Electronic Journal of Differential Equations, Vol. 2004(2004), No. 89, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

MULTIPLE SIGN-CHANGING SOLUTIONS FOR SOME
M-POINT BOUNDARY-VALUE PROBLEMS

XIAN XU

ABSTRACT. In this paper, we show existence results for multiple sign-changing
solutions for m-point boundary-value problems. We use fixed point index and
Leray-Schauder degree methods.

1. INTRODUCTION

In this paper, we consider the second-order multi-point boundary-value problem
v+ fly)=0, 0<t<1,

m—2
y(0) =0, y(1)= Z sy (), (1.1)

where 0 < a;, i =1,2,....m—2,0<m <M <+ <2 < 1, f € C(R,R).

The multi-point boundary-value problems for ordinary differential equations
arise in different areas of applied mathematics and physics. For examples, the
vibrations of a guy wire of uniform cross-section and composed of N parts of differ-
ent densities can be set up as a multi-point boundary-value problem (see [I1]), many
problems in the theory of elastic stability can be handled as multi-point problems
(see [I3]). Recently, there is much attention focused on the existence of nontriv-
ial or positive solutions of the nonlinear multi-point boundary-value problems(see
[3, [, 51 [7, @, 10], 12} 4], 15, 16} [I7] and the references therein). For example, Ruyun
Ma [9] considered the m-point boundary-value problem

u'(t) +a(t)f(u) =0, te(0,1),

m—2 m—2 1.9
u'(0) = Z biv'(&), wu(l)= Z a;u(&;), (12

where f € C(RT,RY), & € (0,1) with 0 < & <& < --- < &non < 1, a4, b; € RT
with 0 < 7 %a; < 1, and 0 < 37 2 b; < 1. Set
fo= lim M, foo = lim f(u)

u—0t U u—+oo U
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Then fy = 0 and f,, = oo correspond to the super-linear case, and fy = co and
foo = 0 correspond to the sub-linear case. By applying the fixed point theorem in
cones, Ruyun Ma [9] showed that the m-point boundary value problem has
at least one positive solution if f is either super-linear or sub-linear.

In this paper, we shall study the cases fy, foo & {0,+00}. In these cases, the
m-point boundary-value problem may have sign-changing solutions. Quite
recently, the existence and qualitative properties of sign-changing solutions for el-
liptic boundary-value problems have been extensively studied. To the author’s
knowledge, however, there were fewer papers considered the sign-changing solu-
tions for multi-point boundary value problems. The purpose of this paper is to give
some existence results for multiple sign-changing solution for m-point boundary
value problem (L.I)). We shall follow the idea employed in [§] by Liu. To show the
main result in this paper we need to study the the spectrum properties of the lin-
ear operator related the m-point boundary-value problem . Gupta and Sergej
Trofimchuk [4] studied the problem of existence of solutions for the three-point
boundary-value problem

a”(t) = f(t,x(t),2'(t)), t€(0,1),
z(0) =0, (1) = ax(n),
where @« € R, @ < 1 and n € (0,1) are given. Using the spectrum radius of some
related linear operators, the authors proved some existence results for nontrivial
solutions of the three-point boundary-value problem .

We shall organize this paper as follows. In §2 some preliminary results are given

including the study of the eigenvalues of the linear operator A’(f) and A’(c0). In

§3 by using the fixed point index and Leray-Shauder degree method, we will prove
the main result.

(1.3)

2. PRELIMINARY LEMMAS

From [I, Theorem 2.3.1], we have the following definition. Let X be a retract of
real Banach space F, U be a relatively bounded open subset of X, A: D — X be
completely continuous operator. The integer i(A, U, X) be defined by

i(A, U, X) =deg(I — A-r,B(0,R)nr~(U),0),
where r : F — X is an arbitrary retraction and R > 0 such that B(6,R) D U.
Then the integer i(A, U, X) be called the fixed point index of A on U with respect

to X.
Set

60 = lim M, 51 = lim —=
z—0 X |z|—00 T
Let us list some conditions to be used in this paper.
(HO) Assume that the sequence of positive solutions of the equation
m—2
siny/z = Z a;sinm/x
i=1
SAM <A< o< Ay <)\n+1 <....
(H1) 0< Y7 %a; <1, f € C(R,R), f(0) =0, zf(z) > 0 for all z € R\{0}.
(H2) There exist positive integers ng and ny such that

