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DYNAMIC BEHAVIOR OF A STOCHASTIC SIR EPIDEMIC
MODEL WITH VERTICAL TRANSMISSION

XIAO-BING ZHANG, SU-QIN CHANG, HAI-FENG HUO

ABSTRACT. This article concerns the dynamic behavior of a stochastic SIR
epidemic model with vertical transmission. We present sufficient conditions
which can determine the extinction and persistence in mean of the epidemic.
Also we discuss the asymptotic behavior of the stochastic model around the
endemic equilibrium of the corresponding model. Moreover, sufficient condi-
tions for the existence of stationary distribution are established. The results
are illustrated by numerical simulations.

1. INTRODUCTION

The SIR epidemic models is one of the most important epidemic models, which
was first proposed by Kermack and Mckendrick [I7], and has been extended in
many ways according to the different infection characteristics and control methods
(see [T1, 2 14, 26] [38], 40, 4] and the references therein). For many infectious dis-
eases in nature, there are both horizontal and vertical transmission. These include
such human diseases as rubella, herpes simplex, hepatitis B, Chagas disease and
AIDS (see [21], 4] and the references therein). For human and animal diseases,
horizontal transmission typically occurs through direct or indirect physical contact
with infectious hosts, or through disease vectors such as mosquitos, ticks, or other
biting insects. Vertical transmission is defined as the infection of newborns by
their mother. For instance, vertical transmission is the main cause of HIV infec-
tion in children. Recently, the studies of epidemic models incorporating vertical
transmission have become one of the important topic in the mathematical theory
of epidemiology (see [3, 4 [5] [6 @, [T0] 12, 18], 25 BT, B3] [36l, B9] and the references
therein). For example, Busenberg and Cooke [4] constructed and analyzed vari-
ous compartmental models with vertical transmission to gain insight on the role of
vertical transmission in disease epidemics.

In classical SIR model, the population is divided into the susceptible S, the
infective I, and the removed R. When there is vertical transmission, the newborns
of the infectious may be susceptible or infectious. Ma et al. [27] introduced vertical
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transmission to SIR model and established the model

%(:t) = b(1 —m)(S(t) + R(t)) — BS(4)I(¢) + pbrI(t) — dS(1),
%(tt) = BS(t)I(t) + qbrI(t) — dI(t) —yI(t), (1.1)
d%t) =7I(t) — dR(t) + mb(S(t) + R(t)),

where b represents the birth rate of S and R, d denotes the death rate of S and R, by
represents the birth rate of I, d; denotes the death rate of I, 8 denotes the average
number of adequate contacts with susceptible for an infective individual per unit
time, v denotes the recovery rate from I to R, p stands for the probability that a
child who is born from infectious mother is susceptible, ¢ stands for the probability
that a child who is born from infectious mother is infected, m denotes a fraction of
vaccinated for newborns of S, R. Besides, all value are assumed to be nonnegative
and 0 <m < 1, p+ g = 1. Obviously, when p = 1, that is, ¢ = 0, there exists only
horizontal transmission. Moreover, they assumed that the birth rate and the death
rate are equal, namely b = d and b; = d;. This implies that the population size
N = S+ 1+ R is constant, denoted N = 1. Under these assumptions, system
becomes the system

ds(t
% =b(1—m)(1—1I)—BSI+pbrI —bS,
1.2
O "
a por 7L
For system (|1.2), the basic reproduction number is Ry = 8 Ifbll_;:). It has a

disease-free equilibrium Ey = (1 — m,0) and endemic equilibrium E, = (5*, I*),
where S* = 1;{—;", I = %. When Ry < 1, the disease-free equilibrium
Ey is globally asymptotically stable, and therefore, the disease will die out in the
end. When Ry > 1, Ej is unstable and the endemic equilibrium FE, is globally
asymptotically stable, namely, the disease will prevail in population. These results
of system were investigated in [27].

In the real world, epidemic models are always affected by the environmental
noise [28]. Thus, it is necessary to study how the environmental white noise affects
dynamic behavior of the epidemic model. To this end, many stochastic models have
been established (see [7], [8, M1, 05 221 23] 241 [30, 32, B4 35, B7, 42| [43] and the
references therein).

In this article, we assume that the transmission coefficient 8 is disturbed by
environmental noise. In this case, we replace Sdt with Sdt + odB(t) as [7, [I1],
where B(t) is a standard Brownian motion with intensity o > 0. Then, we obtain
the stochastic version of system ,

dS(t) =1 —m)(1—1I)—BSI+ pbrI —bS]dt — cSIdB(t),

dI(t) = [BSI — pbrI — ~I]|dt + 0 SIdB(t).
This article is organized as follows. In section 2, we prove that there is a unique
global positive solution of system (|1.3)). In section 3, we establish sufficient condition
for the disease to die out. The condition for the disease being persistent in mean

is given in Section 4. In section 5, we discuss asymptotic behavior of system (|1.3))
around the endemic equilibrium (S*, I'*) of the corresponding deterministic system

(1.3)
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(L.2). In section 6, we show that there exists a unique stationary distribution for
system . Finally, some conclusions are presented.

Throughout this paper, unless otherwise specified, we let (Q, F, {F}1>0,P) be a
complete probability space with a filtration {F};>¢ satisfying the usual conditions
(i.e. it is increasing and right continuous while Fy contains all P-null sets) and we
let B(t) be a scalar Brownian motion defined on the probability space. We denote
aVb=max(a,b), a Ab=min(a,b) and R} = {z € R" : 2; >0 for 1 <i <n}.

In general, the d-dimensional stochastic system is

dX(t) = f(t, X (t))dt + g(t, X (t))dWs, (1.4)

where f(t,z) is an function in R? defined on [tg, oc] x R%, and g(¢,) is an d x m
matrix, f, g are locally Lipschitz functions in x, and W; is an m-dimensional
standard Wiener process defined on the above probability space.

