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CAUCHY PROBLEMS FOR CHEMOTAXIS SYSTEMS WITH
CHEMO ATTRACTANT AND REPELLENT

AESHA LAGHA, HARUMI HATTORI

ABSTRACT. We study the existence of global solutions and their asymptotic
behavior for a chemotaxis system with chemo-attractant and repellent in three
dimensions. To accomplish this, we use the Fourier transform and energy
method. First, we establish L? time-decay for the linear homogeneous system
using Fourier transform and finding Green’s matrix. Then, we find L9 time-
decay for the nonlinear system using the Duhamel’s principle and the time-
weighted estimates.

1. INTRODUCTION

Chemotaxis refers to the biological process of cells or microscopic organisms mov-
ing toward a favorable chemical concentration gradient. There are many examples
that describe this biological phenomena, such as the oriented movement of certain
cells from higher or lower concentrations of chemicals in the case of immunology,
or the movement of endothelial cells toward the higher concentration of chemo-
attractant that cancer cells produce [T, [4]. A preeminent model for describing the
chemotaxis of cells was proposed by Keller and Segel [11] [12], and is now one of
the most studied and utilized models in mathematical biology. Many mathematical
approaches have since emerged to describe chemotaxis using systems of partial dif-
ferential equations. Detailed introductions to mathematical aspects of Keller-Segel
models are available in [8 9].

In this article, we use the equations for continuum mechanics to describe the
movement of cells and use the diffusion equations for the chemo-attractant and
repellent. Thus, we consider the initial value problem of the system in R?

on+V-(nu)=0
O (nu) + V- (nu®u) + Vpn) =n(xi1(c1)Ver — xa(c2)Ves) — vnu

Orer = Acy — ayier + arznki(cr) (1)
Orca = Acy — agicz + agankz(cz)
with the initial data
(n7u761762)’t=0 = (no,uo, c1,0,c20)(z), = €R3 (1.2)
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Here, n(z,t),u(x,t),c1(z,t),c2(x,t) and p(n) for t > 0,2 € R3, are the cell con-
centration, velocity of cells, chemo-attractant, chemo-repellent and pressure of the
cells, respectively. A positive constant v is the coefficient of the damping. Sub-
tracting the first equation from the second equation, we will consider the simplified
chemotaxis fluid equations taking the form

on+V-(nu)=0

Opu +u - Vu + VPTM) = x1(c1)Ver — xa(e2)Vea — vu (13)
Ore1 = Acy — apc1 + arankg(er)
Orca = Acy — agica + aganka(cz)
with the initial data
(n,u,01702)‘t:0 = (no,uo,c1,0,20)(z), v €R? (1.4)

satisfying
(no, uo, €1,0, €2,0) () = (100,0,0,0) as |z] = o0

for a given constant no, > 0. Throughout this paper, we assume the following: p(-)
is the smooth functions of n and p’(n) > 0. Also, x1(-), x2(-), k1(*), k2(:) are the
smooth functions of ¢, ca, and k;(0) = 0, x;(0) = 0,4 = 1,2. nki(c1) and nk2(co)
accelerate the rate of change of ¢; and ca, respectively.

The main goals of this article are to show the existence of local and global
solutions in HY (R?®) and LY time-decay rates of solutions for the Cauchy problem
of the above system —. The main result of this paper is stated as follows.
Notations are explained at the end of the section.

Theorem 1.1. Let N > 4. There exists a positive number €y such that if
[[(no — Moo o, €1,0, €2,0)|[ v < €0,

the Cauchy problem (L.3))-(1.4) has a unique solution (n,u,c1,c2)(t) globally in time
which satisfies

(n = noo, u)(t) € C([0,00); HY (R?)) N CH([0, 00); HY H(R?)),
(e, ¢2)(t) € C([0,00); HY(R?)) N CH([0, 00); HY ~2(R?))
and there are constants A1 > 0, 2 > 0, A3 > 0 and Cy > 0 such that

t
(7 — o, w1, )l + A / IV noo) 13
0

: ) : ) (15)
+A2/ V(1 e2) 3 +A3/ lser, )3
0 0

< Col|(no — Moo, o, €1,0, €2,0) | 7y -

Moreover, the global solution [n,u,c1,cs] obtained above satisfies for a sufficiently
large time t > 0

In = noollze < C(1+1)= 35, (1.6)
ullpe < C(1+1t)"2 2, (1.7)
(1, ¢2)llpa < C(A+1)7%/2, (1.8)

with 2 < q < oo, where C > 0 is a positive constant independent of time.



EJDE-2022/48 CAUCHY PROBLEMS FOR CHEMOTAXIS SYSTEMS 3

The proof of the existence of global solutions in Theorem [I.] is based on the
local existence and the a priori estimates. The local existence can be proved by
constructing a sequence of approximation functions based on iteration method dis-
cussed, for example, in Kato [10]. The a priori estimates can be obtained by the
energy method. Moreover, our approach to obtain the time-decay rate in the LY
norm of solutions in Theorem [1.1]is a combined analysis of Green’s function of the
linear system and the refined energy estimates with the help of Duhamel’s principle.
We obtain Green’s matrix of the linear system by Fourier transform.

Concerning the chemotaxis based on the Keller-Segel model, Wang [17] explored
the interactions between the nonlinear diffusion and logistic source on the solutions
of the attraction-repulsion chemotaxis system in three dimensions. E. Lankeit and
J. Lankeit [I3] proved global existence of classical solutions to a chemotaxis system
with singular sensitivity. Liu and Wang [14] established the existence of global
classical solutions and steady states to an attraction-repulsion chemotaxis model in
one dimension based on the energy method. For the long time behavior of solutions,
Tan and Zhou [I6] proved the global existence and time-decay estimate of solutions
to the Keller-Segel system in R? with small initial data.

