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EXISTENCE AND DECAY OF SOLUTIONS TO A
VISCOELASTIC PLATE EQUATION

SALIM A. MESSAOUDI, SOH EDWIN MUKIAWA

ABSTRACT. In this article we study the fourth-order viscoelastic plate equation
t
uge + A%u— / g(t — T)A%u(r)dr =0
0

in the bounded domain Q = (0, 7) x (—£, £) C R? with non traditional boundary
conditions. We establish the well-posedness and a decay result.

1. INTRODUCTION

This article is devoted to the well-posedness and the decay rate of the energy
functional for the fourth-order viscoelastic plate problem

t
gy + Au — / g(t —7)A%u(r)dr =0, Qx(0,T)
0

w(0,y,t) = usa(0,y,1) =0, for (y,t) € (—£,0) x (0,T)
U(ﬂ',y,t) = uzz(ﬂ—ayat) =0, for (y;t) € (7&5) X (OvT) (].].)
Uyy (2, £, 1) + Uz (2, £1,t) =0, for (z,t) € (0,7) x (0,T)

)
Uyyy (@, £, t) + (2 — 0)Uggy(z, £, 1) =0, for (x,t) € (0,7) x (0,T)
u(z,y,0) = uo(z,y), wue(x,y,0) =ui(z,y), inQ

where Q = (0,7)x (=¢,£),0 < 0 < % and ¢ is a positive and nonincreasing function.
This type of problems models the motion of a viscoelastic plate. The fundamental
work of Ferrero and Gazzola [I4] in 2013, where they modeled a suspension bridge
as a rectangular plate with the same boundary conditions as , suggests the
investigation of the viscoelastic material used in construction. Al-Gwaiz et al [1]
also investigated the bending and stretching energies of the rectangular plate model
suggested in [I4]. Contributions on the analysis of a suspension bridge have also
come from Mckenna and Walter [24], Mckenna et al [I5], Ma and Zhong [23] and
Bochicchio et al [6].

The existence, decay and blow up properties of viscoelastic problems has at-
tracted a lot of attention since the pioneer work by Dafermos [12) 3] in 1970.
Hence, a considerable number of results for models similar to , for both second

2010 Mathematics Subject Classification. 35L35, 37B25, 34D20, 74H20, 74H25.
Key words and phrases. Existence; decay; plate viscoelastic; fourth order.
(©2016 Texas State University.

Submitted October 12, 2015. Published January 13, 2016.

1



2 S. A. MESSAOUDI, S. E. MUKIAWA EJDE-2016/22

and fourth order have been established. We begin with the result of Messaoudi
[25], where he considered

t
use — Au —|—/ g(t — T)Au(r)dr =0, in Q x (0,400) (1.2)
0

with general conditions on the relaxation function g, and proved a general decay
result that is not necessarily of exponential or polynomial type. His result gener-
alized and improved many results in literature such as [4, Bl 2, [3, [I0]. Rivera et al
[27] considered the fourth-order equation

t
gy + YAuy + A%y — / g(t — 7)A%u(r)dr =0, in Qx (0,T) (1.3)
0

together with initial and dynamical boundary conditions and proved that the sum
of the first and second energies decays exponentially (polynomially) if the kernel
g decays exponentially (polynomially). Mustafa and Ghassan [28] considered the
plate equation

ugy + A%u =0, in Q x (0,+00) (1.4)

with viscoelastic damping localized on a part of the boundary and established a
decay result. For more results related to the plate equation, we refer the reader to
Messaoudi [20], Kang [17], Santos and Junior [29], Lagnese [19], Horn and Lasiecka
[16], Lasiecka [20], and Lasiecka et al [21], Cabanillas et al [8] Lasiecka et al [9].

The aim of this work is to take advantage of the techniques used in [25] and
the new model in [I4] to establish a global existence and general decay results for
problem . We organize this work as follows. In section 2, we present some
important and fundamental materials to be used in establishing our main results.
In section 3, we state and prove the global existence result. Finally, in section 4 we
state and prove the general decay result.

2. PRELIMINARIES

In this section, we present some fundamental materials needed for the proof of
our main results. For this, we assume the following conditions on the relaxation
function g.

