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ABSTRACT. We present a technique to correct the cell-centered finite element
scheme [20] (FECC) for full anisotropic diffusion problems on general meshes,
which provides a discrete maximum principle (DMP). The correction scheme,
named monotone nonlinear cell centered finite element scheme (MNFECC), is
cell-centered in the sense that the solution can be computed from cell unknowns
of the general primal mesh. Moreover, its coercivity and convergence are
proven in a rigorous theoretical framework. Numerical experiments show that
the method is effective and accurate, and it satisfies the discrete maximum
principle.

1. INTRODUCTION

Heterogeneous anisotropic diffusion problems play an important role in areas
of science and engineering such as petroleum engineering [22 [7], image processing
[32], plasma physics [13] 25, 29]. Their solutions have been studied in [30} [34]. This
work concerns the second order elliptic problem on an open, bounded domain €2 in
R? with Lipschitz boundary 02,

—div(A(x)Vu(x)) = f(x) in Q,

u=0 on 09, (1.1)

where A : Q — R?*? is a symmetric, positive definite tensor, and there exist A, A > 0
satisfying

AE? < A(x)€-€ < NP, (1.2)
for a.e. x € Q and all £ € R2. The function f is the source term and belongs to
L?(£2). For simplicity, the homogeneous Dirichlet boundary conditions are imposed.
The analysis given below can be extended to other types of boundary conditions as
in [28, Chapter 1, Section 1.4]. In addition, the following mazimum principle [17,
Theorem 1] and [I2] can be formulated as follows.

Theorem 1.1. The solution u € C?(Q2)NCy(Q) of problem (1.1)) attains its mazima
on the boundary O if [ is nonpositive in Q and f € C*(Q) for some a € (0,1).

2010 Mathematics Subject Classification. 65N08, 65N30, 656N12, 35J15.

Key words and phrases. Discrete maximum principle; heterogeneous anisotropic diffusion;
general grid; finite volume; finite elements; cell-centered scheme.

(©2019 Texas State University.

Submitted July 3, 2019. Published November 19, 2019.

1



2 N. A. DAO, D. C. H. VO, T. H. ONG EJDE-2019/122

According to [I7), Corollary 2], we have the following positivity preservation prin-
ciple.

Corollary 1.2. If f is nonnegative in Q and f € C*(Q) for some « € (0,1), then
the solution u € C%(Q) N Cy () of problem (1.1)) is also nonnegative.

As is well-known (see [31, Theorem 2.2] and [12]), the positivity preservation
and discrete maximum principles are equivalent.
The weak form of problem (I.1)) is written as follows: Find u € H} () such that

/Q(A(X)VU(X)) -Vo(x)dx = A f(x)v(x)dx, Yve HJ(RQ). (1.3)

It is well-known [5], Chapter 1] that under the assumptions made above, problem
has a unique solution u € H} ().

There are three main difficulties in solving approximate solutions of these prob-
lems: firstly, with a heterogeneous and full anisotropic permeability tensor, it is
difficult for numerical methods to obtain an approximate solution which converges
to the weak solution of the problem; secondly, it is challenging to design numeri-
cal methods on general meshes; and it is hardly possible for numerical methods to
achieve the DMP. Violation of the DMP may follow numerical instabilities.

The FECC scheme is introduced with rigorous convergence analysis in [20]. It
overcomes the first, second difficulties above since it can be applied to heteroge-
neous, anisotropic diffusion problems on general (possibly distorted) meshes. Also,
based on a technique of dual mesh and multipoint flux approximations, the scheme
is cell-centered, and satisfies local continuity of fluxes. In [20], numerical results
indicate that on the same primal mesh, the FECC scheme gives more accurate solu-
tions than those by the FEM [2], the mimetic finite difference method (MFD) [21],
the mixed finite volume method (MFV) [4], the finite volume method (FVM) [1L[I8],
the compact-stencil MPFA method [23], the discrete duality finite volume method
(DDFV) [14], and the SUSHI method [I0]. An extension of the FECC scheme,
namely the staggered cell-centered finite element method (SC-FEM), to two- and
three-dimensional compressible and nearly-incompressible linear elasticity problems
have been studied in [27] [15].

However, the FECC scheme violates the DMP, when it is applied for a strong
anisotropic diffusion problem (see Test 2 in Scction. This drawback also appears
in finding approximate solutions of classical finite volume [26] and finite element
schemes [§] for strong anisotropic diffusion tensors and/or distorted meshes. In the
case of piecewise linear finite element approximations for the Poisson problem on
a triangulation and a quadrangulation, it is sufficient to require that all triangles
be acute [6] (all angles smaller than or equal to 7/2), and all quadrilaterals be of
non-narrow type [I1] (aspect ratios smaller than or equal to v/2). However, in [16],
the authors state that the higher order finite elements fail to satisfy the DMP in
the geometric approach.

To preserve the DMP, a different class of finite volume schemes [24, [19, 33]
is corrected by a nonlinear discretization. However, these schemes are required
by conditions on the geometry or on the anisotropy ratio to get the coercivity.
The algebraic flux correction presented in [I7] provides a general framework for
constructing monotone discretizations on unstructured meshes. This method uses
a combination of algebraic and geometric criteria to enforce the DMP.
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Our goal, in the present work, is to construct a nonlinear correction for the
FECC scheme (MNFECC), providing a DMP for strong anisotropic diffusion prob-
lems, while its important properties included in coercivity, convergence is still re-
tained without conditions on the geometry. In addition, a nonlinear system of the
MNFECC is solved by an iterative method which can compute with cell
unknowns of the primal mesh.

