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CONTINUOUS DEPENDENCE FOR THE BRINKMAN
EQUATIONS OF FLOW IN DOUBLE-DIFFUSIVE CONVECTION

HONGLIANG TU, CHANGHAO LIN

ABSTRACT. This paper concerns the structural stability for convective motion
in a fluid-saturated porous medium under the Brinkman scheme. Continuous
dependence for the solutions on the gravity coefficients and the Soret coefficient
are proved. First of all, an a priori bound in L? norm is derived whereby
we show the solution depends continuously in L? norm on changes in the
gravity coefficients and the Soret coefficient. This estimate also implies that
the solutions decay exponentially.

1. INTRODUCTION

Within the context of fluid flow in porous media, or simply within theory of fluid
flow, there has been substantial recent interest in deriving stability estimates where
changes in coefficient are allowed, or even the model (the equations themselves)
changes. This type of stability has earned the name structural stability, and is
different from continuous dependence on the initial data. The concept of structural
stability in which the study of continuous dependence (or stability) is on changes in
the model itself rather than the initial data. Thus structural stability constitutes
a class of stability problem every bit important. Structural stability is focus of
attention now, and for the relevant results, the reader is referred to [T}, 2, 3] 5] 6] [7]
8, 9, [10].

The Brinkman model is believed accurate when the flow velocity is too large
for Darcy’s law to be valid, and additionally the porosity is not too small. In
this article, we are concerned with structural stability for the Brinkman equations
modeling the double diffusive convection. The temperature field is non-constant
and a solute is also diffused throughout the porous body.

The Brinkman equations governing the flow of fluid in double-diffusive convection
are

uip = vAu; —au; —p,; + g1 + hiC
T4+ uwT, =AT
Ci+u,C,=AC+pAT inQxt>0 (L.1)

u; ;=0
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where u;, T, C and p represent fluid velocity, temperature, salt concentration and
pressure, respectively. The quantities g;(x) and h;(x) are gravity vector terms, and
positive constants p, a are known the Soret coefficient and the Darcy coefficient,
respectively. 2 is a bounded domain of of R3, and with sufficiently smooth boundary

00. A is the Laplace operator, || - || and (u,v) denote the norm and inner product
on L3(9) .
Associated with (|1.1)), we impose the boundary data
u;=0; T=0;,C=0 on9dQ (1.2)
and the initial data
ui(2,0) = z;(x); T(x,0) = To(x); C(x,0) = Co(x);z € Q (1.3)
In (1.1) and in the equations throughout, a comma is used to denote partial differ-

entiation: For example u;; denotes gZ? and u; ; denotes 881;", and we employ the

i

convention of summing over repeated indices from 1 to 3 .

2. A PRIORI BOUNDS

Multiplying (1.1))s by 7" and integrating over 2, we have

1d

2 dt

Multiplying (1.1)3 by C' and integrating over €2, then using arithmetic-geometric
mean inequality, we obtain

1d

2dt

Multiplying 1 by u; and integrating over {2, furthermore using Cauchy-

Schwarz, arithmetic-geometric mean, then using Poincare’s inequality, we find

1d 2 2, a 2 L 2 2 2
—— = < = T
S el + vVl + Sl < S 12T + 2O

1
< —[PIVTI? + W[V C|?]
Al

IT)1* = (VT (2.1)

1 p?
ICI* + SIVCI* < IV T (2.2)

(2.3)

where
2 _ (- 2 — . h.
g° = mgxglgz, h mgxhlhl.
and \p is the first eigenvalue of the problem
Ap+Ap=0 in Q
¢=0 on 0N

Multiplying (1.1} by u;; and integrating over € , furthermore using Cauchy-
Schwarz and arithmetic-geometric mean inequality, then using Poincare’s Poincare’s
inequality, we find

ad

2
el +

vd 1
20\ ul? < LTI + 2

1
< 5 PIIVTIP + 22 VO]
2\
Multiplying (2.1)) by T'11, (2.2) by T'12 and (2.3) by I'13, then adding all results
to (2.4)) leads to

(2.4)

d
2Qi(0)+G(1) <0 (25)
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where T'y4, (i = 1,2, 3) are positive constants at our disposal,

F11 F12 (F13 +a)

Qu(t) = TP + =521 + lull? + SIVal> (26)
and
oy =(FrTD) Ly Tolyopye @iy
2.7
[%‘ﬁ%lnﬂmwwwww o

