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EXISTENCE AND CONTROLLABILITY FOR NEUTRAL
PARTIAL DIFFERENTIAL INCLUSIONS
NONDENSELLY DEFINED ON A HALF-LINE

NGUYEN THI VAN ANH, BUI THI HAI YEN

ABSTRACT. In this article, we study the existence of the integral solution to
the neutral functional differential inclusion

d
aDyt — ADy; — Ly € F(t,y¢), fora.e. te J:=[0,00),
Yo=¢¢€Cp =C([-r0;E), >0,

and the controllability of the corresponding neutral inclusion

d

aDyt — ADys — Lys € F(t,yt) + Bu(t), for a.e. t € J,
Yo =¢ € Cg,

on a half-line via the nonlinear alternative of Leray-Schauder type for con-
tractive multivalued mappings given by Frigon. We illustrate our results with
applications to a neutral partial differential inclusion with diffusion, and to a
neutral functional partial differential equation with obstacle constrains.

1. INTRODUCTION

Neutral differential equations arise in many areas of applied mathematics, and
their general theory was laid in the nineteen sixties. For extensive studies of neutral
differential equations, we refer the reader to the monographs [I3] 24]. In the case
of partial neutral functional differential equations, the first result was obtained
by Datko [I§]. Since then, a wide range of neutral problems have been inves-
tigated, such as: Bohr—Neugebauer type theorems in [2], spectral decomposition
problems in [5], existence of decay integral solutions in [6], Hopf bifurcation and
stability /instability of periodic orbits in [22] 23], conditional stability for periodic
partial neutral differential equations in [26], partial neutral functional differential-
difference equations on the unit circle in [35], and regularity of solutions under
nonlocal conditions in [38].

It should be mentioned that, besides the neutral functional differential equations,
the inclusion version appears as an essential requirement when we consider neutral
differential equations with discontinuous right-hand sides or in control problems.
Accordingly, functional-differential inclusions of neutral type have been attracting
the attention of many authors. In recent years, the neutral functional differential
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inclusions were addressed; see. e.g. [I5, 20, B9], which included the impulsive
factors, nonlocal conditions or stochastic process.

Conforming to the trend, in this article, we are interested in the following para-
bolic differential inclusions of neutral type

d
ﬁDyt — ADy, — Ly, € F(t,y;), fora.e. t€J:=][0,00), (1.1)
Yo = ¢, (1.2)

where A is a Hille-Yosida operator (nondensely defined in general) on a real Banach
space (E, || - ||); y:(-) represents the history of the state from time ¢ — r, up to the
present time ¢, namely y,(0) = y(t + ), for all § € [-r,0]; F : J x Cp — P(E)
is a multivalued map with compact values (here, P(F) denotes the family of all
nonempty subsets of E); L,P : Cg — E are bounded linear operators and D :
Cg — FE is also a linear continuous operator, defined by

D¢ = ¢(0) — Py, Vo € (g,

and we study the controllability of the partial neutral functional differential inclu-
sion

d
%Dyt — ADy, — Ly, € F(t,y;) + Bu(t), forae. te J, (1.3)
Yo = ¢ (1.4)

where the given control function u(-) belongs to Lz ([0, 00);U), where U is a Banach
space of admissible control functions. B is a bounded linear from U to E.

Many works have been devoted to neutral functional differential equations both
denselly defined and non-denselly defined conditions of the linear part A. More
specifically, when A is the infinitesimal generator of a strongly continuous semigroup
on E, we refer to [31], while when A is a Hille-Yosida operator, we refer to [1, 3], 27].

For considering problems — and —, we briefly review some re-
lated articles. In [20], the authors investigated the problems — and —
in the case that J := [0,a], D¢ = ¢(0) — f(-,¢) and L = 0. The existence
and controllability of integral solutions were proved under sufficient conditions by
the framework of addmissible multivalued contractions and Leray-Schauder type
fixed point theorem given by Frigon. In case of equation situations (that is, F' is
a single-valued map), the system — was studied by Henriquez and Cuevas
n [25]. To be precise, the following equation was considered on the whole line

d

7 D(@e) = AD(x) + L(w) + f(1), teR.

The authors proved the existence of an almost automorphic solution for above
equation and applied abstract results to a neutral wave equation with delay.

It should be mention that, while there are several works considering the neutral
functional differential equations/inclusions on finite intervals (see e.g., [20, 29]) as
well as the neutral functional differential equations on infinite intervals [T}, 2, [3] [6],
the existence and controllability for the neutral functional differential inclusions
- and — on half-lines are, up to our knowledge, completely open.
Regarding applications, we investigate the solvability and controlability for the
explicit neutral partial differential inclusions. We also apply our abstract results to
a new class of neutral functional differential variational inequalities.
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The main tools used to investigate the existence results for initial-valued problem
— and the controllability of the control inclusion — are based on the
technique associated with integrated semigroups [I0} 19} 28], multivalued analysis
and nonlinear alternative arguments [2I]. In this spirit, we have to impose that the
multivalued part F is of Carathéodory class, the linear operator P has norm less
than 1 and some technical conditions are supposed. To assure the controllability of
—, we require the Cauchy operator formed by the semigroup generated by
the part of A together operator B has an bounded invertible operator.

The remainder of this article is organized as follows. The precise analytic frame-
work is given in Section 2 below. Section 3 is devoted to the existence result of
integral solutions on a half-line for —, while Section 4 presents the control-
lability at infinity for —. Our main results are contained in Theorem 3.3
and Theorem Two examples of these abstract results to a class of neutral par-
tial differential inclusions with the Hille-Yosida linear parts and neutral functional
partial differential equations with obstacle constrains are given in Section 5.