Modeling the cell movements based on the incompressible or compressible fluid
dynamics has been studied as well. For the incompressible case, Chae, Kang and
Lee [3], and Duan, Lorz, and Markowich [7] showed the global-in-time existence for
the incompressible chemotaxis equations near constant states, if the initial data is
sufficiently small. Rodriguez, Ferreira and Villamizar-Roa [I5] showed the global
existence for an attraction-repulsion chemotaxis fluid model with a logistic source.
For the compressible case, D. Ambrosi, F. Bussolino and L. Preziosi [2] discussed the
vasculogenesis using the compressible fluid dynamics for the cells and the diffusion
equation for the attractant. There are many related approaches that use Fourier
transform, and we only mention that Duan [5], and Duan, Liu and Zhu [6] proved
the time-decay rates combining the energy estimates and spectral analysis.

We summarize the notation used in the paper here. C' denotes a positive con-
stant, \;, where i = 1,2, denote positive (generally small) constants, where both
C and \; may take different values in different places. For any integer m > 0, we
use H™ to denote the Sobolev space H™(R?) and H™ the m'"-order homogeneous
Sobolev space. Set L? = HY. For simplicity, the norm of H™ is denoted by || - ||
with || - | = || - [[o. The L7 norms are given by || - ||L«. We set 0% = 991052052
for a multi-index o = (ay, g, a3). The length of a is |.| = a1 + as + a3 and we
also set 0; = 9,,for j =1,2,3. For an integrable function f : R® — R, its Fourier
transform is defined by f = Jps e f(a)de, - € = Z?:o z;&;, © € R3, where
i = /=1 is the imaginary unit. Let us denote the space

X(0,7) = {(p,u) € C([0,T]; HY (R®)) n C*([0,T]; HN*(R?)),
(c1,¢2) € C([0,T]; HN(R*)) n C*([0,T); HY *(R?)) }.

This article is organized as follows. In section 2, we reformulate the Cauchy problem
under consideration. In section 3, we prove the global existence and uniqueness of
solutions for the reformulated problem using the energy method. In section 4, we
linearize the reformulated problem and obtain the L? time-decay property for the
linearized equations by the Fourier transform. In section 5, we use the results of
sections 3 and 4 to study the L? time-decay rates of solutions to the reformulated
nonlinear system and complete the proof of Theorem
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2. REFORMULATION OF THE SYSTEM (|1.3)

Let U(t) = (n,u,c1,c2) be a smooth solution to the Cauchy problem of the

chemotaxis fluid equations with initial data Uy = (no, uo, ¢1,0, ¢2,0). Set
n(z,t) = p(z,t) + Neo- (2.1)
Then the Cauchy problem ([L.3)-(1.4) is reformulated as
Op+necV-u=-=V-(pu)
/

Ww = x1(c1)Ver — xa(e2)Ves (2.2)
rc1 — Acy + (a11 — a12n00671(0))e1 = a12(p + Moo )1 (1) — ar2n00k) (0)ey

Owu+u-Vu+vu+

0o — Aca + (a1 — a22n00ki5(0))ca = aga(p + Moo )K2(C2) — aaneckin(0)ca
with the initial data
(p, U701702)|t:0 = (po; 0 €1,0,€2,0), (2.3)
where pg = 1y — N and
(po, uo, €1,0,C2,0) — (0,0,0,0) as |z| — oo.
We assume that (a11 — neoa12£1(0)) > 0 and (@22 — Neo@1k5(0)) > 0. In the
following, we set N > 4.

Concerning the reformulated Cauchy problem (2.2))-(2.3)), one has the following
global existence result.

Proposition 2.1. Suppose that ||(po, wo, c1,0,¢2,0)|| v is sufficiently small. Then the

Cauchy problem (2.2)-(2.3) has a unique solution U(t) = (p,u, c1,c2)(t) globally in
time which satisfies U(t) € X(0,00) and for any t > 0,

En(U()) + )\1/0 Dn(U(t))ds + )\2/0 Dh(U(t))ds < CoEn(Uy), (2.4)
where
EN(U)) = [l(psusc1,02) 3 (2.5)
is the energy functional, and
Dn(U(#)) = [V (er, e2) |, (2.6)
Dy (U(t) = [Vpll—y + I (u,cr,e2) 1% (2.7)

are the dissipation rates.

The solutions obtained in Proposition indeed have the decay rates in time
under additional conditions on the initial data. Given Uy = (po, uo, ¢1,0, C2,0), Set
en(Up) as

en(Uo) = [[Uolln + [l(po, uo) 21 (2.8)
for N > 4. Then, we have the following two Propositions:
Proposition 2.2. Let U(t) = (p,u,c1,c2) be the solution to the Cauchy problem
(2.2) with the initial data Uy = (po, uo,c1,0,¢2,0)- If en+1(Uo) > 0 is sufficiently
small, then the solution U(t) = (p,u,c1,c2) satisfies

IU@)|v < ens1(Uo)(1+1)7%4, (2.9)
IVU @)y < ensr(Uo) (1 +1) 74, (2.10)
for anyt > 0.
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Proposition 2.3. Let 2 < g < co. Suppose that U(t) = (p,u,c1,co) be the solution
to the Cauchy problem (2.2)-(2.3) obtained in Proposition [2.1, Then the solution
U(t) = (p,u,c1,c2) satisfies the following Li-time decay estimates:

lollze < C(1+1)~2+3, (2.11)
lull e < C(L+1)7 ¥, (2.12)
I(ex, e2)llze < C(1+14) 732 (2.13)

foranyt>0,2<qg<o0.

The existence of global solutions in Theorem[I.1]is obtained directly from Propo-
sition 2.I] and the derivation of rates in Theorem [I.1]is based on Proposition 2.3

3. GLOBAL SOLUTION OF THE NONLINEAR SYSTEM ([2.2))

The goal of this section is to prove the existence of global solutions to the Cauchy
problem (2.2), when initial data is a small, smooth perturbation near the steady
state (oo, 0,0,0). The proof is based on uniform a priori estimates combined with
the local existence that will be shown in subsections 3.1 and 3.2.