(A1) g: R4 — Ry is a differentiable function such that

+oo
g(0)>0, 1-— / g(s)ds =1y > 0. (2.1)
0
(A2) There exists a differentiable function & satisfying
g'(t) < =(Hg(t), =0

+oo (2.2)
Et) >0, &(t)<0, Vt>0, / &(s)ds = +oo
0
The following three functions satisfy (A1)—(A2).
—t
ae
t) = 0
gl( ) (1 + t)? a >V,
g2(t) = a p>1, a>0,gg(t):aefb(1+t)p, 0<p<1,a b>0.
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We introduce the space

H2(Q) ={w e H*(Q) :w=0on {0,7} x (—£,0)}, (2.3)
with the inner product
(u,v) 2 = / [(AuAY + (1 — 0) (2UayVsy — UzaUyy — UyyVaz )] dT dy, (2.4)
Q

and set H(Q) as the dual of H2(Q). For completeness, we state some results from
Ferrero and Gazzola [14].

Lemma 2.1 ([14]). Assume 0 < o < 1/2. Then the norm || - ||g2(q) given by
II - ||%,2(Q) = () u2 is equivalent to the usual H?(2)-norm. Moreover, H2(Q2) is a
Hilbert space when endowed with the scalar product (u,v)s.

Theorem 2.2 ([I4]). Assume 0 < o < 1/2 and let f € L?(2). Then there exists a
unique function u € H2(Q) such that

/Q[AUA’U + (1 — 0) (QuUay Uy — UpgUyy — UyyVss)] dr dy = /va, (2.5)

for allv € H%(Q2).

The function u € H2(Q) satisfying (2.5)) is called the weak solution of the sta-
tionary problem

A%y = f,
U(O, y) = umm(ov y) = u(ﬂ_v y) = umm(’]ra y) = 07 (26)
Uyy (2, 1) + gy (2, £1) = uyyy (T, £1) + (2 — 0)Ugay (2, £1) = 0.
Lemma 2.3 ([30]). Let u € H2(Q) and assume 1 < p < +o00. Then, there exists a
positive constant C. = C.(,p) > 0 such that

lull}y < Cellullfzq)-

Let us also introduce the energy functional associated to problem (|1.1),
t

1 1 ¢ 1
B0 = 5 [t +5(1= [ a(6)as) ey + 5 | ot = D)) = ur) sy
(2.7)
3. WELL-POSEDNESS
In this section, we show that problem (|1.1)) has a unique global weak solution.
Definition 3.1. A function
u e C([0,T), H2(2)) N CH([0,T), L*()) N C*([0,T), H(R)) (3.1)
is called a weak solution of (1.1)) if
t
/ ugw + (u, w)HE(Q) — / g(t — T)(U(T),’LU)HE(Q)dT =0, Ywe Hf(Q),
Q 0
uw(0) = up, ut(0) = ug.

(3.2)

Theorem 3.2. Let (ug,u1) € H2(2) x L*(Q). Assume that (A1), (A2) hold. Then
problem (1.1) has a unique weak global solution

we C(0,T), B2Q), u € C([0,T),I2(Q), uy € C(0,T)H(Q)  (3.3)
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Proof. We use the Galerkin approximation method. Let {w;}52; be a basis of the
separable space H2(Q) and V,,, = span{wi,ws,...,w,} be a finite subspace of
H2(Q2) spanned by the first m vectors. Let

ug(,y) = Y ajwi(z,y) and  uf(z,y) = bjw;(w,y)
Jj=1 j=1

be sequences in H2(£2) and L?(f2) respectively, such that
ul' — ug in H2(Q), uf® — uy in L*(Q). (3.4)

We seek a solution of the form
m
u"(x,y,t) = Z cj(t)w;(@,y),
j=1
which satisfies the approximate problem

‘/Qu?tl(xayvt)wj + (um($7y7t)awj>Hf(Q)

t
_/ g(t_T)(um(x7y’T)7wj)Hf(Q)dT:Oa ij EVT)’H j: 1,2,...,777, (35)
0

u™(0) =ug's  u"(0) =u".
We note that (3.5)) leads to system of ODEs with m unknown functions ¢;, j =
1,2,...,m. Thus, using ODE theory (see [I1]), we obtain functions