Aong < Bo < Aong4+1s A2n, < B < Aong+1-
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(H3) There exists Cp > 0 such that
2(1 — 2272 ;)5
o) < 202y 0l

m—2 0>
5 — Ei:l Q;1;
for all x with |z| < Cp.
The main result of this paper is the following.

Theorem 2.1. Suppose that (H0)-(H3) hold. Then the m-point boundary-value
problem has at least two sign-changing solutions. Moreover, the m-point
boundary-value problem also has at least two positive solutions and two nega-
tive solutions.

Before giving the proof of Theorem [2.1] we list some preliminary lemmas. Let

E={zeC'0,1]:2(0) =0, z(1) = Z_: oz (ni) }

P={zxeFE:x(t)>0fortecl01]}.

For z € E, let [lz| = |[z[lo + [|2llo, where [[z]lo = maxejo,y |2(t)] and [l2"[o =
maxcpo,1] |2'(t)|. It is easy to show that E is a Banach space with the norm || - ||
and P is a cone of E. Let the operators K, F' and A be defined by
" 1 t
(Ka)(t) = —_2/0 (1= s)a(s)ds —/0 (t — s)a(s)ds

1- Zi:] Q;1];
t m—2 i
- a; (i — s)x(s)ds, t€]0,1], z € E,
l_zizlzaini ; 1/0 ’
(Fz)(t) = f(z(t)) for t € [0,1], z € E and A = KF.
From [I, Lemma 2.3.1], we get the following Lemma.

(2.1)

Lemma 2.2. Let 0 € Q and A: PN Qs P be condensing. Suppose that
Ax # px, Vere PNOQ, u>1.
Then i(A,PNQ,P)=1.
From [2, Corollary 2, p.p.146], we have the following Lemma.

Lemma 2.3. Let Q be a open set in E and 6§ € Q, A : Q — E be completely
continuous. Suppose that

[Az|| < [lzll, Az #x, Vo € 0.
Then deg(I — A,Q,0) = 1.

Remark Obviously, Lemma [2.3| can also be directly obtained by the normality
and homotopic invariance property of Leray-Schauder degree.
The following Lemma can be easily obtained.

Lemma 2.4. Suppose that 211_12 an; < 1. If u € C[0,1], then y € C?[0,1] is a
solution the m-point boundary-value problem

y'(t) +u(t) =0, 0<t<1,

m—2
y(0) =0, y(1) =" cuy(m)
=1
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if and only if y € C[0,1] is a solution of the integral equation y(t) = (Ku)(t),t €
[0,1].

Remark By Lemma we can easily show that A : E — E is a completely
continuous operator.

Lemma 2.5. Suppose that (H1) and (H2) hold. Then the operator A is Fréchet
differentiable at 6 and oo. Moreover, A’'(0) = Go K, and A'(0) = f1 K.

Proof. For any € > 0, by (H2) there exists 6 > 0 such that for any 0 < |z| < ¢,

(z)

22| <,

that is |f(z) — Box| < |z, for all 0 < |x| < §. Then, for any z € E with ||z| < 4,
we have

|[(Az — A0 — BoKz)(t)]
= |(K(Fz — Box)) ()]

L / (1 - 5) max |f(x(s)) — fox(s)|ds

T 1 ZZ12 ;N Jo s€[0,1]

_|_/0 (1 —s) max |f(z(s)) — Box(s)|ds

s€[0,1]
m—2 ni
T s, @ ; — S) max_|f — Box(s)|ds
I_le azm i=1 Z/(; )SE[OI]| (()) 0 ()|
1 1 m—2 ;

= [ m—2 + -+ El 1ma2nz :|Hl'||0€

20 =30 i) 2 201 = 30 aimi)

1

< ———m———lzlle,t €0, 1].

