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EXISTENCE OF SOLUTIONS FOR CRITICAL FRACTIONAL
p-LAPLACIAN EQUATIONS WITH INDEFINITE WEIGHTS

NA CUI, HONG-RUI SUN

ABSTRACT. This article concerns the critical fractional p-Laplacian equation
with indefinite weights

(=Ap)*u = Ag(@) ul’2u + h(2) ul” 2u in RV,

where 0 < s <1 <p < oo, N> spand pi = Np/(N—sp), the weight functions
g may be indefinite, and h changes sign. Specifically, based on the results
of asymptotic estimates for an extremal in the fractional Sobolev inequality
and the discrete spectrum of fractional p-Laplacian operator, we establish an
existence criterion for a nontrivial solution to this problem.

1. INTRODUCTION

The purpose of this article is to study the existence of nontrivial solutions for
the critical fractional p-Laplacian equation

(—A,)°u = Ag(2)|ulP~?u + h(z)|u

where 0 < s <1< p<oo, N> sp, pi = Np/(N—sp) and (—A,)* is the fractional
p-Laplacian operator which is defined as

u(z) — u(y)[P~* (u(z) — u(y))

|z —y[ NP

Pi=2y in RV, (1.1)

(=Ap)°u(z) =2 lim

dy, Yz eRY,
e—0t RN\ B (z)

the weight functions g may be indefinite and h changes sign.

In recent years, there has been an increasing attention to nonlocal diffusion
problems, in particular to the ones driven by the fractional Laplacian operator [15].
One of the reasons for this comes from the fact that this operator naturally arises
in several physical phenomena like flames propagation [9] and anomalous diffusion
[22], in geophysical fluid dynamics [I1], or in mathematical finance [I3] and so on. It
also provides a simple model to describe certain jump Lévy processes in probability
theory [3].

For fractional Laplacian problems on bounded domains, an approach was pro-
posed by Caffarelli and Silvestre in [I0], which allows to transform a nonlocal prob-
lem into a local problem via the Dirichlet-Neumann map. By employing the har-
monic extension, a large number of existence results have been obtained for Dirichlet
problems involving the fractional Laplacian in bounded domain. In particular, to
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deal with the critical nonlinearity, we refer to [4, [5, 12] and the references therein.
Furthermore, Servadei and Valdinoci [25] studied the Brezis-Nirenberg problem

(=A)%u = NulP2u+ |[uP*"2u in Q,
u=0 in RVM\Q,

and proved the existence of solutions for the above problem with p = 2. Mosconi
et al. [23] deduced the existence of nontrivial solution for the above problem un-
der different conditions of N, s, p and A, by utilizing the asymptotic estimates
for the minimizers obtained in [7] and an abstract linking theorem based on the
cohomological index [29]. It is worth noting that these results were established for
a bounded domain.

There are a lot of novel researches and interesting results of fractional Laplacian
in the whole space, see [T} 2], [6], [8], [16], 18] 20, 24} 28], B0] and the references therein.
For instance, Dipierro et al. [I6] considered the existence of a positive solution for
the problem

(=A)*u = ef(z)u? +u*"1 in RV,
where 0 < ¢ < 2% — 1, € > 0 is a small parameter and f is a continuous and
compactly supported function. Due to the lack of regularity of the associated
energy functional, the case 0 < ¢ < 1 is particularly difficult. Moreover, in [§],
Bucur and Medina also investigated the above problem when 1 < ¢ < 2% — 1 by
using different methods from [I6]. Bonder et al. [0] dealt with the following critical
equation involving the fractional p-Laplacian

(=Ap)°u = Af(2)|ul!%u + K ()|u Ps=2y  in RV,
where p < ¢ < p%, 0 < f € LL _(RY) is such that the embedding D*?(RY) «

loc
L4(fdx;RY) is compact and K is nonnegative, bounded and has a limit at co. By
the concentration-compactness principle and mountain pass theorem, they obtained
some existence results for two cases: ¢ = p and p < g < p¥, respectively. Recently,
Ambrosio et al. [I] investigated the existence and concentration of positive solutions

for the p-fractional Schrédinger equation
e (=) u+ V(@) [ul~2u = f(z) +ylul” ~2u in RY,

where ¢ is a small parameter, v € {0,1}, V is a continuous positive potential having
a local minimum and f is a superlinear continuous function with subcritical growth.
The main results were deduced via penalization techniques and suitable variational
arguments. However, it is worth emphasizing that, we can find that weight functions
were all assumed to be positive in these above mentioned literatures.