3.1. Existence of local solutions. The existence of smooth local solutions for
symmetrizable hyperbolic equations 1 and 2 can be proved as in [I0].
Since 3 and 4 are the heat equations, the local solutions obviously exist.
We construct a solution sequence (p?, u/, c{, c%) j>o0 by iteratively solving the Cauchy
problem on the following system

O+ oV - = =V - (P d),
/
Bt + ot + 2 (”oo)vij

o0

j j j j j j p/(pj + noo) p/(noo) i
= —u - Vul T + x1(e]) Vel — x1(ch) Ve — ( e e )WVt

Ore] ™ = Ac™ + (a11 — a1aneor) (0))e]
= a12(pj + noo)C{—H — a12N K] (O)C{H;
0rch! — AT + (a21 — azaneorh(0))ch

= an(p’ + noo)cé+1 — a22an§(0)0§+1,

(3.1)
with initial data

(pj+1a uj+17 C{+1a C£+1) ’t:O = (P07 U, 01,07 02,0)5 (32)

for j > 0, where (po,uo?c(l)?cg) = (0,0,0,0) holds. For simplicity, in what follows,

we write U’ = (p?,u?, c], ) and Uy = (po, uo, ¢1,0,2,0)-

Lemma 3.1. There are constants Ty > 0, ¢g > 0, B > 0 such that if the initial
data Uy € HN (R3) and ||Us||n < €0, then for each j >0, U € C([0,T1] : HN (R?))
is well-defined and

sup |U7(t)|ly < B, j=>0. (3.3)
0<t<Ty
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Moreover, (U?);>¢ is a Cauchy sequence in the Banach space C([0,T]; HN (R?)),
and the limit function U(z,t) of (U?);>0 satisfies

sup [[U(t)|I~ < B, (3.4)
0<t<T,

and U = (p,u,c1,c2) is a solution over [0,T1] to the Cauchy problem (2.2)-(2.3).
Finally, the Cauchy problem (2.2)-(2.3) admits at most one solution U € C([0,T1] :
HN(R3)) satisfying (3.2).

3.2. A Priori Estimates. In this subsection we provide some estimates for the
solutions for any ¢ > 0. We establish the uniform-in-time a priori estimates for
smooth solutions to Cauchy problem ([2.2)-(2.3)) applying basic energy estimates.

Lemma 3.2 (a priori estimates). Suppose that there exists a solution
U(t) = (p,u,c1,e2) € C([0,T]; HY (R?)
to the Cauchy problem (2.2))-(2.3)), with

sup H(p,U,Cth)(t)HN S € (35)
0<t<T

for 0 < e <1. Then, there are ¢ >0, Cy > 0 and X > 0 such that for any € < €,

+)\1/ Dy (U ds+>\2/ Dh(U(t))ds < Con(Up) (3.6)

holds for any t € [0,T).

Proof. First, we find the zero-order estimates. For the estimate of p, multiplying p
to both sides of the first equation of (2.2) and integrating in = € R?, we obtain

/ pprdx + noo/ pV -udz = —/ pV - (pu)dz.
R3 R3 R3

Using integration by parts and the Cauchy-Schwarz inequality, we have
1
3 [ ot [ 09 ude < Cloll [+ ol @)
2 Jrs R3 R3

For the estimate of w, multiplying by u on both sides of the second equation of
(2.2) and integrating in 2 € R?, we obtain

/
/ uutdm—i—/ u(u-Vu)dx+V/ qux—l—M/ u - Vpdz
R3 R3 R3 Neoo R3
:/ ux1(cl)V01dx—/ ux2(c2)Veadr
R3 R3

,/ u(p’(p+noo) fp,(”“’))vpdx.
-

P+ Noo Noo

Using integration by parts and the Cauchy-Schwarz inequality, we have

1 / oo
7/ (u?) dx+u/ \u|2dx—p7(n )/ pV - udx
2 Jgs t R3 Noo R3

§||u||3/ |u\2dx+C'Hcl||2/ |V01\2+|u|2dx+0\|02||2/ Veol? + |ul?da
R3 R3 R3

+Clpll [ 195 + fufda.
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For the estimates of ¢;, multiplying ¢; to both sides of the equation of ¢y, using
k1(c1) — k4 (0)er = O(c?), and integrating by parts, we obtain

1
7/ (c%)tdx—i—/ |V61|2d1'+(a11—’I”Looalzlill(O))/ EARGES
2 Jps R3 R3 (3.8)
< Cllpll + lalla) [l
Similarly, for co, we have
1
7/ (C%)tdx—i—/ |V02|2dx+(a21—nooaggffé(O))/ |co|?da
2 Jps R3 R3 (3 9)
< Cllpll + lealle) [l
/277y
Then, as long as £y °(U) is small so that
(a11 — noca12r (0)) > CE*(U),
(a21 — nocazaky(0)) > CEYZ(U)
are satisfied, we have
1d 2, P(nc) | 1o 2 2
-4 d
s o (1 TG P el ) o
+y/ |u|2dx+/ |Vcl|2dm+/ |Veo|?da
R R R (3.10)

+ (a11 — necarar, (0) / lex[2dz + (a1 — nscasary(0)) / a2
R R

< Clolls / Vol

Now, we estimate the higher-order derivatives of (p,u,c1,c2). Take o with 1 <
la] < N. Applying 0% to the second equation of (2.2)), multiplying by 0%u, and
integrating by parts, we have

1 2 / 2 / P'(p+ne)
= [ (0*u)id 0°ul?d o u(E T2l gay pq
5 @iy [ Jorapaos [ orum LI s
o /

— 9%, Cgaﬁ M 9PV pdx

/. I L

. (3.11)
—/ 0°uY _CH(0*Pu-VoPu)dz + | 0°ud(x1(c1)Ver)da
R3 =0 R3
— | 0%u0*(x2(c2)Vea)da.

R3
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Using the first equation in (2.2) and the integration by parts, we rewrite the third
term on the left-hand side as follows.

