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MATHEMATICAL MODELS FOR THE TRANSMISSION OF
MALARIA WITH SEASONALITY AND IVERMECTIN

ZHIHONG ZHAO, SHAOCHUN LI, YULAN LU

ABSTRACT. Ivermectin has shown good effects for malaria control in clinical
trial stages because it can kill mosquitoes feeding on recently treated individu-
als. In this article, we formulate and analyze a novel delay malaria transmission
model taking into account seasonality and ivermectin. We show that the dy-
namics of the model is totally determined by the basic reproduction ratio Rp;
that is, malaria will gradually die out if Rg < 1 and will persist if Ry > 1.
Numerically, we verify the obtained theoretical results and evaluate the effect
of ivermectin by related data of Kenya. We find that our simulation of the
impact agrees with the prediction of the existing clinical trials in which it
takes at least 25 years to eliminate malaria from Kenya with malaria control
measures intact.

1. INTRODUCTION

Malaria is an acute febrile disease caused by Plasmodium microorganisms spread
to humans by infected adult female Anopheles mosquitoes. The disease accounts
for 241 million infectious in 87 malaria endemic countries and 627,000 deaths world-
wide, with about 80% of malaria deaths occurring in children under 5 years of age
in 2020 [33]. Moreover, 95% and 96% of malaria cases and deaths occur in Africa.

Mosquitoes as a major vector of malaria transmission have long been of interest
to entomologists. Since the life cycle of mosquitoes is strongly correlated with
season, then the trend toward malaria is most likely to follow the climate pattern
[T, [0]. For instance, warmer temperature, which increases mosquito activity and
lifespan, lead to mosquito bites more frequently. In addition, the temperature
sensitivity of malaria parasites to mosquito hosts has long been established [15] [19].

After a long period of anti-malarial interventions, we found that Plasmodium
falciparum infection prevalence in endemic Africa halved and the incidence of clin-
ical disease fell by 40% between 2000 and 2015. Indoor residual spraying and
insecticide-treated nets, the most widespread intervention, were by far the largest
contributor (68% of cases averted) from 2000 to 2015 [4]. But still below target
levels, there is an urgent need for additional tools to treat and control malaria, with
the development of Plasmodium resistance to insecticides and drugs [20].

Ivermectin is a blocking drug that targets the vector itself, it works primarily
by binding to glutamate-gated chlorine channels in nerve and muscle, leading to
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hyperpolarization, paralysis and death of the invertebrate, including mosquitoes,
and might inhibiting sporozoite development [6] [7]. It is the only avermectin class
of endectocides that is available for human use from 1987 [6], and more than 416.8
million treatments have been distributed for mass drug administrations (MDA) to
eliminate onchocerciasis and lymphatic filariasis in 2020 [16]. Higher doses is well
tolerated in human beings up to 2000 pg/kg. It can be seen that ivermectin has
an excellent safety profile [25]. Several experiments have shown that the mosquito-
cidal effect of 150-200 pg/kg single doses of ivermectin are short-lived around 5-6
days [7]. Three doses of 300 png/kg given over 3 days has a mosquitocidal effect
in humans for 28 days against Anopheles gambiae sensu stricto [25]. It can be
seen through those studies that ivermectin can reduce lifespan of mosquitoes, that
means they are less likely to live long enough to complete sporogony and become in-
fectious. Furthermore, unlike traditional vector control tools (e.g. indoor residual
spraying and long-lasting insecticidal nets), ivermectin can reduce the likelihood
of cross-resistance with existing insecticides [24] [25]. These results indicate that
ivermectin has many attractive qualities as a novel malaria control tool, it targets
mosquitoes regardless of feeding location or time. As mentioned above, we intend to
formulate a mathematical model to investigate the impact of ivermectin on malaria
transmission.

The earliest malaria transmission model was the Ross-McDonald model [21]. On
this basis, extensive research have been developed to study malaria transmission
dynamics including different factors, such as seasonality, time- delay, impact of var-
ious control strategies, spatial effects, stage structure of mosquitoes and humans
and so on, see e.g. [2 [l O] 22| [30] 32] and references therein. Recently, [18] mod-
elled the effect of ivermectin on malaria transmission control by ordinary differential
equations and the results showed that ivermectin was significantly more effective in
malaria control compared to the no-intervention state. In this paper, we formulate
a novel delay malaria transmission model taking into account seasonality and iver-
mectin, use the theoretical approach to analyze our model’s dynamical behavior
and study the long-term effect of ivermectin on malaria transmission experiments
in Kenya. We hope that our work will provide theoretical guidance for the control
of malaria transmission using ivermectin in the future.

The rest of this article is structured as follows. In Section 2, we derive a delay
malaria transmission model with seasonality a and ivermectin, and present some
properties, such as positivity and boundedness of solutions. The basic reproduction
ratio Ry is discussed and use Ry to analyze the threshold dynamics of the model in
Section 3. In Section 4, we demonstrate the validity of our theory by examining the
long- term behavior of malaria transmission in Kenya and present an analysis of
the effect of ivermectin for malaria control. Finally, in Section 5, a brief summary
and discussion are given.