Motivated by the above analysis, we study the existence of nontrivial solution
for problem , which is closely related to the principle eigenvalue of the problem

(=Ay)*u = Ag(z)|uP"2u in RV, (1.2)

In [I4], we established the existence of a sequence of eigenvalues which converges to
infinity for problem , and the principle eigenvalue is simple. The corresponding
eigenfunction may be positive in RV (see Lemma below), which is a key step to
prove the (PS). condition. In this article we extend the results in [I7] for critical
classical Laplacian problem to the fractional setting.

It is worth mentioning that, as far as we know, there is no result for fractional
p-Laplacian in RY with indefinite weights. This problem will present us with two
main difficulties: firstly, the lack of an explicit formula of the extremal for the
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Sobolev embedding D*?(RN) < LP: (RY). For p = 2, we know that the extremal
is of the explicit form cU(M) with

Ue)= —— . zeRY,

N—sp
(1 + |2f") 7

where p’ = p/(p— 1) is the Hélder conjugate of p, ¢ # 0, o € RY and ¢ > 0, which
was firstly proved by Lieb in [19] and can be devoted to proving the existence
of solution. Although it has been conjectured that this extremal has a similar
explicit form for the general case, to the best of our knowledge, it is still open
until now. However, we can verify an existence of nontrivial solution by utilizing
the asymptotic estimates for the extremal, which was obtained by Brasco et al.
[7]. Secondly, the nonlinearities contain some indefinite weights, which give us
further difficulty. Indeed, the indefinite weight case is more complicated than that
of the positive one (see proof of Lemma , when we consider the convergence
in the corresponding topology space, although we can define some spaces, their
topology (or norm) are naturally related to indefinite weight functions, to give some
technical assistance. Concerning the whole space, it causes the lack of the compact
embedding, we will overcome the difficulty by the new concentration-compactness
principle obtained in Bonder et al. [6] recently.

In this article, we assume that the weight functions g and h satisfy the following
conditions: let g = g* — ¢~ with g*,g= > 0, g7 € L®RM) N L%(RN), g~ €
L>®(RYN), and

(A1) h € L>=(RY) and ht £ 0;

(A2) there exist constants p > 0 and 6 > 1 such that h(z) = h(0) + 0(|m\%) for

x € B(0, pb);
(A3) h(0) = ||h]|lco and h(z) > 0 for x € B(0, pb);
(A4) g(z) > go > 0 in B(0, pb).
Next, we state the main result of this article.

Theorem 1.1. Assume that (A1)—(A4) hold, then for any A € (0,\]), problem
(1.1) admits at least a nontrivial solution.

The remainder of this paper is organized as follows. In Section 2, we collect
some notation and known results, and we prove some preliminaries. In Section 3,
by using the concentration-compactness principle and mountain pass theorem, we
prove Theorem

2. PRELIMINARIES

We recall that for any 0 < s < 1, the fractional Sobolev space is defined by
D*P(RN) = {u € L7 (RY) : [u],, < o0},

Ju(@) =)l N
// |x—y|N+ap v dy)

is the so-called Gagliardo seminorm of u. With the induced norm |[|ul| ps.»@~y =
[u]s p, the space D*P(RY) is a uniformly convex Banach space, and there exists a
positive constant C,« such that

« < Cprlu]sp for ue D¥P(RN).

where the term
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Let the best Sobolev constant in this inequality be

sy (2.1)

S = inf
we D=2 (RN )\ {0} [[ullys

Next, we define the fractional (s, p)-gradient of a function u € D*P(R") as (see [6])

Dot = [ e

v

Observe that this (s, p)-gradient is well defined in RY and |D*u(z)| € LP(RY).
We introduce a weight function

-
(1 |z[)e”
and define w(z) = max{g~(z),w(z)}. Let X be the completion of C§°(RY) with

respect to the norm
1/p
fullx = (12, + [ wapaz) ™,
RN

then X is a uniformly convex Banach space [14, Lemma . Obviously, note that
the embedding X < D*P(RY) is continuous, and since D¥P(RY) — Lg (RY) is
compact for o € [1,p?), we deduce that the embedding X < Lg (RY) is compact
for o € [1,p%).