2. PRELIMINARIES

2.1. Multivalued analysis. In this section, we recall some results on multivalued
analysis and on the nonlinear alternative for multivalued admissible contractions
in Fréchet spaces due to [16] and [2I]. Let X be a metric space, A be a directed set
and d,, a € A be a metric in X; we define
PX)={Y CcX:Y #0},
Pu(X)={Y € P(X) : Y closed},

Pep(X) ={Y € P(X) : Y compact},

Py(X) ={Y € P(X) : Y bounded},
and denote by D,,a € A the Hausdorff pseudometric induced by the metric d,,

Do(A,B)=inf{e>0:Vo e A,yc B3z € A,j€ B
such that do(z,9) <€, do(Z,y) < €},

with inf ) = co. In the particular case, that X is a complete locally convex space,

we say that a subset A C X is bounded if D, ({0}, A) < oo for every o € A.

Definition 2.1. Let X, E be two Fréchet spaces. A multivalued map F : X —
P(E) is called an admissible contraction with constants {kq }aen if for each a € A
there exists ko € (0,1) such that the following statements hold

(i) Do(F(2),F(y)) < kado(z,y) for all z,y € X.

(ii) for every z € X and every € € (0,00)", there exists y € F(x) such that

do(z,y) < do(z,F(x)) + €, for every a € A.

We recall the following result which gives sufficient conditions ensuring the ex-
istence of a fixed point for admissible multivalued contractions, due to Frigon [21],
Corollary 3.5]. The following alternative of Leray-Schauder type theorem will play
a critical role in exploring the existence of solutions to our problems.

Theorem 2.2 (Nonlinear Alternative). Let X be a Fréchet space, U be an open
neighborhood with its origin in X, and N : U — P(X) be an admissible multivalued
contraction. Assume that N is bounded. Then one of the following statements

holds:
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(i) N has a fized point;
(i) there exists A € [0,1) and x € OU such that x € AN(z).

To use nonlinear alternative argument given by Theorenf2.2] we would like to
apply the Hausdorff distance between two subsets in E defined by Hy : P(X) x
P(X) - R+ U {OO},

Hy(A, B) = max (Sup d(a, B), supd(A, b))7
a€A beB
where d(a, B) = infyepd(a,b), d(A,b) = infoca d(a,b). We note that the space
(Pua(X), Hy) is a generalized metric space.
For compact valued measurable multifunctions, we obtain the following result.

Proposition 2.3. IfI'y and I's are compact valued measurable multifunctions then
the multifunction t — T'1(t) NTa(t) is measurable.

The following theorem gives a criterion for the existence of the measurable se-
lection of the multifunction.

Theorem 2.4. Let X be a separable metric space, (T,0) be a measurable space,
T be a multifunction from T to complete nonempty subsets of X. If for each open
set Vin X, T=(V)={t:T@t)NV # 0} belongs to o, then T' admits a measurable
selection.

In the last part of this subsection, we recall the definition of a multivalued
mapping of the Carathéodory class which acts on [0,00) x X to P(Y), here Y
stands for another Banach space. Throughout the paper, we always assume that
the multivalued parts are Carathéodory functions.

Definition 2.5. The multifunction F : [0,00) x X — P(Y) is of Ly-Carathéodory
class if it satisfies the following assertions:

((i) t— F(t,y) is measurable for each y € X.

(ii) = — F(t,x) is continuous for almost all t € [0, 0).

(iii) For each q > 0, there exists hy € Li ([0,00),Ry) such that

loc

|F(t, | < hg(t) for|lyll <gq, and for almost all t € [0, c0).

2.2. Integrated semigroup. We recall some essential concepts and results related
to integrated semigroups that will be used to give the variation of constants formula
for integral solutions of ([1.1))-(1.2). For further details, we refer to [10, 19, [30} [36].

Definition 2.6. An integrated semigroup is a family {S(¢)};>0 of bounded linear
operators on X with the following properties:
(i) S(0) =0
(ii) t+— S(t)v is continuous for each v € X;
(i) S(s)S(t)v = [;(S(t+7r)— S(r))vdr, for all t,s >0, v € X.

The integrated semigroup {S(¢)};>o is called nondegenerate if S(t)v = 0 for all
t > 0 implies that v = 0.

Definition 2.7. An operator A is said to be a generator of the integrated semigroup
{8(t)}1>0 on X if there exists w € R such that (w;+00) C p(A) and

+oo
RO\, A= (M — A)lv = )\/ e MS(t)vdt
0

forall X >w and v € X.
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We have the following relations between an integrated semigroup and its gener-
ator (see, e.g, [10, [T1]).

Proposition 2.8. Let A be the generator of an integrated semigroup {S(t)}i>0.
Then
(1) for allz € X and t > 0, one gets

/0 S(r)xdr € D(A) and S(t)x = A</o S(r)z dT) + tx;

(2) for allz € D(A) and t > 0, we have
¢
S(t)x € D(A), AS({t)r=S(t)Az, S(t)xr = / S(m)Ax dr + tx;
0

(3) RN A)S(t) =S{H)R(NA), for allt > 0, A > w.

We next give the precise concept of a locally Lipschitz continuous integrated
semigroup in the following definition (see [28]).

Definition 2.9. An integrated semigroup {S(t)};>0 is called locally Lipschitz con-
tinuous, if for all 7 > 0, there exists a constant L, > 0 such that

15(t) = S(s)|lz(x) < Lr|t —s|, for all ¢,s € [0, 7].

It is known (see [28]) that a Lipschitz continuous integrated semigroup is expo-
nentially bounded. The below lemma addresses equivalent relations between the
generator of a nondegenerate, the locally Lipschitz continuous integratedsemigroup
and the Hille-Yosida operator.