The rest of this article consists of four sections: in section 2, we recall the FECC
scheme for the discretization of the problem . In section 3, we present the
MNFECC scheme whose solution is solved by the iterative method . Its lin-
earized system involves only cell unknowns, the associated matrix is symmetric and
positive definite. In section 4, we presented within a rigorous theoretical framework
to show the existence of a solution, the coercivity, the convergence properties, and
to satisfy the DMP for the MNFECC scheme. In the last section, numerical results
show that the proposed scheme is effective in terms of accuracy and satisfies the
discrete maximum principle.

2. THE FECC FRAMEWORK

To recall the FECC scheme, we first introduce the following notation and con-
structions of the primal mesh 7j, the dual mesh 7, and the dual submesh 7,**:

2.1. Meshes. For a polygonal domain © C R2, let us consider a primal mesh 7y,
of Q such that Q = Uge7, K. From now on we make the assumption: each element
K € Ty, is a star-shaped polygon. Its mesh point is a point K € int(K).

Next, for constructing the dual mesh 7;*, we have the following geometrical
assumption: the line joining two mesh points of any two neighboring elements is
inside 2 and it intersects the common edge of the two elements. The dual mesh 7"
is constructed from the primal mesh in a way that each dual control volume of 7"
corresponds to a vertex of 7.

Denote by N the set of all nodes or vertices of 7. For every element K € Ty,
we define

Nk ={P : P is a vertex of K}.
For each M € N, denote by
Tm = {K € Tj, : K shares the vertex M}

the set of primal elements that have M as their vertex. We consider two cases (see
Figure [1):

(a) If M is an interior vertex, we obtain the dual control volume M associated
with the vertex M by connecting the mesh points of neighboring elements
in Tp. We choose M the dual mesh point of M.

(b) If M is on the boundary 99 and assume that K, and Kz are two (same or
different) elements in Tng. We denote by e C 0K, and € C 0Kz the two
edges on the boundary that have M as their vertex.

The dual control volume M is defined by joining mesh points of neigh-
boring elements in Ty and the mesh point of K, (and Kz) with a chosen
interior point (e.g. the midpoint) of e (and € respectively). Note that in
this case M has M as its vertex as well. We call this point M a dual mesh
point of M.
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FIGURE 1. Left: two dual control volumes corresponding to an
internal node (blue) and a boundary node (cyan) of the primal
mesh T;. Right: primal mesh 7 (solid lines) and its dual mesh
T, (dashed lines).

The collection of all M’s defines a dual mesh 7;* such that Q@ = Upen M. Let
N* be a set of vertices of elements of 7;*. For every dual element M € T,*, a set
N, contains all vertices of M.

Finally, we construct the dual sub-mesh 7,** as a triangular subgrid of the dual
mesh 7;" as follows: for an element M € 7;", we construct elements of 7,"* by
connecting M to all vertices of T, (see Figure [2)):

Q= UTGT;*T~

Let N** be the set of vertices of elements of 7;*. Let any P € N**, we define
the set Tg* = {T € 7,;* : T has the common vertex P} whose the number of all
elements are denoted by card(7g*). The sizes of three meshes 7, 7,* and 7, are

size(Ty) = max diam(K), size(T}) = nax diam(M),
) h

h =i ) = diam(T
size(T;™) Tnel%)j(* iam(7),

which tend to 0, when the convergence of the MNFECC scheme is considered.

Remark 2.1. By construction, we have:

(a) for all triangular elements T € 7,** (i.e. 9T NIQ = (), there are at most two
primal elements K and L € T, such that TN K # ) and T N L # (.

(b) N** consists of three sets C, C* and N3¢, containing mesh points of primal
elements, mesh points of dual control volumes and points lying on the boundary
respectively:

N =CUC" UNG, (2.1)
where C := {K: VK € T}, C* := {M : VM € T;*} and N3¢, := {P € N** N oQ}.

(c) There exists an integer constant p, independent of size(7,*), satisfying
card(Tp*) < p for all P € N**.

For each primal element K € 7, and the average of tensor A is denoted by
Ag = %K [ A(x)dx. Moreover, for any T € 7;*, we define Ap = Ag on TNK # (.
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FIGURE 2. Left: triangular elements of the dual sub-mesh 7;*
created from the associated dual control volumes of the dual mesh
7. Right: primal mesh 7 (solid lines) and the dual sub-mesh
T;* (dashed lines).

We aim to handle the heterogeneous, anisotropic case where A is discontinuous
across the primal elements, i.e.:

A # AL for any K, L € Ty, K # L. (2.2)

The FECC scheme solves an approximate solution of problem (|1.3)) by finding
its values at all nodes P € N**. Hence, we define by Vj, the set of all vectors
up = (up)pen~+ where up is regarded as the approximate value of the solution
u(P) for all P € N**:

Hp = {uh = (UP)PEN**7 up € R},

and its norm is defined by

.
|Uh|i2>** = Z ['dLKl (ur, — UK)2
TeT T—(MKL) LK (2.3)
T T
Ty a? 4+ T g 2],
KM ML

for every uy, € Hyp. By Remark b), we have

up = (up) pen+ = ((ux)kec, (um)mecr, (uP)Penys)- (2.4)

To handle Dirichlet boundary conditions, we need to define a subset of H; as
follows,

H) = {up, € Vi s up = 0VP € N33
To obtain the discrete variational formulation associated with problem (1.3), we
define a projection operator ®(up) and the discrete gradient Vauy, for up, € Hp.

2.2. The projection operator and the discrete gradient. The two operators
are defined by their restrictions to each element of 7,"*. In particular, the projection
operator ®(uy,) is a function in L?(Q) and it is continuous piecewise linear on each
element T € T,*; and the discrete gradient is defined in a way to enforce mass
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conservation in each element T' € 7.** when the coefficient A is discontinuous (cf.
and Remark [2.1)a)).