Weak solutions of coincide with critical points of the C'-functional Jy :
X — R,

w(z) = z eRY,

Podr, weX. (2.2)

1 A 1
Ia(u) = —[ul? —f/ gupdx——/ hlu
) = it =2 [ g~ [

Lemma 2.1 (|14, Theorem 1.1]). Suppose that g* € L%(RN) NL2(RN), g~ €
L>®(RN) and g*, g~ > 0. Then there exists a simple eigenvalue )\T > 0 such that
the eigenvalue problem has a positive eigenfunction uf‘ € X associated with
M. Moreover, for any A€ (0 M), we have

Ol /
dxdy — A Pdx >0 € X.
Sl e e [ ohipae 20,

The following lemma provides the concentration-compactness principle for frac-
tional Laplacian operator in unbounded domains.

Lemma 2.2 ([6, Theorem 1.1]). Let {uy}ren C D*P(RY) be a weakly convergent
sequence with weak limit w. Then there exist two bounded measures p and v, an at
most enumerable set of indices I, x; € R, and positive real numbers ju;, v;, i € I,
such that the following convergence hold weakly® in the sense of measures,

|Dup|P de — p > Dl dw + ) pida,,
iel
s dy — v = |ulPs dx + Z Vilg,
iel

Sl/f/p: < i, foralliel.

|u

Moreover, if we define

R—00 k00 =00 koo

Hoo = lim hmsup/ |Dug|P dz, Voo = hm hmsup/ |ug|P* de,
|z|>R |z|>R
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then

k—o0

limsup/ g
k—oo JRN

SVgc{p: < foo-

limsup/ |D*uy|P doe = ,LL(RN) + Hoos
RN

s da = v(RY) + v,

Now, we estimate the decay of this nonlocal gradient and a compactness conclu-
sion with weights.

Lemma 2.3 ([6, Coroll. 2.3]). Let ¢ € WH(RY) be such that supp(¢) C B(0,1),
given r > 0 and xo € RN, we define ¢r 4, (x) = ¢(2=22). Then

|D*¢p 2 (7) [P < C'min {7‘_5”, rNa — xol_(N“p)} ;
where C' > 0 depends on N,s,p and H(;S||W1,W(RN),

Lemma 2.4 (|6, Lemma 2.4]). If a € L>(RY), there exist « > 0 and C > 0 such
that

0 <a(x) <Clz|~.
Then, if a > sp, the embedding D*P(RN) < LP(adx; RYN) is compact. That is, for
any bounded sequence {uy}ren C D¥P(RN), there exists a subsequence {uy,}jen C
{ur}ken and a function u € D*P(RYN) such that

/ alug, —ulPdr —0 asj— oo.
RN

To verify the existence of solution for (|I.1]), we first need to show some prelimi-
nary results.

Lemma 2.5. Assume that u, — u in D*P(RYN). Then for f € L¥(RY), there
exists a subsequence of {u,}, still denoted by {u,}, such that for any ¢ € C°(RY),
(©) Jon Flunl? Punpdz — [on flulP>~?upde;
(ii) fan flun P 2upp de — S~ fluP~2up dx.
Proof. (i) Since u, — u in D%P(R") and the embedding D*P(RY) — Lg
compact for o € [1,p¥), we can assume that

(RY) is

Up — w a.e. in RY,
so flun P:=2y a.e. in RY. Since {u,} is bounded in LP: (RN, it
follows from f € L®(RYN) that {f|u,|"*2u,} is*bounded in L%(RN). Thus,
Ps =24, — flulPs2u in L%(RN) (see [27]). For any ¢ €

Pi2y, — flu

we can get that flu,
Cs°(RY), we obtain

/ flun p:72un<pdx—>/ flu
RN RN

(ii) It can be proved by a similar method as (i), so we omit it here. O

Ps =20 dx.

Lemma 2.6. Suppose that u,, — u in D*P(RY), then there exists a subsequence
of {un}, denoted still by {u,}, such that
[tn(2) = un(Y) [P (un (@) —unly))  |ule) —uly)[P~>(u(z) — u(y))

N+sp N+sp

|z =y [z =yl
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in LP' (RN x RN), where p/ = z% is the Holder conjugate of p.