We denote by C*(R? x [tg,o0];R;) the family of all nonnegative functions
V(z,t) defined on R? x [tg, o] such that they are continuously twice differentiable
in z and once in ¢t. The differential operator L of is defined [28] by

2. Zfl 23 Z_ Date gl 09
If L acts on a function V € C*(R? x [to_, 00]; R, ), then
LV (z,t) = Vi(z,t) + Ve(x, t) f(z,t) + %trace[gT(a:,t)Vmg(x,t)],
where Vi(x,t) = ¥V (x,t) = (25,..., %) V,, = (%)dxd. By It6’s formula,

at ’ aml’ ? 81d
if 2(t) € R, then dV (x,t) = LV (z,t)dt + Vi(z,t)g(z, t)dW;.

2. EXISTENCE OF UNIQUENESS OF POSITIVE SOLUTION

For a stochastic differential equation to have a unique global solution (i.e. no
explosion in a finite time) for any initial value, the coefficients of the equation
are generally required to satisfy the linear growth condition and local Lipschitz
condition [28]. However, the coefficients of system do not satisfy the linear
growth condition, though they are locally Lipschitz continuous, so the solution of
system may explode at a finite time. It is therefore necessary to prove the
solution of system is positive and global.

Theorem 2.1. For any given initial value (S(0),1(0)) € R%, system has a
unique global positive solution (S(t),1(t)) € RL for all t > 0 with probability one,
namely

P{(S(t),I(t)) € R Vt>0}=1.

Proof. Obviously, the coefficients of system are locally Lipschitz continuous.
It is known that for any given initial value (S(0),1(0)) € R2, there is a unique local
solution (S(¢),I(t)) ont € [0, 7.), where 7 is the explosion time [28]. Let kg > 1 be
sufficiently large such that S(0) and I(0) all lie within the interval [1/kq, ko]. For
each integer k > 0, define the stopping time

T = inf{t € [0, 7¢) : min{S(¢), [(t)} < — or max{S(t),I(t)} > k},

where throughout this paper we set inf ) = oo (as usual () denotes the empty set).
Apparently, 74 is increasing as k — 00. Set 7o, = limy_, o Tk, when 7o, < 7. a.s. If
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we can show that 7., = oo a.s., then 7, = co and (S(t),I(t)) € R% a.s. for all t > 0.
In other words, to complete the proof all we need to show is that 7., = oo a.s. If
this statement is false, then there exist a pair of constants 7' > 0 and 6 € (0,1)
such that

P{7eo <T} > 0.

Hence there is an integer k1 > ko such that
P{r, <T} >4 Vk>k. (2.1)
Define a function V : R — R, by
V(S#),I(t)=(S—1—-1n(S))+ (I —1—1n(1)).

The nonnegativity of this function can be seen from v — 1 —Inu > 0, for all u > 0.
Let k > kg and T > 0 be arbitrary. For 0 < ¢ < 7, AT. Applying It6’s formula (see
e.g. [28]), we have

av = (1- S)ds+ 252 (dS)* + (1 - )dI+
= LVdt+o(I — S)dB(t),

where LV is defined by

LV = (1= )b = m)(L — I) — BST +pb; T — bS] + 022[2

S
1 252
+ (L= 7)[BST = pbI —3I) + 7

(d1)?

212 (2.2)

:b(l—m)(l—l)—ﬁ51+pb,1_bg_b(1L;(1—I)+m

pb]I 2[2 252
- — I —pbrl —~I —
+b+BST —pbrl —~vI —BS +pbr+v+ 5 5 (2.3)

S
zb(l—m)(l_])_bg_b(lL;u_[) prI

021?252
—'yI—ﬂS—i-pr—&-v—i-T—i— 5

+BI — +5b

2[2 0.2 SQ

2+2

<b(L—m)(1—I)+BI+b+pbr+7+ 2
<b(l—m)+B+b+pbr+v+0°:=K.

In view of (2.3)), from we obtain
dV < Kdt + o(I — S)dB(t). (2.4)
We can now integrate both sides of (2.4) from 0 to T" A 7, and then take the
expectations, yields
EV(S(T A7), [(TANT))] <V(S(0),1(0) + KE(T A Tg).
Hence
E[V(S(T A7), I(T A1i))] <V (S(0),1(0)) + KT. (2.5)
Set Q = {rx < T} for k > ky and by , we have P(Qy) > §. Note that for

every w € €U, there is at least one of S(7y,w) and I(74,w) equals either k or +.
Therefore, V(S (7%, w), I(Tk,w)) is no less than either
1 1 1

k—1—-Ink or %—lflnE:%—l+lnk.
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Thereby, one can see that
1
V(S(tk,w), (g, w)) > (k—1—1nk) A (E —1+1Ink)

It then follow from that
V(5(0),1(0))+ KT > E[V(S(T A7g), (T A 1%))]
> Ellg, )V (S(k,w), I(1h, w))]

> 5]k~ 1~ k) A (¢ — 1+ k)],
where Iq, () is the indicator function of €)j. Letting k& — oo leads to a contradiction
oo > V(S(0),1(0)) + KT = oc.
Hence, we must have 7o, = 0o a.s. This completes the proof. O

Remark 2.2. Theorem and S+ I+ R =1 imply that the region A = {(S,I) :
S>0,I>0,541 <1} is a positively invariant set of system (1.3). Then from
now on, we assume the initial value (S(0),1(0)) € A.

3. EXTINCTION

For deterministic epidemic models, we are interested in two things. One is when
the disease will die out; the other is when the disease will prevail. Next, we will
discuss the extinction of system in this section but leave its persistence to the next
section. For convenience we introduce the following notation

B 1 t _ 1 t
S = 7/ S(u)du, I= E/ I(u)du,
0

t Jo
M7 = % /0 S(u)dB(u), M} = % /0 I(u)dB(u).