2. MODEL FORMULATION

In this section, we propose a seasonal effect of delay malaria transmission model
taking into account the treatment and ivermectin. First, we denote the total popu-
lation size of humans and mosquitoes by Np,(t) and N, (t), respectively. We classify
the human population into five subclasses: susceptible Sy, (t), exposed Fy(t), infec-
tious Iy (t), treated T, (¢) and recovered Ry (t) (those who recovered through treat-
ment or recovered naturally, of which they were still slightly infectious). Mosquito
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populations are divided into two categories: susceptible S, (t) and infectious I, (t).
Meanwhile, the time Plasmodium in completing its development in the mosquito
and migrate to the salivary glands, known as the external incubation period (EIP).
Let 7 be the length of the EIP. Thus,

Ni(t) = Sp(t) + En(t) + In(t) + Th(t) + Ra(t),

Ny (#) = Su(t) + L, (t — 7). (2.1)

If a susceptible human S}, is bitten by an infectious mosquito, then the human
progresses through the exposed Ej, infectious I,. The infected humans enter the
recovery class Ry, either through natural recovery or treatment. However, recov-
ered humans becomes susceptible after losing immunity. Susceptible mosquitoes S,
become infected when they bite infectious, treated or recovered humans, and once
infected they move into infectious class I,,. Then, the infection rates per susceptible
human is

Ny(t) Ln(t)
Ni(t) No(t)

1, (1)

20 ot

= cB(t)

where c is the probability of a mosquito infecting a human, 8(t) represents the aver-
age number of bites per mosquito at time ¢. By the same idea of model formulation
as in [3], we see that the number of newly occurred infectious mosquitoes at time ¢
is given by

I(t—71)+ o1 Th(t —7) + ooRp(t — 7)
Nh(t — 7')

ba(t — ) Sv(t — T)eftt—r “’"(s)ds’

where b is the probability of a human infecting a mosquito, o is the ratio between
the probability of transmission from a treated person to a susceptible mosquito and
the probability of transmission from an infected person and o5 is the ratio between
the probability of transmission from a recovered person to a susceptible mosquito
and the probability of transmission from an infected person. p,(t) represents nat-
ural mortality rate of mosquitoes.

Mosquitoes leave the total population through natural death and death caused
by ivermectin. Mosquito mortality due to ivermectin is mainly determined by
vaccination rate of ivermectin and the concentration of ivermectin [24]. Clinical
trials investigating have shown that three doses of 300 ug/kg given over 3 days
has a mosquitocidal effect in humans for 28 days against Anopheles gambiae sensu
stricto [25]. Therefore, we suppose that the mosquito mortality due to ivermectin
is a monthly periodic function, which is denoted by d,(t). Let k be the vaccination
rate of ivermectin. Then the mosquito mortality due to ivermectin can be described
as

Following the above assumptions, we obtain the transmission diagram, see Figure

Il
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FIGURE 1. Transmission diagram of malaria among human

and mosquito. Here M; = ¢f I{;;L((tt My = b8t —
)Ih(t T)+0’1’1]:;;h((tt 7;))—‘1—02Rh t T)S (t _ T) ft 7_LLU(S)dZ and M3 _

dy(£)RB(E) + po ().

Accordingly, we obtain the following malaria transmission model with time delay

dSp(t) I,(t)

e Ap + ppRp(t) — dpSp(t) — eB(t) A Sh(t),
dl'“/cﬁ(t) = cB(t) ]{;h((tg) S (8) — duEn(t) — vnEn(t),
dlgt(t) — l/hEh(t) — dhfh(t) — 6hIh(t) _ 'YhIh(t) _ OthIh(t),
dTgt(t) = aplp(t) — dpTh(t) — enTh(2), 02)
dBZLt(t) = I (t) + enTh(t) — dn Ry (t) — puRi(t),
db;;t(t) = Ay (t) — bﬁ(t)%sv(t) — dy ()RB(1) S, (t) — 110(£)Su (L),
di{t(t) =bB(t — 7)%&,(1& — 1) S w9 g kB, (1)

- Mv(t)lv(t)v

where A, (t), B(t), u(t) are positive 12-month periodic continuous function. It is
t
easy to see that e~ Jier i (s)ds g positive 12-month periodic function and H(t) =

I, (t) 4+ 01T (t) + 02 Ri(t). Explicit description of the parameters of model (2.2]) are
given in Table [T}

2.1. Positivity and boundedness of solutions. Let C := C ([-7,0],R7), CT =

C ([-7,0],RY). Define ¢ = 37, [|$ill o, where |||, = max_r<g<o$:(6)] and
¢ = (o1, P2, 3, b4, ¢35, P6, d7) € C. Then, (C,CT) is an ordered Banach space , and
C7 is an internally non-empty normal cone of C. For any given continuous function
u:[-7,04) = R” with o4 > 0, we define u; € C for t > 0 by us() = u(t + 6) for
all 6 € [—,0].
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TABLE 1. Biological description of model (2.2)) parameters.

Parameters Biological significance

Ap Recruitment rate for human population
Oh The probability of moving from recovered to susceptible
dp, Natural death rate for humans
c Transmission probability of malaria from mosquitoes to
susceptible humans
B(t) Biting rate of mosquitoes
vp The transmission rate of humans from the exposed state
to the infectious state
0w Malaria death rate for humans
Vh The probability of natural recovery of infectious humans
rehabilitation
ap The probability of infectious population receiving
treatment
en Probability of recovery by receiving treatment
A, (1) Recruitment rate for mosquitoes population
b Transmission probability of malaria from humans to
susceptible mosquitoes
o1 Ratio between the probability of transmission from a
treated person to a susceptible mosquito and the
probability of transmission from an infected person
1P Ratio between the probability of transmission from a
recovered person to a susceptible mosquito and the
probability of transmission from an infected person
dy(t) Ivermectin-induced mortality of mosquitoes
K Ivermectin vaccination rate
Ly (%) Natural mortality rate of mosquitoes
T The time required for Plasmodium to develop and mature

in mosquitoes

Lemma 2.1. For any ¢ € CT, model (2.2) has a unique non-negative solution
u(t, @) with u(0,¢) = ug = ¢ such that ut(¢) € Ct ont € [0,00), and all solutions
are ultimately bounded.

Proof. For any ¢ = (¢1, p2, 3, P4, 5, P6, 7) € CT, system (2.2)) can be written as

U= f(tv u)a
u(0,¢) = ¢,

where the vector field f(¢,u) is generated by the right side of system . Since
f(t,u) is continuous in (¢,u) € R, x C* and Lipschitz in « on each compact subset
of RxC™, so it then follows from [11, Theorems 2.2.1 and 2.2.3] that model has
a unique solution (¢, ¢) with uy = ¢ on its maximum interval [0,04) of existence.