Proof. For simplicity, we define

571(1" y) _ |un(x) - Un(y)|p_2]5’lf_zlp(m) — un(?/)) )
[z =yl
Since {uy} is bounded in D%?P(R™N), we obtain that {¢,} is bounded in L?' (RN x
RN), hence there exists £ € L (RN x RN) such that &, — & in L' (RY x RN) up
to a subsequence.
In addition, since u,, — uin D*P(R") and the embedding D*?(RY) — Lg (RY)
is compact for o € [1,p?), we can assume that u,, — u a.e. in R™. Then it follows

that &, (z,y) — |u(r)_"(y)|p7;(fs(,;r)_u(y)) a.e. in RY x RY. Combining this with the

7

lz—y| P

boundedness of {&,}, we obtain that
. Ju@) = u(@) P (u(z) — uly))

n(z,y) o in L" (RN x RM).
|z —y|
Thus -
£(ny) = |u(z) — u(y)| ](ﬁ(px) u(y))
[z —y[ ¥
The proof is complete. O

Lemma 2.7. Let {u,} C D*P(RY) be a bounded sequence such that Jy(u,) — c
and Ji(un) — 0 as n — oo, and let p;, v; be as in Lemma . Then we have the
following estimates:

N

vi > STh(x;) %, i = SWh(x)' 5 if hiwi) >0,
vi=p; =0 if h(z;) = 0.
Proof. The proof closely follows the technique of [6l Lemma 3.6]. We first show that
the set [ in Lemmais finite. Fix a concentration point ;, let ¢ € C§°(RY [0, 1])

be such that
1, if|z| <1,

9(x) = {0, it 2] > 2,

and let ¢s(z) = ¢(*5) for 6 > 0. According to J)(u,) — 0 as n — oo, taking the
test function ¢ = u, ¢, then we have

lim <<(—Ap)sun,un¢5> - A/RN lup [P s da: — /RN Bl |P* d:r:)

n—oo

= nhﬁn;ouf\(un), Uns) = 0.

Thus, it follows from Lemma [2.2 g, h € L>®(RY) and u,, — w in L! (RY) that

fim (=)t tnds) =2 [ glulosdos [ hosdn(23)

n—oo

Next, we verify that
lim lim ((—Ap)* U, unPs) = ;- (2.4)

§—0n—o0

We can write

<(_Ap)sun7un¢5>
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]l a2 enle) ol g o)~ tn 60l o,
R2N

|z —y|NHep

[un (@) — un(y)|P¢s(z)
//Rzzv |z —y|NFsp ey
// |tn () — un(y)|P~ 2(un( ) = un(y))(95(x) — ds(y))un(y) dz dy
RQN

|z —y| NP

=1 + 5.

Clearly, It = [,n |D*un|P¢s dz, then by using u, — u in D*P(RY) and Lemma
we have

n—oo RN

Since p — ;¢ 1idz, has no atoms and ¢5; — 0 as 6 — 0 for any = # z;, i € I, we
conclude that lims_,g lim, o 1 = ;. Now,we estimate I using Holder inequality
we have

&s/qum (1D 5 P) /Pl dy
1/p

< s p—1 P s p

<107l ([ funl? D65 o)

1/
<c [ luliDsespas)
RN

Then by Lemmas 2.3 and we know that

1/p
limsup Ir < c(/N [u|P|D* ps|? dx) . (2.5)
R

n—oo

Furthermore, we check that lims_o [pn |u[?|D*¢s|P dz = 0. In fact, thanks to
Lemma [2.33] and Holder inequality, we deduce that

/N |u|P| D ps|P da
R

s [ul?
= C<5 ’ /m<6 uf”da -+ 0% /w>5 || N+sp d:v)
. p/p
<C6 P Ps d
N (»/ac<5 |u x)
p/P
= Cl(/|z<§ B )
+Ci2—k(N+sp)5—sp</

o jo|<2k+16

. p/p: >
:cl(/ |upsda:) —1—0222*’”\](/
|z| <& k=0

|a:|§2k+16

|uf?

