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APPROXIMATIONS OF SOLUTIONS TO RETARDED
INTEGRODIFFERENTIAL EQUATIONS

DHIRENDRA BAHUGUNA, MALIK MUSLIM

ABSTRACT. In this paper we consider a retarded integrodifferential equation
and prove existence, uniqueness and convergence of approximate solutions. We
also give some examples to illustrate the applications of the abstract results.

1. INTRODUCTION

Consider the semilinear retarded differential equation with a nonlocal history
condition in a separable Hilbert space H:

0
/() + Au(t) = Bu(t) + Cu(t — 7) +/ a(O)Lu(t +0)d6, 0<t<T < o0,7>0,
u(t) = h(t), te[-7,0].
(1.1)
Here u is a function defined from [—7,00) to the space H, h : [-7,0] — H is a
given function and the kernel a € LY (—7,0). For each ¢t > 0, u; : [-7,0] — H is
defined by u:(8) = u(t + ), 8 € [—7,0] and the operators A : D(A) C H — H, is
a linear operator. The operators B: D(B) C H — H, C: D(C) C H — H, and
L:D(L) C H— H are non-linear continuous operators.
For t € [0,T], we shall use the notation C, := C([—7,¢]; H) for the Banach space
of all continuous functions from [—7,¢] into H endowed with the supremum norm

[¥[le ;= sup_[[¢(n)]].

—7<n<t

The existence, uniqueness and regularity of solutions of under different
conditions have been considered by Blasio [§] and Jeong [14] and some of the papers
cited therein. For the initial work on the existence, uniqueness and stability of
various types of solutions of differential and functional differential equations, we
refer to Bahuguna [l [2], Balachandran and Chandrasekaran [5], Lin and Liu [I5].
The related results for the approximation of solutions may be found in Bahuguna,
Srivastava and Singh [4] and Bahuguna and Shukla [3].
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Initial study concerning existence, uniqueness and finite-time blow-up of solu-
tions for the following equation,
u/(t) + Au(t) = g(u(t)), t >0,
u(0) = ¢,
have been considered by Segal [19], Murakami [17], Heinz and von Wahl [13]. Bazley
[6, [7] has considered the following semilinear wave equation

u(t) + Au(t) = g(u(t)), t=0,
U(O) =0, ul(()) =1,

and has established the uniform convergence of approximations of solutions to
using the existence results of Heinz and von Wahl [13]. Goethel [I2] has proved the
convergence of approximations of solutions to but assumed g to be defined on
the whole of H. Based on the ideas of Bazley [0, [7], Miletta [16] has proved the
convergence of approximations to solutions of . In the present work, we use
the ideas of Miletta [16] and Bahuguna [3 [4] to establish the convergence of finite
dimensional approximations of the solutions to .

(1.2)

(1.3)

2. PRELIMINARIES AND ASSUMPTIONS

Existence of a solution to (1.1)) is closely associated with the existence of a
function u € Cz, 0 < T < T satisfying

h(t)v te [77, O]a

u(t) = 4 e=An(0) + fy e =94 [Bu(s)
+Cu(s —7)+ [°_a(0)Lu(s + 0)df]ds, t € [0,T]

and such a function u is called a mild solution of 1) on [—, T] A function u € Cj.
is called a classical solution of (1.1)) on [—7,T] if u € C'((0,T]; H) and u satisfies

(1.1) on [—7,T7.
We assume in (|1.1)), that the linear operator A satisfies the following.

(H1) A is a closed, positive definite, self-adjoint linear operator from the domain
D(A) C H into H such that D(A) is dense in H, A has the pure point
spectrum

O<Xd <A< A<. ..
and a corresponding complete orthonormal system of eigenfunctions {¢;},
ie.,
Api = Ni¢; and (i, ¢j) = dij,
where ;; = 1 if ¢ = j and zero otherwise.
If (H1) is satisfied then —A is the infinitesimal generator of an analytic semigroup
{e7*4 ¢ >0} in H (cf. Pazy [I8, pp. 60-69]). It follows that the fractional powers

A% of A for 0 < a <1 are well defined from D(A®) C H into H (cf. Pazy [18| pp.
69-75]). Hence for convenience, we suppose that

le * 4| < M forall t>0

and 0 € p(—A), where p(—A) is the resolvent set of —A.
D(A%) is a Banach space endowed with the norm ||z||, = [|[A%z]|.
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For ¢ € [0,T], we denote by C* := C([—,t]; D(A%)) endowed with the norm
I8

lta = sup_[[P(¥)]a-
—7<v<t

Further, we assume the following.