For any ¢ € CF with ¢;(0) = 0, it is obvious that f;(¢,¢) > 0 for i=1,2,3,4,5,6,7.
By [26, Theorem 5.2.1 and Remark 5.2.1], the unique solution u(¢, ¢) of model
with ug = ¢ satisfies u,(¢) € C for all t € [0, 04).

(2.3)
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From the first equation of (2.1) and model (2.2)), we have

%ht(t) = Ap — dpNp(t) — Opdp(t) < Ap — dp Ny (t),
ds(;t(t) < Ao(t) — du(8)RB(4)S,(t) — 1 (t) S, (1), (2.4)
dr,(¢)

dt < bﬂ(t - T)Sv(t - T) - dv(t)“iﬁ(t)lv(ﬂ - ,U/v(t)lv(t)v

when ¢ € [0,04). Thus, Sy(t), En(t), In(t), Tn(t), Ru(t), Su(t), I,(t) are bounded
on [0,04), which implies that o4 — oo by [II, Theorem 2.3.1].

Note that the linear equation dNTf;(t) = Ap — dp Ny, (t) has a globally stable equi-
librium point N n= 3—:, it follows from the comparison principle that
A Ay,

limsup (Sp(t) + En(t) + In(t) + Tn(t) + Ra(t)) < Nj = 7
t—00 h
This means that Sy, (t), Ex(t), In(t), Th(t), Ry (t) are ultimately bounded. Similarly,
we have S, (t) is ultimately bounded by the second inequation of ([2.4)).
Let
ho_ L
g" =maxg(t) and ¢ =ming(t),

where g(t) is any bounded function on [7,00). From the seventh equation of model
(2.2)), we have

dr, (¢
dt( ) < pghsh (dirB' + ) 1 (8),
Then, I, (t) is ultimately bounded for ¢ > 7. This implies that all solutions of the
model (2.2)) are ultimately bounded. d

3. THRESHOLD DYNAMICS

3.1. Basic reproduction ratios. To deduce the basic reproduction ratio Ry for
the model (2.2]), we need to find the disease-free state of the model (2.2). Let
Eh = Ih = Th = Rh = Iv = 0, we obtain

d5a(t) _ Ay — dpSu(t),
dt

aso (3.1)
(;t = Av(t) - dv(t)"QB(t)Sv(t) - Mv(t)Sv(t)'

Model (3.1)) has a unique positive disease-free periodic solution
Ey = (57,0,0,0,0,0,55(t),0),

where S} = 2:, and

v A(T’)ef(’l’. dv(s)ﬁﬂ(5)+ﬂv(s)dsdrj|

t
* — I do(s)rB(s)+1y(s)ds fO
Si(t) = | /O A(r)els dr o O e

« o~ Jo do(r)RB(r)+pu (r)dr
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Following the basic reproduction ratio theory developed by [34], we first linearize
model (2.2)) at the disease-free periodic solution FEj, then we obtain

db}t(t) = cB(t) L, (t) — aBEy(t),

) 1) — b1, ),

djzllt(t) = anln(t) = T (1), >
de,;(t) — (1) + enTh(t) — dRn (1),

Tt =t TS e e O (01,0,

where @ = dj, + vh, b = dp + 0p + Y + an, ¢ = dp +en, d = dj, + pn, G(t) =
du(ORBL1) + o (0). i -

Let C := C([-7,0],R?) and C* := C([-7,0],R?), then (C,C™) is an ordered
Banach space. Let F: R — £(C,R5) be a map and V(¢) be a 5 x 5 matrix function

on R. For any ¢t € R and ¢ = (é1, ¢2, ¢3, ¢4, #5)T € C, one has

cB(t)¢s(0)
0
F(t)p = 8
bﬁ(t . 7_) Ih(—T)+01T}Lg:7)+U2R}L(—T) S: (t . 7')6_ f:ﬂ_ ty(s)ds

h

and
a 0 0 0 0
—vp b 0 0 0
Viy=| 0 —an & 0 0
0 —Yh —€p CZ O
0 0 0 0 j@

Then the linear system (3.2) can be written as

du(t)

= (PO - V), >0,

where u(t) = (En(t), In(t), Th(t), Rn(t), I, (t))T. The internal evolution of individ-
uals in the infectious compartments is governed by the linear ordinary differential
system:

du

— = =V ({)u(?).

= —V(Bu(t)
Let ®(t,s), t > s, be the evolution matrix of the above linear system. For each
s € R, ®(t, s) satisfies

d®(t, s)

T -V()®(t,s), t>sand D(s,s)=1,
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where [ is the 5 x 5 identity matrix. It then follows that

e~a(t=s) 0 0 0 0
ag e tt=s)  =b(t—s) 0 0 0
D(t,s) = | az1e =) qagpe=Clt=s)  emelt=9) 0 0 ;
a4167d(t75) a4267d(t78) a4367d(t75) efd(tfs) 0
0 0 0 0 e Jia(6)de
where as; = vp(t — ), as1 = %ahz/h(tf 5)%, asy = an(t —s), as = %ahz/heh(t -

s)% + %’yhuh(t —5)%, age = %aheh(t —8)2 +yu(t — s) and a3 = ep(t — ).