We can select T'y;, (i = 1,2,3) to secure that all the all the coefficients of (2.7))
are positive, such as

a 4h? (2h2p? + g?%)
I'is=—-; TI'js=—:; T —_—
13 = 53 12 SV 11 > N
Thus, with the help of Poincare’s inequality, we can show that
o'y, — p°T 1 T
Gt > E T el Dsdypge py o2 oy
2.8
2/\1F12 1 FlS
e e ]HC||2+F137||uH2
2 2
We can easily show that
K1Q1(t) < G(1) (2.9)

where k1 is a positive constant represented by

. 1 2
K1 = min {7[)\1(2F11 - p2F12) (1 + ;3)]
2r I
13)}7 al 13 2F13}

)

Tia)\ — R2(1+
Flg[ 12741 ( a F13+a

Thus, from ([2.5)), we can derive that

d
an(t) +r1Q1(t) <0 (2.10)
Furthermore, we obtain

Q1(t) < Q1(0)e~"* (2.11)
Therefore, recalling the definition of Q1 (¢) and combining (2.5)), we can obtain

t
ITI* < My OIP < My lul® < Mys [[Vul® < My / lul|*dn < M
0

t t t
| IvalPdn < s [9TiFan < ane [ veita < on.
0 0 0

(2.12)
where M, is a generic positive constant depending on the coefficients of and
the initial data terms in .

It also follows from inequality that ||Vu||?, ||T]|? and ||C||* decay expo-
nentially as t tends to oc.
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3. CONTINUOUS DEPENDENCE ON THE GRAVITY COEFFICIENTS

Let (u;, T, C, P) and (u T* C*, P*) be solutions to (1.1)) with the same bound-
ary and initial data , , but with different gravity coefficients (g;, h;) and
(g7, h}), respectlvely

Namely,

U = vAu; — au; — p; + gL + hiC
T, +wl;=AT
Ci+uCi=ACH+pAT inQxt>0
Uiy =0
and
uf, = VAU — auf — pls + g T + hIC*
T, +u;T; = AT”
Ch+u;Ch =AC" + pAT* in Qxt>0
uj; =0.
Now set
wy=u; —u;, l=p—-—p"S=T-T% E£=C-C"
Yi=9i—9, Mi=hi—h
Clearly, (w;,I1, S, X)) satisfies the equations
w; ¢ = vAw; —aw; —I; + T + g7 S + wC + h; X
Si+wT;+uS;=AS
YSi+wC;+uyX;, =AY+ pAS in Qx {t>0}

wi; =0

(3.1)

(3.2)

with the boundary-initial data
w;=5S=%X=0 ondQx {t>0}
w;i(z,0) = S(x,0) = X(z,0) =0 in Q
Multiplying 1 by w; and integrating over 2, then using Cauchy-Schwarz’s
inequality, and the arithmetic—geometric mean inequality, we obtain

v Vw|*+ *Ilwll +2dt|| w||* < 2[( PUSIZ+B ISP+ (ICIP 2 1T1], (3-4)

where

(3.3)

2 2 *\2 * % *\2 * 7 %
7T = maxyy; pt = maxug; (g%) = maxg; g;; (h™) :mgxhihi.

Multiplying (3.2]); by w;: and integrating over €2, then using Cauchy-Schwarz
inequality, and the arithmetic—geometric mean inequality, we have

1 2
§V%HV wl|® +

Multiplying (3.2 2 by S and integrating over €2, then using Cauchy-Schwarz, the
arithmetic-geometric mean inequality, the Sobolev inequality ,which holds for all

@ € Cj(e0),

D jwl? < (g2 + (B2 ISI2 + 122+ 2ITI2 (35)

lella <
where || - |4 is the norm on L*(Q).
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we derive
4 S|? = —2||VS|* + 2(T;, w;S);
ZISIP = —2 VS|P + 2T, wiS);
therefore
d
£HS||2 < =2 VS| + 2| VT - [lwllal| S|4
< 2| VS| 4+ 2A% | VT || - [Vwl| - [VS] (3.6)
A
< =2||VS|]* + 2011 [|VS|* + EWWIIQII vT|?

where a7 is a positive constant at our disposal.
Using similar method as in (3.6)), from equation (3.2))3, we find that

d A p?
£HE||2 < (=24 anz + a)[[VE[? + —|[|Vw|? - [VO|* + —[VS|*  (3.7)
13 Q12

where ay;, ¢ = 2,3 are positive constants at our disposal.
Multiplying (3.6]) by I's; and adding (3.7) leads to

d
Z(IZ17 + T [181%)

F21 2

—|VT||* + —]
i1 a3
p2

200121021

< SVl vel) (3.8)

+ 2[(0[11 — 1) + ]FngVSHz + (*2 + a9 + 0113)||V2H2

where I'9; is a positive constant at our disposal.