/
oou (L)) g0 s
R3 P+ Noo

1 P (P4 Noo) 9 / P'(p+ noo) 1
== LU d o” 0%pd
[P gy s [ PR gL

1 P(p+ o)
+/ 0%(Vp - u)——=0%dzx 3.12
e i P ) (3.12)

+ | o V(Vp -y L E ) o g,

R3 P+ Noo ' (p+ noo)
/
B R AL I,
R3 14 Noo

Therefore, combining (3.11)) and (3.12)), we obtain

1 t
glovul? +Calosl v [ o ulas
t
< Cll0%us|| + Cl10%pol| + Cllolln / (0%ull? + 0% p||?)ds
t t
1 Cllully / 10%p]%ds + Clull / l0°u)2ds (3.13)
0 0
t
+ Cleally / (10%ull? + 9°Vey |*)ds
0

t
+C||62||N/ (l0%ull* + [[0°Vea|*)ds.
0

Similarly, we estimate the higher-order derivatives of ¢; and cq as follows:

1 t t
Sl + / V0 er |2ds + (a21 — nooarzr (0)) / 10y |2ds
0 0 (3.14)

S C’||6ac1,0

t t
|+ Cllolly / 0%y |2ds + Clex |l / (0% + 0°p])ds,

and

1 t t
Sl + / V0 e |2 ds + (az1 — noazriy(0)) / [0%cs 2ds
0 0

t
SCII3“02,0||+CIIPHN/ (0% ca||*ds (3.15)
0

t
+Cllealln / (9% ¢all? + 9% p]1?)ds.
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Then, summing (3.13)-(3.15) over |a| < N, we have
1 2 2 2 2 K 2 K 2
Sl + Calloli + llea B + lleal3) + v / ul3ds + / Ve |3
t t
+ / IV eal3eds + (ar1 — nooarzr, (0)) / lex |3 ds
0 0
t
1 (asn — nocass#) (0)) / leal 2 ds
0
t
< CollUlly + Clpll / (alls + ol + el + lleallZ)ds (3.16)
t t
+Clluser,cally [ lolfds + Cllully [ ulfyds
0 0
t
+Clleally / (ul + e 3 + [ Ver|3)ds
0

t
+ Clleallw / (lul3 + lleall?: + [|Ve2|2)ds.

For the estimates of p, let || < N — 1. Applying 9° to (2.2))2, multiplying it by
0%Vp and integrating in = yield

P'(noo)

Noo R3

0%V po®uydr + v 0%V po*udzx + 0%V po*V pdx
R3

R3

=— [ 0°Vpd*(u-Vu)dz + / 0V pd*(xi1(c1)Ver)dx
RS RS

_ [e] fe} o 1o 1o} p,(p+ noo) _ p/(noo)
]R38 Vpd®(x2(c2)Veg)da RS@ Vpo©( PE e )

Vp)dz,
which can be simplified further by (2.2))

/
/ (aavpa“u)tdwrp(””)/ |0°V p|?dx
R3 R3

Noo

=—v [ 0°Vpd©udz — 0V pd(u - Vu)dz
R3 3

+ 9V pd“(x1(c1)Ver)da — 0%V pd«(xa(ce)Ves)dx
R3 R3

e% o4 pl(p+n00) _ p/(noo)
R35‘ Vpo*( . _ )Vp)dz

— [ 07V ud*V - ((p + noo)u)da.
R3

Finally, applying the Cauchy-Schwarz inequality, we obtain

d
L[ (9°Vporuyda + Ao 07Vl

dt Jgs

< C(IV - ull + [9%ul) + C(ll(er, e2)[10°V (p, 1. 2)]?)

+C(lp, wIN IV - 0%(p, w)[?)-
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Summing over |a| < N — 1 and integrating with respect to t, we have

t
/3O‘Vp3audx+)\2/ |Vpll3_ ds
R3 0

la|<N-—-1

< ¥ /3O‘Vp8°‘u dz,_ 0+c/ % dls

la]<N—1 (3.17)

t
+Clien, )l / IV(prc1, ea)l%_rds
0

+Cll(pw)lln / IV - ()31 ds.

Taking linear combination (3.10]) + (3.16]) + £(3.17)), we see that

iz +E Y /8“Vp8audm+)\1/ 1V (c1, e0) %ds

la|<N-1
t
Iy / IVl 1 + (s 1, e2)[130)ds < CollUoll%

for constant 0 < k < 1. Since the second term on the left hand side is absorbed in
|U||%, we obtain the energy estimate (3.6)) in Lemma O

Proof of Proposition 2.1} Choose a positive constant €é = min{eo, €1 }, where ¢y > 0
and €; > 0 are given in Lemma and Lemmam Let Uy € HY (R?) satisfy

€
U, < —.
Gl < 57—
Now, let us define
T={t>0: sup |[U(s)||lg~ <€}
0<s<t

Note that

< €< €.

DO

€
U < —<
0ol < 57 <
Then T > 0 holds true from the local existence result. If T is finite, from definition
of T', we have

[l

sup [[U]| = (3.18)

0<s<t

On the other hand, by Lemma [3.2] we have

evCy
Uls </ Col|U <
Os<1;p NU(s)In < VCol|lUplln < NS

which is a contradiction to Therefore, T = oo holds true. This implies that
local solution U(t) obtained in Lemma can be extended to infinity in time.
Thus, we have a global solution (p,u,c1,c)(t) € C([0,00); HY). This completes
the proof. O

w\m
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4. LINEARIZED HOMOGENEOUS SYSTEM

In this section, we study the time-decay property of solutions to the nonlinear
system (2.2)). For this purpose, we separate the system into the linear and the
nonlinear parts around the constant state (ns,0,0,0) and we write the system as
follows: Then U = (p, u, c1, c2) satisfies

Oip+ NV u = gq
/
n
Oy + vu + 2MVp = go
Noo (4.1)
Orer — Acr + (a1 — ar12nerky(0))er = g3
Orca — Aca + (a1 — aganeokh(0))ca = ga,
where the nonlinear source terms are
g1 =—V " (pu)

P+ Noo Noo (42)

g3 = a12pk1(c1) + a12n00(k1(c1) — K5 (0)er)

ga = a21pka(ca) + azanos(ka(c2) — k5(0)c2)

g2 = —u-Vu+xi(e1)Ver — x2(c2)Vez —

and the initial data are

(pyu, c1,¢2)|,_y = Uo = (po, w0, ¢1,0, €2,0)- (4.3)
To obtain the time-decay rates of the solution to the system (4.1)), we first study
the Cauchy problem for the corresponding linearized homogeneous system
Op+noV-u=0
/
Moo (4.4)
Oic1 — Acy + (a12 — allnooffll(O))cl =0

Owu + vu +

8,562 — ACQ + (a22 — aglnoolié(O))CQ =0.