Lemma 2.10. The following assertions are equivalent:
(i) A is the generator of a mnondegenerate, locally Lipschitz continuous inte-
grated semigroup;
(ii) A satisfies the Hille-Yosida condition, that is, there exist M > 0 and w € R
such that (w; +00) C p(A) and

sup{(A = w)"[[(AI = A) " "|lz(x) :n € N,A > w} < M.
We mention that if {S(t)};>0 is an integrated semigroup generated by a Hille-

Yosida operator A, then ¢ — S(t)v is differentiable for each v € D(A) and {S’(t) }+>0
is a Cy-semigroup on D(A) generated by the part Ag of A, which is defined by

D(Aog) ={ve D(A): Av e D(A)},
Agv = Av,  for v € D(Ap).

The following proposition provides the continuous differentiability of the function
defined by an integrated semigroup and an estimate of its derivative (see [28]).

Proposition 2.11. Let {S(t)}i>0 be a locally Lipschitz continuous integrated semi-
group on X and f : [0,T] — X be a Bochner integrable function. Then the function
V:0,T] = X,

V) = /0 S(t— 8)f(s)ds

is continuously differentiable and, moreover,

V@) < 2Ly / 1£(s)llds
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for all t € [0,T], where L is the Lipschitz constants of S on [0,T] given by Defi-
nition 2.9

In addition, we have the relation between V'(t) and S’(¢), that
RO\ AWV (¢ /S’t—s (A, A) f(s)ds.
This implies that
t
V'(t)= lim [ S'(t—s)AR(\, A)f(s)ds
A—o0 Jo
thanks to the facts that limy_,oo AR(A\, A)v = v for all v € X.
We consider the linear problem involving Hille-Yosida operator
u'(t) = Au(t) + f(t), t>0, (2.1)
u(0)=¢, teR. (2.2)
where f € Li (R*; X), here f € Li (R*; X) the space of integrable functions in
the sense of Bochner.
By an integral solution to (2.1)-(2.2) we mean a continuous function w : Rt —
D(A) satisfying the integral equation
t
u(t) = S’ ()¢ + lim S'(t — T)AN — A~ f(r)dr
A—+oo Jq

for all t € RT.

3. INTEGRAL SOLUTIONS

In this section, we establish sufficient conditions for the existence of integral
solutions to the problem (1.1] . Assume that A, P and F satisfy the following
hypotheses:

(H1) A is a Hille-Yosida operator generating an integrated semigroup {S(¢)}+>o.
(H2) [|P[| < 1.
(H3) F is of Carathéodory class. Moreover,
(1) there exist a continuous nondecreasing function % : [0,00) — [0, 00)
and a function p € L ([0,00), R ) such that

IE(E y)l < p@)¢(llyll) for ae. t € J,Vy € C([=r,0], D(A)),
where ¢ : J — J satisfies

/°° ds o
L ostuls)

(2) for all R > 0, there exists Ir € L ([-r, o), R;) such that
Ha(F(t,y), F(t, 7)) < Lr(®)ly — g1l
for all y,y € Cg with ||ly||, |7]| < R, and
d(0, F(t,0)) <lgr(t) forae. teJ.
For each v € C([—r,00); X) we denote the selection of F' by
Spy=1{9€ LL.(J,E):g(t) € F(t,v) for a.e. t € J}.
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Definition 3.1. A continuous function y € C([—r, 00), D(A)) is called an integral
solution of (L.1)) if there exists a function g € Sg,, such that the following assertions
hold

(i) [y Dysds € D(A), for all t > 0,

(i)

t t t
Dy; = Do + A/ Dygds + L/ Dysds + / g(s)ds, forallt >0,
0 0 0

(iii) yo = ¢ on [—r,0].

Remark 3.2. If an integral solution of (1.1]) exists, then it is given as in [4] by the
variation of constants formula
t t

Dy, = S'(t)Dgp(0) + lim [ S'(t —s)RxLysds+ lim [ S'(t —s)Ryg(s)ds.
A—o0 Jg A—o0 Jo

where Ry = AR(\, A).
For each n € N we define on C([—r,00), D(A)) a semi-norm

[Ylln o= supe” WHFTEO) [y (@),
t<n

for a suitable choice of L, (t) in the main theorems. Then, C([—r,00), D(4)) is
a Fréchet space with the family of semi-norm {|| - ||,}n>1. In order to apply the
nonlinear altenative argument given in Theorem we shall choose 7 sufficiently
large. We now provide the solvability result for problem —.

Theorem 3.3. Suppose that hypotheses (H1)—(H3) are satisfied. Then problem
(1.1)-(1.2) has at least one integral solution on [—r,00).

Proof. Consider the operator N : C([—r,00), D(A)) — P(C([-r,0),D(A))) de-
fined by,

o(t), iftel—r0],

N(y)(t) =  S"(1)D(0) + Py, + limy o0 [ S'(t — 5) Ry Lysds
Flimyeo [y S'(t — s)Rag(s)ds, g€ Spy, iftel.

It is clear that the fixed points of the operator N are integral solutions of the
problem (1.1)-(1.2]). Thus, we shall show that N has a fixed point. The proof of
this is long and technical and is therefore divided into several steps.

Step 1: Estimate the possible solutions to (1.1)-(1.2). Let y be a solution
of the initial valued problem (I.1)-(1.2). Then one gets y € N(y) and there exists
g € Sr, such that, for each t € [0, 00), we have

t ¢
y(t) = S'(t)Dg(0) + Py, + lim / S'(t — s)RaLysds + lim S'(t — s)Rag(s)ds.
A—o0 fo A—o0 Jo

By the strong continuity of semigroup {S’(¢)}+>0, there are M > 1 and w € R so
that

15" ()l ey < Me**, vt > 0.