1721 1 il

This implies

|Ax — A0 — BoKzllp < anné‘, x €E, ||| <é. (2.2)

Similarly, we can show that for any = € E, ||z|| < J,

(Az — A0 — BoKz) ()] < —— mel T |zlle, te0,1]
2(1 - Zi:l aini)

and so

3 m— QCKZ ;
I(Az — A6 — oK) lo < ——2A=L Oy e B o <5 (23)
2(1— S0 o)
By (2.2) and (2.3)), we have
||Al‘ — A6 — ﬁoKJ?H = ||Al‘ — A6 — HQKJTHO + ||(A.1? — A6 — 60K.T)/||0
< 5" 2o
21— 2?22 in;)

Az — A9 — K|
1m
ll]| =0 |||

l]le

Consequently,
=0.
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This means that A is Fréchet differentiable at 6, and A’(0) = Gy K.
For each € > 0, by (H2), there exists R > 0 such that
|f(z) = prz| < e|z]
for [z] > R. Let b = max,<p |f(z) — f1z|. Then we have for any z € R,
[f(x) = Bra| < elz] +b.

Consequently,

[(Az — B1 Kz)(t)]

= [(K(Fz = 1)) (t)]

L /Xl—@nwxu<<»—ﬁw@wu

1= 22112 a;n; Jo s€[0,1]

_|_/0 (1 —s) max |f(z(s)) — frx(s)|ds

s€[0,1]
m—2 i
+ «; ; — s) max_ |f(x — Brx(s)|ds
oy 20 ) e 7o) ~ i)
1 1 ™2
< [ + 3+ el +
201 =222 aimi) 201 = X250 aimi)
1
ST(EHZEH-F@, tE[O,l].
1=200 am
This implies
1
L=20m aam
Similarly, we can show that
3— 7272 ;1)
I(Az — BLEz)'lo < 2z O (ellzll+b), zekFE. (2.5)

T 201 - % aam)
By (2.4) and (2.5), we have

[Az — piKz| = Az — Bi1Kzllo + || (Az — B1Kz) |l
5 — 2:2_12 Q1)

< ellz]] + b).
< ST s llel +1)
Consequently,
Az — pux] _
lell—oo ] '
This means that A is Fréchet differentiable at oo, and A’(oc0) = 81 K. The proof is
complete. 0

Lemma 2.6. Suppose that (HO) and (H1) hold. Let 8 be a positive number. Then
the sequence of positive eigenvalues of the operator BK is

B _B B
VIR VR LR

Moreover, the positive eigenvalues )\ﬂ (n=1,2,...) have algebraic multiplicity one.
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Proof. Let A be a positive eigenvalue of the linear operator 3K, and y € E\{0} be
an eigenfunction corresponding to the eigenvalue A\. By Lemma we have

y'(t) + %y(t) =0,0<t<1,

m—2 (26)
y(0)=0, y(1)= Z iy (m;).

The auxiliary equation of the differential equation (2.6|) has roots j:\/gi. Thus the
general solution of (2.6) is of the form

y(t) =C4 cost\@+ Cy sint\/g, te0,1].

Applying the condition y(0) = 0, we obtain that C; = 0, and so the general solution

can be reduce to
y(t) = Cy Sint\/g, te0,1].

Applying the second condition y(1) = Z:’;ﬁ a;y(n;), we obtain that

(1)
B 3
sin Y = ; aisinm\/;.

Since the positive solutions of the equation sin/z = ZZZ_IQ a;sinm;y/x are 0 <

A < A2 < ..., then X is one of the values
B _ B B
N T

and the eigenfunction corresponding to the eigenvalue )\ﬁ is

yn(t) = Csint\/A,, te€][0,1],

where C' is a nonzero constant. By ordinary method, we can show that any two
eigenfunctions corresponding to the same eigenvalue )\ﬂ are merely nonzero constant
multiples of each other. Consequently,

dim ker()\ﬁl — BK) =dimker(I — A\, K) = 1. (2.7
Now we show that
ker(I — A, K) = ker(I — A\, K)%. (2.8)
Obviously, we need to show only that
ker(I — A\, K)? C ker(I — A\, K).