For this purpose, we define U; = (p, u) to be the solution of the linearized homo-

geneous equations
Op+noV-u=0

/ 4.5
8tu+m+p(noo)vp:0, (4.5)
o0
with the initial data
U1],_y = Uro = (po,uo), z€R (4.6)

4.1. Representation of solutions for (4.5) and (4.6). We first find the explicit
representation of the Fourier transform of the solution U; = (p,u) = etBUl,o to the
system (4.5) with the initial data (&.6]), where e*? is the linear solution operator.
First, we take the time derivative for the first equation of (4.5)) and using the
second equation to replace dyu, we have
Op + vOp — p'(noo) Ap = 0. (4.7)
Initial data are given by

p|t:0 = po, 8tp|t:O = NV - Ug. (4.8)
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Then, taking the Fourier transform of the above equation, we get the second-order
ODE as
Oup+v0ip+p (noo)|E[?H =0

A . o (4.9)
p|t:0 = po; 8tp|t:0 = 7”0016 *Uo-
It is straightforward to obtain
)\16)\2t _ )\26)\1t 6)\1t . e)\Qt
A A O S 4.10
p N, P Moo N, o (4.10)
where A1 o = —§ + 3 L /12 — 4p/ (noo)|€]? are the roots of the characteristic equation

AN+ vA+p (noo)|§|2 = 0. Similarly, taking the time derivative for the second
equation of ([4.5)) and using the first equation to replace d¢p, we have

O+ v — p' (e )V(V - u) = 0. (4.11)

Further taking the divergence, one has
04t (V 1) + v0i(V - u) — p'(noo)A(V - u) = 0, (4.12)
V-ul,_,=V-u, (4.13)
oV - u‘t o= "vV-ug p/f;z:o) Apo. (4.14)

Here and in the sequel we define € = &/|€| for €] # 0. By taking the Fourier
transform of (4.12)), (4.13)) and (4.14), we get the second-order ODE

Ot (& - ) + 10, (§ - 0) + P/ (noo) [€2(€ - 1) = 0
(- a)|,_, =& o, (4.15)

/
N . Neo ~
= —v€- Uy — i (1e0) )\€|Po
Noo

Therefore,

L et ghat 7P (neo R A +v)eret — (g + et .
fram ot (i) Qad T et g )

Now, by taking the curl for the second equation of (4.5), we have
OV xu)+v(V xu)=0.

Taking the Fourier transform of the above equation, we have

D(€ x 1) + v€ x 1= 0. (4.17)
Initial data is given as
(§><ﬂ|tO=f><ﬂo (4.18)
Solving the initial value problem (4.17) and ( , we have
(Exa)=e" g X Ug. (4.19)

For t > 0 and £ € R3 with |¢] # 0, one has the decomposition @ = €1 —& X (€ X @).
It is straightforward to obtain

)\1 . )\2 /
a:e t_e t(—ip(noo)éﬁo)
Al — Ao Moo (4.20)
Azt _ )\lt _~— ~ ~ '
n (A1 +v)e (A2 +v)e EE Qg — e VE X (€ X 1g).

A1 — A2



EJDE-2022/48 CAUCHY PROBLEMS FOR CHEMOTAXIS SYSTEMS 13

Then
R e)\lt _ e)\zt ) / Noo R
i= S il g
1 — N2 Noo (4 21)
(A +v)ert — (A +v)eMt\ ER € gy E®EL -
+ M- ) gz tot e s = g o

Therefore, if we define the Fourier transform G(t, &) of Green’s function G(t,€) =
e'B to be

G(t,€)
|:G11 C:TY12:|
Gar G2 (4.22)
[ e (—ino€) =gt
lﬁi%ﬁ$@<“wﬁﬁw“%+w%—%J

then (4.10) and (4.21]) can be written as
ﬁ(tf)} g {PA(O,@}
. = G(t, - .
ed) = oo 1
4.2. Refined L? — L7 time-decay property. In this subsection, we use ([4.22)) to

obtain some refined L? — L4 time-decay property for U; = (p,u). To do so, we need
to find the time-frequency pointwise estimate on p and 4 in the following Lemma:

Lemma 4.1. Suppose Uy = (p,u) is the solution to the linear homogeneous system
(4.5) with the initial data U1|t:0 = (po,uo). Then, there are constants ¢ > 0,
C >0, A > 0 such that for allt >0, |¢] <,

16(1,€)] < Ce™ Mt 4 |g2e7M) 30 (€)] + C(|€le ™ + [gle™ ) g (€)], (4.23)
it €)] < Cle|(e™ ™ 4 e 5o (€)] + C(Ig2e ™ + =) ag )], (4.24)
and for allt > 0, ] > e,

16(t, €)| < Ce™|po(€), o (€)], (4.25)
[a(t, )] < Ce™ (), o (€)]- (4.26)
Pmof To obtain the upper bound of p(t,&) and a(t, ), we estimate éll, élg, Gor,
and Gy in CIE V2 —Ap (ne) €] > 0, then Ay o = =% £ 1,/12 — 00)|€]?
are real. It is stralghtforward to obtain
A~ —O()[E,

Ag ~ —v+ O(l)|§|27

as |¢] — 0.

On other hand, if v? — 4p’(nso)[€]? < 0, then A\j o = ¥ty 4p’ (noo) €12 —

are complex conjugates. Moreover, we have

Al ~ O],
M = X ~iO(D)e].