okg<|z|<2ktiy || VTP

D

|u|p§ dx)p/ps

|u

. p/p}
Ps dm) .
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Since u € LPs(RYN), then it is easy to see that lims_,q f|x\<6 |u|Ps dz = 0. Given
€ > 0, taking ko € N such that co Z;o:kOJrl 27kN < ¢, we obtain

< . p/p;
CQkZ:OZ kN(/l P dx)

z|<2k+18

|u

ko »/p}
— * s
<cellullp. + ez E 2 kN(/ |u|Ps dx) :
s prd ‘$|§2k0+16
Then,
) o kN . \P/P; »
lim sup ¢y E 2 ( |u|Ps d:ﬂ) < ellullps-
5—0 =0 |z|<2k+168 °
Hence,

lim |u|P|D*¢s|P dax = 0,
6—0 RN

and from it follows that limgs_¢lim,_ . I3 = 0. So, the limit equality
holds. On the other hand, by applying the property of the function ¢s, we know
that

lim / glulPpsdr =0 and lim hosdy = h(z;)v;.

6—0 JrN 6—0 JrN
Then, in view of , we have h(z;)v; = p; for any ¢ € I, which implies that
h(z;) > 0. So, it follows from Lemma [2.2] that

vi > St h(x) . > Swh(z) T if hz) > 0,
This completes the proof. ([

3. MAIN RESULTS

In this section, we prove the existence of solutions for critical fractional p-
Laplacian with indefinite weights of problem . By using the concentration-
compactness principle and mountain pass theorem, we prove Theorem [I.1] Firstly,
we prove that the functional J satisfies the (P.S). condition for small energy levels.

Lemma 3.1. For any A € (0, \]), the functional Jy satisfies the (PS). condition
11—

[Alloc ™"

Proof. Let {u,} be a (PS). sequence; that is,

Ia(up) = ¢ and  Jy(up) =0 asn — oo. (3.1)

LN
for all c < 58+

First of all, we show that the sequence {u,} is bounded in X. If this is not true, we
may suppose that, up to a subsequence, still denoted by {u,, } such that ||u,|x — oo
asn — oo. Forn € N, let v, = ”uqf%, then we can assume that there exists v € X
such that

v, v inX, v, —v inIL (RY), v, —>v ae inRY. (3.2)
Obviously, by (3.1]), we have
1 s
e o1l = Talun) = ().} = 3 ({aalfy = A [ gl d).
p N RN

S
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Multiplying both sides by ||u, %" and letting n — oo, we deduce that

[vn]f;p — )\/ glop|P dx — 0. (3.3)
RN

Since the embedding X < D*P(RN) < LP:(RY) is continuous and |v,|x = 1,
we know that {v,} is bounded in LP: (RY), then {|v,|P} is bounded in L§(RN).
Combining this with (3.2), we have |v,[P = |v|P in L%:(RN). So, in view of
gt € L (RY), we obtain

/RN gt |vp|P do — /RN gt |vlP dx. (3.4)
For A € (0,A]), by (3.2)-(3-4), we have

0< [, — A [ gloldo

RN

Y RO (3.5)
RN

< lim inf ([vn]g,p - )\/RN g |vn|? dz + )\/RN g |vnl? dm) = 0.

n—oo

Thus, the variational characterization of the principle eigenvalue A\] (see Lemma
2.1]) implies that v = 0. Then from (3.4)) and (3.5)) it follows that

/ g on|Pde — 0, lim [v,]?, =0, lim g~ |vn|P dx = 0.
RN n—oo N

n—oo R

By the Hardy-type inequality [21, Theorem 2], we obtain
0< / wl|v, [P de < C’N7s,p[vn]§p,
RN '

we then deduce that lim,, . ||vn||x = 0, which contradicts that ||v,||x = 1. There-
fore, {u,} is bounded in X.