Let C,, be the ordered Banach space of all w-periodic continuous functions from
R to R®, and equipped with the maximum norm ||.||o and the positive cone C}" :=
{veC,:v(t) >0,fort € R}. Wesuppose that v(s) € C, is the initial distribution
of infectious individuals in this periodic environment. Then for any given s >
0, F(t — s)vs_s is the distribution of newly infected individuals at time t — s,
which is produced by the infectious individuals who were introduced over the time
interval [t —s — 7,¢ — s]. Then ®(t,t — s)F(t — s)vs—s is the distribution of those
infected individuals who were newly infected at time ¢ —s and remain in the infected
compartments at time ¢. It follows that

/OO B(tt— $)F(t — s)vr_ods = /oo B(t,t— $)F(t — s)o(t — s + )ds
0 0

is the distribution of accumulative new infections at time ¢ produced by all those
infected individuals v(s) introduced at the previous time to t. We define a linear
operator L : C,, — C,, as follows

—+oo
[Lv](t) = / O(t,t —s)F(t—s)v(t—s+-)ds, foranyte R, veC,,
0

where L is called the next infection operator. It then follows from [34] that the
basic reproduction ratio Ry for system is defined as the spectral radius of
operator L, that is Ry = p(L).

For a given t > 0, let P(t) be the solution maps of system (3.2), that is P(¢)¢ =
ve(¢) = v(t, @), where v(t, ¢) is the unique solution of system (3.2) with vg = ¢ € C.
Then P := P(w) is the Poincaré map associated with system (3.2). Let r(P) be
the spectral radius of P. By [34, Theorem 2.1], we have the following result.

Lemma 3.1. Ry — 1 has the same sign as r(P) — 1.

To study the relationship between the global properties of system (3.2) and Ry,
we need to prove the existence of the exponential positive solution of system (3.2]).
For this purpose, we first define a phase space:

Y := R x [C((—T,0),R)]® x R,
YT :=Rx[C((—T,0),R,)]® x R.
Similar to the proof of Lemma we can obtain the following result.

Lemma 3.2. For a ¢ € YT, system (3.2) has a unique non-negative solution
v(t,¢) € YT with vg = ¢ for all t > 0.

For a given ¢t > 0, let P(t) be the solution maps of system (3.2) on Y. The fol-
lowing lemma indicates that that the periodic semi-flow P(t) is eventually strongly
positive.
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Lemma 3.3. For ¢ € Y\ {0}, the solution v(t,¢) with vg = ¢ of system (3.2)
satisfies vi(t,¢) > 0 for allt > 7, i = 1,2,3,4,5 and hence, P(t)¢ > 0 for all
t>T.

Proof. For a given ¢ = (¢1, ¢p2, d3, s, ¢5) € YT\ {0}, let
v(t, @) = (v1(t), va(t), v3(t), va(t), vs(t)).
If v1(0) > 0, by solving system (3.2)), for all ¢ > 0, we obtain

vy (t) = e (vl(O) + /Ot cﬂ(f)v5(f)e&5d§) > e %y (0) > 0,

va(t) = ebt (1}2(0) + /Ot thl(g)ei’gdé') > e_i’t(/ot VRU1 (f)eggdf) > 0.

Similarly, we can obtain in turn

v3(t) = e~ (113(0) + /Ot ahvg(f)eagdf) >0,

va(t) = e " (U4(0) + /Ot (en + ’)’h)vfa(f)@‘igdf) >0,

When t > 7, we find that
vs(t) = e Jo 903, (0)

t
+ e~ Jo 9(8)d¢ / bB(E — 1) Hh(g: 7) SHE—T)e” Jér mo(@)dzg [§ o (2)dag e
0 h

> 0.
That implies

(v1(t),v2(t), v3(t), va(t),v5(t)) > (0,0,0,0,0) for all t > 7. (3.3)
By similar discussion, we obtain (3.3) when v;(0) > 0 for i = 2,3,4,5. Then we
obtain p(t) is strongly positive on Y+ for ¢ > 7. O

Furthermore, Pi= ]5(0.1) is the Poincaré map associated with system . Let
r(fj) be the spectral radius of P. Choose an integer ng > 0 such that now > 7.
By Lemma we see that P = P(ngw) is strongly positive. Following [L1}
Theorem 3.6.1], the linear operator P™ is compact on Y. Since r(P™0) = r(P)"o
and according to the Krein-Rutman theorem, we obtain that r(P) is a simple
eigenvalue and having a strongly positive eigenvector. By [I3 Lemma 3.8], we have

r(P) = r(P). From [35], we have the following result.
Lemma 3.4. Let y= w. Then there exists a positive w-periodic function v*(t)
such that u*(t) = eMv*(t) is a positive solution of linear system (3.2)).
3.2. Equilibrium stability. In this part, we establish a threshold-type result on
the global dynamics of model (2.2)) in terms of Ry. Let
X = C([_Ta 0]7 Rj-)v
Xo:={d€ X :¢;0)>0foranyiec?23,4,57}

90X := X\Xo = {¢ € X : ¢2(0)$3(0)04(0)¢5(0)$7(0) = 0},
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where ¢ = (¢1, @2, 3, da, O35, D6, 7).

Theorem 3.5. If Rg > 1, then model exists a positive w -periodic solution,
and there exist a positive real number n > 0 such that the solution (Sk(t), En(t),
Ih(t),Th(t),Rh(t),sv(t),lv(t)) € X with Sh(O) > O,Eh(O) > O,Ih(O) > O,Th(O) >
0, R,(0) > 0,5,(0) > 0,1,(0) > 0 satisfies

lim inf (£ (t), In (t), Th (8), Bn (1), L(2)) = (1, 7,7, 1,7)-

Proof. Let Q(t) : X — X be the solution maps of model , that is Q(t)¢ =
u(t, ¢) = us(¢), t > 0, where u(t, @) is the unique solution of the model with
ug = ¢ € X. Then @ := Q(w) is the Poincaré map associated with model ,
and Q" = Q(nw). It is easy to find that Q(¢) (Xo) C Xy for all t > 0. Now, we
prove that Q(t) is uniformly persistent with respect to (Xo, 9Xp).