¢ [0,ty) =R, 5=1,2,...,m,

which satisfy (3.5]) for almost every ¢ € (0,%,,), 0 < t,,, < T. Therefore, we obtain a
local solution u™ of (3.5) in a maximal interval [0,t,,), tmn € (0,T]. Next, we show
that t,, = T and that the local solution is uniformly bounded independent of m
and t. For this, we multiply (3.5) by ¢j(t) and sum over j = 1,2,...,m, to obtain
drl 1 K
G + 50 = [ ol

+5 [ o= ) = ()]

=5 [ =Dl = ey = 390" e
It follows from (2.7)) that

aE (t):§/0 gt =7)u"(t) —u (T)Ilfgg(n)dT—ig(t)Hu 20y <0, (3.6)

by assumptions (A1) and (A2). Integrating (3.6) over (0,¢), t € (0,t,,) and noting
that (ug) and (uf*) are bounded in H2(Q) and L?(£2) respectively (as convergent
sequences (3.4)), we obtain

" m 1 1
E™(t) < B™(0) = 5| 3a() + 5 108 Iz < € (37)

where C' is a positive constant independent of m and ¢. Therefore,

Lo 1 K m
S s+ 50— [ 90ds) ™ e
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1 K m m
+3 [ ot =) = )i <
This implies

m lO m
5 Sup w172 () + 5 Sup [ Fr2(0y < C. (3.8)
te(0,tm) t€(0,tm)

So, the approximate solution is uniformly bounded independent of m and ¢. There-
fore, we can extend t,, to T. Moreover, we obtain from (3.8) that

(u™)is a bounded sequence in L>((0,T), H*(Q)),
(u") is a bounded sequence in L>((0,T), L*(Q2)). (3.9
Thus, there exists a subsequence (u*) of (u™) such that
u® — u weakly star in L°°((0,T), H2(Q)) and weakly in L*((0,T), H2(Q))

uf — u; weakly star in L°°((0,7T), L?(Q)) and weakly in L*((0,7), L*(Q))
(3.10)
Using that H2((2) is compactly embedded in L?(f2) (remember that 2 is bounded
and H2(Q) C H?(2)), we can extract a subsequence (u') of (u*) such that

u! — w strongly in L2((0,T), L*(Q)),
ul = waein Qx(0,7T).

Now, replacing (u™) by (u!) in (3.5) and integrating over (0,t) we obtain

t t s
/ uiwj + / (ul, wj)Hg(Q)dt - / / g(s — T)(’Ltl (1), wj)Hg(Q)des
Q 0 o Jo

(3.11)
= / ulle, vy <.
Q
Letting | — 400, we obtain
t t S
/utwj—&-/ (u,wj)Hf(Q)dt—/ / g(s = 1) (u(T), w;) g2(qydrds
Q 0 0 0 (312)
= / Urwy, Vj Z 1.
Q
This implies
t t S
Jww == [(wwmedt+ [ [ o= n)r)w)mzadrds
Q 0 0 J0 (3.13)

—|—/u1w, Yw € H2(Q).
Q

Now, observe that the terms in the right-hand side of (3.13|) are absolutely continu-
ous since they are functions of ¢ defined by integrals over (0, t), hence differentiable
almost everywhere. Thus, differentiating (3.13]), we obtain that for a.e t € (0,7,

t
/Quttw + (u, w) g2 () —/ g(t = 7)(u(r), w) g2(qydT =0 (3.14)
0

for all w € L?((0,T), H2(£2)). To handle the initial conditions, we note that
u' — u weakly in L2((0,T), H(Q))

l , ; (3.15)
uy — up weakly in L*((0,T), L*(2))
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Thus, using Lions’ Lemma [22], we obtain
ut —u in C([0,T), L*(Q)). (3.16)

Therefore, u!(x,y,0) makes sense and u!(z,y,0) — u(x,y,0) in L?(Q). Also we

have that

ul(x7yu0) :’U/é(.%',y) _)/U’O(xﬁl/) in HE(Q)