Next, we verify that u,, — w in X. Since {uy} is bounded in X, we can assume
that there exists u € X such that w, — v in X. Then applying Lemmas and
and g,h € L¥(RYN), for any ¢ € C5°(RY), we have

[ lmle) = ol o) s ole) = 4D o
RQN

|z —y|NHop

u(x) — u(y) P (u(z) —uy)(p(z) — ¢(y))
— //sz dzx dy,

|z —y| NP

/N glun P 2unp de — /N glulP~2uyp de,
R R

/h|unp:72un<pd3:—>/ h|u
RN RN

Hence, in view of (J}(uy), p) — 0, we obtain

// [u(w) — u(y) "2 (u(z) — u(y))(p(z) = ¢()) dy
R2N |

x —y[Nrep

f)\/ g\u|p72u<pdxf/ h|u
RN RN

Ps 20 dx.

p:72ug0 dxr =0,
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that is, (J}(u), ) = 0.
From the proof of Lemma we know that for any i € I,

h(zi)vi = pi, (3.6)
vi=0 ifh(z;) =0, v;>Swh(x;) 7 if h(z;) > 0. (3.7)

Suppose that v; # 0 for some i € I. Becasue u,, — u in X, we may obtain that
up, — u a.e. in RY. On the other hand, we can get that {|u,|P} is bounded in
L% (RN), since the embedding X < LPs (R™) is continuous. Then, it follows from
gt € L5 (RY) that
/ gt |un|? dv —>/ gt |ul? dz. (3.8)
RN RN

Thus, by (3.1)), Lemma and (3.8)), we deduce that

e+ o(D)[unllx = Ji (tn) — — (4 ). )

= /\/ glun|? dx

~

:N [wn)? —/\/ " |un |pdx+)\/ |un|pdx
S

> = ([u]p, — » : .

> 5 (0, =2 [ oluP ot 3 ) + o)

el

Furthermore, combining J4 (u) = 0, (3.6) with , we obtain

et o) unllx > = / Whul? d+ 3 R + of1
el
> = / hlu|Ps dx + Sth ~% +o(1).

i€l

1-& *
In view of ¢ < %S%Hhﬂm 7, we obtain that [, hlulPs dz < 0. However, by the

fact Ji(u) = 0 and X € (0, A\]), we have

/ hlu|Ps do = [ulf , — )\/ glulP dz > 0,
RN RN

which is a contraction. Thus v; = u; = 0 for any ¢ € I, then it follows from Lemma

2.2 that
/ |un|P5 dz — / |u
RN RN

.
Ps dz.
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This together with the weak convergence of u,, — u in LP: (R") imply that wu, — u
in LP: (RN). By u,, — v in X and (3.1]), we derive that

<J)\ un (U) Unp — u>

//RQN \un —un|(x)_|p;|2$z£$) — un(y))

—u(y)|P 2 (u(z) — u
- o) = f |15+Ep) DY () = n o) — ) + ) ey )

— /\/ g(|unlP 2y — |ulP~%u) (uy — u)dz
RN

7/RNh(

Since u, — win X, up, — win LP:(RY), gt € L3 (RY) and h € L=(RN), we have
the convergence

P2y, — |ulP~2u) (u, — u)dz — 0.

/N g (Jun P un — [uP~?u) (uy — w)da — 0,
R

Jore

Then, combining with , we obtain
// Iun — U (PP (un(®) —un(y))  Julz) —u(y)lP~>(u(z) — U(y))>
R2N

(3.10)

P2y, — |ulP2u) (uy — w)dz — 0.

|x7y|N+sp |$7y|N+Sp
X (un(x) — up(y) — u(x) + uy)) de dy

+ )\/ (|t P2 un — |u|P2w) (u, — w)dx — 0.
(3.11)
Using Holder inequality, we deduce that

// Iun — un )P (un (@) —un(y)) _ |u(@) — u(y)P~>(u(z) — U(y))>

Ix*le“” |z —y[NHer

X (un (@) = un(y) — u(z) + u(y)) dv dy
> [un]f pT [u].ls)p [unly pl[u]s,p - [uK;l [un]s,p
= ([Un]g,pl - [“]f,;l) ([un]sp — [ulsp)

and similarly, we have

L el = 20, = e

> ((/RNgwanx)p”l - (/RNQWM);)
y ((/]RNg_|unpdx)1/p— (/RNg_uPda:)l/p).

Let fy(t) = (t*=1 — B*=1)(t — B) for t € R*, b > 1, we know that f;(¢) > 0. Hence,
it follows from (3.11)) that

([unl25" = [ulZ3") ([unlsp = [uls,p) = 0,
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p=1 P

((/RN g unl? dz) T~ (/RN 9‘|u|de)%)
) <(/R g|u”|pdz>l/p(/R g*|u|pdx)1/1’)%o.

