) 1)
<Xt + [ Ol [ )]

> I(Fa)(
<Zlaz + [ FO + o+ Dm(att thm e,
Z Ti(t) +

(3.9)

o

<Z|al [

Hence, we derive

sup {3 Qi) (1)}

r=(z;)eX .

<Z\az |+GKlzf )+ GE(p+Dm(ro) sup  { > |ai(t)]}.

z=(z;)eX

(p + 1)m(ro) Z |xi(t)|}5K1.

i=n i=n i=n
Passing to the limit as n — oo and using assumptions (i), (vii) and Lemma [3.1| we

obtain
Xoo(@X) < GK1(p+ 1)m(r0)X o0 (X), (3.11)

where X, (X) is defined by formula (2.3).
Next we estimate the last component a.(X) of the measure of noncompactness

Xa(X). Similarly as above, let us assume that X is a nonempty subset of the ball
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B,,. Fix a function x € X and a number T' > 0. Next, take an arbitrary number
t > T. Then, in view of (3.2) and (3.4), we obtain

D 1@ua)(] < Y lan(®)] + (p+ Di(ro)GEL Y lea(t)| + GE1L Y Falt)
n=1 n=1

n=1 n=1
Hence, taking supremum over ¢t > T and z = (z,,) € X, we obtain

sup {sup{Z| Qnx)(t }

z=(zn)EX *t2>T

Sf;lg{Z|an(t)|}+(p+1)l(ro)éK1 sup {sup{2|xn |}}

r=(zn)eX “t2T

n=1
+GKlsup{Z|fn
n=1

Further, as T' — oo and applying assumptions (i) and (vii) we obtain the inequality

oo (QX) < (p+ 1)I(ro)GK1a00(X). (3.12)

Finally, combining (3.10), (3.11), (3.12) and keeping in mind formula (2.5), we
obtain the inequality

Xa(QX) < GK1(p+ q+ 1) max{l(rg), m(ro) }xa(X). (3.13)

Now, in view of Theorem estimate and the second inequality from as-
sumption (ix) we conclude that there exists at least one solution z(t) = (z,(t)) of
infinite system of integral equations belonging to the ball B,, in the space
BCy = BC(R4,11). The proof is complete. O

4. AN EXAMPLE

In this section we illustrate our main result obtained in Theorem [3.2] by an exam-
ple. We consider the infinite system of nonlinear quadratic Volterra-Hammerstein
integral equations

n(t) =ae ™ + (1 —ftQ T igi?(t))

¢ 1 arctan s 1(s) xa($)

X/O (1+s2)[1+(t+s)?2] 12 [1—}—951(5 1+22x§(s)] %
B 3(t) a(t)

5078 T T 20 +71+x2(t)>

To(t) = e + (

¢ 1 arctan s 2(8) z3(s)
| renrar o e T )
(4.1)
T (t)
gt B Zn(t) Tt (t) Tnia(t)
- (n—l)!+(n(n2+t2)+71+xg,2(t) a2 @ 71—1—;%@))

t 1 arctan s Zn(S) ZTnt1(8)
% /0 2+ s2)[1+ (t+5)?)] n? [1 +n222(s) 1+ (n+ 1)233%“(5)]6[8’



14 A. CHLEBOWICZ EJDE-2021/61

wheret € Ry, n € N, n > 3 and «, 3,y are positive constants. Observe that infinite

system of integral equations (4.1)) is a special case of system ([3.1)) if we put
tn—l

an(t) = ae™? R (4.2)

fulbin ez, ) = n(n2ﬂ+ 2 71 +$;%_2 B in;%l_l ”1961;2%’ (43)
n(t, 8) = (n? + 32)[11+ (t+s)2’ (4.4)

gn(t, 21, 22,...) = arC:Li;nt [1 +mr7Ll2x$L 1 + (nx—:—;l)zxflﬂ }’ (4.5)

n >3 and t,s € R;. In the case n = 1 and n = 2 formula (4.3)) should be replaced
by the following ones:

where n € N, and ¢, s € Ry in formulas (4.2)), (4.4) and (4.5)), while in formula (4.3

s 3
fl(ta'rhx??"') = + ’ (46)
1+¢2 "1+a?
,8 xs3 T4
t L) = . 4.7
fQ(,.Tl,.’EQ, ) 2(22+t2)+71+$%+71+$% ( )

Notice that in our further investigations we will always consider formula in
order to express the function f, (¢, 21, z2,...).