We consider a triangle T'= (MKL) € 7, where K, L are two mesh points of
two primal elements K, L € 7;, and M is a mesh point of a dual control volume
M € T;F (see Figure [3). Denote by ¢ the common edge of K and L and C, € ¢
the intersecting point between the segment [KL] and o. For any u, € Hp, the
restriction of ®(uy) to T, denoted by ®r(up), is a continuous function and it is
linear on each of the two sub-triangles (MKC, ) and (MLC, ).

Let u}, an auxiliary unknown to be defined later, be an approximation of u;, at

C, seeing from M.

Dy

FIGURE 3. Left: an element of the dual sub-grid T' = (MKL).
Center and right: outward normal vectors of each sub-triangle.

We denote by n[va[CU], nvgk) and nikc,) the outward normal vectors of the
triangle (MKC,,) such that the lengths of these vectors are equal to the segments
[MC, ], [MK] and [KC,] respectively (see Figure|3). We also denote by mmkc,)
the measure of triangle (MKC,). Remark that n[ca] +nf;c, = 0.

For any vector uy, € Hp, the projection operator ®(uy,) and the discrete gradient
V auyp, restricted to T are defined as follows:

(i) On the triangle (MKC, ), we have

umnM ifx= M,
Q7 (un)lmre,)(X) = Juk  ifx=K,

M i
uy ifx=0C,.

Now using multi-point flux approximations, the restriction of Vuy, on (MKC,)
is defined as

K M
—uKgn — U, NMK] — UMD KC,
MC,] [MK] [ ] ’ (2.5)

(Vaun)mkc,) = 2mmkc,)

Similarly, the restrictions of uj, and Vuy, on triangle (MLC, ) are respectively
umM ifx= M,
@7 (un)|MmLc,)(x) = qur,  if x =1L,

M if.
uy ifx=0C,,

and

—urnk —udMn — upMn
LUMc,) [ML] M [LCU]. (2.6)

(Vaur)mrc,) = 2mLc,)
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(i) We choose uM to satisfy the continuity of the flux across [MC,]:

A (Vaun)vkce,) - e, + Az (Vaun) vie,) - 0, = 0- (2.7)
Assume that
(nfpe, ) Axnpmk)  (Dfye,;) Arnpar

A:=pM 4 gM — - 0, 2.8
b 2 2mmkc,) 2mMLc.,) 7 (2:8)

where n' is the transpose of vector n, then after performing some calculation on
(2.7) we deduce that

uM = Bavun + Brux + Bruw, (2.9)
where
Bk = l (ngMCa)tAKngMCa Br = l (nékfca)tALnéMco-
A 2meyc.ox) A 2meyc,on)
Bu =1— Pk —pL.
Remark 2.2. For each internal edge ¢ = [Mﬁ] of the mesh 7, there are two

approximate values uM, uM of u at C,. As for uM, the value u can be expressed

as a linear combination of ugp, UK and uy,. Together the difference between measure
values of outward normal vectors, areas of two triangles (M, K, L) and (M, K, L),
one has two different values of u at C,: uM # uM. For the homogeneous Dirichlet

boundary conditions, uM = 0 if C, € 9.

Substituting (2.9) into (2.5) and (2.6)), we conclude that the discrete gradient
V aup, restricted to the triangle T' = (MKL) € 7,** depends linearly on the three
nodal values un, uk and ug,:

~K =L ~M
—UKD(vkc,) T YL (vkc,) T YMI(MKC,)
b)

VA’U,h -) — 2.10
(V) e, e (210)
~K =L ~M
UKL,y T UL vre,) T UMD vLe,
(Vaun)mrc,) = ( ) ( ) ( )7 (2.11)

2mmLe,)
with
Iiukc,) = Nivc,) + fxMK),  Bivkce,) = ALnmk),
0vke,) = DKC,] + OMOMK],  D(mrc,) = SKNML],
ﬁ(LMLCg) = n[LMCU] + funpmn), ﬁf\f/mcn) =nc,] + Bmnmy)-

The discrete variational formulation associated with problem (|1.3)) is to find uy, €
HY such that

/(AVAuh) - Vv, dx = / f(X)@(Uh) dx, VYo, € ’H?L (2.12)
Q Q

2.3. The linear system of the FECC scheme. From (2.12)), with the homo-
geneous Dirichlet boundary condition, we construct the associated linear algebraic
system by choosing

1 ifQ=P,

, (2.13)
0 ifQ#P,

v = vf = (’US)QGN** € H), such that vg = {
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for each P € (N \ NV34) =@q) C* UC. Then we obtain

/(AvAuh)-vAv}jdx:/f@(u}j)dx, VP € (C*UC), (2.14)
Q Q

in which the discrete gradient depends only on the nodal values ug, Q € N**

(cf. formulas (2.10) and (2.11)).

Now, we proceed as in [20, p.12-14] by first choosing v, = v for each M € C*
in (2.14) and obtain the linear system

Duy, T + Euh|’7'h = F*, (2.15)

where up |7+ = (um)meTs, unln, = (uk)keT,, F* = ([ f®(v} )dX)pec- a col-
umn matrix depending on f. And the square matrix D is diagonal, positive definite,
since supp(VavM) € M. This implies

Up T = D_l(F)k - Euh|7‘h) (216)
Next, we take vy, = ’U}L( for each K € C:
Muy, T + Nuh|7-h = F, (217)

where N is a symmetrix, square matrix, F a column matrix depending on f and
M is the transpose matrix of E.
Deriving from ([2.15)) and (2.17)), we obtain the following matrix system associated

with (Z14)
D E\ (wlr\ (F*
(v %) () - (5) 219
In addition, substituting (2.16]) into (2.17), we obtain another linear system
involving only primal cell unknowns (ug)ke7;, as follows
(N - MD 'E)uy|7, = F - MD'F*. (2.19)

The matrix A := N — MD™'E is a variant of the stiffness matrix. Under assump-
tion (2.8)), A is symmetric and positive definite on general meshes [20].