The function f, also has the following property: if f;(t,,) — 0, then t,, — . Thus,

[un]? , — [u]f , and / ~|un|P de — / “|ulP dz  as n — oo.

5P 5P

By the Hardy-type inequality, we derive that [y w|un|P de — [ox w|ulP dz as n —
00. So, |Jun|lx — ||ullx, this together with the weak convergence of u,, — u in X
implies that u, — u in X. O

To verify that Jy has the geometric structure required by the mountain pass
theorem, we need to introduce the following results.

Lemma 3.2 ([7, Proposition 3.1]). Let 1 < p < o0, s € (0,1), N > sp and let S
be as in (2.1). Then

(i) there exists a minimizer for S;
(ii) for every minimizer U € DSP(RYN), there exist zog € RY and a constant
sign monotone function v : R — R such that U(x) = u(|x — xo|);
(iii) for every minimizer U, there exists \y > 0 such that

JLCEC U RLO) CL ) P
RZN

|z —y|NHep

for v € DS’P(RN).

2U<pdx

In the following, we fix a radially symmetric nonnegative decreasing minimizer
U =U(r) for S. Multiplying U by a positive constant if necessary, we may assume
that U is a radial solution of

(=AU P2y,
Taking the test function U and applying (2.1) yield
v, P =87, (3.12)
For € > 0, the function
wew ol
Ue(lz]) =7 U(?)

is also a minimizer for S satisfying (3.12)).

Lemma 3.3 ([7, Corollary 3.7]). There exist constants C1,C2 > 0 and 6 > 1 such
that for all r > 1,

C CQ U(QT‘) 1
— <U(r) < = and <=
TA; 1 TA;FI U(T) 2

Now, we give some auxiliary functions and estimate their norms. In what follows,
6 is the constant in Lemma [3.3] that depends only on N, s and p. For €, p > 0 and
0 > 1, let us set
_ Udp)

"ol = U (p) — Uo(pb)
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Moreover, let us define

0, if 0 <t <U(ph),
9= p(t) = mg,p(t — U:(pf)), if Us(pf) <t < U:(p),
t+Uc(p)(mt )t = 1), if t > U.(p),
and
. 0, if 0 <t <U.(ph),
Geplt) = [ gl (07dr = L (0 = Uulo)), 6 UL(00) < 1 < U (o),
0 t, if t > U.(p).

The functions g, , and G, , are nondecreasing and absolutely continuous. Consider
the radially symmetric non-increasing function

Ue,p(1) = Ge p(Ue(7)),

which satisfies

U (7’) _ UE(T)7 if r S Ps
SPS 0, if r > pf.

Then, we have the following estimates for u. .

Lemma 3.4 ([23] Lemma 2.7]). There exists a constant C = C(N,p,s) > 0 such
that, for any 0 < & < £, it holds

27
N-—sp
[ue b, < S +C(5) 7T, (3.13)
’ p
1 _sp 4 ; — on?
||u€p||p Z Ce 10g(€)7 Z.fN Sp 9 (314)
o %ESP, if N > sp?,
. N
lue |7 > 5% — C(2)7. (3.15)
: p
Now we define the function
Ue,p(2)
Ve p(T) = EEaUIASrA
P Hus,p(a:)npz

Lemma 3.5. There exist ¢, p, to > 0 such that for X\ € (0,\]), Jr(tove,,) < 0 and

S N 1-&
sup Jx(tve,p) < NSSP |h]loo ™.

t>0

Proof. For any A € (0,A\]), by (2.1)), we have

p A1

so we can obtain that Jy(u) > ¢, when ||ul|x is sufficiently small. Furthermore, it
is easy from (2.2)) to see that lim;_,o Jx(tvs,) = —o0, hence Jy(tv. ,) attains its
maximum at some ¢, € (0, 00) with ¥ (t.) = 0, where

1 A 1 _PE L pt
Bz (1= 5o, = eSS,

.
Ps dx.