(H2) h € C§ and h is locally hélder continuous on [—T, 0].

(H3) We shall assume that the map B : D(A%) — H satisfies the following
Lipschitz condition on balls in D(A®): for each n > 0 and some 0 < o < 1
there exists a constant K7 (n) such that
1) 1B < Ki(n) for ¢ € D(A%) with [|A%|| <n,

(ii) [[B(¥1) — B(¥2)|| < Ki()[|A*(¥1 — ¥2)]| for 1,2 € D(A%) with
|A%; || < n for i =1,2.

(H4) The map C : D(A*) — H satisfies the following Lipschitz condition on
balls in D(A%): For each 7 > 0 and some 0 < o < 1 there exists a constant
K5(n) such that
(iii) [[C()[| < Ka(n) for ¢ € D(A%) with [|A%p[| <,

(iv) [[C(¢1) = C(¥2)|| < Ka(m)[|A% (1 — 2)]| for ¥y, 42 € D(A®) with
|A%;|| < mfori=1,2.

(H5) The map L : D(A%) — H satisfies the following Lipschitz condition on
balls in D(A%): For each > 0 and some 0 < « < 1 there exists a constant
K3(n) such that
V) 1L < K3(n) for ¢ € D(A%) with [|A%y|| < n,

(Vi) [[L(¢1) — L(2)|| < Ks(m)|A% (1 — 2)]| for 1,92 € D(A%) with
|A%;|| < nfori=1,2.

(H6) a € LY (—7,0) for some 1 < p < o0 and ar = fET |a ()] d6.

3. APPROXIMATE SOLUTIONS AND CONVERGENCE

Let H,, denote the finite dimensional subspace of H spanned by {¢o, ¢1, - , dn}
and let P" : H — H,, be the corresponding projection operator forn =0,1,2,---.
Let 0 < Ty < T be such that

sup |[|(e”** = 1) A*h(0)|| <
0<t<T,

d o)

where R > 0 be a fixed quantity.

Let us define
- h(t), ifte[-7,0],
h(0), ifte[0,T].
We set

Ty < min [{ (1~ a)(K(m)Ca) 175, {301 a)(K(m)Ca) 177, (32)
where

K(no) = [Ki1(no) + Kz2(mo) + Ks(no)ar] (3.3)

and C,, is a positive constant such that [[A%e~*4|| < C,t~* for t > 0. We define
B,, : H— H such that

B,x=BP"x, x € H.
Similarly C,, and L,, are given by

Chx=CP'z, x € HA Lyx=LP"x, x € H.
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Let A% : Cf* — C; be given by (A%¢)(s) = A%(¢(s)), s € [-7,t], t € [0,T]. We
define a map F), on Br(Cf, ,h) as follows
h(t), te[-0],
(Fpu)(t) = { et 4R(0) + [, e~ =4[ B,u(s)
+Cnu(s — 1)+ [°_a(8) Lou(s + 0)dd)ds, t € [0,To),
for u € BR(C%O,B).

Theorem 3.1. Suppose that the conditions (H1)-(H6) are satisfied and h(t) €
D(A) for all t € [-7,0]. Then there exists a unique u, € Bgr(Cf ,h) such that

Fou, = uy, for each n = 0,1,2,---, i.e., u, satisfies the approzimate integral
equation
h(t), te[-7,0],
un(t) = 4 e Hh(0) + 7 e~ B,u,(s) (3.4)

+Cnun(s — 1)+ [ a(8) Lyun(s + 0)dé)ds, t € [0,Tp).

Proof. First we show that F,, : Br(C% ,h) — Br(C$,,h). For this first we need
to show that the map ¢t — (F,u)(t) is continuous from [—7,Tp] into D(A®) with

respect to || - [l norm. Thus for any u € Br(Cq, , h), and t1,ts € [—7,0], we have
(Fou)(t1) — (Fpu)(te) = h(t1) — h(ta). (3.5)

Now for ¢ to € (0,Tp] with ¢t; < to we have

[(Enu)(t2) = (Fnw)(t1)]|o

ty
< H(e—tzA _ e_tlA)h(O)Ha +/ H(e—(tz—S)A _ e—(t1—s)A)AaH
0
0
X [[1Bnu(s)|| + [|[Cru(s — )| + / |a(0)[| Lnu(s + 6)]|d6]ds

—T

(3.6)

+ / e ) A [ Bar(s)| + | Cor(s — 7]

t1

[ @)Lt + 0)1a6)as.