Let My = (S55,0,0,0,0,5%,0), where S%,(0) = S%(0) for 6 € [—7,0]. Then
Q(t)My = M, for all t > 0. Since limg_, s, ||Q(t) — Q(¢)M7|| = 0 uniformly for
t € [0,w], for any given € > 0, there exists a positive real number § = §(¢) such
that for any ¢ satisfying ||¢ — M;]|| < &, we have

Q)¢ — Q(t)M]| <e, forte[0,w].

We proceed with the following two claims.

Claim 1. limsup,,_, . [|Q"(¢) — M1]|| > ¢ for all ¢ € Xy. Suppose by contradiction
that limsup,, . [|Q™(¢)) — M1]| < 6 for some ¢ € Xy. Then, there exists an integer
N > 1 such that||@Q™ () — Mi|| < § for all n > N. For any ¢t > Nw, letting
t =nw+t withn > N and ¢ € [0,w), we have

1Q()Y — Q)M = Q) (Q"(¥)) — Q') M| <.
Then for all ¢ > Nw,
Sp—e < Sp(t, ) <Sp+e, Sp(t)—e < S,(t, ) < Si(t) +e,
0 < En(t, ), In(t, o), Th(t, ), Ru(t,v), L,(t,¥) < e.

We also have the inequalities

Sh(t, ) S Sp—e _ {— 6e and Sy (t, 1) S Sx(t) —e
Nu(t,9) = S+ be S; + 5e Nu(t, ) = S; +5e
Then from model , for t > Nw + 7, we have
dEh(t) 6e
AT = _
ot cB(t) <1 St 55> L,(t) — (dn + vn) En(t),
dIy(t
gt( ) = l/hEh(t) — (dh + 6y, + Yn + Oéh) Ih(t)7
dTn(t)
e apdp(t) — (dn + en)Th(t), (3.4)
dRy,(t
dht( ) Ynln(t) + enTh(t) — (dn — m) R (t),
drI, (t) H(t—1) —fi me(s)d
> _ * _ _ t—r Mo (S Z
ran= ba(t 7)75; The (Si(t—7)—¢e)e

— (do()RB(E) + po () Ly (2).
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Let P. be the solution map of the perturbed linear periodic system

dE;t(t) = cB(t) (1 - S;Gj 55) I,(t) — (dp + vp)En(t),
dfgt(t) = vpEn(t) — (dp + 0n + v + an) In(t),

d%(t = aplp(t) — (dn +en)Th(t),

dRht(t = I (t) + enTh(t) — (dy, +m)R(t),

dfgt(t) = bB(t - T)Iw(sm C ) = e)em Jir o)

- (dv(t)"{ﬁ(t) + oy (t))Iv(t)v
with P, := P.(w). Since Rg > 1, lim,_,g+ 7(P:) = r(P) > 1, there exists a suf-
ficiently small ¢ > 0 such that e < min{min¢jo.95;(t),S;} and r(P.) > 1. By
Lemma there is a positive w-periodic function v¥(¢) such that v.(t) = e v} (t)
is a solution of above perturbed linear periodic system, where A = Inr(Pe) - .
Then we have 7.(t) — 400 as t — +o0o. And because of the system (3.4]), the
comparison principle implies that

tILI&(Eh(tv T/)), Ih(t» ,‘/}), Th(tv 1/))7 Rh(tv w)v Ih(ta 7/1)) = (007 00, 00, 00, 0, OO);

which leads to a contradiction.

By claim 1 above, we can see that M; is an isolated invariant set for @ in X,
and W*(M;) N Xo = 0, where W*(Mj) is the stable set of M; for Q.
Claim 2. My = {¢ € 0Xy: ¢;(0) =0, i = 2,3,4,5,7}, where My := {¢ € 0Xp :
Q" (p) € 0Xp,for n > 0}. Clearly, it suffices to prove that for any ¢ € Mp,

(Eh(t7 90)7 Ih(t7 90)7 Th(tv (»0)7 Rh(tﬂ 90)7 Ih(tv @)) = (07 0,0,0, 0)
holds for all ¢ > 0. Suppose not, then there exists some to > 0 such that Ey(tg, ) >
0 or In(to, ) > 0 or Th(to, ) > 0 or Ry (to, ) > 0 or L,(to, ) > 0.
Assuming that E},(tg,¢) > 0, then by the second equation of the model (2.2)) we
know that % > —(dp, + v)ER(t) and

En(t, p) > Ep(to, p)eldntvm)to=t) 5 0 for ¢ > t,.
Following the third equation of the model (2.2)) we know that

¢
In(t, @) > / UnEp (s, p)es Ddntontmntan)qs > 0, for all t > tg.
to

By the same argument, T),(¢,) > 0 and Rp(t, ) > 0 for any ¢ > to. Similar, it is
easy to see that

t
H(s— s s
L(t.¢) > / bB(s — ) 0 Z TP g (s p)edin Mz (B Nz > o,
to Nh(s — T)

when t > tg + 7, where Np(s —7) = Sp(s = 7,0) + En(s — 7,0) + In(s — 7,0) +
Th(s -7, 80) + Rh(S -7, QO) Thus7 (Eh(t7 @)7 Ih(tv @)7Th(t7 QO)?Rh(t? ¢)7Ih(t’ (p)) >
(0,0,0,0,0) for all t > ¢ty + 7. Then we can find some n > 0 with nw > ¢y + 7 such
that

(En(nw, @), In(nw, @), Tn(nw, @), B (nw, @), In(nw, ¢)) ¢ Mo
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for all t > ty + 7, which is a contradiction.

Similarly, when I;,(0) > 0 or T3(0) > 0 or Rp(0) > 0 or ,(0) > 0, we can obtain
the same contradiction. Therefore, Claim 2 is proved. Moreover, from system
(3:1), we have Sy (t,¢) — Sj;, Su(t, ) — S;(t) as t — oo, i.e., Q"(¢) — M;. Thus,
cupypem,w () = {M;}. That means M; cannot form a cycle in 9Xj.