Lemma 3.1 (see [28]). Let M = {M,}1>0 be a real-valued continuous local mar-
tingale vanishing at t = 0 and (M, M), is the quadratic variation of M = {M;}1>o.
Then

M,

t~13+moo<M’ M>t =0 a.5. = tggloo W =0 a.s.,

M, M M,
limsupM <ooas = lim — =0 as.
t—+o00 t—+too ¢

Theorem 3.2. Let (S(t),I(t)) be the solution of system (1.3) with initial value
(S(0),1(0)) € A. If

and

i A-mP  fl-m) o*(1-m) 8
Ry =Ry — = - <1 ando?* < . (31
T 2(pbr ) pbrty 2(pbr+9) oSy G
then |
I -
lim sup nl(t) <(pbr+v)(Rp—1)<0 a.s., (3.2)
t—+o0

namely 1(t) tends to zero exponentially almost surely. In other words, the disease
dies out with probability one. In addition

lim I(t)=0, lim S()=(1-m) a.s

t——+oo t——+o0
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Proof. Note that
d(S+1)
dt

=b(1—m)—bS — (b(1 —m) + )1,

we have

where

and lims—, o0 p(t) = 0 a.s.
By the It6’s formula, we have

dinI(t) =[BS — (pbr +v + %S%}dt + 0SdB(t).
InI(t) _In 1(0) o?

_ 1 [t
+ﬁS—(pb1+7)—7¥/0 S2(u)du+UMtS

— 27
+BS = (pbr +7) = 55 + oM

(0 —m) = I o) oy )

((1 —m) — %I_— <,0(L‘))2 + oM
=1 —m) - (pbz+v+M)

Hm B PR Ry

(b1 —m) +7)(B = *(1—m)) ;
b

= (pbr +7)(Ro — 1) —

o?(b(1 —m) +7)*

where the first inequality is according to Schwarz inequality, and

— (8= o1 — () - LAY

()l

2
g 2
— 2t
| =57

0'2 —m
UARTORE ps

and

(3.3)

(3.4)
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In addition limy o0 p(t) = O a.s. Hence, we have lim;_, 1, ¥ (t) = 0 a.s.
If o2 <73 ﬁ , then from it follows that

InI(t ~
t( )< by ) (g — 1) ),
which together with the property of 1(¢) imply
InI(t ~
lim sup — (®) < (pbr +7)(Ro — 1).
t——4o0 t
We therefore obtain the desired assertion ([3.2]).
In view of (3.2)),
) In I(t)
lim sup < -
t—stoo L

then for a arbitrary small positive constant 1 < — w £ _k, there exists

a positive constant T} = Tj(w) and a set ., such that P(§,) > 1—¢1 and
InI(t) < —eqt for t > Ty, w € Q,. That is,

I(t) <e ' fort>T, weQ,.
Letting t — oo and €; — 0 deduce

limsupI(t) <0 a.s.

t—+oo

which together with the positive of the solution implies lim;_, o, I(¢) = 0 a.s.
It follows from (3.3)) that

d I
% <b(1l—m)—b(S+1I)+bme " fort>T, weQ,,.
By the comparison theorem and arbitrariness of €1, we obtain
b(1 —
limsup[S + I] < b =m) a.s. (3.6)
t—s 400 b

Similarly, we can obtain
d(S+1)

dt
Using the comparison theorem and arbitrariness of €1,

lminf[S + 1] > CE=™) o (3.7)

t——4o0 - b

Combining (3.6]) and ( - ) leads to
lim [S+1I]=(1-m) a.s.,

t—4o0

>b(1l—m)—b(S+1I)—re =t fort>Ty, wef,.

which implies lim; 4o S(t) = (1 —m) a.s. Whence the proof is complete. d

In Theorem |3 . we requlre the noise intensity o2 <3 B . The following theorem

covers the case when o2 > 1fm.

Theorem 3.3. Let (S(t),I(t)) be the solution of system (1.3) with initial value
(S(0),1(0)) € A. If
2 B B
> \ , 3.8
? 1—m  2(pb;r +7) (3:8)
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then

I(t 2
lim sup nI(t) < —pby — v+ 572 <0 a.s.,
t—+00 20

namely I1(t) tends to zero exponentially almost surely. In other words, the disease
dies out with probability one. In addition

tLIeroo I(t) =0, tlginoo St)=(01-m), as

Proof. We use the same notation as in the proof of Theorem 3.2l From ({3.5)), we
have

IO < by +2) (o — 1) + F(D) + 600, (39)
where
o 001 -=m)+7)* 5 (b1 —m)+)(8—0*(1—m))
J@) = 22 v b v
(1 =m)+v)? b(B — o*(1 —m)) (8 —0*(1—m))?
N 202 (z+ (b(1 —m) + )02 )+ 202 '

Under condition (3.8)), it is easy to confirm that —w < 1and f(z) reaches

its maximum value w at x = 7% in the interval [0, 1].

Consequently, from ([3.9) we have

InI(t ~ —o0%(1 —m))?
B < s+ (o~ 1)+ CZT LRy
o%(1—m)? —0%(1 —m))?
= 81— m) — (pby -y + T B ZmIE )
62
=— —(pb t).
5oz — (Pbr +7) + 9(t)
Therefore,
InI(t 2
limsupw < —pbr — v+ '67 <0 a.s.
t—+oo t 202
The rest of the proof is the same to Theorem 3.2 (]

Remark 3.4. We refer to condition , which tells us the disease will die out if
Ry < 1 for noise small. While if white noise is large enough such that the condition
is satisfied, then the disease will also die out even if Ry > 1, which never
happen in the corresponding deterministic system. In other words, the conditions
for I(t) to become extinct in the stochastic model are weaker than in the corre-
sponding deterministic model. The following two example illustrate these results
more explicitly.