J P — T var - [
t) = tv = —|Veplsp — — v, T — v
o) = D) = Sl gty =S [ gl pie =S [ e,
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Then, we obtain
— *_1 *
0= u3(t) =2 (foeyl2y = A [ gloeylde) =7 [ bluc I da,
RN RN

moreover, combining (A2), (A3) and (A4), we deduce that

PP [Ve,pl8p = A S glve [P d [ve,pl% ) (3.16)
Jan hlve p|P? da B h(o)””s,p”p%
Clearly, we have
Ia(tevep) = 51>1p In(tvep) =11 — I, (3.17)
>0
where
I
=-=lv - Ve p|Pe dex,
1 P €,pls,p p: RN g,p
7 ., o
I, =%\ glve p|?P da — - (h(0) — h)|ve,p|P dex.
p RN Ps JrRN
In view of (3.13) and (3.15]), we obtain
[ue,p]? g\ N=sp
Vel , = - < S+ 0(=) 7.
ekl = T oy, <5700

For positive numbers a and b, the maximum of hi(t) = a% — bt;f fort > 0is

attained at t = (§) =»> , then, by the assumption (A3) and above inequality, we
can deduce that

N—sp
sp

I <

1( [vﬁ,P}g,p
p \h(0) f]RN |Ve,p

h(0) [Us,p}g,p e
- ( = ) ‘”ap
pi \h(0) fRN |Ve,p|P5 dz RN

_ S h 17% P % Py 1_%
- N” HOO [Ué,p]sm BN ‘Us,p s dx

s N 1-X
< 557 Ikl ™.

P3 daj)

.
Ps dx

Without loss of generality, we can assume that {t.} is bounded. In fact, since {¢.} is
bounded from blew, otherwise one concludes easily from that Jy(teve, p) —0
as € — 0. In addition, according to , we know that {¢.} is bounded from
above for ¢ > 0 small. Next, we estimate the L"-norm of u. ,, for K € [1,00),
Lemma |3.3| yields

/ e p (@) da > / i p ()| dz = / U ()| do
RN B,(0) B,(0)

_ (N—sp)r

(N=sp)r T\ Kk
= » U(-)| d
= [

ple
Np—(N—sp)k _ N—sp _
> Cfe » / r et N g
1
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Then
z—:N_%”, if kK > Ajfv(pf;;),
[ sl de = e N 0 og e, i = 5D,
: 5%%1\]7 A;:Slp“, if Kk < va(pf_s,l,).
Thus, by assumption (A4), we have
Goe®?, if N > sp?,
[ oloeslrdoz e aellog 2, N = sp?
- ggs%pN_]iislpp, if N < sp?.

Similarly, in view of assumption (A2), we obtain

. 1 .
[ 000 =Wy do = e [ (0) = a7 do
RN ps JRY

Hus,p
N [Plf N~
>erp r pe=0  “dr.

1

Since % > sp if N > sp? and % > % and N < sp?, then I, can be dominated
by [en 9lve,pl? du. Thus, we conclude that

s o -3 s : 2
S Ao T — K1£%P, if N > sp?,

_ N
Ia(tevep) € 4 287 ||hjes ¥ — Ky%%|log 2], if N = sp?,

%S% |h||(1>o_% - Kls%pr%p, if N < sp?,
then
Talteve,) < 2 SH I
if € > 0 is sufficiently small. This completes the proof. O

Proof of Theorem[1.1. For any A € (0,\]), by (2.I), we have
1 A 1 Pl *
Inw) = = (1= 2 )2, = oS~ % [,
A (u) > N [ulf p:” | [ulssp
then it follows that Jy(u) > ¢ > 0, when ||u||x is sufficiently small. And since

Jx(0) =0, 0 is a local minimum of Jy. In addition, noting that

tr p p v
Ia(toe,p) = E([U&P]s,p - )\/]RN glve pl dsc) - p7* /RN hlve,p

S

Ps dr — —o0

as t — +o0, fix {1 > 0 so large that Jy(¢1v.,) < 0. Now, we construct the set

= {7 € C([Oa 1]7X) : 7(0) = 077(1) = tlvs,p}v
and let

c¢=inf sup Jx(y(t)).
Y€l tef0,1]

In view of Lemma [3.5] it is easy to see that

s N 1-X
€< NSSPH}L”OO Lpa
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and hence J), satisfies the (PS). condition by Lemma[3.1] Then, c is a critical level
of Jy via the mountain pass theorem [28], and we obtain that problem (1.1 has a
nontrivial solution. ]
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