Now we show that infinite system of integral equations has a solution in the
Banach space BC;. Our goal is to show that the components of the infinite system
of integral equations defined by formulas — satisfy assumptions of
Theorem [3.21

At the beginning observe that the sequence of functions (a,(t)) belongs the space
BC;. Indeed, for arbitrarily fixed t € Ry we have

tn_l

o0 oo

_ -2t =2ttt
g an(t) = ae E (nil)‘—ae e =ae "
n=1 n=1 :

Obviously, we have that

[e )
. _ . —t .
fam, 3 an(t) = Jim ce™ =0.
n=

This shows that assumption (i) is satisfied. We obtain

A=sup{ D lan(t) 1t R} =a.
n=1
Further, for arbitrarily fixed t1,t2 € Ry, s € Ry and for n € N, we obtain
1 1 1
kn ta, _kn ty, = ‘ -
[kn(t2, ) = bty $)l = 5= T+ (t2+5)2 1+ (t+s)?
1 [(ta+9)* = (t1 + )%
T2 L4 (2 + 8)?[1+ (t + )7
[ta — t1|(t2 + t1 + 29)
- [1 + (tz + 8)2] [1 + (tl + 8)2}
to+ s t1+s
< Ll
<zl =t 1+ (t2+9)2 1+ (t1+5)2
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< 1 |t t\(l—i—l)
Sz 2 1 5735
< lta —t1].

Hence we see that the functions k,(t,s) are even equicontinuous on the set R
uniformly with respect to s € Ry. Thus the functions ky, (¢, s) satisfy assumption
(ii). Also, observe that

o) t o0 t
1 1
> ka(t,5)lds = > : d
|k (L, 5)|ds =/0n2+32 1+(t+s)2s

0

n=1 n=1
=1 [t 1
< — d
;”2/0 14+ (t+s)? s
_i 1/% du
_nzan . 1+u?
=1
Sz_:lﬁ rctan 2t
w2 7 7’
<. =
-6 2 12

From the above estimate we deduce that the functions k, (¢, s) satisfy assumption
(iii) with the constant K; = 73/12. Next, taking arbitrary t,s € Ry and n € N,
we have

1 1 1

. <

n?+s2 14+ (t+s)2 " n?
This shows that assumption (iv) is satisfied with the constant Ko = 1.

Now we verify assumptions (v), (vi) and (vii) for the function f,(¢,21,z2,...)
defined by . The cases n = 1 and n = 2 are easier to verify so we consider the
case n > 3. We have

[Fn(t,5)| = <L

B Tn Tn+1 Tn42
+ + :
n(n? + t2) 71+x%72 71+x%71 flerx%

falt,x1,22,...) =

Hence for an arbitrary ¢t € Ry and an arbitrary @ = (z,,) € [; the series

o)
Z fn(t,xhl‘g, .. )
n=1

is uniformly convergent on the set R4 x7;. This conclusion follows immediately from
the standard Weierstrass test. Next, fix arbitrarily ¢,s € Ry and z = (z,,) € [1.
Then we obtain

o0
Z |fr(t,x1,22,...) — fu(s,21,22,...)]
n=1

S
nin? +¢2 n2 452

| N

=n n2+t2(n2+52)
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t S
= ﬂzﬁ“_S'[ W2+ )2+ 59 | (2 +t2)(n2+s2)}
1
<5Z|t7 7{n2+82+n2—|—t2
§52|75—3|§
n=1

2

s
= 7t— .
Bt~

This shows that the second part of assumption (v) is satisfied (even more, the
function ¢ — >°>° | fu(t, 21, x2,...) is uniformly continuous on Ry uniformly with
respect to * = (z,,) € ly). Further on, fix an arbitrary number r > 0 and take
x = (n),y = (Yn) € l1 such that ||z||;; <7, ||y|l;, < r. Then, for arbitrarily fixed
t € Ry and for n € N (n > 3), we obtain

|fn(tz1,22,...) = fult,y1, 92, .. )]

z Yn Tn41 Yn41
<
DR T R I v (4.8)
Ln+2 . Yn+2
1+az2 1+y2l

+

To estimate the right-hand side of , we consider numbers a, b, ¢, d such that
la| <7, |b] <7, |e| <r and |d] < r. We have
c
1+ 1+d? ‘
~a(1+ d?) — c(1 + b?)]
1+l +d?)
_Ja—c+ad® — cb?|
(1+6)(1+4d?)

la — c| + |ad?® — cb?|
- (1+)(1+d?

la — c| + |ad? — cd?| + |cd? — cb?|
- (1+0%)(1+d?)

clazdtla- cld? + |c||b — d|(Jb] + |d])

(1+6)(1+d?)

d2
slo=dtle Ay
0] d|
b—d
b=l i e T T ®
1 1 1 1
< la—cl+Ja—clygz + el - d|+(21+d +§1+b2)

<2la—c|+rb—d|
< max{2,7}(Ja — ¢| + |b—d|).
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Using this inequality to estimate (4.8)), we obtain

|fn(t,z1.22,...) — fu(t,y1,92,...)]

<y max {2,7} [[n—2 — Yn—2| + 25 — ynl]
+ 7 max {2,7}[|zn-1 — Yn—1| + |Tnt1 — Yn+1l]
+y max {2,7} [[Tn — Yn| + [Tni2 — Ynial]

n+2
<2y max {2,7} Y |z — il

i=n—2

The above estimate shows that assumption (vi) is satisfied with p = ¢ = 2 and
I(r) = 2ymax{2,r}.