In (3.8]), we choose

1 1
Q11 =75 Q1 =013 = o Iy1 = 4p°.

it follows that
d
%(HEHQJr4132||5||2)+||VE||2+4P2|IVSII2 <20V |P4p?IVTI?+[VC|?) (3.9)

Multiplying (3.4) by I'so and (3.5)) by I'as, then adding all the results to (3.9),
then using Poincare’s inequality, we have
d [% (Ta2 + al'23)
dt* 2 2

2F22 "
+ M- (== +Tas)(g ]I
299
a

v Vw|* + lwll* + (IZ17 + 4p* 1 S11*)]

3.10
aT'as (3.10)

w]|?

r
< wlP e IVTIP +ICP] + (57 + Tos) W2ICI + 41T

+ [4p° A1 — ( + Ta3) (R*)?]IIS]1* + Toav|| Vwl|* +

where I'y;, ¢ = 2,3 are positive constants at our disposal.
We can choose I'yg and I'y3 sufficient small to make sure that all the coefficients

in (3.10) are positive, such as
AMopPN

e R

FQQ = min{
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Let
Tas (T2 + al'23)
Qa(t) = {TVHVUJH2 + f\\WHQ + 13012 + 40715117}
and
r I 2r
Ky = min{ 2V, q° 22 i (A — (% +T23)(9%)?);

Togv ’ (Do + al'23)
1 2159

—[4p* N1 — (—= + T'g3)(h*)?
4p2[P 1= ( P + Ta3)( )]}

It follows from (3.10]) that

d r
7 @2(t) +r2Qa(t) < (% +Ta3) 2| CI* +2 [ T1°]+ 24 Vwl*[4p* | VT |+ VO[]

(3.12)
It is easy to show that
20| Vwl?[4p?|[VT|? + [ VC|*] < Qa(t) fo(2) (3.13)
where
A
P =n(IVTI* + IVCI®), 7= 5 —(4p* +1).
23V
Thus, combining (3.12)) and (3.13)), we obtain
d
a@z(t) + K2Qa(t) < Ma(p® + %) + fa(H)Qa(t) (3.14)

where M2 = 2(% + F23)M1.
Now, multiplying both sides of (3.14]) by e¢*2! and integrating from 0 and ¢, we
get

M, K
Qa(t) < 2202470+ [ m@a(ndn (315)
0
Hence, applying Gronwall’s lemma and using (2.12)), we obtain
My M.
Qa(t) < 272 Jo fa(mydn (1% +4%) < 72 2m My (12 +~2),Vt >0 (3.16)
K2 K2

Consequently, from inequality (3.16)), we can see that Q2(t) — 0, as g; — g and
h; — hf. Recalling the definition of Q2(t), so (w;,II,S5,%) — 0 and (u;,T,C) —
(uf, T*,C*). So, continuous dependence on the gravity coefficients is proved.

4. CONTINUOUS DEPENDENCE ON THE SORET COEFFICIENT

Let (u;, T,C, P) and (u;, T*,C*, P*) be solutions to (I.1]), with the same bound-
ary and initial data (1.2, (1.3)), but with different Soret coefficient p and p*, re-
spectively:

Uiy = vAu; —au; — p; + ¢ + hiC
Ty +uT; =AT
Ci+uC;=ACH+pAT inQxt>0

Us,5 = 0
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and
ujy = vAu; —au; —p% + gT" + h,C”
T +uiT; = AT*
Ch+u;Ch =AC" + p"AT* in Qxt>0
Ufz =0
Now set
w,=u; —u;, H=p-p*, S=T-T" ¥=C-C" (4.1)

Clearly, (w;,I1, S, X)) satisfies the equations

Wit = vAw; — aw; — H,i + +giS + +h; 2
S’t + wﬂil + U:S’i =AS

4.2
i+t wCi+ul,;, =AY+ (p—p")AT + p*AS in Q x {t > 0} (42)
Wi = 0
with the boundary-initial data
w;=5=%X=0 ondQx {t>0}
(4.3)

w;i(z,0) = S(z,0) = X(z,0) =0 in Q

Multiplying (4.2); by w; and integrating over €, furthermore using the Cauchy-
Schwarz’s inequality, and the arithmetic-geometric mean inequality, we have

1d

a 1
AVl + Sl + 5 Sl < Slg?IS1° + S]] (4.4)

where

2 2
= max g;g;, h* = maxh;h;.
g gxgzgz, SX il

Multiplying (4.2])y by w; and integrating over €, then using the Cauchy-Schwarz
inequality, and the arithmetic-geometric mean inequality, we get
1 d 5 ad
—v—||Vuw||” + - —
2 dt [Vl 2dt
Multiplying (4.2)2 by S and integrating over €2, then using Cauchy-Schwarz,
the arithmetic-geometric mean inequality, and using the Sobolev inequality, we can
derive