By Claims 1 and 2 and the acyclicity theorem on uniform persistence for maps
[35, Theorem 1.3.1 and Remark 1.3.1], it follows that @ : X — X is uniformly
persistent with respect to (X, 9Xp).

We can prove the practical uniform persistence, that is, there exists an n > 0
such that

lim inf min(Eh(tv (,25), Ih (ta ¢)7 Th (ta ¢)5 Rh (ta ¢)a Iv (ta (b)) = lim Hlfp(Q(ﬂd’) > 7,

t—o0 t—o0

for all ¢ € Xy. The proof is quite standard, a more detailed display of a similar
reasoning can be found in [12]. O

Theorem 3.6. If Ry < 1 and §;, = 0, the disease-free periodic solution Fy is
globally attractive for model (2.2]) in X.

Proof. In view of model (2.2) and (3.1]), there exists a sufficiently large integer
n > 0 with nw > 7 and a such that

& _

Nh(t)ZN;';—ezd —€, Sy(t) <Si(t)+e forallt>nw—r.
h

Therefore, for all ¢ > nw, we have

dEL(t) < cB(t)I,(t) — (dn + vi) En(t),
dt
dlgt(t) = vnEp(t) = (dn +yn + o) In(t),
dz;i{t(t) _ OéhIh(t) _ (dh + eh)Th(t),
YD) o 1u(0)+ enTi(t) = (ds + m)RA)
djst(t) < b(t - T)hjr\%_—?(s;“(t — 7)) ()

- (dv(t)ﬁﬁ(t) + Mv(t))lv(t)'
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Let P. be the Poincaré map of the auxiliary system

dEO{;(t) — B (1) — (dn + ) En(D).
O e B(t) — -+ 0+ ) ),
dTh(t ~
R0 = aplp(t) — (dn + en)Th(t), (3.5)
dpzlt( =y I (t) + enTh(t) — (dn, +m)Rp(t),
Al (t) H(t—7) — [t o (s)ds
5 = bel - T)W(sv(t —7) + e)e Jir (9

— (do(t)rB(t) + .uv(t))fv(t)'

Since lim,_,¢ r(P.) = r(P) < 1, we fix a sufficiently small € € (0, N}) and r(P.) < 1.
In a similar manner, there is a positive w-periodic function v} (t) such that o.(t) =
eMu?(t) is a positive solution of (3.F]), where A = % < 0.

Assuming that Ef = (En(t, ), In(t, ), Tr(t, ), Ry (t,v), In(t, 1)) is a positive
w-periodic solution of system . we can choose a sufficiently large constant
K > 0 such that Ef < K7.(t) for all t € [nw, nw+ 7]. It follows from [26, Theorem
5.1.1], we can get Ef < Kv.(t), for allt > nw + 7. Thus, we have lim E* =

t—o0
(En(t), In(t), Tn(t), Rn(t), I,(t)) = (0,0,0,0,0) when Ry < 1. Meanwhile, we can
obtain the following limit system for model (2.2)):

dSh ()

7 = An = dnSu(t),
di}t(t) = Ay (t) = dy(t)RB(1) Sy (1) — 1o (8) S, (t).

Because S} is globally asymptotically stable and S} (t) is globally attractive, we
have

Jim (Su(t), En(t), In(t), Tu(t), Ru(t), Su(t), I(t)) = (S, 0,0,0,0,0,S5(t),0)

by the chain transitive sets arguments [35, Theorem 1.2.1]. O

4. STUDY CASE

In this section, based on malaria data and clinical trial data of ivermectin in
malaria transmission control from Kenya, we estimate the values of parameters
related to malaria and invermectin-induced mortality of mosquitoes d,(t), Then,
the numerical fitted curve of malaria transmission cases is shown in Figure [3] and
[ Sensitivity analysis of the ivermectin vaccination rate £ and mosquito bite rate
B(t), and analysis of the effect of ivermectin vaccination rate, number of and timing
between vaccine intervention rounds on malaria transmission control are given in
Figure [7] and Figure [T1] respectively.

4.1. Parameter estimation. According to the information provided by World
Health Organization [28], the total population of Kenya in 2013 is Nj, = 45519986
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and the average life expectancy of humans is 63.419 years. Thus, the human natural
death rate d;, can be calculated as follows :

B 1

T 63.419 x 12
The recruitment rate Ay, is:

Ay, = dj, x 45519986 ~ 59813 Humans x Month~*.

The values of constant parameters for system that do not heavily depend on
temperature are listed in Tablefrom [8, [T4] 23], 27]. Next, we evaluate the periodic
parameters p(t) and 8(t) in system by using the monthly mean temperature
data from 2002 to 2020 from [29], which is shown in Table

dp, ~ 0.0013 Month~!.

TABLE 2. Parameter values.

parameters Values Dimension Sources
Ap 59175 Humans See text
Oh 0.01672 Month ™! 8, 14
dp, 0.0013 Month ™! See text
c 0.01 Dimensionless 8]

B(t) To be evaluated Month ™! See text
vh 3.344 Month ™! 8]
on 0.002736 Month™* [8]

o 0.53 Dimensionless 23]
en 0.85 Dimensionless 217
Y 0.13984 Month ™! 8]

Ay (%) To be evaluated Month™* See text
b 0.2 Dimensionless  [8] [14]
o1 0.5 Dimensionless Assumed
o9 0.1 Dimensionless Assumed

iy (1) To be evaluated Month™* See text

dy(t) To be evaluated Dimensionless Assumed
K [0,1] Dimensionless Assumed
T 9/30.4 Dimensionless 8]

TABLE 3. Monthly mean temperature of Kenya (in °C).