14 A. LAGHA, H. HATTORI EJDE-2022/48

as || — oo. Then, there exists € < 4p,’(’2 3 <R,with0<e< 1<« R < oo such

that one can estimate G(t, £) as follows:
G| < Ce MEPT 4 g2e—Ay
Ga| < Ole|(e= NPt 4 63
|G| < Cle|(eMNEPt 4 e
|Gaz| < Ce™t + ([P MEFE 4 672 < OfgPe et 4 e,
as [{| <€, and
‘é11| < Ce 2t < Ce M
|Gha| 4 |Ga1| < Ce™ 5t < Ce™™
|Gz < Ce™ 4 Ce™ 3t < Ce ™,

as || > R. When the eigenvalues coalesce, since the real part is negative, we have
te~z* in the solution, but this decays exponentially. Then we have te~zt < e~
and over € < |£] < R we have

|é11\ < C(e_’\|5|2t + [€2e7 VA
|G| < Cle] (e e 4 em2t)
|G| < Cle](e e 4 672y
|Gao| < Cle|2e et 4 gev,
Now, we can estimate p, 4 as follows
1(t, &) = |G11po + Gzt
< |Ghallpol + |Ga ko
< C(e P 4 €26 ™) 3o (€)] + C(lEle ™M + [gle™ ) ag(€)],
and
(. €)] = |Ga1p0 + Garilo
< |Ga1||pol + |Gazl|tio|
< Clel(eE 4 e72) 3 (€)] + C (1€ + e M) asg (£,

for |£| < e. Finally, (4.25) and (4.26) can be proved in the same way as for (4.23)
and (4.24]). This completes the proof of Lemma (4.1)). O

Theorem 4.2. Let 2 < q < oo, and let m > 0 be an integer. Assume Uy = eBtUl,o
is the solution to the Cauchy problem (4.5)-(4.6). Then for anyt >0, Uy = (p,u)
satisfies:

_3(1_1\_m
IV™p(t)|| e < C(L+1) 20707 F || pg, ug|| 11
+e—AtvaJr[s(%ﬁ)H(po’UO)HLQ’
_3(1_1y_m+1
IV u()||pe < C(L+ )" 2D | pg, ug|| 11

1_1
+ ef)\t||vm+[3(2 q)]+(p0,u0)”l,2a

(4.27)

(4.28)
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where C = C(m,q) and [3( — %)h are defined by

[3(171)]4-: {0 1 1 ra=>2

2 g B(3 —¢)-+1 otherwise.

Here, [|— denotes the integer part of the argument.

Proof. Take 2 < ¢ < oo and let m > 0 be an integer. Set U; = eBtULo. Using the
Hausdorff-Young inequality and (4.23)) we prove (4.27) as follows,

IV p(O)ll Laces) < CIEM™AE Dl Lo (ma)
< CIEMpE N Lo ej<e) T CIIEI DE D Lo (g1 )
where % + 4 = 1. We estimate the first term on the right-hand side of ([#.29) as

qg
m A q
|||£| p(t’g)HLq/(‘ﬂge)

o I e e Gl
l€]<e

+ C(|§|mq’+q’e—q//\|£|2t + |§|mq’+q’e—q/w\t>|a0(€)‘q’d5

(4.29)

’

N ! r_ 2 ’ 2 ’ ro_
< Csup |pol? / g em @ NP CHOTa AT 4 |gma2a =0 dg
3 |€]<e
=+ CSlElp \ﬁO‘QI / \ (|f|m<1'+q'e—q'>\|£|2(1-~-75)-~-q'/\|€|2 + |§‘mq/+q/e—q’w\t)d§
§l<e

mgq maq’+q’+3

/43 ’ _ ’ o ’
= lpollfs + CL+8) = Jluoll s + Ce™ " |[(po, uo) | 5:-

<C(+1t)
Thus,
™5t o (1 <0) < CA+ D)3~ F gl 1
+ O+ 1) 25 g 1+ Cem | (po, ug) |2 (4-30)
<O+ 253 (g, uo) 1.

Now, we estimate the second term of (4.29) using the Holder inequality with suffi-
ciently small € > 0. Then we obtain

IEI™ A Lo ()26 < C/lél €19 e (po(€), 0 (€)|7 d€

>e

2

- — € 7?/ € 2;?/ me s 7
< Ce™ €]~ C+ | = 16| (9o (€), 1o (€)) | 12

< Ce™ MV (pg, uo) | e

(4.31)
Substituting (4.30) and (4.31) to (4.29)), we have (4.27).
To prove (4.28]), it similarly holds that
V™ u(t)Lams) < ClIE™ 0t )l o (ms
" R (4.32)

< Olllel™at, Ol o g1 <ey + ClIENM @t ) Lo (g 50)-
Using (4.24), we estimate the first term of (4.32)) as
m q
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<O (| (e NP o ema v 5o ()]0 ) dg
[€]<e

—|—C’/< |€|(m+2qe—q MEP(t+1) 4 ¢ qvkt)‘ NG )|q d¢

mgq +q +3 mgq +211 +3

<C(1+1)” leollf + (141)" Juollf
+ 0" (o, wo) 11

It follows that
e at, Ol (e1<e)
_ 3 _m+tl _ 3 _m+2
<O+t 22 pollpr + (X +1) 2 2 Juollzs

+ Ce " |(po, uo)|| L1 (4.33)
< O+ ) 20375 g o+ (14 )7
< C(1+)7 2037757 (oo, wo) | 1.
Similarly to (4.31)), one has
~ _ 1_1
€™t )l L (ejz0) < Ce M V™32 73 (g, ug) | 2 (4.34)

Thus, substituting (4.34) and (4.33)) in (4.32)), we obtain (4.28]). This completes the
proof. O

Corollary 4.3. Assume that Uy = eBtULO is the solution to the Cauchy problem
(4.6) with initial data Uy g = (po,uo). Then, Uy = (p,u) satisfies the following:

lo(®)llz2 < CA+H7 ) (po, o)1 + e [[(po, o)l e (4.35)
Hu<t>||L2 < C(L+6)7%|(po uo)ll 1 + € (po, uo) 2 (4.36)
o)l < CL+ )% (po, w0zt + e V2 (po,uo)llzz,  (4.37)
()] < C(L+8) 2 (po, o)l 2 + e V2 (po, uo)ll 2. (4.38)