Example 3.5. Choose the parameters in system (|1.3)) as follows:

1 1
b= =0’ br = 60’ 8=015 p=01, m=0.1, ~=0.1, oc=03. (3.10)
Note that

= B(l-m) o*(1-m)’
Ro = - = 0.9693
O Tpbr+v  2(pbr +7)
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and o2 — % = —0.0767, then by Theorem the solution (S(¢),I(t)) of system

(1.3]) satisfies

In1(t ~
lim sup nI(t) < (pbr +v)(Ro — 1) = —0.0031 a.s.,
t——+o00 t
t_l)lg_noo Sit)y=(1-m)=09 as,

with any initial value (S(0),1(0)) € A. That is I(¢) will tend to zero exponentially
with probability one. Besides, for the corresponding deterministic model (1.2)
1—
Ro= 2L _ ) 379,
pbr + v

then the endemic equilibrium (S*, I*) = (0.6778,0.0281) is globally asymptotically
stable in A. Using the method in [I3], we give the simulations shown in Figure
to support our results.

0.9 0.2
0.8 0.15
—— deterministic

_ 07 deterministic ——stochastic
D — stochastic

0.6

0.5

0.4 . . . . 0 . . .

0 200 400 600 800 1000 0 200 400 600 800 1000

t t

FIGURE 1. Paths S(t) and I(¢) for models (1.2]) and (1.3). The
parameters are as in (3.10) with o = 0.3.

Example 3.6. We choose the same parameters as in Example but increase
2

o to 0.5. Note that o > 2 v ;-8 = 0.0833, then by Theorem 3.3 the

solution(S(t), I(t)) of system (1.3]) satisfies

It 2
nl(t) < —pby—y+ ﬂ—Q = —0.0567 a.s.,
t 20

lim sup
t——+oo

tilgloo S(t)=(1-m)=09 as.
That is I(t) will tend to zero exponentially with probability one. For the corre-
sponding deterministic model ([1.2)), since the other parameters are the same as in
Example the dynamic behavior of model (1.2) is the same as in Example
The simulations shown in Figure [2| support our results.

4. PERSISTENCE

Lemma 4.1 (see [16]). Let f € C[[0,00) x ©,(0,00)], F € C[[0,00) x Q, R] and
F(t)

lim; 400 == =0 a.s.
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0.9 " " " 0.2
—— deterministic
0.8 0.15 —— stochastic
. deterministic
& 0.7 —— stochastic Z 041
0.6 0.05
0.5 OLk
0 200 400 600 800 1000 0 200 400 600 800 1000

t t

FIGURE 2. Path S(¢) and I(¢) for models (1.2) and (1.3). The
parameters are as in (3.10) with o = 0.5.

(i) If there exist positive constants Ao, \ such that
Inf(t) > At —Xo /Ot fw)du+ F(t) a.s.
for allt > 0, then
t
lginﬁg%/o flw)du 2%0 a.s.
(i) If there exist positive constants Ao, A such that
In f(t) <At — X /Ot flw)du+ F(t) a.s.
for allt > 0, then
liriligopi/otf(u)du < )\io a.s.

Theorem 4.2. If
o? B

> 1, 02§
1—m

Rov=Ry— — 2
O 0T 2 (pbr + )

then for any initial value (S(0),1(0)) € R2, the solution of system (1.3)) satisfies
b(pbr +7)(Ro — 1)

)

limsup I < a.s.,
oo (B —m) + B = (1 —m)]
Y (pbr +7)(Ro — 1)
ltlinﬁ{goi’SZ(lfm)f B—o2(1—m) a.s.,
and
oo bpbr +7)(Ro. — 1)
1 1> .S.
el S TRk —m )
_ Ros — 1
limsup S < (1 —m) — (pbr + 7)5(}%0 ) a.s.,

t—+o0
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where
RO*:ﬂ(lim)f o? <R0:B(1fm)702(17m)2'
pbr+v  2(pbr +7) pbr+v  2(pbr +7)
Proof. 1f Ry >1and 02 < %, then from (3.5) we have

B0 < by 4o — 1 - CE=mENE =L

By the Lemma [£.1] we have

. = b(pbr +7)(Ro — 1)
[ (T ey R e M

b(pbr+7v) (Ro—1)
1—m)+~)[8—02(1-m)

This means that for any g2 > 0 (g2 < Q
that for t > To(w),

]), there is a Th(w) such

F< b(pbr +7)(Ro — 1)
~ (01 =m)+7)(B—0o*(1L—m))
Then from (3.6, we obtain

S = (1-@-%1?_30@), (4.1)

+ €9.

From this and (4.1),
b(1 —m) +7( b(pbr +7)(Ro — 1)
b Bl-—m)+y)(B—02(1—-m
Letting t — oo with ¢4 arbitrary, we obtain
(pbr +7) (R — 1)

S>(1-m)-—

) + 52) —p(t).

it > (0 -m) =5y
On the other hand,
In I(t)
ne)
mIo) .. 1
= DO g5 by 44 - %%/0 S (u)du + o M
2
z@JrﬁS—(pszr"y)—%JraMf
_ B 2
> 2 (1 = m) — T o) = (o +) = G 4 oM
2 _ —
:5(1—m)—(pb1+7+%)—ﬁwfﬁL@(t)
_ Bl-m) o8 ghl-m+y,
= Phr 4 D p— 1= g = 8 1 +e(
= (pbr +7)(Row — 1) — 6%14 o(t),

where O(t) = w — Bp(t) + oM and limsup,_, ., O(t) = 0 a.s. Then by the
Lemma [£.1] we have
b(pbr + ) (Ros — 1)

. . T > . .
= e my 1)
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For any Vez > 0 (g3 < %), there is a T3(w), such that

b(pbr +7)(Rox — 1)
Bb(L—m) +7)

Combining (4.1]) and (4.2)) leads to

I>

— €3 (4.2)