—T

Since part (d) of Theorem 6.13 in Pazy [I8] p. 74] states that for 0 < 8 < 1 and
r € D(AP),

I(e™* = D)al| < Cat®|| AP

Hence if 0 < 8 < 1 is such that 0 < a + 3 < 1 then A%y € D(A”). Therefore for
t,s € (0,Tp], we have

(e — DA% e < Cst? A% Pe e < CpCaspt’s™ @] (3.7)
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We use the inequality (3.7) to obtain
t1
/ [(e= 2794 — == IN) AX| (|| Bu(s) || + [|Cru(s — 7))
0

0
+ / 1a(6) || Zu(s + 6) | d6)ds

-7

" —(ta—t1)A —(t1—s)A g (38)
< [ et = e A A B + [ Cants = )]

0
+ / a(0) || Lu(s + 0) | d6]ds

—T

< Coplta — )P,

where
Tl_(a‘i‘ﬁ)

0

1= (a+B)]

K(no) is given by (3.3) and 19 = R + ||hljo,o. We calculate the second part of the
integral (3.6) as follows. We have

Cop = C5Ca4 5K (10)

to 0
/ le= == A% [ Buu(s)|| + | Cu(s —7)] +/ |a(O)[| Lnu(s + 6)||db]ds

S CQK(UO)(fQ(]__fli)_a
(3.9)

Hence from (3.5)), and the map ¢ +— (F,u)(t) is continuous from [—7, Tp]
into D(A%) with respect to || - ||, norm.

Now, for t € [~7,0], (F,u)(t) — h(t) = 0.
For t € (0,Tp], we have

I(Fnw)(t) = h(t)]|
< [le™* = 1) A%h(0)]

t
+/O IIe’(t*s)AAall[IIBnU(S)H+||CnU(S—T)||+/ |a(@)][| Lnu(s + 0)||d6]ds
l—a

R T
< S+ 0K 0
=5 tC (770)1 o
Hence ||Fu — h|7,o < R. Thus F, : Br(C$,,h) — Br(C% . h).
Now, for any u,v € Br(Cq, , h) and t € [—7,0] we have Fj,u(t) — F,v(t) = 0. For
t € (0,Tp] and u,v € Br(C$,, h) we have

| Fru(t) — Froo(t)] o

t
< [l =27 [1Buuts) = Buv(o) + [ Cts = 7) = Cunts = )]

0
+ [ 1a@) I Zyuts +6) — Lov(s + )] as] s

—T

S/O Ca(t = )" [K1(no)[lu(s) = v(s)lla + Ka(no)llu(s —7) = v(s = 7)[|a
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0
+ [ la@Katm)llu(s +6) = (s + 0)adelds

t
< / Ca(t — )~ K (10) |u — vl|my 0ds
0

1
< lu—vlna
Taking the supremum on ¢ over [—T,Ty] we get

1
[Fnu — Fovllmy,a < 5”“ = ||7,a-

Hence there exists a unique u,, € B R(C%O, l_z) such that F,u, = u,, which satisfies
the approximate integral equation (3.4)). This completes the proof of Theorem
O

Corollary 3.2. If all the hypotheses of the Theorem are satisfied then u,(t) €
D(AP) for all t € [—7,Ty] where 0 < 3 < 1.

Proof. From Theorem there exists a unique u, € Bgr(Cf,, h) satisfying (3.4)).
From [I8, Theorem 1.2.4] we have that e~*4z € D(A) for x € D(A). Also from Part
(a) of [I8, Theorem 2.6.13] we have e~*4 : H — D(A®) for t > 0 and 0 < 8 < 1.
Hélder continuity of wu,, follows from the similar arguments as used in and
(3-9). From [I8, Theorem 4.3.2], for 0 < t < T, we have

/t e t=94%(s5)ds € D(A).

0
Since D(A) C D(AP) for 0 < 8 < 1, the result of Corollary [3.2] thus follows. O

Corollary 3.3. If h(0) € D(A%), where 0 < a < 1 and ty € (0,Ty] then there
exists a constant My,, independent of n, such that

1A% ()] < M,

forallty <t < Ty and 0 < 8 < 1. Furthermore if h(t) € D(A) for allt € [—7,0]
then there exist a constant My, independent on n, such that

1A% un (1) < Mo
forall -7 <t<Typ and 0 < B < 1.
Proof. For any tg € (0,Tp], we have,
8 T,
lun(®)lls < Cpto IR (O)I + Cp X (m0) 1 5 = M
Now as h(t) € D(A) for all t € [~7,0] hence h(t) € D(AP) for all t € [~7,0] so for
any t € [—,0], we have

lun (®)lls = IA°R@)] < |Pllos  for all t € [~,0].