System verifies that the FECC scheme is a cell-centered one, since this
system only have the cell-centered unknowns. We also recall [20] Corollary 5.4]
that the FECC scheme is convergent, that is to say, ®(up) converges to the exact
solution ., of problem and Vuy tends to Ve, as h — 0.

Now, let us concentrate on the discrete maximum principle for the FECC scheme.
We introduce the following definitions based on a straightforward analog of Theorem

and Corollary

Proposition 2.3. Problem (2.12)) satisfies
(a) the discrete maximum principle if

<0 ae inQ= max uy, <0, (2.20)

(b) the discrete nonnegative preservation if
f>0 ae in Q= uy >0, (2.21)
where uy, is the solution of Problem .
As in [3I, Theorem 3.2] and [9, Propoisiton 1.4], the principles (a) and (b)
from Definition [2:3] are equivalent, since the FECC scheme follows the idea of the

standard finite element method applying on the dual sub mesh 7,** (in the isotropic
permeability tensor case, these two schemes are equivalent on 7,°).
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Proposition 2.4. Assume f >0 on Q. If up is a solution to a scheme satisfying
the DMP, then up > 0.

Unfortunately, Test 2 in Section [ states that the FECC violates the DMP.
Therefore, in the following section, we present the monotone nonlinear technique
to correct the FECC, which establishes a monotone nonlinear cell-centered finite
element scheme (MNFECC) satisfying the DMP.

3. THE MNFECC FRAME WORK
We begin by defining an operator AP"" : H;, — M, for (2.14), such that

— AP (up) - 0P = / (AVaun) - VavPdx, WP € (C*UC), (3.1)
Q

where AP (up) = (AR (up))pen~ satisfies AR (up,) = 0 for all P € N3, with
the homogeneous Dirichlet boundary condition.

A correction for the FECC scheme defined by AP is a family of functions
(Bp.Q)Pen=+,Qev(p) With Bp .q : Hir — R, where the set V(P) corresponding to
the stencil of the FECC scheme is defined as

(a) If P € C is a primal mesh point of P € Ty, then
V(P)=NpuU (UMENP {Nj3; : M € T; has the mesh point M}) (3.2)
(b) If P € C* is a dual mesh point of P € T;*, then
V(P) =Np U {P}, (3.3)
note that N5 C CUNS.

Remark 3.1. By construction and Remark a set V() is symmetric in the
sense that: for P,Q € (CUC*), if P € V(Q) then Q € V(P).

With the above definition of V(P), for all P € (C UC*), we suppose the discrete
linear operator AP rewrites in the form

Vu, € Hy, VP € (CUCT), AR (un)= > apqluq—up). (3.4)
QeV(P)

Now, let us give a parameter > 0. For all up, € HY, all P € CUC* and all
Q € V(P), we define a correction f as follows:
If Q € N3, then

_ AR (un)|
Bp q(un) = n(ZYeV(P) —— ). (3.5)

IfQeCucC*, then

(3.6)

AD** AD** u
Bea(un) — (s Bl &)y
ZYeV(P) |uy — up| ZZeV(Q) luz — UQ|

Note that if one of 3 y ¢y (py [uy — up| or Y 7cy (q) luz — uql is zero, the corre-

- [AR" (un)] A8 ()l . :
sponding term 3= or is dropped in (3.5 and (3.6]).

vev(p) luy —up| 2 zev(q) lvz—ual
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Using the above correction B, we define the monotone nonlinear cell-centered
finite element scheme (MNFECC) as follows: finding uj, = (up)pepn++ € HY such
that

*

SD *(uh)z/gf(x)Pl(vf)dx, VP € (€' UC), (3.7)
with S (up) = (SB~ (un))pen~- and

SD™ (up) = {—AE**(uh) + X qevp) Br.a(un)(up —uq), Pe(CTUC),

3.8
0, P e N3, (38)

for all u;, € H). The Lagrange interpolation function Pj(vE) of degree 1 on the
mesh 7;** is positive since vf > 0, which guarantees that if f > 0, then the right-
hand side is also positive.

Next, we present in more detail the operator AP . For this work, we need
to introduce and recall the following notation, definitions, lemmas in [20]: let us
introduce a triangle 7' := (MKL) € 7,*, see Figure

FIGURE 4. Trienagle T'

e For each pair of points (P,Q) € N7, := {(P,Q) : P,Q € N}, the
associated edge [PQ] has a midpoint Cipq;.

e Vectors Tkm, 7ML and Tk which are orthogonal to the edges [TC[MK]],
[TCimyy] and [TCky], are equal to the lengths of these edges, respectively.

e The vectors nk, nr,, nym, 1., Ny, and npg 2 are orthogonal (with the same
lengths) to the edges [ML], [MK], [KL], [MC.], [KC,] and [LC.].

e The values dpk, dxm and dpm are three distances from K and [TCiky,]
(duk = dk1), from M to [TC[KM]] (dgkm = dmk), from L to [TC[LM]}
(dum = dmr). Besides, these distances are used to compute the area

mr = Z dPQ|TpQ‘, (3.9)
(P,Q)evir

with Vi* = {(K,L), (K,M), (M,L)}.
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By the property of the permeability tensor A, the dual submesh 7,** has two subsets:
st =17 € T+ A is constant on T'},

const

T, ={T €7, : A is discontinuous on T'}.