Month Jan. Feb. Mar. Apr. May Jun.
Temperature 25.50 26.28 26.74 26.11 25.05 24.06
Month Jul. Aug. Sep. Oct. Nov. Dec.
Temperature 23.44 23.83 24.59 2537 25.08 25.03

It follows from [I4] that the temperature dependent mosquito biting rate can be
expressed as:

B(C)
B 30.4
~ 107.204 — 13.3523C + 0.677509C2 — 0.0159732C3 + 0.000144876C*

Month~*
(4.1)
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where C represents temperature in °C. Substituting the temperatures in Table [3]
into (4.1)), the biting rate of mosquitoes can be approximated by

B(t) = 7.989 + 0.4487 cos(rt /6) + 0.7684 sin(nt/6) — 0.4603 cos(2t/6)
— 0.2658 sin(27t/6) — 0.09456 cos(37t/6) — 0.03793 sin(37t/6)
+0.01472 cos(4nt/6) + 0.02339 sin(4nt/6) + 0.004283 cos(57t/6)
+ 0.05418 sin(57t/6) Month™*.

Similarly, the temperature-dependent death rate of adult mosquitoes is given by
14},

C—278°K
_ - )

110 (C) = 30.4 + 29.564¢(~ 7055 ) Month™'. (4.2)
Then the death rate of adult mosquitoes can be fitted as

1o () = 3.058 — 0.004607 cos(t/6) — 0.005952 sin(t/6) + 0.003278 cos(27t /6)
+ 0.003186 sin (27t /6) + 0.0008082 cos (37t /6) — 0.0008577 sin (37t /6)
— 0.0001089 cos(47t/6) — 000007509 sin(47t/6) + 0.0001428 cos(57t/6)
— 0.0003749 sin(57t/6) Month™*.

To estimate the maturation function of the mosquito, we suppose that the egg
deposition rate is a linear function of the biting rate [14],

Ay (t) =5 x B(t) x N, Mosquitoes x Month ™",

In 2018, [25] studied safety and mosquitocidal efficacy of high-dose ivermectin
in Kenya adults. They found ivermectin 300 pug/kg per day for 3 days provided a
good balance between efficacy and tolerability, and reduced mosquito survival for
at least 28 days after treatment. It can be seen that this drug shows promise as a
potential new tool for malaria elimination. By fitting the data of mosquito survival
post treatment in [25], we obtain the ivermectin-induced mortality of mosquitoes
on post-treatment days 0,2 + 4h, 7,10, 14, 21 and 28, see Table [4]

TABLE 4. Ivermectin-induced mortality of mosquitoes.

Ivermectin test times (Day) 2+4h 7 10 14 21 28
Drug-induced mortality 0.7817 0.6782 0.4364 0.3156 0.1479 0.1105

And we can get the following fitted function for the mortality rate of mosquito

(see Figure
dy(t) = 0.9668¢~0-07611,

o o )
= > ® -
T T T
*
I I I

The mortality rate of mosquito
o
~
T
|

I I I
10 15 20 25 30
Time (Day)

)

o
o

FIGURE 2. Ivermectin-induced mortality of mosquitoes.
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4.2. Model validation. From [I7], We can get data on the monthly malaria cases
generated in Kenya from January 2013 to December 2020. From Figure (3] the
monthly reported numbers of malaria has pronounced seasonality in Kenya. Based
on the estimated parameter values above and the initial values: S5 (0) = 34850000,
En(0) = 13960, I(0) = 359300, Tx(0) = 517200, R,(0) = 12889000, S,(0) =
247100000, 1,(0) = 1236000, we fit the Kenyan malaria cases by model (2.2)). The
reported data, the third-order Fourier fitted function for these data and the simu-
lation result in Kenya from January 2013 to December 2015 are shown in Figure

x10°
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

* Monthly Reported Cases
- - -Monthly Reported Case Fit Curves
——Model prediction curve

@
T

Malaria Cases
a o~
T

>

NN

ok 4

T Y Y Y Y
Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct
Month

F1GURE 3. Comparison between the reported malaria cases from
2013 to 2015 and the simulation cases form model (2.2)).

The numbers of malaria in the future several years in Kenya is shown in Figure
M with no further effective control measure is taken and the initial values:

S5, (0) = 37930000, E,(0) = 53770, I, (0) = 415200, T}, (0) = 817200,
R;,(0) = 8820000, S,,(0) = 246300000, I,,(0) = 1597000.

s x10°

T
* Monthly Reported Cases
- - -Monthly Reported Case Fit Curves
—Model prediction curve

~
T

Malaria Cases
~ o =
T
I

w

1 1 1
2017 2018 2019 2020 2021 2022 2023
Time (Year)

FIGURE 4. Malaria development trend by forecasting model (2.2)).

4.3. Long-term behavior. In this subsection, we verify of the theoretical results
by computing the basic reproduction Ry and simulating the long-term behavior of
the model under the same set of parameter values as Figure and initial values
Assuming that vaccination rate x = 0.2, we can obtain Ry = 1.0691 > 1, and
the images of I, and I, are shown in Figure[5| In this case, the disease persists and
eventually shows stable periodical fluctuations. If vaccination rate is increased to
k = 0.7, then Ry = 0.7487 < 1. In this case, the long-term behavior of infectious
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mosquitoes and humans are shown in Figure [6 which implies that malaria will
eventually die out. These simulations are consistent with the results of Theorem

B3 and Theorem [3.61

x10° x10°

w

IS
ook N W O

w
N}

N
N

Infectious humans
Infectious mosquitoes

-
o

o
o

100 200 300 400 500 100 200 300 400 500
Time (Month) Time (Month)

(a) (b)

FIGURE 5. Long-term behaviors of the infectious compartments in
model (2.2]) when Ry = 1.0691.
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FIGURE 6. Long-term behaviors of the infectious compartments in
model (2.2) when Ry = 0.7487.

o

4.4. Sensitivity analysis of Ry. To explore the effectiveness of ivermectin vaccine
in the control of malaria, it is important to analyze the relationship between some
parameters of model and Ry. We mainly consider the effect of ivermectin
vaccination rate £ and mosquito bite rate §(t) on Ry. We use the parameter values
in Table [2| and the initial values .