For any y € ker(I — A\, K)?, (I — )\, K)y is an eigenfunction of linear operator SK
corresponding to the eigenvalue /\ﬁ if (I — A, K)y # 0. Then there exists nonzero
constant ~ such that

(I — \K)y =sint\/A,, tel0,1].
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By direct computation, we have
Y’ (t) + Ay = —Apysint/ A\, t€10,1],

m—2
y(0) =0, y(1) =Y ciy(m).
=1

It is easy to see that the general solutions of (2.9) is of the form

y(t)zclcost\/)\nJngsint\/er(’ytmf’Y in 2t\/An) cos tv/An

2 1°
+%c0s2t\/)\nosint An, t€]0,1],

where Cy, Cy are two nonzero constants. Applying the condition y(0) = 0, we
obtain that C; = 0. Since sin\/\,, = Z:r:lz a; sinn;v/ A, then we have

= Cysin /A, + ( n %s' \/> )cos v/ Ap + = 0052\/ -siny/\

-2

a;Co sinn; 7\/7 0s v/ A _2 Z a; sinm; v/ An cos% / A\
i=1

1

3

' M

%
—2

a; oS24/ A\ s1n771\/7n

1

3

+

N

7

(2.10)
and

m—2 m—2

(6% (o7
E aiy(ni) = a;Casinmi/ Ap + E 7 Zm A _ 7 = sin 251/ An) cOS iV A
i=1

; 4
=1
m—2 -
+ ! coS 21m;\/ Ap - sinmi/ Ay
i=1
(2.11)
Since y(1) = 3.7 asy(mi), by 2-10) and (2.11), we have

m—2

cos \/E = Z Q;1); COS m\/ﬂ.
=1

By the Schwarz inequality, we obtain

1 — sin? \/E = (Z g cosni\/)\n)2

m—2

m—2
Z n?) Z o? cos? n; n)

;1712 o m—2

o)) ol Zm Zasm 1V An).

m—2

i=1
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Applying the condition sin /A, = Z:’;z o sinm;v/ A, we obtain

m—2 m—2 m—2 m—2
Z (> o)+ (Z aisingiv/An)? = (D nP)(D of sin® niv/An)
i=1 3 =1 =1
m—2 m—2
an Za 1_ an (2%251112771\/5)
=1 i=1
+ Zalaj smnl\/>sm77j\/>
i#
m]72 m—2 m—2 m—2
2771 a (17(2772 ZO[ +ZOZZC¥J
i=1 i=1 i=1 i=1 i#£]
m—2
a1
=1

which is a contradiction of >\ 12 a; < 1. Thus, holds. It follows from ([2.7))
and (| . ) that the algebraic multiplicity of the elgenvalue )\ﬁ is 1. The proof is
complete. (Il

Lemma 2.7. Suppose that (H0) and (H1) hold and y € P\{0} is a solution of the
boundary-value problem (1.1)). Then y 6]%.

Proof. Since y"(t) = —f(y(t)) < 0 for ¢t € [0,1], then y is a concave function on
[0,1]. For all ¢ € {1,2,...,m — 2}, we have from the concavity of y that

) L= 61y y), v o)

that s y(t)(1 — 1) < (y(1) — y())(t — 1) + y(1)(1 —7:), £ € [0, m]. This together

with the boundary condition y(1) = 2722 a;y(n;) implies

Yl —m) + (1= 3% aq) (1 — 1)
Z?;f ai(1—11)

S il —m) + (1= 7% )

y(t) <y(1)

<y(1) — (2.12)
Zi:12 ai(1—mn;)
1-— ;Tiiz ;)5
()= NIy o,
2icy (1 —m;)
From the concavity of y and this inequality, we have
A Yyim 2= amz
sty < W0y < V00 gy Lo di 0l oy )
m m Yoicy il —mi)m