According to [20, Lemma 5.1 and 5.2 |, for any u, € H, T € (MKL) € 7,**, the
discrete gradient (Vuyp)r is written in the following forms
<1> fOI‘ T € czilst’
mp(Vaup)r = (um — uk)TrM + (uL — um)Twmr + (U — UL)TLK,
= (um — uk)Mien + (UL — UK) kL, (3.10)
= (ux — um)Mx + (UL — un) ML,
with Dy = TKM — TML, kL = TML — TLK, Mgk = TLK — Tkm and n{y =
TML — TLK-
(if) for T € T, \ (T3 U Tenst)

mr(Vaur)r = (um — uk)(Tkm + €km) + (v, — unm) (TMmr + €emr)

+ (uk —ur)(TLk + €LK) (3.11)
= (um — uK)Mknm + (UL — UK)TKL '
= (uk — un)Tk + (UL — un) ML
with
exml el _ ek _ (3.12)

B —0 |TKM| o hpsx —0 |TML| N hp#x—0 |TLK| B

Then we compute the vectors: n%M = TKM + €KM — TML — €ML, 771T<L = TML +
€ML — TLK — €LK, n{AK =TLK T €ELK — TKM — €EKM andnTML = TML + €EML —
TLK — €ELK-

(iii) for T € Ty*, T has two subsets Tx = T N K, Ty, = T N L. On each subset
To = Tk and 17, we have

mr, (VAuh)TQ = (uM - UK)OE?\/[ + (uL - uM)th?L + (uK — UL)OZCI?{
= (unm1 — ux)Mgiag + (ur — ur )i, (3.13)
T, T,
= (uk — um)Myix + (UL — UM)TpL-
Furthermore, we have
O] < Colrrml,  10pipl < Colrmnl,  [01%] < ColTix], (3.14)

where C5 is a constant. We put

Tk
on Tk M (Vaun)re, on Tk,
M = § VAN " mr(Vau)r = VAt
Ny on T, mr, (Vaup)r,, onTy,

: Tq _ pTq Tq Tq _ pgTq Tq Tq _ pTq Tq Tq _
with ngn = O — Oy Mkt = Ovin — Ok Tk = Ok — Oxm and mypg, =
T, T,
0,3 —06:9
ML LK*

Using the above formulas, ([2.14) and (3.1), we define the operator AP as
follows: for every M € C* and K € C,



12 N. A. DAO, D. C. H. VO, T. H. ONG EJDE-2019/122
In (3.1)), choosing P = M € C*, its left hand side is rewritten as

/ AV pup, - VaoMdx
Q

= Y (mndAx(Vaund - (Varkr
TeTy, T:=(MKL) (3.15)
+ ma, [AL(Vaun)r, ] - (VAU}YI)TL)
- > mr [Ar(Vaup)r] - (Vavy)r-

TE(T;*\ Ty, T:=(MKL)
Substituting the formulas (?7?)-(??) into (3.15)), we obtain
> ARr(un),
Tem” (3.16)
ARL 7 (un) = ofn (uxc — unt) + o (ur, — un),

whose coefficients are defined as follows: on T := (MKL) € 7,** \ T,

ol Ak - (MR + M) v Arnfpn - (M + )
KM — 4mT ’ aLM - 4TTLT ’

and on T := (MKL) € T;*

T T T T T T
= 3 Aok - (M T L) 1 _ 3 Ao, - (i + 7L
KM ™ dmr, ’ LM ™ dmr, '
Q=KL @ @

As for obtaining (3.16]), we choose P = K € C in (3.1) and perform similar
calculations to have the equation
AT ) = S AR (),
TET, (3.17)
AR 1(un) = afepp(um — ux) + oy (uL — uk),

whose coefficients are defined as follows: on T := (MKL) € 7, \ T,

Q=K,L

)

of ~ Arnienm - (kv + ko) v Arngy - (Miem + kL)
KM — dmy y  OKL = Amy

and on T := (MKL) € T,

T _
OrM — ’

T, T, T
Z ATT]K?VI ) (ani\/[ + "KQL)

T T T

T _ Z (Arnki) - (Mxm + WKL)

aKL - .
mTQ

m
Q=K,L Q=K,L Tq

For the non-linear equation (3.7]), we apply an iterative algorithm to solve it. For

each iteration step (i), we denote ugf) its solution. We fix uj, = ug) in Bp q(up) in

(3-8) and the iterative scheme for (3.7) can be written as
AR+ Y Beau)(upt —ug™) = / FR@E)dx,  (3.18)
QeV(P) @

for all P € CUC*. To construct the linear system associated with (3.18)), we process
the following two steps:
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Step 1: Taking vM € HY, with M € C*, we rewrite (3.18) as
AR W 4 Y By () () — utY)

Yev(M) (3.19)
- / f Pr(oM)dx,
Q
and obtain . .
Du;, V|7 + Buy |y, =, (3.20)
with
E=E- (BMY<u§j>>>MGC*,Yec,
=D+ ( Bry(uy))
Z MY MeC* , MeC*

Yev (M)

in which the matrix (BM,Y (ug))) belongs to Reard(C)xcard(C™) - and the

MecC*,YeC
square matrix ( ZYeV(M) Bm,y (US)))MeC*,MeC* belongs to Reard(C7)xcard(C™) “apd
is diagonal and positive definite, because of property (a) in Remark , and
all coefficients B, y0 are positive. It follows that the square matrix D is also
diagonal and positive definite.

Step 2: We proceed as in Step 1 by choosing U}If € HY, with K € C, then (3.18) is

rewritten as
AP z+1) Z BK 2( i z+1) (Zi+1)) _ / FPK)dx,  (3.21)
ZeV(K @
From the above equation, we get the linearized system
Mu{ |+ Nuf ™7 = F, (3.22)
with

M =M — (Bk.z)keczec, N =N+ Big( Z

K’Z) KeC,KeC'
ZeV (K) ’

in which the matrix (Bk z)kec,zec belongs to Reard(C)xcard(C*) " and the matrix
(ZZEV(K) Bk z)keckec is a diagonal, and positive definite in Reard(€)xcard(C)
Therefore, the matrix system associated with (3.18) and (3.22) is

]/j E uhv T F*
= = . = . 3.23
(M N> (u“*”ﬁ F o2
Moreover since D is diagonal and positive definite, we can compute uh+ )|7—* from

(B:20) as

i+1 N1 B (i1
ugﬁ l7- =D Y(F* — Euf"V|7). (3.24)
Substituting this into , we get the following linearized system involving only
primal cell unknowns uh+1

Ths
(N-M D 'E)uf"V|;, =F - M D~'F*. (3.25)

(1), (D)
We stop the above algorithm when the criterion Iuhlf)‘uh‘ < 107* is satisfied.
Up,
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4. MATHEMATICAL PROPERTIES OF THE MNFECC

From now on, we make all assumptions for the FECC scheme stated in [20]
Section 5]. With these assumptions, we begin by estimating the solution of the
MNFECC scheme in the || - ||1,p+» norm, it suffices for this scheme to fulfill the
following coercivity property.