G b(1 —m) +7 (b(pbs +7)(Rox — 1)
S<(1—-m)-— ( —53)—@1&.
=m == B —m) +7) v
Letting t — oo and e3 arbitrary, we obtain
_ b Ro. — 1
limsup S < (1 —m) — (pbr +7)(Ho ) a.s.
t—+o0 6
The proof is complete. U
Example 4.3. We keep all the system (|1.3) parameters the same as in Example
except that o is reduced to 0.05. Note that R, = Bp(;;:) - 2(pl£;12+’y) = 1.3156, and
0% — % = —0.1642. Then by Theorem for any initial value (S(0),1(0)) € A

the solution (S(t), I(t)) of system (L.3) satisfies

b(pbs +7)(Ro — 1)
(b(1 =m) +7)[B - o2(1 —m)]

1 [t Ry — 1
liminff/ Suydu> (1 —m)— PLEDVFE =D 010 o
0
1 t

1 t
limsupf/ I(u)du < =0.0277 as.,
0

t—+oo

t—+o0 ¢ B—0%2(1—m)

b(pbr +7)(Ro. — 1)
A1 —m) +7)

) .

lim sup 1/ S(u)du < (1 —m) — (pbs +7) (Ko, = 1) = 0.6861 a.s.

t—+oo T Jo B

That is to say, the disease will prevail. The simulations shown in Figure [3| support
our results.

liminff/ I(u)du >
0

t——+oco t

=0.0271 a.s.,

0.9 0.1
——deterministic
0.08 ——stochastic
. 0.06
&07 )
@ deterministic -
. 0.04
——stochastic
0-6 0.02
0.5 ' ' 0 ' '
0 1000 2000 3000 0 1000 2000 3000
t t

FIGURE 3. Paths S(t) and I(t) for model (1.2) and (L.3). The
parameters are as in with ¢ = 0.05.
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0.9 ; 0.1 ‘
deterministic ——deterministic
——stochastic 0.08 —— stochastic

0.8¢
. 0.06
@ 0.71 =

0.04
0.6 0.02
0.5 0
0 1000 2000 3000 0 1000 2000 3000
t t

FIGURE 4. Paths S(¢) and I(¢) for model (1.2 and (1.3). The
parameters are as in (3.10) with o = 0.01.

To further illustrate the effect of the noise intensity ¢ on model , we keep

all the parameters of unchanged but reduced o to 0.01. In this case,
2
R, = S0=—m) @ 1397407 — P~ 01666
pbr + v 2(pbr +7) 1—m

which satisfy the assumption in Theorem [£.2] We give the simulations shown in
Figure [d] Comparing the Figure [3] with the noise getting smaller, the fluctuation
of the solution of system is getting weaker.

5. ASYMPTOTIC BEHAVIOR AROUND THE ENDEMIC EQUILIBRIUM

For the deterministic system 7 the endemic equilibrium exists and is globally
asymptotically stable. However, for the stochastic system , there exists no
endemic equilibrium. In this section, we discuss how stochastic fluctuations affect
the endemic equilibrium (S*, I*) of the deterministic system (1.2)).

Theorem 5.1. If Ry > 1, then for any given initial value (S(0),1(0)) € A =
{(z,y) : x>0,y > 0,2+ y <1} the solution of model (1.3|) satisfies

limsup%/o [b(S(u) — §*)2 + [b(1 — m) +7)(I(w) — I*))du

t— o0
Ll bi-m Yy
2 5
Proof. Define a C%-function V : (0,1) x (0,1) — R by
[b(1 —m) + v+ b]
g
where Vi(I) =1 —I* — I"In £, Vo(S,1) = 3(S — S* + 1 — I*)*.
An application of the differential operator L to V; yields

V(S,I) = Vi 4+ Vy,

*

I 1
LV =(1— 7)(551 —pbyI —~I) + 5021*52
1
= (1—1*)5(5—5*)+5021*52 (5.1)

< B~ I')(S ~ §) + 30I".
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nd
' LV = (S = S"+ 1= I")[=[b(1 —m) + (I = I") = b(S — §7)]

= —b(S = 8)? = [b(1 —m) +7)(I - I")? (5:2)

= [b(1 =m) + v+ b(I = I")(S = 57).
Combining (5.1 and (5.2)), we obtain
B(1 = m) + 7 + b]

LV < —b(S — §%)2 — [b(1 — )+’y](171*)2+%<72]* . (5.3)
Then
dV = LVdt — o(I — I*)SdB(1)
S M55 =B ) 4ol =1 65
y2p o —m) +v +0] .
+§ I 5 —oS(I — I*)dB(t).
Integrating both sides of from 0 to t yields
V(t) = V(0) S/O [— b(S(u) = §)% = [b(1 —m) +~]((u) - I")?
1opbA—m)+y+bl] [ o B
+3 I 5 }d /0 S(u)(I(u) — I*)dB(u).
That is,
£ [ B0 = 57+ 0~ m) 21U ) ~
0
< % 2 b1 = m;“*b] Yy . Vo _ %/O oS (u)(I(u) — I*)dB(u).
From the Lemma [3.]it follows that
im 2 [ o(I(w) - IS dB() =0 as.
t—oo t 0
which implies
imsup 3 [ (S(w) = 572 + BlL—m) + 3](1(w) ~ 1]
L blm) syl
<3 3 '
(Il

Remark 5.2. From Theorem , we have %UQI*W — 0as o2 — 0. This
means that the solution of model (1.3)) fluctuates around the endemic equilibrium
(S*,I*) of model (1.2]) and with the values of 02 decreasing, the difference between

them also decreases.

6. STATIONARY DISTRIBUTION

First, we give a definition about stationary distribution and some lemmas.
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Definition 6.1 (see [29, [19]). Let P(t, Xo,-) denote the probability measure in-
duced by X (t) = (S(¢), I(t)) with initial value Xy = (S(0), 1(0)); that is,

Px,(X € B) =P{X(t) € B: X(0) = Xo} for any Borel set B C R?.
If there exists a probability measure 7(-) on the measurable space (R? ,B(R%)) such

that
lim Px,(X € B) =x(B) for any X, € Ri,
t—o0

we then say that model has a stationary distribution 7(-).