Now again for any ¢ € (0,7p] we have

T, "?
IWMWMSANMMB+CﬂﬂmH[ﬁ- (3.10)

This completes the proof of the Corollary O
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Theorem 3.4. Suppose that the conditions (H1)-(H6) are satisfied and h(t) €
D(A) for all t € [=7,0]. Then the sequence {u,} C Cf, is a Cauchy sequence and

therefore converges to a function u € Cg, .

Proof. For n > m > ng, where ng is large enough, n,m,ng € N, ¢t € [—7,0] we have

[un(t) = um @) [a = [|A(t) = h(t)]la = 0.
For ¢t € (0,Tp] and n, m and ng as above we have

[un () = um(®)]la < /0 le= =4 A1 Batun () = Bt (s)|

+ |Crhun(s — 7) — Crpun (s — 7)||

0
[ O a5+ 6) = L5+ 6) ol

For 0 < t{ < tg, we have

Jant) = Ol < ([ DA 1B 0(5) = B (9]

+ |Crtn(s — 7) — Cryum (s — 7)||

0
b [ a0 Lt (5 +6) = Lo (s + )] s,

Now for 0 < a < B < 1, we have
[[Bn(un(s)) — Bm(um(s))]ll
< [Bn(un(s)) = Bn(um ()l + [ Bn(um(s)) — B (um(s))]l
< K1(10) | A [un(s) = wm ()] + K1 (no) [ A*P(P™ = P™) APuy (s)]|

K1 (no)

A ®

< K1 (10) | A% [un () = um ()] + 1A wm (5)1.

Similarly
I[Cr(un(s = 7)) = Con(tm (s — 7))l
< ||Cn(un(s = 7)) = Crlum(s = 7))l + [|Cn(um (s — 7)) — Cra(um(s))]|
< Ko (o) [| A [un (s — ) — um(s — 7)]|
+ Ko(1o)[|[ AP (P = P™) AP (s — 7))

Ka(no)
N«

< Ka(n0) [ A% [t (5 = 7) = (s — )| + | A (s = 7)]

and
I[Ln (un(s +0)) = L (um (s + 0))]]
S| Ln(un(s +0)) = Ln(um(s + 0))||
+ [[Ln(um (s +0)) = L (um(s + 0))||
< Ks(10) [| A% [un (s + 0) — um (s + 0)]]|
+ K3(0)[|[ AP (P = P™) AP (5 + 0)|

< Ky )[4 (5 + 0) = s+ 00+ 52 400 (s + )]

m

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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From inequalities (3.13)), (3.14]) and (3.15)), inequality (3.12)) becomes

[un(t) = wm(t)lla

< e A () A% ) = ()]

+ S 4 ()] + Ko ) [ AT (5 = ) = (s = )]
+ B2 g s =)+ [ ) K ) 1A s+ 6) = s+ O]
+ [iz(ﬁg) AP (s + 0)d6]ds.

(3.16)
From Corollaries and inequality (3.16]) becomes

t

C
nunu>—umunmzscy%+—;£3~+ch0m)/<t—srﬂnw1—umnawm,<31n

/
m to

where C = 2C,(tg — ty) " *CK (1) and Cy = % Now we replace ¢ by
t + 0 in inequality (3.17) where 6 € [t{, — ¢, 0], we get
l[un(t +0) = um(t +6)la

C t+0 3.18
< Cl't6+/\ﬁif20¢+COZK(770)/ (t+0 — )" lun — umlls,ads. ( )

m tg,
We put s — 0 =~ in (3.18) to get
un(t +0) — um(t + 0)lla

t

C.
SQ%+F%+%MW/ (t =) lttn — | s

m t6—9

C ¢ _
§&%+F%+%MW/@*wWw*wMﬂ&
t

m 0
Now
sup  |[un(t +0) — um(t +0)||a
) —t<0<0
t (3.19)
/ Cy —a
< Cyty+ =S +CoK(no) | (t—7)"Nun — tmlly,ads.
m 2
‘We have
sup  [un(t +6) — um(t +0)|[a
—7—t<0<0
< sup fup(t+0) —um(t+0)||a +  sup  (Jup(t 4+ 60) — wp(t +0)| o
0<0+t<t), ), —1<0<0

Using inequalities (3.19) and (3.16]) in the above inequality, we get

sup  [un(t 4+ 0) — um(t +0)||a
—7<t+6<t

, (G +C ! o
ga+@m+iﬁgﬁ+@mw/a—wn%fwmwa

/
m to



EJDE-2004/136 APPROXIMATIONS OF SOLUTIONS 9

where C3 and Cy are constants. An application of Gronwall’s inequality to the
above inequality gives the required result. This completes the proof of the Theorem

B4 O

With the help of Theorems and we may state the following existence,
uniqueness and convergence result.