Proposition 4.1. Let G = (Tp, Hp, Va, @) be a discretization on 2, then the MN-
FECC scheme is coercive; it means that there exists a positive constant p1 such
that
Yup, € Hp, Z SB (up)up > p1lunl pee- (4.1)
Pe(C*UC)

Proof. Multiplying (3.8) by up, for P € (C UC*), summing over all, and using the
property (|1.2)) with (3.1]), we obtain

Z SP (up)up

Pe(cuc*)
= — Z AP Uh)uP + Z up Z BP Q Uh uP — UQ) (42)
Pe(cuc*) Pe(cuc*) QeV(P)

= AV aun(za gz
From the symmetric property of the set V(P) (see Remark , we have
Y. up Y, Beg(u)wp-ug)= D D Beaqlu)(up—uq).
Pe(Cuc*) QeV(P) Pe(CuC*) QeV(P)
By [20, inequality (21)] there exists Cy such that \uh|1 per < C4|VAuh\%L2(Q))2. We
combine the above equation with (|4.2] . ) to get (4.1) with p; = A/Cy. O

This coercivity property allows us to estimate a solution of the MNFECC scheme
using the following result.

Proposition 4.2. Let G = (Tp, Hp, Vi, ®) be a discretization on Q, and up, be a
solution to (3.7). Then there exists a positive constant py depending only on §) such
that

lun 1o~ < p2llfllz2(0)- (4.3)

Proof. Multiplyin (3.7)) by up, summing over P € (C*UC), and using (4.2) and [20,
inequality (26)], we obtain Cag such that ||P1(uh)HL2(Q) < Coal|Vaunll(z2(a))2 and

A|VAUh|%L2(Q))2 < Z SP uh up
Pe(C*UC)

— [ 6P (un)dx m
Q
< || fllz2@)|Pr(un)|L2(o)
< Ol fllzz@ IVaunllpz @)z
From inequalities (4.4) and [20] (21)], we obtain

A
(ﬁ)HWHLD** < AMIVaunllz2@))2 < Coallfll2(q)-

We can choose ps = 022\/@ to obtain (4.3). O
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In addition, the coercivity property guaranties that there exists one solution to
the MNFECC scheme.

Proposition 4.3. Let G = (Tp, Hp, VA, ®) be a discretization on Q. Then there
exists one solution uyp, to (3.7).

Proof. For uj, € HY), we first define the map H joining AP and 8P by H(t,up) =
—(1—t) AP (up,) + tSP" (uyp,) for all t € [0, 1]. Obviously, we have

H(0,up) = AP (up) and H(1,up) =8P (up). (4.5)
Also we need to estimate the solution of the equation
H(t, uh) = .Fh. (46)

with Fj, = (fQ x) Py (vy, )dx)Pe (c-ue)” Based on the coercivity of —AP"" and

SP™" for all t € [0, 1] and any solution to (4.6, we have the coercivity
H(tup) - un 2 (1= HAVaunltaiye + AIVaunlfr2 )2 = prlunlf pe--

It follows that any solution to (4.6) is also bounded by the value pal| f||z2(o) in the
norm |- |1, p=«. This result and (4.5)) indicate that the map H is a homotopy joining
AP"" and SP™". Therefore, the Brower’s topological degree of H(0,) = SP7 s

the same the degree of H(1,-) = —AP"" which is non zero (since —AD (up) =
Fp, always has a unique solution). Consequently, there exists one solution to the
MNFECC scheme (3.7)). O

Proposition 4.4. Let G = (T, Hp, VA, P) be a discretization on ), and let the
parameter n > 1. The the MNFECC scheme satisfies the DMP (see Definition ;
this means that if f > 0 on Q, then a solution up, = (up)pepn=+ to satisfies
minpe s up > 0.

Proof. For a solution uy, = (up)pen++ € H) to (3.7)), we put

up, = min up.
0 PeN **

We consider the first assumption: Pg € (C* UC) is a mesh point of a grid element
Py € (T;7UTp) such that 0PyNON = (. At the point Py, note that V(Py) C (C*UC),

we have

Sgo**(uh) = Ag;*(uh) + Z Bp, v (up, — uy)

PoeV(Po)

- Y A (lupy — uyl)

YeV(Po) ZC=26V(1>0)(|UP0 uql)
AB (u
0 Y AR, (un)| W
Yev(Po) 2oqev(py) (luQ — upy|)
A ()
+ -
Y qeviy (‘UQ_UYD}( P, — Uy)

= E Op, v (up, — uy)

YeV(Py)
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with

AR, (un) sgn(up, — uy) AR, (un)]
ZQGV(PU)( — uql) ZQEV(PU)(|UQ up,|)

1A (un)|
ZQGV(Y)(|UQ —uyl)
Substituting (4.7) into the left-hand side of ., we obtain
Z 91:)0 UPO — ’LLY / f P1 ’Uh

YeV(Py)

Obviously, 81?; (up) is less than 0. This contradicts [, f(x)P;(vf)dx > 0. Then
the first assumption is impossible. Therefore, the grid element Py must satisfy
APy N O # (). Then S%?O** (up) is expressed as

Spy (un) = Ap (unlr,)+ > Beyy(up, —uy)+ > Bp,zup,

Op, Y

+ > 0.