Let X (t) be a regular time-homogeneous Markov process in R} described by

k
dX(t) = b(X)dt+ Y op(X)dB,(t

The diffusion matrix is defined as
A(X) = (ai5(2)), aij(z Z o

To show the existence of a stationary dlstrlbutlon we cite a known result from
Zhu and Yin [45, Remark 3.2, Theorems 3.13, 4.2 ,4.4]; see also [20].

Lemma 6.2. The Markov process X (t) has a unique stationary distribution 7(-) if
there exists a bounded domain U € R* with regqular boundary such that its closure
U C R?, having the following properties:
(i) There exist somei =1,2,...,n, and a positive constant n such that a;;(x) >
n for any x € U.
(ii) There is a nonnegative C?-function V (), and a neighborhood U such that
for some constants k > 0, LV (z) < —k, x € A\ U.

Moreover, if f(-) is a function integrable with respect to the measure 7(-), then

hm —/ FX*(t g f(:r)w(dx)) =1,

T—>oo
for all x € RY.
Theorem 6.3. Let the assumptions in Theorem [5.1] hold and
0 < ¥ < min(bS*?, [b(1 — m) +]I*?). (6.1)
Then for any given initial value (S(O),I(O)) € A, there exists a unique stationary

distribution w(-), and the solution of (1.3)) is ergodic, where ¥ = 1 2]*%
and (S*,I*) is the unique endemic eqmlzbmum of (1.2 .

Proof. To validate condition (ii), we use the nonnegative C2-function V(S,I) as
Theorem [5.1] From (5.3) it follows that

LV < (S — 82 — (1 — m) +5)(1 - )2 + 2?1 0= m}}* th)

= (S —8*)? = [b(1 —m) +~)(I — I*)* + .
Since
0 < ¥ < min(bS*2, [b(1 — m) +~|I*2),
the ellipsoid
b(S— S+ [b(1—m)+Al(I - 1) =0
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lies entirely in ]Rf_. One can then take U as any neighborhood of the ellipsoid
such that U C R2, where U is the closure of U. Thus, we have LV (S,I) < 0 for
(S,1) e R?\ (}, which implies that condition (ii) in Lemma is satisfied.
On the other hand, for system (1.3)), the diffusion matrix is
A(S, 1) = 02521 <11 _11> .

Since U C R, it follows that ai1(S,I) = 62S?I? > min(g pyeg 025%1% > 0. We
have therefore verified condition (i) in Lemma As a consequence, system (/1.3

has a stationary distribution 7(-) and is ergodic. (]

4000 4000
£ 3000 £ 3000
w w
kS kS
> >
2 2000¢ 2 2000¢
() (]
=) >
o o
o o
L 1000} L 1000

0
1 0.76 078 0.8 082  0.84
S(t)
(b)

5000 4000
< 40007 £ 3000
w ]
© 3000¢ S
2 2 2000¢
S 2000 ]
° °
w (T E

1000¢ 1000

%76 0.778 78 0782 0.784

0.9776 0.7777 0.;(7)78 0.7779 0.778
t
() (d)

FIGURE 5. Frequency histograms of S(¢) at ¢ = 3000 obtained
from 100000 simulations with: (a) ¢ = 0.1, (b) ¢ = 0.01, (c)
o = 0.001, (d) o = 0.0001.

0.
S(t)

Example 6.4. To verify the conditions mentioned in Theorem we choose the
parameter values as follows:
b=01, b;=0.1, A=0.15 p=01, m=0.1 ~=0.1.

Furthermore, to display the effect of the noise intensity on the stationary dis-
tribution, let o change from 0.1, 0.01, 0.001 to 0.0001. We find Ry = 1.2273,
min(bS*2, [b(1—m)+~]I*?) = 0.0015. For convenience, ¥(c) = %UQI*W,
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FIGURE 6. Frequency histograms of I(t) at ¢ = 3000 obtained
from 100000 simulations with: (a) ¢ = 0.1, (b) ¢ = 0.01, (c)
o =0.001, (d) o = 0.0001.

we obtain ¥(0.1) = 8.4795 x 1074, ¥(0.01) = 8.4795 x 107, ¥(0.001) = 8.4795 x
1078, ¥(0.0001) = 8.4795 x 10~ 1%, Hence the desired conditions for the existence of
stationary distribution are satisfied. We have run the numerical simulation 100000
times and collected the values of S(t) and I(t) at ¢ = 3000, and their distributions
are exhibited in Fig.5 and Fig.6. The distributions presented at Fig.5 and Fig.6 do
not change with time, hence they are stationary in nature. From Fig.5 and Fig.6,
we can see that the profile of the stationary distribution becomes steeper with the
noise intensity increasing.

7. CONCLUSIONS

In this paper, a stochastic SIR epidemic model with vertical infection is pre-

sented. When the noise is small, Theoremshows that if Ry = Ry — % <1

the disease always dies out in the end, where Ry = B (;;_m) is the basic reproduction
number of the corresponding deterministic model ) However, when the noise is
large, Theorem [3.3|shows that the disease decays even if Ro > 1 (or Ry > 1). These
results imply that the noise can suppress the spread of the disease. On the other
hand, when the noise is small, Theorem 4.2/ shows that if Ro, = Ry — 2(pl;‘712+7) >1

the disease is persistent in mean. In addition, we discuss asymptotic behavior of




18 X.-B. ZHANG, S.-Q. CHANG, H.-F. HUO EJDE-2019/125

the stochastic model around the endemic equilibrium (S*, I*) of the determin-
istic model , Theorem reveals that the solution of model fluctuates
around the endemic equilibrium (S*, I*) of model and with the values of o2
decreasing, the difference between them also decreases. Moreover, we show that
when Theorem holds, there exists a unique stationary distribution for system
(1.3) and the solution of system is ergodic (see Theorem [6.3)).