Assume that ¢ € Ry and n is an arbitrarily fixed natural number n (n > 3).
Then for a fixed r > 0 and for x = (z,,) € I3 with ||z||;;, <r we obtain

B |2 [T 41] T4 2]
t L)<
nltzr ez, )l S So ey P52, P T2, T T a2
B
< n n Tn
= n(n2 + 2) +y([@n] + 1Zns1] + |Tn2])

ﬁ n+2
“ e 2l

Thus we see that assumption (vii) is satisfied with m(r) = v and f,,(t) = %
for n =1,2,.... Observe that for t > 0 we have
t) = < — == [l
T;f”() an(n2+t2) *ﬂnz:nt? tnzz:an 6t

This implies that lim;—ec > ney f,,(t) = 0 and shows that the remaining part of
assumption (vii) is also satisfied. Obviously, we have that

2

Sup{;fn(t)5t€R+} Sﬂ;nlg) Sﬂ%-

2

Thus, we can accept that F' = 3%, where F' is the constant defined as F' =

sup { 07 fn(t) it € Ry}

To verify assumption (viii) let us first notice that for a fixed natural number n
the function ¢, = g, (t,2z1,22,...) defined on the set Ry x R* by formula
takes real values for n = 1,2,.... Next, we fix arbitrarily x = (z,,) € l;. Then, for
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t € Ry we obtain

o0
Z |gn(t7l’1,l‘2, s
n=1

IN
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| T 41]

1+ (n+1)%a3

(4.9)

It follows from the above estimate that the operator g defined in assumption (viii)
transforms the set Ry x I; into ;. Moreover, on the basis of (4.9 . we infer that the
operator g is bounded on R, x I; and ||(gz)(t)||;, < 73/16. This means that we can

accept in our situation that G=mn3 /16, where G is the constant from assumption

(viii).

Now we take a number € > 0 and choose arbitrary elements z = (x,,), y = (yn) €
l; such that ||z — y||;;, < e. Then, for a fixed t € R} we obtain

1(gy)(t) = (g2) ()|,

119

‘gn<t7 Y1,Y2,-- )
1

3
Il

rctan t

— gn(t, 21, 22,...)]

_ f: ‘ + Yn+1 _ Tn _ Tn41
— 1+ nzyn 1+ (n+1)2y2, 1+n2z2 14+ (n+1)222,,
e 1 Ty
5;7[’1—1—7122 1+n2m%’
+ Yn+1 . Tn41 H
(n+ 1)2y72;+1 1+ (n+ 1)237121+1

-z — N2, y2|

72 [|yn+n ynx
n2 1+ n2y

|yn+1 + (n + 1) yn-&-lxm-l — Tn41 —

2)(1 +n2x2)

(T4 (n+1)2y2, )0+ (n+ 1)2xi+1)

= 1 [|yn —
<32l

n=1

+

(14 n?

yn)(1+ ang)

(n + 1)2$n+1y2+1 | }

IA
[N}
M8

Il
-

n

n+1)

Ynt1 — Zns1| + (0 + D2 |zn 1 |yns1[|Yns1 — JUn+1|}
1+ (n+1)%yn)A+ (n+1)%

%{“/” ”””'[(1 + n2y2)(1 + n2z2)

+ ‘ynJrl - xn+1| [(

(n 4 Dynt1]

(n+ Dlzn|

1+ (n+1)%y2

I}

1+ (n+1)%7

1+n2y2 14+ n2z2
1
L+ (n+1)2%yp )1+ (n+1)%7 )
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1

N |

T ea 1 11
< 3D =5 [l = wl(1+ 5+ ) +lyner — |1+

IN

INA
oo §
[M]8
3&"—‘
M2
s
s

< —-e.

This proves the last part of assumption (viii).

Finally, let us consider the first inequality from assumption (ix). Gather all
values of the constants A, F, G, K1, p, ¢ and take into account the formulas for I(r)
and m(r), then we see that the mentioned inequality has the form
8 76
+ Te1" <r. (4.10)

™
1152
Thus, taking v < 64/75 we infer that any number r such that

1 1152a + 788
T _—
=18 64— 16y
satisfies inequality (4.10)). Hence it follows that we can accept the value of rq as

1 11520 + 753
ro— — o ————

O7 18 64— by
The second inequality from (ix) has the form

56

192
and we can choose v so that the above inequality is satisfied. This proves that
assumption (ix) is satisfied. Now we apply Theorem and we obtain that infinite
system of nonlinear integral equations has at least one solution x = z(t) =
(zn(t)) in the space BC1 = BC(R4,11).

a+p

max{2ymax{2,r0},7} <1

Remark 4.1. Let us notice that the functions k, (¢, s) and g, (¢, z1, 22, .. .) in equa-
tion defined by formulas , coincide with the functions k,(t, s) and
gn(t, 1, 22,...) from Example 5.1 in [9] (n=1,2,...). However, we repeated calcu-
lations concerning those functions to make our paper complete.
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