Hence

u(z,y,0) = up(z,y). (3.17)
As in [14, (18], let ¢ € C§°(0,T) and replacing (u™) by (u'), we obtain from
and for any j <[ that

- / (s (), w;) 2y @ (1)
. . (3.18)

_ / (1), ;) 2oy b(0) e + / / gt — ) (7, wy) sz ey d(t)
0 0 0

As | — +00, we obtain that
T
_/ (ut(t),wj)Lz(Q)¢’(t)dt
0

T T t
- / (u(t), w;) sz d(0)dt + / / gt — 7)(u(r), w;) 2 bt dr,

for all 5 > 1. This implies
T
- [ ) )y 1
T T t
—— [ @O wmeoi+ [ [ gl ). w)meotdrd
0 0 0

for all w € H2(2). This means u;; € L2([0,T), H(L2)). Thus,
u, € L2([0,T), L%(Q)), uy € L*([0,T), H()) = u; € C([0,T), H(Q)). (3.19)
So, ul(x,y,0) makes sense (see [18, p.116]). It follows that
ué(xvzho) - ut(xay70) in H(Q)
But
ui(:r?yao) :ull(xvy) Hul(xay) in L2(Q)
Hence
Ut<$,y,0) = ul(x,y). (320)
For the uniqueness, suppose u and @ satisfy (3.14), (3.17) and (3.20). Then v = u—a
satisfies

t
/Qvttw + (v, w) g2y — /0 g(t —7)(v(7), w) g2(@ydT = 0,
vw € L*((0,T), HZ (),
v(0) = v:(0) = 0.
Replacing w by v in , we obtain
a [1/ R o /tg(t — (o), () meydr = 0. (3.22)
dt12 Jq 2 2(Q) 0 ()

(3.21)
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‘We have that

J=— / gt = 7)), 0o () 2y dr
:/ g(t—T)(’Ut(t),U(t)—U(T))Hf(ﬂ)dT_/ g(s)ds(ve(t),v(t)) m2(0)
0 0

| (3.23)
_ %5/0 g(t = 7)[[o(t) = v(T) 320y

1 t
—3 | #=o0 vz oyir

_jt;/o g(s)ds|[v(D)] 220y + 29( )Ilv(t)l\%rz(ﬂ)-

Inserting (3.23) into (3.22)) and taking note of , we obtain

T =5 [ €=l = oz s = 0Oy <0, (320

by (A1) and (A2). Integrating over (0,¢), we obtain
E(t) < E(0) = 0. (3.25)
This implies
[0l 220y + 10117720y = 0-
Therefore, u = @. The proof is complete. O
4. DECAY OF SOLUTIONS

In this section, we discuss the stability of solution of problem (1.1]). Let us begin
by defining the Lyapunov functional

F(t) = E(t) + e (1) + exx(?), (4.1)

where €; and e are positive constants to be specified later and

U(t) = /Quut,
ut/ g(t — 7)(u(t) — u(r))dr dx dy.
Q 0

Lemma 4.1. Assume (Al), (A2) hold. Then the energy functional, defined in
, satisfies
dE(t) 1

t
1
2 =5 [ =Dl — a0 rzoyr — 0Olule <0 @43)
Proof. By using (3.14]) and the density of H2(Q) in L?(Q2) we obtain
t
/ U W + (’LL7 ’U})Hg(g) — / g(f — T)(U(T), ’IU)HE(Q)dT =0 (44)
Q 0

for all w € L%([0,T), L*(2)). Repeating exactly the same arguments as in (3.22)-
(3.24]), we obtain the result. O

(4.2)
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Lemma 4.2. For every u € H2(Q), we have

/Q</Ot9(t —7)(u(t) —’U,(T))dT)szCdy

t
< Celt=1o) [ gt = )llu(®) = u(r) s oy
where C, > 0 is the embedding constant introduced in Lemma[2.3

Proof. Since g is positive, we have

/Q(/Otg(t—T)(u(t)—u(T))dT)2:/Q</0f \/g(t_T)\/g(t_T)(u(t)_u(T))dT>2

By applying Cauchy-Schwarz, (A1) and Lemma[2.3] we obtain

L gt — ) ult) — u(r))dr)?