Finally we point out that some issues deserve further investigation. For instance,
we have established sufficient conditions of the extinction and persistence in mean
of the disease, as well as the existence of stationary distribution. However, obtain-
ing necessary and sufficient conditions of these problems remain open. Another
interesting continuation of this work might be to introduce independent random
perturbations into the model as in [4I] and have the model

dS(t) = [b(1 — m)(S(t) + R(t)) — BS()I(£) + pbrI(t) — dS(D)]dt + 01S(t)dBi (1),
dI(t) = [BS()I(t) + qbrI(t) — drl(t) — vI(t)]dt + o21(t)dBa(2),
dR(#) = [VI(t) — dR(t) + mb(S(t) + R(t))]dt + o5 R(t)dBs(2).

We leave these topics for a future work.

Acknowledgments. This work was supported by the Natural Science Foundation
of China (Grant NO. 11661050, 11861044), by the NSF of Gansu Province of China
(061707), by the Development Program for HongLiu Outstanding Young Teachers
in Lanzhou University of Technology, Peoples Republic of China (Q201308), and
by the HongLiu first-class disciplines Development Program of Lanzhou University
of Technology, Peoples Republic of China.

REFERENCES

[1] R. M. Anderson, R. M. May; Infectious Diseases of Humans: Dynamics and Control, Oxford
University Press, Oxford, UK, 1991.

[2] E. Beretta, T. Hara, W. Ma, Y. Takeuchi; Global asymptotic stability of an SIR epidemic
model with distributed time delay, Nonlinear Analysis, 47 (2001), 4107-4115.

[3] S. Busenberg, K. Cooke; Models of vertically transmitted diseases with sequential-continuous
dynamics, In Nonlinear Phenomena in Mathematical Sciences, Academic Press, New York,
(1982), 179-187.

[4] S. Busenberg, K. Cooke; Vertically transmitted diseases, Models and Dynamics: Biomathe-
matics, 23, Springer-Verlag, Berlin, 1993.

[5] S. Busenberg, K. Cooke, M. A. Pozio; Analysis of a model of a vertically transmitted disease,
Journal of Mathematical Biology, 17 (1983), 305-329.

[6] S. Busenberg, K. Cooke, H. Thieme; Demographic change and persistence of HIV/AIDS in
a heterogeneous population. SIAM Journal on Applied Mathematics, 51 (1991), 1030-1052.

[7] Y. Cai, Y. Kang, M. Banerjee, W. Wang; A stochastic SIRS epidemic model with infectious
force under intervention strategies, Joumal of Differential Equations, 259 (2015), 7463-7502.

[8] G. Chen, T. Li; Stability of a stochastic delayed SIR model, Stochastics and Dynamics, 9
(2009) 231-252.

[9] A. D’Onofrio; On pulse vaccination strategy in the SIR epidemic model with vertical trans-
mission, Applied Mathematics Letters, 18 (2005), 729-732.

[10] S. Gao, D. Xie, L. Chen; Pulse vaccination strategy in a delayed SIR epidemic model with
vertical transmission, Discrete and Continuous Dynamical Systems-Series B, 1 (2007), 77-86.

[11] A. Gray, D. Greenhalgh, L. Hu, X. Mao, J. Pan; A stochastic differential equation SIS
epidemic model, SIAM Journal on Applied Mathematics, 71 (2011), 876-902.

[12] S. Guerrero-Flores, O. Osuna, C. Vargas-de-Leon; Periodic solutions for seasonal SIQRS
models with nonlinear infection terms, Electronic Journal of Differential Equations, 92 (2019),
1-13.



EJDE-2019/125 STOCHASTIC SIR EPIDEMIC MODELS 19

(13]

[14]

(15]

[16]
(17]
18]
(19]

20]

(21]
(22]
23]
24]

[25]

[26]
27]
28]
29]
(30]

(31]

(32]

(33]
(34]
(35]

(36]

37]

D. J. Higham; An algorithmic introduction to numerical simulation of stochastic differential
equations, STAM Review, 43 (2001), 525-546.

H. F. Huo, S. L. Jing, X. Y. Wang, et al.; Modelling and analysis of an alcoholism model
with treatment and effect of twitter, Mathematical Biosciences and Engineering, 16 (2019),
3595-3622.

Hai-Feng Huo, Qian Yang, Hong Xiang; Dynamics of an edge-based SEIR model for sexually
transmitted diseases, Mathematical Biosciences and Engineering, 2020,17(1): 669-699.DOI:
10.3934/mbe.2020035

C. Ji, D. Jiang; Threshold behaviour of a stochastic SIR model, Applied Mathematical Mod-
eling, 38 (2014), 5067-5079.

W. O. Kermack, A. G. Mckendrick; Contributions to the mathematical theory of epidemics
(Part I), Proceedings of the Royal Society of London Series A, 115 (1927), 700-721.

M. Kgosimore, E. M. Lungu; The effects of vertical transmission on the spread of HIV/AIDS
in the presence of treatment, Mathematical Biosciences and Engineering, 3 (2006), 297-312.
R. Khasminskii; Stochastic Stability of Differential Equations, Second Edition, Spring-Verlag
Berlin Heidelberg, 2012.

A. Lahrouz, A. Settati; Necessary and sufficient condition for extinction and persistence of
SIRS system with random perturbation, Applied Mathematics and Computation, 233 (2014),
10-19.

M. Y. Li, H. L. Smith, L. Wang; Global dynamics of an SEIR epidemic model with vertical
transmission, SIAM Journal on Applied Mathematics, 62 (2013), 58-69.

Q. Liu; The Threshold of a stochastic Susceptible-Infective epidemic model under regime
switching, Nonlinear Analysis Hybrid Systems, 21 (2016), 49-58.

M. Liu, C. Bai; Analysis of a stochastic tri-trophic food-chain model with harvesting, Journal
of Mathematical Biology, 73 (2016) 1-29.