Firstly, we discuss the effect of ivermectin vaccination rate x on Ry. By keeping
the other parameter values the same as those in Table [2| we observe that Ry is a
decreasing function of x and Ry < 1 when x > 0.2837 (see Figure Eh) Therefore,
increasing the ivermectin vaccination rate can be an effective way to control malaria
transmission.

Then, to simulate the effect of the bite rate 3(¢) on Ry, we make x = 0 and
replace B(t) with B(t) = (1 — q)5(t), where ¢ can be considered as the efficiency of
people’s reduced mosquito bites. Under other parameter values the same as those
in Table [2] we observe that Ry is a decreasing function of ¢ and Ry < 1 when
q > 0.1570 (see Figure mb) That means malaria transmission gradually decreases
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and will eventually disappear completely by controlling the rate of mosquito bites.
Figure [§] gives the graph of Ry as a function of the parameters x and ¢. It can be
seen that increasing the values of k and ¢ is helpful for reducing Ry.

1.4

(a) (b)

FIGURE 7. Sensitivity analysis of Ry. a Relationship between Ry
and k. b Relationship between Ry and gq.

0
0 01
1 02
03 04 05 06 0.7 o8
. 809 1 1
. K

s 04 03 02 o1 O

oo 08 07 06 0.

F1cURE 8. Influence of k and ¢ on Ry.

4.5. Analysis of the effect of ivermectin. In this section, we explore the effect
of ivermectin on malaria transmission in various regimens of use by model .
We mainly discuss the effect of ivermectin vaccination rate, number of and timing
between vaccine intervention rounds on malaria transmission control.

Figure [9] shows the effect of different ivermectin vaccination rate & on Ij, and I,
by 1 month apart of vaccine intervention. We find that the higher value of x is, the
lower level I, and I, can be reduced to, and when x = 1, malaria disappears after
only about 300 months.

Since malaria transmission is seasonal in some areas, adjusting the frequency of
administration in line with the malaria transmission season could have an effect
on malaria transmission [24]. In addition, seasonal vaccine intervention is easier
to administer and also effect in reducing malaria outbreaks. We consider four
ivermectin regimens: 3 rounds given 1 month apart, 3 rounds given 2 month apart,
3 rounds given 3 month apart and 4 rounds given 1 month apart (three consecutive
daily doses of 300 pg/kg per day) and ivermectin vaccination rate x = 0.7. As shown
in Figure [I0} ivermectin has a significant effect on malaria transmission season,
the effect of continuous vaccines interventions is greater than that of intermittent
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F1cUre 9. Different x correspond to different infection humans.

vaccines interventions and increases in the vaccines interventions frequency could
reduce malaria transmission season. As Kenya is a seasonal malaria transmission
country, Figure [I0] also shows that the interventions will still have an impact in
year 2 and the impact trend is similar to Figure 3.8 in the Appendix of [24] (with
different doses of the drug).

x10°

10

No Ivermectin
- - ~Three rounds of ivermectin 1 month apart
8 -==Three rounds of ivermectin 2 month apart ||
Three rounds of ivermectin 3 month apart
~—— Four rounds of ivermectin 1 month apart
— Continuous use of ivermectin 1 month apart

Infectious humans

0 5 10 15 20
Time (Month)

F1Gure 10. Impact of different ivermectin regimens on malaria control.

Using the four ivermectin regimens above, we simulate the long-term behaviors
of the infectious humans in Figure We observe that the higher frequency of
vaccines interventions is, the lower level I, (¢) can be reduced to.

12 %10 :

No Ivermectin
- - -Three rounds of ivermectin 1 month apart
-+ Three rounds of ivermectin 2 month apart ||
Three rounds of ivermectin 3 month apart
~— Four rounds of ivermectin 1 month apart
— Continuous use of ivermectin 1 month apart|

0+

Infectious humans
£
T
|

n I
0 50 100 150 200 250 300 350 400 450 500
Time (Month)

FIGURE 11. Long-term impact of different ivermectin regimens
on malaria control.
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5. DISCUSSION

Ivermectin is the only drug in the avermectin class of endectocides that is avail-
able for human use. It can reduce lifespan of mosquitoes, and also causes sec-
ondary behavioural and reproductive disturbances that could affect mosquito sur-
vival. Based on the experiment results obtained [6l [7, [25], we developed a delay
malaria transmission model incorporating seasonality and ivermectin. The basic
reproduction ratio Ry is derived by the theory developed in [34]. By appealing to
the theory of persistence of dynamical systems and the theory of chain transitive
sets, we obtained Ry is the threshold parameter for the extinction and persistence
of malaria. That is, if Ry < 1, then infective compartments approach zero even-
tually; if Ryp > 1, then malaria will persist. Numerically, we have estimated all
constant and periodic parameters from some published data and studied malaria
transmission in Kenya. We verified our theoretical results by simulating the long-
term behavior of the solution. By showing a graph of how R varies with ivermectin
vaccination rate and bite rate, we found that it is possible to eliminate malaria from
Kenya when we combined ivermectin with tools to control bite rates. Furthermore,
it takes at least 25 years to eliminate malaria from Kenya with malaria control
measures intact (see Figure E[) We also simulated four ivermectin regimens and
found that the higher the dosing frequency is, the lower level I} (t) can be decreased
to. Furthermore, our simulation of the effect in year 2 is similar to [24]. Thus, the
model is more realistic for the control of malaria transmission.

From the above analysis, we found that ivermectin may be effective in a malaria
transmission seasonal. At present, there are many ivermectin-related clinical trials
being conducted, for example: one in Guinea-Bissau, one in Thailand and a mul-
tisite study in Mozambique and Tanzania [24]. We expected to study the effect of
ivermectin by constructing a reasonable mathematical model with these relevant
clinical and entomological data, and combining with different transmission settings,
different malaria vectors, and different control measures in the future.
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