YeV(Po)\W54 ZeV(Po)NNGG
= X teuylm-uwy)t 3D fegalun)
YEeV(Po)\N5g ZeV(Po)NN3G
with
b, — “Bolunln)sentum, —uw) | A, (i)
) 2 qev(p,)(lups —uql) >qev(po) (luq —up)
o )
ZQEV(P)('“Q —uy|)
D D
9P07Z _ ‘APO (uh|7—h) Sgn(UPO) + 17|AP0 (U/h"]’hﬂ > 0.

ZQeV(PO)(|uQ — up,|) ZQEV(PU)(|UQ — up,|)
Obviously, we have
Z Op, v (up, —uy) <0, and Sgg*(uh) = / fPy(vFP0)dx > 0,
YeV(Po)\N Q
thus the value up, must be greater than 0. O
Next we show the convergence of the MNFECC scheme. For any function ¢ €

C(Q), we put ¢, = (pp)pen+ € H), with pp = p(P). We multiply (3.7) at P
by ¢p and sum over P € (C* UC) to obtain

- Y AR (mer+ Y. ep Y Brealun)(up —uq)

Pe(C*UC) Pe(C*UC)  QeV(P) (4.8)

/f x) P1(¢n)d

Obviously, the right-hand side tends to [, f(x)edx, as size(7;*) — 0. The conver-
gence of the FECC and the FECCB schemes are shown in [20, Proposition 5.3 and
Corollary 5.4]; These results and ensure that

— Z .AP (uh)gop—/AVAuh VAaphdx—>/AVu Vpdx, (4.9)
Pe(C*UC)
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as size(7,*) — 0, where u is the unique solution to problem (1.3
For the corrected term, we use its symmetric property and positive property
(Bp,q(un) = Bq,p(un), Bp,q(ur) > 0) to compute

Z ©oP Z Bp.q(un)(up — uq)

Pe(C*UC) QeV(P)

= Z Z Bp q(un)upyp

Pe(C*UC) Qe(V(P)NN;E)

+ Z Z Bp,q(un)(up — uq)(vp — vqQ)

Pe(C*UC) Qe(V(P)\NZ
< > Y Beqlulup —uqgllpr — vql-
Pe(C*UC) QeV(P)
Lemma [£.5] implies
Z Z Bp.q(un)|lup —uqllep —vql — 0, as size(7,) — 0.
Pe(C*UC) QeV(P)

Therefore, for any ¢ € C°(Q), as size(7,*) — 0, equation (4.8)) converges to

/AVU-VgOdX = / fedx,
Q Q

in which u must be equal to the unique solution of (1.3)) on almost every €.

Lemma 4.5. Let G = (T, Hp, Va, @) be a discretization on , and uy, be a solution
to the MNFECC scheme ([3.7). For any ¢ € C°(Q) setting ¢, = (¢p)pen++ € HY
with pp = ©(P), we have

>, D Bralulug—urller - ¢ql =0, (4.10)
Pe(C*UC) QeV (P)
as size(7,/*) — 0, where any P € (C* UC) is a mesh point of P € (T, UTp). Note
that if Q € (V(P)NN3Z) then uq = ¢q = 0, since up, € HY.
Proof. With definitions (3.5) and (3.6]), we have a positive constant ps, only de-
pended on 7, such that

Y. Y. Bealuw)lur —ugller — ¢aql

Pe(C*UC) QeV(P)

<ps Y diam(P) Y AR (un)l,

Pe(C*UC) Qev(P)

(4.11)

Since we have two positive constants ps and ps, independent of the sizes of three
meshes, such that

lop — vq| = l¢p| < padiam(P), VQ € (V(P) N Nzq) and g =0,
lop — pql < psdiam(P),  ¢p — ¢q| < ps diam(Q), VQ € (V(P)\ Nzg),
we obtain
lup — uq|
ZZGV(Q) luz. — uq|

<1, withQeV(P), PeV(Q).
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Considering on a primal mesh point P =K € C of K € T, we use (3.1) to write

| > diam(K) AR (un))|

KecC
= | Z diam(K / AV pup, - Vpvy, dx}
KeC TeT**
< Z Z dlam /‘AvAuh VA”Uh |dX
KeCTeTE* ( )
_ 4.12
<Msize (Tn) > > /mr|(Vaup)7|y/diam(K)y/mr|(Vavf ) 7|
KeC TeTy"
size (Tr,) (Z Z mr|(Vaup)r| )
KeC TeTs*
1/2
X (Z Z diam(K)mT|(VAv,If)T|2) ,
KeC TeTy*

with size (7) = maxger, diam(K).

By Remark (a) and (4.4), we have

1/2 QC
(X 2 mrl(Vaunrl) " < 20Vaunll @y < S fllz@), (413)
KeC TeTy" =

and

(> diam(K) Y- mT|(vAv,If)T|2)1/ i

KeC TeTg™
s (4.14)
( Z dlam |VAUh ||(L2(Q ))2 ) < P6P7,
KeC

where ||VA’U£{||%L2(Q))2 = ZTeTg* mr|(Vavi)r|?. Also there exist two positive
constants pg and p7, independent of h such that

. 1/2
||VA’U}IZ<||(L2(Q))2 < P6 VK € C, ( Z dlam(K)) < pP7-

KeTy
By (E10)-(£12), we obtain
QXCQQHJCHLZ(Q)PGPAL

1) diam(K) AR (un)| < /size (Tn)( A ) =0, (4.15)

KeC

as size (T5) — 0. Considering P =M € C* a dual element M € 7%, we proceed as
above to obtain

o AC: 2
Z diam (M D (Uh)| < size(ﬁl*)( 22||fH§ (Q)pSPG) 50, (4.16)