8 N. T. V. ANH, B. T. H. YEN EJDE-2023/07

Moreover, taking into account that limy_,., Ryv = v for all v € E, we have
limy_, o ||Ral| = 1. Hence,

t

ly(@)Il < Me*! | Do + || Py +M6“’tIILII/ e [lysl ds
0

(3.1)

t
et [ eps)ulul) ds
0
For a given n € N, we define x : [0,n] — Rtas
pu(t) = sup{lly(s)l| : —r < s <t}
Let t* € [—r,t] be such that u(t) = ||y(¢*)|. If t* € [0,n], by estimate (3.1)) we have
- M@+ PDlel ML
e tu(t) < +
1—|P 1— P
M t
+ 7/ e~ p(s)Y(u(s))ds, fort e [0,n].
1—|[P] Jo

If t* € [—r,0], then wu(t) = ||¢||. This implies that the inequality (3.2)) holds. Let

M PO . MIZ| [F s Mo
_ st —2 ds.
olt) = S [ e s / e p(s)(u(s)) ds

Thus,

t
e "*llys| ds
(3.2)

u(t) < efu(t) for all t € [0,n),
Then it is easy to see that

M@+ [Pl
0)=—F—751r
O =T
iy ML, M .,
(0 = Tre e V)
Since 9 is an increasing function, we obtain
/ MI|L| . /- w
v'(t) < T ||P||€ fu(t) + 177”13”6 "p(t)p (e to(t))
< 1]\{”||LP”|| e Wtety(t) + #Hme*mp(t)d)(ewtv(t)) for a.e. t € [0,n].
Therefore,
wt, 1 ML M w
e’ (t) < T ||PH Why(t) 4 1_7”13”]3(25)1?(6 to(t)) for a.e. t €[0,n].
So
(e v(t))" = wev(t) + e’ (t)
M||L
< (w - _”| )€ ole) + e o)
< m(t) (e v(t) + (e o(t ))), for a.e. t € [0,n].
where

MILL M

m(t) :max{w+ ; p
e T e
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e®ty(t) d§ n
/u(o) §E+ () = /o mi{s) ds < oo

Consequently, from (H3)(1) there exists a constant d,, such that e“v(t) < d,,t €
[0,n] and hence sup_, <<, [[ys|| < max{[|¢[,d,} = M,.

Thus,

Step 2: Construct an open neightborhood with its origin in C([—r, 00), F).
Set
U={yeC([-r,00),E) :sup{|ly@®)|l : t <n} < M, +1, for all n € N}.

Clearly, U is an open neighbourhood of the origin in C'([—r,00), E). We consider
the multifunction N : U — P(C([-r,00), D(A))).
Step 3: N is a contraction mapping. We prove that there exists 0 < v < 1
ensuring B

Ha(N(y), N@)) <y = ¥lln for all y, 5 € U.
Let y,7 € U and h € N(y). By the definition of N, there exists g € Sp,,, such that

t
h(t) = 5'(t)D$(0) + Py, + lim [ S'(t — s)RaLysds
— 00 0
t

+ lim [ S'(t —s)Rag(s)ds, t>0.

A—oo Jo

From (H3)(2) and the definition of U, it follows that
Ha(F(t,y:), F(t,7,)) < lu(®)llye = Tell, vt € [0,7].
where ¢,,(t) = I, +1(t). Hence, there is w € F(t,y:) such that
lg(t) —w| < la(®)llye —,ll, Vt € [0,n].
We introduce the mapping Ui : [0,n] — P(FE) given by
Uu(t) = {w e E: |lg(t) — wll < La(®)llys — Tell}-

By applying Proposition we deduce that the multivalued operator Vi (t) =
U.(t) N F(t,7,) is measurable. Thus, by Theorem there exists a function g,
which is a measurable selection for V.. So, g € F(t,7,) and

lg(t) =g < la(@)llye = 7ell, V€ [0,n].
Let us define
t
h(t) = S'(t)D¢(0) + Py, + Jim S'(t — s)Ry\Ly,ds
—00

0
t
+ lim S'(t — s)Ryg(s)ds.

A—o0 Jo

Additionally, a simple calculation gives

i
I(®) = B < [Py~ Pyl +] Jim [/~ )R (Ly. ~ Lyds|
ccJo
t

] lim |8t 5)Ralg(s) — 9(s))ds]|
0

(3.3)

Put
To(t) = /O Mo (s)ds,  Ton(t) = max{|| L], £n(t)}-
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Estimates for the terms on the right-hand side of (3.3)) are shown below. For the
first one, we have

1Py — Py.|| < [I1P[[llye — ¥l
< ”P”ethr'rfn(t)ef(wt+-rfn(t)) ”y N y”

< ||Plle*t I D |y — g,

and for the second term, we have

| Jim / S'(t — s)Ra(Lys — Ly, )ds||

A—00
< Me™||L| / e lys — 7| ds

wt/ k‘ ‘rfn(s)e—(ws+‘rfn(s))Hys _yS” ds

< Me” /kn(S) Ly — g, ds
0

ewt+‘an(t)

IN
N =

”y_y”n

For the last term of (3.3)), one has

| lim / S'(t — 5)Ra(g(s) — g(s))ds]| < Mev / e |lg(s) — g(s)|| ds

A—00

t
< Mevt / e, (5)lys — Tl ds
0

t —
< Mem/ kn(8)e™ O ly — gl ds
0

< Lo Tuy g,
T

Then, we obtain
_ ) — B
[h(t) = h(t)] < (IIP]] + ;)67“””7““)”2/ = Ylln, Vt€0,n],
which yields

1h = Rlln < (IP] + )Ily Ylln-

By an analogous relation, obtained by interchanging the roles of y and %, it follows
that

Hy(N(y), N@) < (1Pl + )Ily Ylln-

Since || P|| < 1, we can choose 7 sufficiently large such that ||P|| + 2 < 1. Then, N
is a contraction mapping.