1
lwll® < Slg*1S17 + R2[I2]17] (4.5)

d A
gllSszn < =2||VS|* + 2021 [[VS|* + S [Vw|?|VT|? (4.6)
Q21

for ay is a positive constant at our disposal.
Using similar method as in (4.6)), from equation (4.2))3, we can find that

d A
IEIP < (224 a2 + s + )|V + — [ Vu|*|[VC|®
t 23
(4.7)
+

*2 _ *%)2
o vs) + = gy
22 24

for ag;, (i = 2,3,4) are positive constants at our disposal.
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Multiplying (4.6) by I's; and adding (4.7)), leads to

d
Z(IZ1% + Taa[15%)
*2

< (=2 + a9 + ao3 + ag) || VE|? + 2[(a21 — 1) + -———
20092131

a1 VS|P (4.8)

(p—p")° A I3 2

+ VT + SVl [ [VT* + —[ VO]
24 Q21 Q23

where I'3; is a positive constant at our disposal.

In (4.8), we choose aa; = 1/2, g = 1, a3 = aaq = 1/4, Tt follows that
d .
%(HEH2 +Ta1[|S)?) + IVE[]® + (Ts1 — ™) VS| 1?
< A|Vw|P(Tar[[VT? + 4| VC|1?) + 4(p — p*)? VTP

Multiplying (4.4)) by I'sy and (4.5 by I'ss, furthermore adding all the results to
(4.9), we get
i[b (T's2 + al's3)
dt" 2 2

al’ .
+ Tagv| Vool + =2 [wll + IVEIP + (Tar — )| VS

2032
P La3)[g°]13]1% + R [[S]1%] + 2A (| V| |* [Da [| VT

+A|VOIP] +4(p — p*)?|VT|?

(4.9)

v||Vwl* + lwl® + (1201 + TallSI%)]

(4.10)
<(

where T's;, (i = 2,3) are positive constants at our disposal.
We can choose I's; to make sure that I's; > p*2, therefore, by the Poincare’s

inequality from (4.10]), we have

d T (P32 + al's3)
SRVl + FEEEE w2 + (D)2 + T IS)?)]
dt' 2 2
I'so al'sy
ATy — p™2) — (2222 4 Tyg)h2]|1S]|2 + 22 w2
+ (a1 = p™) = 2= + Tga) 7] [IS]* + == [lw] (4.11)

2T
+ Tsov|| Vw||? + [/\1 —( a32 +F33)92] 112

< AVw|?[Ca1[VTI? + 4 VO] + 4(p — p)?|IVTJ?

We can choose I'ss and I's3 sufficient small to make sure that all the coefficients
in (4.11) are positive, such as we may choose

ai; GAl(Fsl - 9*2) A1 )\1(F31 - P*z)

Iso = min{@, 372 b Tag= min{@a T}
Let
I3z (32 + al'33)
Qs(t) = (20Tl + T2 2 4 2 4 v )2)
and
A al'3a 2032 2
= ~ L\ — r
K3 = min{ Ty (F32+aF33)’( 1— ( a +TI'33)97);
(4.12)
1 2Ly

T A1 (Ts1 — p*%) — (—= +Ts3)n°]}
31 a
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Then, it follows from (4.11)) that

d
2 @3(t) + r3Qs(t) < Aljw||*[Ta1 [ VT
Also, it can be easily shown that

A Vw|[Ca1[VTI* + 4 VCI?) < f5(8)Qs(2) (4.14)

I +4(p—p")?IVT* (413)

where oA
f3(t) = Ts(HVT||2 +IVC|]?), 5 = o (s +4).
33V

Thus, comblng and -, we obtain
%Q:s(t) + £3Qs(t) <4(p — p*)’ VT + f3(1)Qs(t) (4.15)
Now, multiplying both sides of (4.15]) by e"3! and integrating over [0, t], we obtain

K3

Qa(t) < 235 1) /fs )Qs(n)dn (4.16)

where M3 = 4M;.
Hence, applying Gronwall’s lemma and using (2.12)), we obtain

M.
Qo(t) < e satman (p_ pryz < M aman () ez v ng (a17)
K3 K3
As a result, from inequality (4.17), we can see that Q3(t) — 0, as p — p*.
Recalling the definition of Q3(t), so (w;,I1,.5,3) — 0 and (u;, T, C) — (uf,T*,C*).
Consequently, continuous dependence on the Soret coefficient is proved.
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