Theorem 3.5. Suppose that the conditions (H1)-(H6) are satisfied and h(t) €
D(A) for all t € [—7,0] hold. Then there exist a function u, € C([—7,To]; H) and
u € C([—7,To); H) satisfying

h(t), te[-7,0],
Un(t) = 4 e Hh(0) + [ e~ [Bu,(s) (3.20)
+Cnun(s —7) + [°_a(0) Luun (s + 0)d6)ds, € [0,Ty]
and
h(t), te[-7,0],
u(t) =S e h(0) + fi e A Bu(s) (3.21)

+Cu(s — 1) + [°_a(@)Lu(s + 6)d6)ds, t e [0,T]

such that up, — u in C([—7,To]; H) as n — oo, where B, Cy, and L,, are as defined
earlier.

4. FAEDO-GALERKIN APPROXIMATIONS
We know from the previous sections that for any —7 < Ty < T', we have a unique
u € OF, satisfying the integral equation
h(t), te [_7-7 0]7
u(t) =S e h(0) + fi e (A Bu(s) (4.1)
+Cu(s — 1)+ fET a(0)Lu(s + 0)db)ds, t e [0,T].

Also, there is a unique solution u € Cf of the approximate integral equation

h(t), te[-m,0],
un(t) = { e " h(0) + [ e DA Bu,(s) (4.2)
+Chun(s —7) + fi_ a(0)Lyun (s + 0)dl]ds, te|0,Ty).
Faedo-Galerkin approximation u, = P™u, is given by
P"h(t), te[-m,0],
Un(t) = e *AP"h(0) + fg e~ U=)AP By, (s) (4.3)
+Chun(s —7) + fET a(0)Lyun(s + 0)d0]ds, t e [0,Ty],

where B,,, C,, and L,, are as defined earlier.
If the solution u(t) to (4.1)) exists on —7 < ¢ < T} then it has the representation

u(t) = Zai(t)¢i7 (4.4)
i=0
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where «;(t) = (u(t), ¢;) for i = 0,1,2,3,--- and

Z ol (t) i, (4.5)

where ol (t) = (un(t), ¢;) for i =0,1,2,3, -
As a consequence of Theorem [3 Tand Theorem [3:4] we have the following result.

Theorem 4.1. Suppose that the conditions (H1)-(H6) are satisfied and h(t) €
D(A) for allt € [—7,0]. Then there exist unique functions 4, € C([—7,Tol; Hp)
and u € C([—7,To]; H) satisfying
P™h(t), t e [-7,0],
Un(t) = 4 e AP R(0) + [1 e~ E=DAP B, u,(s)
+Cntn(s —7) + [ a(8) Lyun(s + 6)d6]ds, t € [0,Tp]

and
h(t), te[-7,0]
u(t) = eftAh +f Bu( )
+Cu(s —7) + f_T Lu(s + 0)df]ds, t e [0,T],

such that @, — u in C([—7,Ty]; H) as n — oo, where B,,,C,, and L,, are as defined
earlier.

Theorem 4.2. Let (H1)-(H6) hold. If h(t) € D(A) for allt € [—7,0] then for any
—T<t<To <T,

n

lim  sup [Z)\?a{ai(t) — o (t)}*] = 0.

=0 _7+<t<Ty i—0

Proof. Let af(t) = 0 for i > n. We have

A[u(t) — an ()] = A% Z{az ()}¢1] Z/\“{az —ai(t)} .
Thus we have
1A u(t) = @ ()P = D AFailt) — o (). (4.6)
i=0
Hence as a consequence of Theorem we have the required result. O

5. EXAMPLE
Consider the following partial differential equation with delay,
wi(t, ) = wee (t, ) + b(w(t, ))we (¢, x) + c(w(t — 7, 2))w,(t — 7, )
0
+/ a(s)l(w(t + s,z))w, (t + s,x)ds, t>0, x € (0,1), (5.1)
w(t, ) = ﬁ(t,x), te[-,0], z € (0,1),
w(t,0) =w(t,1) =0, t>0,

where the kernel a € LI, (—7,0), b, ¢, [ are smooth functions from R into R, hisa
given continuous function and 7 > 0 is a given number.
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We define an operator A, as follows,
Au=—u" with we€ D(A) = Hj(0,1)n H*(0,1). (5.2)

Here clearly the operator A satisfies the hypothesis (H1) and is the infinitesimal
generator of an analytic semigroup {e7*4 : ¢ > 0}.