< [ / " gls)ds)( / gl — ) (ult) — u(r)dr)

< C(1— 1) / gt = 7)u(t) — u(r) |22y
[

Lemma 4.3. For €1 and €3 small enough, there exists two positive constants oy
and o such that
a1 F(t) < E(t) < asF(t) (4.6)

The proof of the above lemma uses similar techniques as in [25, Lemma 3.3]; we
omit it here.

Lemma 4.4. Under assumptions (A1), (A2), the functional

U(t) = / m
Q
satisfies, along the solution of (1.1,
lo 1—1p [*
(o)< [ b= Pl + 5 [ ot Dl - o) xedr. @)
(9] 2 210 0
Proof. By using (3.14) and replacing w by wu, direct differentiations yield
t
v'(t) = /QU? — llullF2 e +/o g(t — 7)(u(t), u(r)) m2(o)dr. (4.8)
By using Cauchy-Schwarz and Young’s inequalities, we estimate the third term
t
Jy = / gt — 7)(u(t), u(r)) sz dr,
0

for any n > 0, as follows

Jy < / gt — 7))

m2(o) [|[w(T) | m2o)dr

< 1o + 5 (|t =)0 = w2y + et zey)ir)
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1 ) I 2
= 5llu®lz (o) + 5( ; g(t —7)lu(t) — U(T)HH,z(Q)dT)

+ 5] att= Ol e)ir)?

- (/Otg& = 7)l[u(?) —u(T)HHz(de) </0

g(t = ) [u(®)]| 20y d ).

By using Lemma[4.2] we obtain

t

(14 (1= b))l + 50 =10) [ gt = D)) = u(r) s oyr

1
J2 < 3
5[ ot =m0z dn) + 5[ gt = )llu(t) = u() iz dr)?
< (U (1= 10+ )z
3000+ 2) [ gl =) = u(r) Bz
(4.9)

Now, substituting (4.9) in (4.8), we obtain

V(0 < [ w5000+ ) = Dl
(4.10)

1 I
50—+ 1) [ gt =) ut) = ur) rzoyir. Vo> 0.
0

We choose n = 7 ﬁ)lo and obtain the result. O
Lemma 4.5. Assume conditions (A1) and (A2) hold. Then the functional
¢
x(t) = 7/ ut/ g(t — 1) (u(t) — u(r))dr dx dy (4.11)
o Jo
satisfies, along the solution of (L.1)),
/ J ' 2, 0 2 2
N0 < (5[ al9)ds) [ uf+S01+20 = 10))ulfz o)
0 Q
(4.12)

_ ng;()) / g'(t = T)[Ju(t) = u(m) |}z qydr

+A=)6+3) [ gt =nllu(®) ~u( iz eyir. V5> 0.



10 S. A. MESSAOUDI, S. E. MUKIAWA EJDE-2016/22

Proof. By differentiating (4.11)) and using (3.14)), with u instead of w, we obtain

O =([Cos) [~ [ [ om0 - uryar vay

—/Q““ /Otg(t—T)(u(t)—u(T))dexdy

= ([[oas) [t~ [ [ de- )~ uriraray (113

+ (u(®), /Ot g(t = 7)(u(t) — u(r))dr) H2(2)

- /Otg(t ~7) (u(T),/Otg(t ~)(u(t) = u(r))dr) dr.

HZ(Q)

/

By using Cauchy-Schwarz inequality, Young’s inequality and Lemma for —g
instead of g, we estimate the terms in the right-hand side of (4.13]). Thus, for the

term
t
J3 = */ “t/ g (t — 7)(u(t) — u(r))dr dz dy,
Q 0
we have that for any § > 0,
6 1 t )
< — 2, - e _
Js < 2/Qut + % J,, (/0 g'(t —7)(u(t) U(T))dT) dz dy

< g/ﬂu?—F;é Q(/Ot _g’(s)ds)(/ot _g,(t—T)(U(t)—u(T))er) dz dy

6 2 Ceg(o) ! 2
<5 [t =S [ =) — )
(4.14)
For the term
t
Ji = (u(t),/ g(t — 1) (u(t) — w(T)dT)m2(0),
0
we have
t
I < o [ o= )lu(0) = ulr)edr
0
4 2 1 ! 2 2
< S + 55| gt = Dlut) = ur) o) (415)
) L—1o) [
< SOz + S5 [ att = (0 - u(r) i