Step 4: N is an admissible multivalued map. We consider the map N :
C([*T, n]a D(A)) - ,PCI(C([*Ta n]v D(A)>)> given by

N(y) = {h € C([~r,n], D(A)) :
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o(1), ifte[—r 0]

h(t) = S"(t)Dp(0) + Pyt + limy 00 fo (t — s)R\Lysds
+limy o0 fo (t — s)Ryg(s)ds, ift € [0,n]

}.
where, g € Si, = {h € LY([0,n], D(A)) : h(t) € F(t,y;) for a.e. t € [0,n]}.
From Assumptions (H1)-(H3) and that F' is a multivalued map with compact
values, for every y € C([—r, n], D(A)), we have N(y) € P.,(C([—r,n],D(A))), and
that there exists y. € C([—r,n], D(A)) such that y. € N(y.) (for a proof in detail,

see Benchohra-Ouahab [14]).
Now let h € C([-r,n], D(A)),7 € U and € > 0 be an arbitrary small. If y, €
N(7), we have |ly? — N,(7)|| = 0 and

5(t) =y (O] < [5(t) = h(@)] + [y (t) = h(2)]
< 7= N@llne 5O + |yu(t) — h(t)], € [0,n].
Since h is arbitrary we may suppose that h € B(y.,€). Therefore,
17 = yulln < [T - N(7

(
M + €.

On the other hand, if y. ¢ N(y), then |ly. — N(7)|| # 0. By the compactness of
)

N (7), there exists € N () such that ||y, — N(7)|| = ||y« — z||. Thus,
[5(t) —z(@)] < [y(t) — h(t)] + |x(t) — h(D)]
<[5 = N@)llne" 5O + |a(t) = h(t)], ¢ € [0,n].
Since h is arbitrary, we may suppose that h € B(x,€). Then
17— zlln < ([ — NYlln + e

Hence, N is an admissible operator contraction. In addition, because of the choice
of U, there is no element y € QU such that y € AN(y) for some A € [0,1). We
deduce from Theorem that IV has at least one fixed point which is an integral
solution of —, which completes the proof of our assertions. O

4. CONTROLLABILITY

This section concerns the controllability of problem (|1.3))-(1.4). We start by
introducing the following definitions. First, we mention the definition of the integral

solution for (1.3])-(1.4).

Definition 4.1. A continuous function y € C(]—r,o0), D(A)) is called an in-
tegral solution of (1.3))-(L.4) if there exist a selection g € Sp, and a control
u € LIOC(R+;Z/{) such that

fo Dysds € D(A),t >0,
(ii) Dy; = Do + Afo Dysds + Lfo Dysds + fo s)ds + fo (Bu)(s)ds,t > 0,

(iif) yo = ¢,Vt € [-r,0].
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We also have that the integral solution y of (|1.3)-(1.4)) satisfies the variation of
constant formula
t
Dy, = S’ (t)Dgp(0) + )\lim S'(t — s)Ry Lysds
— 00 0

t t
+ lim [ S'(t—s)Rag(s)ds+ lim [ S'(t —s)RyBu(s)ds, fora.e.te€ J.
A—oo Jo A—oo Jo

where g € Sg,, and u € L (R*;U).

loc

Definition 4.2. The neutral problem is said to be controllable on a half-line
R™ (or controllable at infinity) if for any continuous function ¢ on [—r, 0], for any
x1 € E and for each n € N there exists a control u(-) € L([0,n];U/) such that the
integral solution y of with initial valued yo = ¢ satisfies y(n) = z;.

Let us introduce the following assumption imposed on B.

(H4) For each n > 0 the linear operator W : L2([0,n],U) — E defined by

Wu = S’ (n — s)Bu(s)ds.
0

has an invertible operator W1 which takes values in L*([0,n],U) \ ker W
and there exist positive constants My, My such that | B|| < My and |[W 1| <
M.

Remark 4.3. The question of the existence of the operator of W and its inverse
was discussed in the paper by N. Carmichael and M.D. Quinn [32].

We are now in a position to state the main result in this section.

Theorem 4.4. Assume that hypotheses (H1)—(H4) hold. Then the partial neutral
differential inclusion (1.3) is controllable at infinity.

Proof. Let ¢ € Cg and z1 € E. Using hypothesis (H4), for each y(-), g € Sp,, and
for each n € N, we define the control

up(t) =w* [xl — Py, — S5 (n)Dp(0) — )\lim S'(n — s)RxLys ds
— 00 0

— lim S'(n — s)RAg(s)ds} (t)

A—o0 fo

=W [Py~ S yDo(0) — Jim [ 5/~ )R Lyuds

A—o0 o

- Ali_)ngo O” S’ (n — s)RAg(s)ds} (t)

Consider the operator Q : C([—r,00), D(A)) = P(C([-r,00), D(A))) defined by:
Q(y) = {h € C([—T, 00]7 D(A)) :
¢(t)7 ift e [_Tv 0]7
S'(£)Dp(0) + Py, + limy o0 [y S (t — 8)RyLysds
h(t) = § + limy_ 00 fg S'(t — s)Rag(s)ds
+ im0 fot S/t — s)RxBuy(s)ds,g € Spy
if t € [0, 00)
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1.

It is clear that the fixed points of Q are integral solutions to problem (|1.3))-(1.4).
Let y € C([—r,00), D(A)) be a solution of the problem (1.3))-(1.4). Then there
exists g € Sp,, such that for each t € [0,00), one has

t
y(t) = S'(H)Do(0) + Py + lim | §'(t — s)RaLyads
— 00 0

t t
+ lim S'(t — s)Rrg(s)ds + lim S'(t — s)RxBuj (s)ds.
A—o0 Jo A—o0 Jo

This implies by (H3)(2) and (H4) that, for each ¢ € [0,n], we have

t
Iyl < Me™ [ Do + || Pys]| + Me" / | Ly ds
0

) . (4.1)
e el ds + e [ el By o)) ds
We evaluate the estimate for the last term of .
t
Mem/o e "%||Buy ()| ds
< Me™ M, Man [HDynH + Me ™| @] + Me®™ /On e *p(s)Y(llys) ds
atez) [yl ds (42)
< Me" MyMan a1 + | Plllyn | + Me""l6]
e [T eyl ds + el [ el ds]
Combining with , one has
Ly < [1PIllyell + Me“ (1 + ([Pl + Me! /Ot | Lys | ds
ey ()l ds
+ Me¥ My MonMe®™||L| /On e ||y ds (4.3)