MEC*

as size (7,°) — 0. By (4.4),

1/2 C
( >y mT|(VAuh)T\2> < |[[Vaunll(rza)? < %Hf”m(n),

MeC TeTy
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”VAUI}:/I”%LQ(Q))Q = Z mT|(VAUf1>/I)T|27
TeTy

there exist two positive constants pg and pg, independent with A such that
. 1/2
||VA’U;1>/I||(L2(Q))2 <ps VM eC*, ( Z dlam(M)) < pg.
MEeT
From (4.11)), (4.15) and (4.16)), it follows that (4.10) is satisfied. O

5. NUMERICAL TESTS

In this section, we carry out two numerical tests [3] to verify the results for
convergence and the DMP of the MNFECC scheme. To present this work, we need
to introduce the following notation:

The algorithm is stopped at iteration number nit, while the numerical
solution up = (up)pen++ is uzmt). The quantities umin and umax are defined as
the minimum and maximum values of the approximate solution uy.

The relative error on the subdual mesh 7;** in L? of the MNFECC scheme which

is

direT S lun — u|2dx)1/2
Sror B )

where wu is the the analytic solution. Its rate of convergence is expressed for each
number of mesh i > 2, as

erl2y.- = (
(@)
erl2: . .
log ( —22—~
& erl2o D
Tr*

nu(i)
log ( — it
0g -1
R

h

ratiol2z.~ = —2

)

where nur+ is number of unknowns in the linear system (3.23). Moreover, nuy; is
number of unknowns in the linear system ([3.25).

In the following two tests, the domain € is partitioned by a uniform rectangular
mesh.

5.1. Stationary analytical function. We begin by considering the following
problem in order to estimate the convergence of the FECC and the MNFECC

schemes,
—div(AVu) = f, in Q=(0,0.5) x (0,0.5),

5.1
u(z,y) = sin(mwz) sin(my), on 01, (5-1)
where ) )
1 ¢+ ax —(1—-a)zy
A= ——— for 1 Q
2 +y? <—(1 —a)ay  attagr )0 rimYIE (5.2)

u(z,y) = sin(rz) sin(ry), for (x,y) € Q.

We see that the anisotropy ratio of A is 106. Moreover, the source term f which is
computed from the exact solution v and the first equation of , is positive.
Table [l shows the numerical results of the FECC and the MNFECC schemes
(with n = 0.5,1,1.25). We see that: (i) these schemes satisfy the DMP; (ii) for the
FECC scheme, its rate of convergence is near to 2 and for the MNFECC scheme, its
rate is close to 1 (this result is similar as ones of the nonlinear correction schemes
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TABLE 1. Numerical results for ([5.1]).

EJDE-2019/122

card(Ty) 16 64 256 1024
card(7.) 80 288 1088 4224
nury, 16 64 256 1024
nu7;- 41 145 545 2113
FECC scheme
erl2y . 8.999e-03 | 2.119e-03 | 5.491e-04 | 1.431e-04
ratiol2 .- 2.29 2.04 1.98
umin 0.000000 | 0.000000 | 0.000000 | 0.000000
MNFECC scheme with n = 0.5
erl2ye 6.697e-02 | 3.265e-02 | 1.615e-02 | 8.200e-03
ratiol27 .+« 1.137 1.063 1.000
umin 0.000000 | 0.000000 | 0.000000 | 0.000000
nit 7 6 5 4
MNFECC scheme with n =1
erl2 1.191e-01 | 6.323e-02 | 3.149e-02 | 1.604e-02
ratiol27 1.003 1.053 0.996
umin 0.000000 | 0.000000 | 0.000000 | 0.000000
nit 8 8 7 6
MNFECC scheme with n = 1.25

erl2ye 1.424e-01 | 7.813e-02 | 3.904e-02 | 1.985¢e-02
ratiol27 .+« 0.950 1.048 0.998
umin 0.000000 | 0.000000 | 0.000000 | 0.000000
nit 8 12 8 6

[3]); (iii) the FECC and the MNFECC schemes are more accurate than the original
and the corrected schemes proposed by [3] in the same test and the same sizes of
the primal mesh (see [3, Table 3]); (iv) for the MNFECC schemes, if the coefficient
7n is smaller, the associated numerical results are more precise.

5.2. Stationary non analytical solution. To check the discrete maximum prin-
ciple, the second test is proposed as

—div(AVu) = f,

u(z,y) =0, on

092,

in Q = (0,0.5) x (0,0.5),

(5.3)

where the tensor A is similar as (5.2), and the source term function is

flz,y) = {10

0  otherwise.

However, its solution is not determined.

(z,y) € (0.25,0.5) x (0.25,0.5),
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TABLE 2. Numerical results for (5.3)).

HETEROGENEOUS ANISOTROPIC DIFFUSION PROBLEMS

card(Ty) 16 64 256 1024

card(7.*) 80 288 1088 4224

nuy;, 16 64 256 1024

nu7-= 41 145 545 2113

FECC scheme

umin -0.005138 | -0.006901 | -0.003449 | -0.002069
MNFECC scheme with n = 0.5

umin -0.000802 | -0.001681 | -0.002147 | -0.001705

nit 9 9 9 10

MNFECC scheme with n =1

umin 0.000000 | 0.000000 | -0.000121 | -0.000726

nit 12 13 13 13
MNFECC scheme with n = 1.25

umin 0.000000 | 0.000000 | 0.000000 | 0.000000

nit 13 16 25 68

21

For Test its numerical results expressed in Table verifies that the FECC
and the MNFECC schemes (with n = 0.5, 1) violate the DMP. And the MNFECC
scheme with 1 = 1.25 satisfies this principle, however its number of iteration steps
is much lager than the other schemes.
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