Similarly, for the term

Jo = /O g(t = 7)(u(r), /0 9(t = 7)(u(t) = u(7))dr) 2 (0 dr,
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we obtain

< ([ =l lmzenr ) [ ate =t~ ) zorar)
Z(/ ot = )(lu(t) — u(r)

2
m2(e) + ()]l z())dr )
2
t—T Hu (T)HHg(Q)dT)

g(t — 7)||u(t) — u(r)

+
5 2
5 ()

5
( ot = DOl ydr) (1.16)

ot = D)) = u()zcoyr) ([t = )u(®)zcorr)

+ 2510) /0 9t = T)llu(®) = u(m) iz oy dr

t
< 0+ 5) (1) [ gl = 7)ult) = ) o
+0(1 = 1o)*[lullFz2 o
By substituting (4.14)—(4.16)) in (4.13), we obtain (4.12)), for any 6 > 0. O

Theorem 4.6. Let (ug,u1) € H2(Q) x L?(Q). Assume g and & satisfy (A1) and
(A2). Then, for any ty > 0, there exist positive constants K and \ such that the

solution of (1.1)) satisfies
B(t) < Ke M@y > (4.17)

Proof. Since g is positive, continuous, and ¢(0) > 0, then for any ¢ > ¢, we have

t to
/ g(s)ds > / g(s)ds = go > 0.
0 0

Combination of (4.3)), (4.7) and (4.12)), gives that for any t > tq,
F'(t)

) €1l )
<—(ln-3-a) [ - (%2 -ag0+20-0) e

1 C.g(0)\ (', ) (4.18)
+(5-a"5) [ o= lut) — ur) i
a(l—1 1 i
N (M Fer(d+ )1 b)) / 9t — ) [ut) — u(r) 220 -
2[0 ) 0 *
Now, we choose ¢ small enough such that
b _go 49 9o
—=> = 1+2(1-1 . 4.19
0-5>2 Tar-w) <L (£19)
By using (4.19)), we easily check that any €; and eg, satisfying
6290 6290
4.2
6 "2 (4.20)
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will make
€1 lo 1

B = (62(90 - g) - 61) >0, f[2= (T — 625(1 +2(1 - 10)2)) > 0.

Next, we pick €; and e; small enough such that (4.6)) and (4.20) remain valid and
further we have

1 C.y(0)
L

2
Thus, (4.18) becomes

t
F'(t) < —51/9113 — BallullFr2 ) + C/O g(t = ) [[u(t) — u(m) | F2(qydr

> 0, 61(1 - lo)

1
% 2, +62((5+*)(1—l0) > 0.

0

) (4.21)
< —BE(t) + C/ g(t = 1) |u(t) = u(r)|[Fr2(dr,  Vt > to.
0
Multiplying (4.21)) by £(¢) and using the facts that & is decreasing and
1t
g'(t) < =€)g(t), E'(t) < 5/ g'(t = )u(t) = u(7)ll32 ) dr, (4.22)
0

we arrive at

EF'(t) < —BERE() + Cf(t)/o gt = D) Ju(t) — u(r) 320 dr

< “BE(E(t) + C / £(t = m)g(t — 7)lu(t) — u(r) |2 0y dr

IA

~BEOE® +C [ =g = Dllut) = ) ey
—BEM)E(t) — CE'(t), Vt=to.

IN

This gives
(E@WF() + CE®) — € (OF(t) < —BEWE(®), Yt = to.

Consequently,

EOF @)+ CE) < =pE(E(), V> to. (4.23)
Let
L=¢F+CE~E, (4.24)
since F' ~ E and 0 < {(t) < £(0). Then and lead to
L'(t) < =XE(H)L(t), Vit > to. (4.25)

A simple integration in (¢, t) yields

L(t) < Ltg)e Mo t®% v > . (4.26)

Again, recalling , we obtain
BE(t) < Ke Moty s (4.27)
This completes the proof. ([
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