For 0 < o < 1, and ¢ € [0,T], we denote C¥ := C([—7,t]; D(A*)), which is the
Banach space endowed with the sup norm

[Pl = Sup_ ||¢(77)||a~

—7<

We observe some properties of the operators A and A% defined by (5.2)) (cf. [3]
for more details). For ¢ € D(A) and A € R, with A¢p = —¢"” = Au, we have

(A, ) = (Ag, ¢); that is,
(=", ¢) = [u'[12 = Nol72,
so A > 0. A solution ¢ of Ap = A¢ is of the form
¢(x) = Ccos(VAzx) + Dsin(vAz)

and the conditions ¢(0) = ¢(1) = 0 imply that C = 0 and A = \,, = n?7%, n € N.
Thus, for each n € N, the correspondmg solution is

oOn(z) = Dsin(y/Ax)

We have (¢, ¢m) = 0, for n 76 m and (d)n,gbn) = 1 and hence D = /2. For
u € D(A), there exists a sequence of real numbers {a;,} such that

= Z o (), Z(an)2 < 400 and Z()\n)Q(Ozn)2 < +o0.

neN neN neN

AYPu(z) =3 VA an dn(a
neN
with u € D(AY2) = H}(0,1); that is, 3, o An(an)? < +00.
Then equation can be reformulated as the following abstract equation in a
separable Hilbert space H = L?(0,1):

We have

0
o' (t) + Au(t) = Bu(t) + Cu(t — 1) +/ a(@)Lu(t+60)dd, 0 <t <T < oo, 7 >0,

u(t) = h(t), te][-7,0],

where u(t) = w(t,.) that is u(t)(z) = w(t,z), u(0)(x) = w(t + 0,z), t € [0,T],
0 € [-7,0], z € (0,1), the operator A is as define in equation and h(0)(z) =
ﬁ(@,x) for all § € [-7,0] and = € (0,1). The operators B,C and L are given by as
follows:
B : D(AY?) — H, where Bu(t)(x) = b(w(t, z))wy(t, ),
C : D(AY?) — H, where Cu(t — 7)(z) = c(w(t — 7,2))w,(t — 7, z), and
L : D(AY?) — H, where Lu(t+s)(z) = l(w(t + s, 7))w,(t + s, x), where s € [T, 0]
and z € (0,1).

Let « be such that 3/4 < a < 1. For u,v € D(A*) with ||[A%u| < n and
[|[A%v|| < n, we have

[b(u(x))us () = b(v(z))v(2)]
< [b(u(@)) = b(o(2))][ux ()] + [b(v(2))ux(2) = va(2)]
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< Lylu(z) = v(@)||ue(2)] + b1|ue (2) — ve(2)],
where L; is the Lipschitz constant for b and b, = Lb# + 16(0)]. For w,v €
0
D(A%) C D(AY?), we have

1
1B(w) = B(v)|? S/O [Lyfu(@) = v(@)l|us(@)] + bifue(x) — va(2)[]|da.

Thus, from [I8, Lemma 8.3.3], we get

1B(u) — B(v)|*

< 2L, / lu(z) — (@) Plua(z) 2dz + 20,2 / o () — va ()| 2da

0 0
1 1
<202 u— vugo/ s (2) 2z + 2b12/ () — vp () 2dee
0 0

< 2037 ||u — 0| % | A 2ul|? + 20| A2 (u — ) |
< 2Ly %P A% (u — 0)||* + 20| A% (u — v) |2
< My(n)*[| A% (u = 0)|?,

where 3/4 < a <1, A% <, [|A%]| < n, My(n) = V2[Lyen + b, [lulle =
SUpPg< <1 [u(2)| and |Jullee < ¢]|A%ul| for any u € D(A*). Hence the operator B
restricted to D(A®) satisfies the hypothesis (H3) for K;(n) = My(n). Similarly
we can show that the operators C' and L satisfies the hypothesis (H4) and (H5)
respectively.

These kinds of nonlinear operators appear in the theory of shock waves, turbu-
lence and continuous stochastic processes (cf. [9] for more details).
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