From this inequality and (2.12]) it follows that

lyllot, te€[0,1].  (2.14)
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Consequently,
v = Jim 10 > Zf"_f;:ibj”ﬁl lolo >
i=1 Qi
Then there exist € > 0 and 7, > 0 such that
y'(t) > 71,Vt € [0,¢]. (2.15)
By , there exists 79 > 0 such that
y(t) > 12, Vte[e1] (2.16)

Let 7 = min{7{,72}. Then by (2.15) and (2.16), we obtain u(t) > 0, t € [0,1]

for any v € E with |lu —y|| < 7. Therefore, B(y,7) C P and y 6}%, where

B(y,7) ={x € E: |l — y|| < 7}. The proof is complete. O
By [I, Lemmas 2.3.7, 2.3.8], we have the following Lemma.

Lemma 2.8. Let A : P — P be completely continuous, Suppose that A is dif-
ferentiable at 6 and oo along P and 1 is not an eigenvalue of A’ (0) and A’ (c0)
corresponding to a positive eigenfunction.

(1) If A’ () has a positive eigenfunction corresponding to an eigenvalue greater
than 1, and AQ = 6. Then there exists T > 0 such that i(A, PNB(6,r), P) =
0 for any 0 <r <.
(2) If A (00) has a positive eigenfunction which corresponds to an eigenvalue
greater than 1. Then there exists ¢ > 0 such that i(A, PN B(A,R),P) =0
for any R > g.
Lemma 2.9. Suppose that (H0O)-(H3) hold. Then
(1) There exists Co > rog > 0 such that for any 0 < r < rg,
i(A,PNB(,r),P)=0, i(A,—PNBO,r),—P)=0
(2) There exists Ry > Cy such that for any R > Ry,
i(A,PNB(0,R),P)=0, i(A,—PNB(6,R),—P)=0.

Proof. We prove only conclusion (1). The same way, conclusion (2) can be proved.
First we claim that K(P) C P and K(—P) C —P. Let € P be fixed and y = K.
Obviously, y € C’l[() 1]. By direct computation, we have

y(1) = - Z 1 Z 772/ (1—s)z(s)ds — i i /07” (n; — s)x(s)ds)

QT =1

i
2— az/ (1 —mn;)sx(s)ds > 0.
1- Zl 1 QT z_:

(2.17)

It follows from Lemma 2.4] that
Y'(t) = —a(t) <0, Vie0,1]. (2.18)
y(0) =0, y(1)="Y_ awy(n) (2.19)

i=1

By (2.18)), we see that y is a concave function on [0,1]. Then the boundary condition
(2.17) and (2.19) mean that y(t) > 0 for ¢t € [0,1]. Therefore, y € P, and so
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K(P) C P, K(—P) C (—P). Since zf(z) > 0 for z € R\{0}, then we see that
A(P) C P and A(—P) C (—P).
It follows from Lemmas and that A’ (6) = BoK, fo/A1 (> 1) is an

0

eigenvalue of the linear operator By K and the eigenfunction corresponding to s

y(t) = C'sinty/ N\, t€][0,1],

where C' is an arbitrary positive constant and A; is the smallest positive solution
of the equation sin \/z = Z:’;f a; sinn;/x. Since

x—0 \/‘%

there exists dp € (0, 1) small enough such that

sin /6o — 327 ay sin i/
Voo

. m—2 . m—2
lim SINVE = D imy CismmiyT L- Z a;n; >0,
1=1

m—2
1
> 1(1 - Z ;1) > 0.
=1
On the other hand,

m—2 m—2
sinvmr2 — E o sinm Va2 = — E a; sinmm < 0.
i=1 i=1

Then, by the intermediate-value principle, A\; € (Jp,72). Consequently,

y(t) = Csint\/A1 >0, t€][0,1].

It follows from Lemma[2.8]that there exists 7o > 0 such that i(4, PNB(¢,r), P) =0
for any 0 <7 < 7.