+ Me" My Myn| 2] + | Pl[ya] + Me™"| o]
;e [ (s i) ds|
0

‘We consider the function

wu(t) =sup{ly(s)|: —r < s <t}, 0<t<n.
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Let t* € [—r,¢] such that u(t) = |y(t*)|. If t* € [0,n], by estimate (4.3, we have
for ¢t € [0, n],
- MO+ |[PDlell , ML
e~ u(t) < +
1—[P| 1P

M K —ws
= s ds

t
e~ |lysl ds

M My ManMe™™|| L /" s
eyl ds (44)
7]
MMlen wn
+ 2 L+ 1Pl + M|

;e [ e playion]) ds]

If t* € [—r,0] then p(t) = ||¢||, one also has estimate (4.4]).
Let us take the right-hand side of estimate (4.4)) as v(¢). Then we have

u(t) < e“to(t) for all t € [0, n],

ML+ PI6] | MMy Mondem™ L] [
o0 = S I ) e
MMy Msn wn
Sy [l + 1Pl + M|

et [ ds)

and
e MLy, M

Using the increasing character of ¢ we obtain

(0 £ T lt) + e M HOue (o)
M”L” 7wt6wtv M efwt ewtv
< T e () + e (e (D),
Then for each ¢ € [0, n] we have
U (0) < e (e) + e o),
Thus,
(e (t)) = we“ v(t) + e /(1)
< (w2 ”ﬂ)e "o(t) + TP (D)
sm ( e"'u(t))).
where m(t) = max {w + |“|Lll“ M } So,

/(0) Uﬂ/f u+9(u) </onm(5>d5<°°-



EJDE-2023/07 NEUTRAL PARTIAL DIFFERENTIAL INCLUSIONS 15

Consequently, by (H3), there exists a constant D,, such that e“*v(t) < D,,,t € [0,7]
and hence

sup |lysl| < max{||¢||, Dn} := Kp.

—r<s<n
Set Uy = {y € C([-r,00), E) :sup{|ly(t)]| : 0 <t <n} < K, +1,¥neN}. It is
clear that U; is a open subset of C([—r, 00), E).
We shall prove that Q : U; — P(C([~r,00), D(A))) is a contraction and ad-
missible operator. First, we prove that Q is a contraction, means that there exists
~v < 1 such that

Ha(Q(y), Q®)) < 1y = Flln, Yy, 7 € C([-r, 00), D(A)).

Indeed, let y,5 € U;. For given n € N and h € Q(y), there exists g(t) € F(t,y;)
such that

t
h(t) = S'()Dé(0) + Py, + lim [ S'(t — s)RyLy.ds
— 00 0
t t

+ lim [ S'(t — s)Rag(s)ds + )\lim S'(t — s)RxBuy (s)ds.
e el

A—oo Jo 0

Thanks to (H3)(1), it follows that
Ha(F(t,y.), F(t,7:)) < kn()llye = 7:ll, € [0,7n],
where k,,(t) =k, +1(t). Hence there is w € F(¢t,y;) such that
lg(t) = wl| < n(t)llye = Fell,  for t € [0,n].
Consider U, : [0,n] — P(FE) given by
U(t) ={w e E:lgt) —wll < rn(®)llye —7ll, t€[0,n]}.

Since the multi-valued operator Vi (t) = U, (t) N F(¢,7,) is measurable (see Proposi-
tion , there exists a function g(t), which is a measurable selection of V.. Then,
g € F(t,7,) and one has

l9(t) =g < rn@lly: = 7ll, ¢ € [0, 7],

Let us define
t

h(t) = §'()DH(0) + PG, + lim | S'(t ~ 5)RaLyds
— 00 0
t t

+ lim S'(t — s)RAg(s)ds + lim S'(t — s)RxBugn(s)ds.
A—00 0 A—00 0
Then
t
I(®) = R0 < 1Py~ Pl + |t [ /(0= 9)Ra(Ly. — Ly)ds]
> Jo
t
Hl Jim [ 8= ) Ralg(s) - s))ds] (4.5)
A—00 0

¢
+ | )\ILHOIC ; S'(t — s)Rx(Buy (s) — Bug(s))ds|.
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By a process similar to that in the proof of Theorem [3.3] in order to construct the
family of semi-norms in C([—r, 00); D(A)), we put

I (t)
= max {lin(t), nM My Moe™™ ||L||, nM My Moe™" || P||, MMlMge“’"||/$nHL1([07n])},

En(t)z/o Ml,,(s)ds .

Also we estimate the terms on the right-hand side of (4.5 in the following lines.
For the first term, we have

1Py, — Pg,|| < I1Pllllye — 7.
< [|P|lertHEn® e (Wit In@) 1y, g |

<P Oy — gl

For the second term, we have

t
| lim [ S'(t—s)Ra(Lys — Ly,)ds|
A—o0 0

t
< ML / ey, — 7| ds
0
t - -
< Mew/ ln(S)GTLn(s)e_(ws+TLn(s))”ys — Yl ds
0

t —~
< Mevt / 1 (8)e 2O |1y — 7|, ds

0
< lews+7—/L\n(s) ||y _ y”n;
T

Using (H3)(1), we evaluate the third term as follows
t t
i [/ = 9)Rao(s) ~s))dsl < Me [ e g(s) ~ 5] ds
> .Jo 0

t
< M@wt/ €_wsf‘€n(3)”ys - ys” ds
0

t -
< Mem/ lu(s)e™ iy — g, ds
0

ews+TLn(s

< Ny = Flln,

N =

The last term is estimated due to assumption (H4). Specifically, one has

t
L= | Jim |8t = 9)A\(Buy(s) — Bug()ds|

t
<met [ Bl — ug(s) s

n

¢
< MMlewt/ e ws|wt [Dyn — S (t)Dp(0) — /\lim S'(n — r)RxLy,dr
0 - Jo
n

— lim S'(n — T)R)\Q(T)dr}

A—oo Jo
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-l [Dyn = S(OPO(O) = lim |8/ (n )BTy, dr