5. TIME-DECAY RATES FOR THE NONLINEAR SYSTEM

In this section, we prove Propositions and The main idea is to combine
the energy estimates and the spectral analysis. We will apply the linear L? —
L7 time-decay property of the homogeneous system studied in the previous
section to the nonlinear case. We need the mild form of the original nonlinear
Cauchy problem (2.2). Throughout this section, we suppose that U = (p,u, c1, c2)
is the solution to the Cauchy problem with initial data Uy = (po, w0, ¢1,0,¢2,0)
satisfying . Then, by Duhamel’s principle, the solution U = (p, u, ¢1,c2) can
be formally written as

t
U<t) = eBtUO +/ e(t_S)B(g1a927g37g4)d87 (51)
0

where eBf, t > 0, is called the linear solution operator and the nonlinear source

term takes the form (4.2)).
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5.1. Decay rates for the energy functional and high-order energy func-
tional. In this subsection, we prove Proposition i.e., the decay rates for the
energy functional ||U(t)||% and for the high-order energy functional ||[VU (¢)||3,. For
that, we investigate the time-decay rates of solutions in Proposition [2.1| under the

extra condition (2.8).

Proof of Proposition[2.3 Suppose en+1(Up) is sufficiently small. Then, from Propo-
sition the solution U = (p, u, ¢1, co) satisfies

SENU(0) + MDN(U(0) + DA (U(0) <0 (52)

for any t > 0.
Now, we begin with the time-weighted estimates and iteration for inequality

(5.2). Let I > 0. Multiplying (5.2) by (1 +¢)! and integrating over [0,t] give

(L+ ) EN(U®) + N /t(l +5)'Dn(U(s))ds + Ao /t(l +8)!'Dl (U (s))ds
0 0
< En(Uo) + l/ (1+8)7rEnU(s)ds
0

< &n(Uo) + Cl/o (14 5)'"H(Dn-1(U(5)) + DR (U(s)) + | p(s)[*)ds,
where we have used
En(U(t)) < CDN-1(U(1) + CDR(U(1) + [lp(t) 1>
Using again, we have
EnaUO) + M1 [ Dy @) + e [ Dhea(U0) < Enia (00).

and

1+ )" N1 (U) + N /t(l + ) Dy (U(5))ds
0
+ X2 /t(l + )7 (U(s))ds
0
< Eny1(Uo) +C(1 - 1)/ (14 5)72En11(U(s))ds
0

<En(Uo) +C(1—1) /Ot(l +5)'7(Dn(U(s))

+ D1 (U(s)) + llp(s)l[*)ds.

Then, for 1 <[ < 2, iterating the previous estimates, we obtain

(1+8)'En(U®) + M /t(l +5)'Dn(U(s))ds + Ag /t(l + 8)!'Dl (U (s))ds
L0 0 (5.3)
< Enii(Uo) +C / (14 )= 1o(s)[2ds.

On the other hand, to estimate the integral term on the right-hand side of the
previous inequality, let us define

Enoo(U(t) = sup (1+ HEEN(U(1)).



18 A. LAGHA, H. HATTORI EJDE-2022/48

Then, applying the linear estimate on p in (4.35) to the mild form (5.1}, one has
oI < C(1L+ )7 [lpo, uoll L1 + Ce™|[(po, uo) |

+0Au+pﬂ*W@EMMMW% (5.4)

t
+€ [ eI (g1(), g2l ds
0
Recall the definitions (4.2)) of g1 and go. It is easy to check that for any 0 < s < ¢,

1(91(5), 92()) | rrzz < CEN(U(E)) < C(1+5) "2 2En o (U (1))
Substituting this into (5.4)) gives

lo@)Il < CA+ )"/ (ERX (U ®) + (P, w0)lI71 1 z2)- (5.5)

Next, we prove the uniform-in-time bound of €y (U (t)) which implies the decay
rates of the energy functional Ex(U(t)). In fact, taking | = % + € in (5.3)), where
€ > 0 is small enough, we see that

(1+t)%+€5N(U(t))+)\1/O (1+s)%+EDN(U(s))ds+>\2/O (1+ s)3T<Dh (U (s))ds

t
< Ent1(Uo) + C/ (1+5)2"<[p(s)]|ds.
0
For p, using (|5.5)), we obtain

/0 (L+8)27[lp(6)|Pds < C(L+ 1) (ER e (U D)) + 100, w0) 71 112):

Therefore,
(1+t)%+65N(U(t))+A1/O (1+s)%+EDN(U(s))ds+>\2/O (1+ 8)2TDR(U(s))ds

< En11(U0) + C(1+ ) (EX o0 (U (1)) + 1 (po, o) 122)
which implies
(L+ )2 En(U (1)) < CEn+1(U0) + 1| (po, u0) 71 + EX (U (1)),
and thus
Enoo(U(t) < Cledy11(Uo) + € oo (U (1))
Since €31 (Up) > 0 is sufficiently small, it holds that £y, (U(t)) < Cexr, 4 (Up) for
any t > 0, which gives ||U(s)||x < C(En(U#))? < Ceny1(Up)(1 +t)~3/%. This
proves ([2.9).

Now, we estimate the high-order energy functional. By comparing the definitions
of Ex(U(t)), Dn(U(t)) and D (U(t)), it follows from (5.2) that

d
ZIVU@IR + VUG < ClIVe®)?,
which implies

t
IVU@IR < e [[VUlIR + C/ e[ Vp(s) |2 ds, (5.6)
0
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for any ¢t > 0. To estimate the time integral term on the right hand side of the
above inequality, one can apply the linear estimate (4.27) to the mild form (5.1]) of
the solution U(¢) so that

IVp(8)]l < C(L+6)5*(pos uo)ll s + Ce™ [V (po, uo)|

e / (1+t—5)"5|(g1(5), g2(5)) |l 2 ds (5.7)

e / e[|V (gy (), g2(s)) | ds.