Similarly, we can show that there exists 7, > 0 such that i(A, —PNB(4,r),—P) =
0 for any 0 < r < 71. Let rg = min{rp, 71 }. Then the conclusion (1) holds and the
the proof is complete. O

From [6] Theorems 21.6, 21.2], we have the following two lemmas.

Lemma 2.10. Let A be a completely continuous operator, let xqg € E be a fixed
point of A and assume that A is defined in a neighborhood of xo and Fréchet
differentiable at xo. If 1 is not an eigenvalue of the linear operator A'(xy), then xg
is an isolated singular point of the completely continuous vector field I — A and for
small enough r > 0

deg( — A, Bzo,r),0) = (—1)F,

where k is the sum of the algebraic multiplicities of the real eigenvalues of A'(xo)
in (1,400).

Lemma 2.11. Let A be a completely continuous operator which is defined on all
E. Assume that 1 is not an eigenvalue of the asymptotic derivative. The completely
continuous vector field I — A is then nonsingular on spheres S, = {z|||z|| = p} of
sufficiently large radius p and

deg(I - A,B(@,p),a) = (_1)ka

where k is the sum of the algebraic multiplicities of the real eigenvalues of A’(c0)
in (1,400).
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3. PROOF OF MAIN THEOREM

Proof of Theorem[2.1 From Lemmal[2.4] a function y is a solution of the boundary-
value problem (1.1]) if and only if y is a fixed point of the operator A. By (H3), we
have for any x € E, ||z| = C,

|(Az)(t)|
1 1 1

< 1 —5s) max ds+/ 1 —s) max ds

— ,1 s [ 09 ma i + [0 3) s ()

i
4+ — 041/ ; — ) max ds
) mas |7(e(5)

2(1 — @7 ;1) 1 1 @720[1'7;

< ( 27;_—12 ) ( m—2 ToT Zl_lm—gn Co
52 i aimi N2(1 =300 T aumg) 201 = 325" cuimi)
2C

< — 55—, telo].

5= Dimy

Therefore,
2C
|Az]lo < — 25— (3.1)
5-20i0 aim
Similarly, we can show that for any z € E, with ||z|| = Cl,
3 — @_2 ;)i
(Ao < 2= 2=t Qi (32)

5= 20" aim
It follows from (3.1) and (3.2) that ||Az|| < Co, for all ||z|| = Cy. Then, by Lemmas
and 2.3] we have

i(A, PN B(6,Cy), P) = 1, (3.3)
i(A,—PNB(6,Cy),—P) =1, (3.4)
deg(I — A, B(0,Cy),0) = 1. (3.5)

By (H2) and Lemma the eigenvalues of the operator A’(0) = ByK which are
large than 1 are

b h B
PYRED VR R P
Therefore, by Lemmas and [2.10] there exists 0 < 7 < rg such that

deg(I — A, B(0,71),0) = (—=1)?" =1. (3.6)
Similarly, by Lemmas [2.6] and we have for some R; > Ry,
deg(I — A, B(6,R,),0) = 1. (3.7)
By Lemma [2.9] we have
i(A, PN B(0,r1),P) =0, (3.8)
i(A,—~PN B(6,r),—P) =0, (3.9)

i(A, PN B(6,Ry),P) =0, (3.10)
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i(A,—PNB(,Ry),—P)=0. (3.11)

Then, by , and , we have
i(A, PN (B(6, R1)\B(0,Cy)),P) =0—1=—1, (3.12)
i(A,PN(B(6,Co)\B(9,71)),P)=1-0=1. (3.13)

Therefore, the operator A has at least two fixed points 21 € PN(B(6, R1)\B(0, Cy))

and z9 € PN (B(0,Cy)\B(0,r1)), respectively. Obviously, 21 and xs are positive
solutions of the boundary-value problem (|1.1J).