M. Liu, M. Fan; Permanence of stochastic lotka-volterra systems, Journal of Nonlinear Sci-
ence, 27 (2017), 425-452.

S. Liu, Y. Pei, C. Li, L. Chen; Three kinds of TVS in a SIR epidemic model with saturated
infectious force and vertical transmission, Applied Mathematical Modelling, 33 (2009), 1923-
1932.

W. B. Ma, M. Song, Y. Takeuchi; Global stability of an SIR epidemic model with time delay,
Applied Mathematics Letters, 17 (2004), 1141-1145.

Z. Ma, Y. Zhou, W. Wang; Mathematical modeling and Research on the dynamics of infec-
tious diseases, Science Press, 2008.

X. Mao; Stochastic Differential Equations and Applications, 2nd Edition, Horwood, Chich-
ester, UK, 2007.

X. Mao, C. Yuan; Stochastic Differential Equations with Markovian Switching, Imperial
College Press, 2006.

X. Meng, J. Wang; Analysis of a delayed diffusive model with Beddington-DeAngelis func-
tional response, Int. J. Biomath. 12 (4) (2019), 1950047.

Xin-You Meng, Yu-Qian Wu; Bifurcation and control in a singular phytoplankton-
zooplankton-fish model with nonlinear fish harvesting and taxation, International Journal
of Bifurcation and Chaos, 28(3), 1850042 (24 pages), 2018, doi:10.1142/50218127418500426.
X. Meng, S. Zhao, T. Feng, T. Zhang; Dynamics of a novel nonlinear stochastic SIS epidemic
model with double epidemic hypothesis. Journal of Mathematical Analysis and Applications,
433 (2016), 227-242.

L. Qi, J. A. Cui; The stability of an SEIRS model with nonlinear incidence, vertical trans-
mission and time delay, Applied Mathematics and Computation, 221 (2013), 360-366.

R. Rifhat, L. Wang, Z. Teng; Dynamics for a class of stochastic SIS epidemic models with
nonlinear incidence and periodic coefficients, Physica A, 481 (2017), 176-190.

Z. Teng, L. Wang; Persistence and extinction for a class of stochastic SIS epidemic models
with nonlinear incidence rate, Physica A, 451 (2016), 507-518.

H. Xiang, Y. L. Tang, H. F. Huo; A viral model with intracellular delay and humoral immu-
nity, Bulletin of the Malaysian Mathematical Sciences Society (2016) doi: 10.1007/s40840-
016-0326-2.

H. Xiang, M. X. Zou, H.F. Huo; Modeling the effects of health education and early therapy on
tuberculosis transmission dynamics, Int.J.Nonlinear Sci.Numer.Simul.20(2019), pp. 243-255.



20

X.-B. ZHANG, S.-Q. CHANG, H.-F. HUO EJDE-2019/125

[38] Y. Xiao, L. Chen, F. V. D. Bosch; Dynamical behavior for a stage-structured SIR infectious

disease model, Nonlinear Analysis Real World Applications, 3 (2002), 175-190.

[39] Y. Zhang, J. Jia; Hopf bifurcation of an epidemic model with a nonlinear birth in population

and vertical transmission, Applied Mathematics and Computation, 91 (2014), 164-173.

[40] X. B. Zhang, X. D. Wang, H. F. Huo; Eztinction and stationary distribution of a stochastic

SIRS epidemic model with standard incidence rate and partial immunity, Physica A Statis-
tical Mechanics and Its Applications, 531 (2019) DOI:10.1016/j.physa.2019.121548.

[41] Y. Zhao, D. Jiang; The threshold of a stochastic SIS epidemic model with vaccination, Applied

Mathematics and Computation, 243 (2014), 718-727.

[42] Y. Zhao, D. Jiang, X. Mao; The threshold of a stochastic SIRS epidemic model in a population

with varying size, Discrete and Continuous Dynamical Systems, 20 (2015), 1277-1395.

[43] D. Zhao, T. Zhang, S. Yuan; The threshold of a stochastic SIVS epidemic model with non-

linear saturated incidence, Physica A, 443 (2016), 372-379.

[44] J. Zhen, Z. Ma, M. Han; Global stability of an SIRS epidemic model with delays, Acta

Mathematica Scientia, 26 (2006), 291-306.

[45] C. Zhu, G. Yin; Asymptotic properties of hybrid diffusion systems, STAM Journal on Control

and Optimization, 46 (2007), 1155-1179.

XIAO-BING ZHANG

COLLEGE OF ELECTRICAL AND INFORMATION ENGINEERING, LANZHOU UNIVERSITY OF TECHNOL-
0GY, LAaNnzHOU, GANSU 730050, CHINA.

DEPARTMENT OF APPLIED MATHEMATICS, LANZHOU UNIVERSITY OF TECHNOLOGY, LANZHOU,
GANSU 730050, CHINA

Email address: 1037823915@qq . com

Su-QIN CHANG

DEPARTMENT OF APPLIED MATHEMATICS, LANZHOU UNIVERSITY OF TECHNOLOGY, LANZHOU,
GANSU 730050, CHINA

Email address: 112346789110qq . com

HAI-FENG HUO (CORRESPONDING AUTHOR)

COLLEGE OF ELECTRICAL AND INFORMATION ENGINEERING, LANZHOU UNIVERSITY OF TECHNOL-
0GY, LANZHOU, GANSU 730050, CHINA.

DEPARTMENT OF APPLIED MATHEMATICS, LANZHOU UNIVERSITY OF TECHNOLOGY, LANZHOU,
GANSU 730050, CHINA

Email address: hfhuo@lut.cn



	1. Introduction
	2. Existence of uniqueness of positive solution
	3. Extinction
	4. Persistence
	5. Asymptotic behavior around the endemic equilibrium
	6. Stationary distribution
	7. Conclusions
	Acknowledgments

	References