— lim S'(n — r)RAﬁ(r)dr} | ds

A—o0 Jo

t
< MMlMgem/ e "Dy, — Dy, ds
0

t n
+ M2 M, Mae™ e || L|| / (e_ws/ lyr — yTHdr) ds
0 0

t

earandgerte [(ev [l - g, ldr) ds
0 0
Thus,
t
Igﬁmawaww/eﬂw%—ymw
0
t
HWMMﬁ%WwW/me—%WS
0
t
+M%M%WW%/6W%WW%—EWS
0
3 —~
< Sewstrlals) ly —Tlln-
T
Therefore,

_ 5 _
=l < (121 4+ 2) 1y = Tl
We interchange the roles of y and 7 to obtain

Ha(Qy), ) < (1P +2)ly ~ 7l

Since || P|| < 1, then we can choose 7 sufficiently large such that ||P|| 4+ 2 < 1. So,
Q is a contraction.

Now, we shall show that Q is an admissible multivalued map. We consider the
multivalued mapping

Q: C([-r,n], D(A)) = Pa(C([-r,n], D(A))),
Q(y) = {h € C([-r,n], D(4)) :
¢(t)7 ifte [77ﬂ7 O]a
S'()D(0) + Py, +limy o0 fy S'(t — 5)RyLysds
h(t) = 4 +limy_ 00 fot S'(t — s)Rrg(s)ds
+1limy 00 fot S'(t — s)RxBuj (s)ds,
ift€[0,n],g € SE,

where S%, = {h € L'([0,n], D(A)) : h(t) € F(t,y) for a.e. t € [0,n]}.
By (H1)-(H4), and by using the fact that F' is a multivalued map with compact

values, for every y € C([—r,n], D(A)), we can show that Q(y) € P, (C([—r,n], D(A))).
Moreover, there exists z, € C([—r,n], E) such that z, € OQ(z.). We let h €
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C([~r,n],D(A)),5 € Uy and € > 0. If z, € Q(7) then ||z, — Q®)|| = 0 and
we observe that

[5(t) = ()] < [H(t) — h(t)] + |y« (t) — h(t)]

< g = Q@) e O 4 |z (8) — h(1)], ¢ € [0,7].
Since h is arbitrary, we may suppose that h € B(z4,€). Therefore,
17— zlln < 7 — Q@)In + €.

If z. ¢ Q(Y), then ||z. — Q(@)| # 0. By the compactness of Q(y), there exists
x € Q(y) such that ||z, — Q@)| = ||z« — z||. Thus,

[m(t) —x(t)] < [y(t) — h(t)] + |2(t) — h(t)]

<[y = Q@) e O + |x(t) — h(t)], ¢ € [0,n].
Since h is arbitrary, we may suppose that h € B(z,€). Then
17— zlln < Iy — QFlln + e
In both the above cases, we have for every 77 € U; and for every n € N, there exists
T € Q(¥y) such that
17— Zlln < 17— Qylln + e

So, Q is an admissible operator contraction. Proceeding as in the proof of Theorem
due to the choice of Uy, there is no y € 9U; such that y € AQ(y) for some
A €10,1). We deduce from Theorem that Q has at least one fixed point which
is an integral solution of (1.3) with initial condition yo = ¢ and y(n) = z;. This
completes the proof. O

5. APPLICATIONS

5.1. Parabolic differential inclusions of neutral type. As an application of
our results we consider the following partial neutral functional differential inclusion

2 (t.2) ~ Pl 2))) — Aly(t,2) — Pl ()

_Lyt S Q(t,y(t—’l’7$)), te [0,00),J} € [Ovﬂ—}? (51)
y(t,0) = y(t,m), tel0,00),
y(t,d?) = ¢(t,£€), te [77’3 0]7 S [0771-]7
where A is the Laplacian operator on [0, 7], ¢ € C([—r,0]; C([0,7];R)); P : C([—r,0]; C([0,7];R)) —
C(]0,7];R) is a linear bounded operator, and ||P|| < 1, which follows that the con-
dition (H2) holds. The operator L : C([—r,0]; C([0,7];R)) — C([0, 7]; R) is linear
bounded. The multivalued map @ : [0,00) x [0,7] — P(R) has compact values
satisfying
k> 0: Ha(Q(t, 1), Q(t, 22)) < kllzy — z2ll, t € [0,00), 21,22 € [0,7]
and d(0,Q(t,0)) < k,t € [0, 00).
It is well known from [I7] that A possesses the following properties:
D(A) = {u € C([0,7];R) : u(0) = u(r) = 0},
(0,00) C p(A),

_ 1
A=) < 5 A>0.
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Then, A generates an integrated semigroup on C([0,7|;R). Assumption (H1) is
verified. Consider E = C([0, 7|; R), operator A from E given by Az = Az, where

D(A) ={z € C(0,7];R) : 2(0) = 2(w) = 0,Az € C([0,7|; R) },
D(A) = Co([0,7]; R) = {z € C([0,7];R) : 2(0) = z(w) = 0}.
In addition, assume that there exists an integrable function n : J — J satisfying

Qt, w(t —x)) < n(t)((lwl]),

where ¥ : J — J is continuous and nondecreasing with

/Oo ds ~
s+ U(s)
We define on [0,00) x C([—r,0]; C([0,7];R)) a multivalued operator F as

F(t,we)(x) = Q(t,w(t —x)),0 <z <.

Therefore, (H3) is satified.

Then, problem takes the abstract form . We can easily check that all
the hypotheses of Theorem [3.3] are satisfied. Hence, by employing Theorem [3.3]
problem has at least one integral solution on [0, c0).