Similarly, by (3.4)), (3.9) and (3.11]), we have

i(A,—P N (B8, R)\B(6,Cy)),—P) = —1, (3.14)
i(A,—P N (B(0,Co)\B(@,)), —P) = 1. (3.15)

Therefore, the operator A has at least two fixed points z3 € (—P)N(B(6, Co)\B(0,71))
and x4 € (—P) N (B(6, R1)\B(0,Cp)), respectively. Obviously, zg and x4 are neg-
ative solutions of the boundary-value problem (|1.1)).

Let

S ={zlx = Az,z € PN (B(#, R1)\B(6,Co))}.
It follows from Lemmathat S C 10—7 Therefore, for any = € S, there exists §, > 0
such that B(z,d,) C PN (B(0, R1)\B(0,Cy)). Let Oy = U,cg B(x,62). Then, we
have Oy C PN (B(6, R1)\B(0,Cp)). By (3.12) and the excision property of the
fixed point index, we have

i(A4,01,P) = —1. (3.16)
By the definition of the fixed point index, we have
i(A,01,P) =deg(I — A-r,B(6,R)nr~1(0),0), (3.17)

where r : E — P is an arbitrary retraction and R is a large enough positive number
such that O; C B(6, R). Now, we assume that y* € B(6, R) Nr~1(0O;) such that
y* = A-r(y*). Sincer : E+— Pand A: P+ P, then y* € P, and so y* = ry* € O;.
Therefore, y* € Oy whenever y* € B(6, R)Nr~1(01) is a fixed point of the operator
A -r. Then, by the excision property of the degree we have

deg(I — A-r,B(6, R)Nr~(01),0) = deg(I — A, O, 0). (3.18)
By —, we have
deg(I — A,04,0) = —1. (3.19)

Similarly, by (3.13])-(3.15)), we can show that there exist open sets O, O3 and Oy
such that

Oy € PN (B(9,Co)\B(0, 1)),
O3 € =P N (B(0,Co)\B(0,11)),

0, C —PN(B(#,R1)\B(9,Cy)),
deg(I — A,04,0) =1, (3.20)
deg(I — A,03,0) =1, (3.21)
deg(I — A,04,0) = —1. (3.22)
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It follows from ({3.5)), (3.6)), (3.20) and (3.21) that

deg(I — A, B(8,Co)\(O2UOs3U B(0,71)),0) =1—-1—1—1=-2.

This implies that A has at least one fixed point x5 € B(6,Co)\(O2UO3U B(6,11)).
Similarly, by (33), (3-7), (B-19) and (3.22),

deg(I — A, B(0, R)\(O1 U0 UB(0,C0)),0) =1 —1+1+1=2.

This implies that A has at least one fixed point zg € B(0, R1)\(01UO,UB(6, Cp)).
Obviously, z5 and zg are two distinct sign-changing solutions of the boundary-value
problem (1.1]). The proof is complete. O

By the method used in the proof of Theorem 2.1} it is easy to show the following
four corollaries.

Corollary 3.1. Suppose that (H0), (H1) and (HS3) hold, and that there exists
positive integer ng such that Aan, < Bo < Aang+1. Then the boundary-value problem
(1.1) has at least one sign-changing solution. Moreover, the boundary-value problem
(1.1) has at least one positive solution and one negative solution.

Corollary 3.2. Suppose that (H0), (H1) and (H3) hold, and that there exists
positive integer ny such that Aoy, < B1 < Aan,+1. Then the conclusion of Corollary

[321] holds.

Corollary 3.3. Suppose that (HO) and (H1) hold, By > A1, 1 < M\ (or Bo < A1,
B1 > A1). Then the boundary-value problem (L.1)) has at least one positive solution
and one negative solution.

Corollary 3.4. Suppose that (H0), (H1) and (H3) hold, By > A1, B1 > A1. Then
the boundary-value problem (1.1)) has at least two positive solutions and two negative
solutions.

Remark. In Theorem we show not only the existence of multiple sign-
changing solutions, but also the existence of multiple positive solutions and neg-
ative solutions. Obviously, we can employ this method to show the existence of
sign-changing solutions for other nonlinear boundary-value problems.
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