Recall the definition (4.2) of g1 and go. It is straightforward to check that for any
0<s<t

1(91(5), 92(8)) | L1 < CEN(U(8)) < Cexy (Uo)(1 + )~
Putting this into (5.7) gives
IVp(t)[ < Cenyr(Uo)(1 +1) /%, (5.8)
Then, by using (5.8)) in (5.6)), we have
IVUO1% < e MIVUolI3 + Cexrpa (Uo) (1 + )72,
which implies ([2.10]). The proof of Proposition is complete. O

5.2. Decay rates in L9%. In this subsection, we prove Proposition for time-
decay rates in L9 corresponding to ([1.6)-(1.8) in Theorem For N > 4, Propo-
sition shows that if eyy1(Up) is small enough,

1U(s)llv < Ceny1(Uo)(1+1) 24, (5.9)
IVU(#)||n < Ceny1(Ug)(1 +1)~5/4. (5.10)

First, we consider the L9 estimates on p. We use the L? — L™ interpolation
inequality. For the L? rate, it is easy to see from (5.5 and (5.9) that

Ip(t)]] < Censr(Uo)(L+1)73/* < C(1+1)~%/*.

For the L rate, applying the L linear estimate on p in (4.37)) to the mild form
(5.1f), we have

lp(®)lloe < C(L+8)"2"2[|(po, u0) |1 + Ce™ V2 (po, uo) |

e / (L4t — 5)"3/2] (g1(5), ga(5)) | o s

t
e / e M=) [V2 (g4 (), g2 (5)) | ds (5.11)
0
< C(L+ )72 (po, uo) | irgr
t
e / (14t —5) 732 (g(s), g2(5)| g dls.

Since by (5.9)),
1(91(5): 92Nl 1z < CIVUDINNU ()l < Cedrya(Uo) (1 + )72,
substituting the above inequality into ((5.11)), we obtain

lp(®)llz= < Censr(Uo)(L +1)~%2,
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Then, by the L? — L* interpolation, we have
3.3
pllLe < Cenya(Up)(1+ 1) = T2a (5.12)

for 2 < g < .
Next, we show the estimates on ||u(t)|ps. For the L? rate, utilizing the L>

estimate on v in (4.36) to (5.1]), we have

lu(®)ll < C(L+ )74 [(po, wo)ll L+ + Ce™||(po, uo)|

t
+c/ (L+t—5)""""(g1,92) | 1 ds (5.13)
0

n / e M=\ (g, (s), g2(5)) | ds.

Since implies
1(91(5), g2()lL1mr2 < CIU ()13 < Cenra(Uo)(1+18)~/2,
yields a slower decay estimate
lu()]| < Cenir(Uo)(L+ )" < O(1+1)~>%, (5.14)
For the L™ rate, applying the L°° estimate on u in to , we have

lu®)llz < 1+ )0, woll 12

t (5.15)
+C [ 04192019, 02(6 e
By the estimates and , we obtain
1(g1(5), 2N pargre < CINU DN (8)l|v < Cedyyr (Uo) (1 +5) 72,

Therefore, from it follows that

[u(®)l|z < Cenr(Uo)(1+5)72,
and consequently, the L2-L> interpolation theorem implies

()]0 < Cenya(Uo)(1 +1)~>F 7 (5.16)

for 2 < g < .
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Lastly, we estimate the time-decay rates of (¢, ca). We start with the estimate
on ||c1(t)||pa. For the L? rate,

leallze < Clléallzace

< C[/6_2(\5|2+<au—alznm(o)))qéopdg} 1/2

3
t
-l-au/ {/6—2(\5\2+(a11—aunooni(o))(t—S)|g3|2d§} 1/2ds
0 13
< e,(au,alznmn;(o))t[/672|§|2(t)‘60|2d£}1/2 (5.17)
3

t
+ O/ ef(allfamn(x,n’l(o))(tfs) [/672|§|2(t—s+1)|g3|2d§:| I/st
0 €

S Ce—(au—aunwni (O))tHéO”Lz

t
+ O/ ef(aufamn(x,n’l(o))(tfs) (Sup 67‘5‘2(t75+1))”g3HL2d8
0 1
By (5.12), we see that
lgsllzz < (lprr(en)llze + llerllz= llerlI72) < CIU )| < Cekrpr (Uo) (1 +1) /2.
This and (5.17)) imply the decay estimate for ¢;
lerllpe < Cengr(Up)(1 4 1)~3/2. (5.18)

For L*° rates, we estimate the low frequency and high frequency separately. From
the Hausdorff-Young inequality and Holder inequality, we have

el ne
< Clléa ]|

< C/ e~ (EPH(an—ana sy (0))t)a) (1¢
£<e

t
+C / / e (P (o —aranee w3 (OD)(1=5) | 54| A ds
0 JE<e

+ C/ e*<aufa12nooﬁ'1<0>)t|61 old§
1€]>e€

t
+C/ / e—(au—a12noo”/1(0))(t_s)|j3|d£d8
0 JIg|ze
t
< Ce(an—anmnaomi OV (1 4 4)73/2||o | 11 +C’/ e~ (1101270051 0)(E=5) | 7 () | 11
0

/ 1/2 ) 1/2
e | / e tae] | / €160 1de]
|€]>e

|€]1=>e

t , 1/2 1/2
+C / e ez O )| / el -1ag] | / €113 2d¢| " ds
0 |§1>e€ |€]>e

< G man O (1 4 )79/2 g .

t
#0 [ erton s O g ) s
0
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+ Cef(allfalgncoﬁ/l (0))t HVQCO ||L2
t
+C / e (a11=a12n0e sy (0)(E=9) || 72 o (5) || 2 s (5.19)
0

By (5.12), we see that
lg3()ll p1nie < CIU ()% < Cexrpr (Uo)(1 + )7/,
Then (5.19) implies the decay estimate

||Cl||Loo < C€N+1(UQ)(1+1:)_3/2. (520)
The similar estimates hold for ¢o. Therefore, by the L2-L> interpolation, we obtain
l(ersea)lze < Censr (Uo)(1 + 1)~/ (5.21)

for 2 < g < co. This completes the proof of Proposition [2.2] and hence of Theo-
rem [[L1]
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