At the end of this subsection, we consider the control problem associated with
(5.1) as follows

(6. 2) ~ Pl 2)]) — Aly(t,2) ~ Pl 2))

— Ly € Q(t,y(t — r,x)) + Bu(t), te€]0,00),z € [0,n], (5.2)
y(tv O) = y(t’ﬂ-)7 te [07 OO),
y(t,iﬂ) = (;S(t,a:), te [*7" O]a T e [077(]7

where B : U — C([0,7];R) is a bounded linear operator defined on a Banach space
U and u € LE (J;U). Let us assume that W : L2 _(J;U) — E given by

Wu = lim To(n — s)RxBu(s)ds

A—o0 Jg
has the bounded inverse W1, where Ty(t) is Cp-semigroup generated by the part
of A in D(A).
By the above description, we can apply Theorem [£.4] to get the controllability
for given below.

Theorem 5.1. If ¢(0) — P(¢) € D(A), then the partial neutral functional differ-
ential inclusion (5.2)) is controllable at infinity.

5.2. Neutral functional partial differential equations with obstacle con-
strains. In this subsection, we consider the neutral functional partial differential
equation mixed an elliptic variational inequality. Let 2 C R™ be a bounded domain
with smooth boundary. We consider the problem

¥ (t2) — PG )] — AulY (1) — POYi( )]

= f(t,x,Y(t,x),u(t,z)), Vt>0, €
Y(t,z) =0, Vt>0, ze€ o, (5.4)
—Azu(t,z) + B(u(t,z) —Y(x)) 3 h(t,z, Y (¢, x),u(t,x)), Vt>0, z€Q, (5.5)

(5.3)
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with the initial condition
Y(t,x) = ¢(t)(x), Vte[-7,0], € Q.

where ¢ € C([—7,0]; C(Q)), A, is the Laplacian with respect to variable z, f, h :
R x Q x R x R — R are continuous functions, ¢ is in H*(2) and 8 : R — 2% is a
maximal monotone graph

0 if r >0,
Br) =R~ ifr=0,
0 ifr<o.

Note that, the elliptic variational inequality reads as follows
—Azu(t,x) = h(t,z, Y (¢, x),u(t, z))
in {(t,z) € Q:=(0,T) x Q:u(t,z) > YP(z)},
—Azu(t,x) > h(t,z,Y(t,z),u(t,z)), inQ, (5.7)

(5.6)

which represents a rigorous and efficient way to treat diffusion problems with a free
or moving boundary. A simple physical model for the obstacle problem is that of
an elastic membrane that occupies a plane domain §2 and is limited from below by
a rigid obstacle ¢ while it is under the pressure of a vertical force field of density h.
This model is called the obstacle elliptic problem (see [12, [33]). With the further
observation, the obstacle problem has been also discussed in [37] and the references
therein.

System — was investigated in the case without neutral terms
P(Y;(-,x)) in [7,18,19]. System (5.3)-(5.5) is called a system of neutral differential
variational inequalities, which consists of the neutral differential inclusion and the
constraint satisfying a variational inequality. In our consideration, we study the
solvability of — as well as the controlability at infinity of associated system

O 1y (t,2) — POV,(2)] — MY (t,2) — P(Yy(-, )]

ot (5.8)
= f(t,z,Y(t,x),u(t,z)) + Bu(t,z), Yt>0,z€Q
Y(t,z)=0, Vt>0, ze€0Q, (5.9)
—Agu(t,z) + Blu(t,z) —(x)) 3 h(t,z, Y (t, x),u(t,z)), Vt>0,zeQ, (5.10)
Y(t,z) = ¢(t)(z), Vte[-7,0], x €, (5.11)
where B : U — C(Q;R) is given as in the Section
Let
E=0(Q), Ey=Cy(Q)={veC(@):v=0o0n0dQ},
here E and Ej are endowed with the supremum norm |[jv|| = sup,cq |v(z)]. We
define

Av = A,v,
veED(A) ={veCo(Q) NHFQ) : Av e Cy(Q)}.
It is easily seen that
D(A)=Ey #E.

Following [34], A satisfies the Hille-Yosida condition on X, then it generates an
integrated semigroup {S(t)}:>0 on E.
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By the same argument as in [7, Section 5], one has the equivalent system to

(5.3)-(5.5) as follows

O ¥ (t,2) — POGC, )] — AulY (1) — P(YL( )]
= f(t,z,Y(t,2),Q(Y(t,z))), Vt>0,zeQ
Y(t,z)=0, Vt>0, z€dQ,
u(t,x) = QY (t,x)), Vt>0, z €,
where @ is unique solution of elliptic variational inequality — for each given

Y. Thanks to Theorem [3.3] and Theorem [£.:4] we obtain a theorem, which uses the
following assumptions:

),b(+) € C(Q) such that
[f(2,p,0) = [z, 0, )| < a(2)lp — | + b(x)|g — 4],
forall z € Q,p,q,p',¢ € R. }
(A2) There are positive functions a(-),b(-) € C(2) such that
[f(@.p.q) = f(z,9,d)] < a(@)lp — | +b(x)la — 4],
forall z € Q,p,q,0',¢ € R.

(A3) HE”LOO(Q) < A1, where Ay is the first eigenvalue of the Laplacian on Q with
homogeneous Dirichlet boundary condition.

(A1) There are positive functions a(

Theorem 5.2. Under assumptions (A1)—(A3) we have the following:
(1) For each initial function ¢ € C([—7,0];L?(2)), system (L.1)-(1.3) has an

integral solution on [0, 00).

(2) If ¢(0) — P(¢) € D(A) and

Wu= lim To(n — s)RaBu(s)ds

A—o0 Jo

has the bounded inverse W =1, where Ty(t) is Co-semigroup generated by the

part of A in D(A), then the associated system (5.8)-(5.11) is controllable
at infinity.
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