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Abstract. We present a technique to correct the cell-centered finite element

scheme [20] (FECC) for full anisotropic diffusion problems on general meshes,
which provides a discrete maximum principle (DMP). The correction scheme,

named monotone nonlinear cell centered finite element scheme (MNFECC), is

cell-centered in the sense that the solution can be computed from cell unknowns
of the general primal mesh. Moreover, its coercivity and convergence are

proven in a rigorous theoretical framework. Numerical experiments show that
the method is effective and accurate, and it satisfies the discrete maximum

principle.

1. Introduction

Heterogeneous anisotropic diffusion problems play an important role in areas
of science and engineering such as petroleum engineering [22, 7], image processing
[32], plasma physics [13, 25, 29]. Their solutions have been studied in [30, 34]. This
work concerns the second order elliptic problem on an open, bounded domain Ω in
R2 with Lipschitz boundary ∂Ω,

−div(Λ(x)∇u(x)) = f(x) in Ω,

u = 0 on ∂Ω,
(1.1)

where Λ : Ω→ R2×2 is a symmetric, positive definite tensor, and there exist λ, λ > 0
satisfying

λ|ξ|2 ≤ Λ(x)ξ · ξ ≤ λ|ξ|2, (1.2)

for a.e. x ∈ Ω and all ξ ∈ R2. The function f is the source term and belongs to
L2(Ω). For simplicity, the homogeneous Dirichlet boundary conditions are imposed.
The analysis given below can be extended to other types of boundary conditions as
in [28, Chapter 1, Section 1.4]. In addition, the following maximum principle [17,
Theorem 1] and [12] can be formulated as follows.

Theorem 1.1. The solution u ∈ C2(Ω)∩C0(Ω) of problem (1.1) attains its maxima
on the boundary ∂Ω if f is nonpositive in Ω and f ∈ Cα(Ω) for some α ∈ (0, 1).
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According to [17, Corollary 2], we have the following positivity preservation prin-
ciple.

Corollary 1.2. If f is nonnegative in Ω and f ∈ Cα(Ω) for some α ∈ (0, 1), then
the solution u ∈ C2(Ω) ∩ C0(Ω) of problem (1.1) is also nonnegative.

As is well-known (see [31, Theorem 2.2] and [12]), the positivity preservation
and discrete maximum principles are equivalent.

The weak form of problem (1.1) is written as follows: Find u ∈ H1
0 (Ω) such that∫

Ω

(Λ(x)∇u(x)) · ∇v(x) dx =

∫
Ω

f(x)v(x) dx, ∀v ∈ H1
0 (Ω). (1.3)

It is well-known [5, Chapter 1] that under the assumptions made above, problem
(1.3) has a unique solution u ∈ H1

0 (Ω).
There are three main difficulties in solving approximate solutions of these prob-

lems: firstly, with a heterogeneous and full anisotropic permeability tensor, it is
difficult for numerical methods to obtain an approximate solution which converges
to the weak solution of the problem; secondly, it is challenging to design numeri-
cal methods on general meshes; and it is hardly possible for numerical methods to
achieve the DMP. Violation of the DMP may follow numerical instabilities.

The FECC scheme is introduced with rigorous convergence analysis in [20]. It
overcomes the first, second difficulties above since it can be applied to heteroge-
neous, anisotropic diffusion problems on general (possibly distorted) meshes. Also,
based on a technique of dual mesh and multipoint flux approximations, the scheme
is cell-centered, and satisfies local continuity of fluxes. In [20], numerical results
indicate that on the same primal mesh, the FECC scheme gives more accurate solu-
tions than those by the FEM [2], the mimetic finite difference method (MFD) [21],
the mixed finite volume method (MFV) [4], the finite volume method (FVM) [1, 18],
the compact-stencil MPFA method [23], the discrete duality finite volume method
(DDFV) [14], and the SUSHI method [10]. An extension of the FECC scheme,
namely the staggered cell-centered finite element method (SC-FEM), to two- and
three-dimensional compressible and nearly-incompressible linear elasticity problems
have been studied in [27, 15].

However, the FECC scheme violates the DMP, when it is applied for a strong
anisotropic diffusion problem (see Test 2 in Section 5). This drawback also appears
in finding approximate solutions of classical finite volume [26] and finite element
schemes [8] for strong anisotropic diffusion tensors and/or distorted meshes. In the
case of piecewise linear finite element approximations for the Poisson problem on
a triangulation and a quadrangulation, it is sufficient to require that all triangles
be acute [6] (all angles smaller than or equal to π/2), and all quadrilaterals be of

non-narrow type [11] (aspect ratios smaller than or equal to
√

2). However, in [16],
the authors state that the higher order finite elements fail to satisfy the DMP in
the geometric approach.

To preserve the DMP, a different class of finite volume schemes [24, 19, 33]
is corrected by a nonlinear discretization. However, these schemes are required
by conditions on the geometry or on the anisotropy ratio to get the coercivity.
The algebraic flux correction presented in [17] provides a general framework for
constructing monotone discretizations on unstructured meshes. This method uses
a combination of algebraic and geometric criteria to enforce the DMP.
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Our goal, in the present work, is to construct a nonlinear correction for the
FECC scheme (MNFECC), providing a DMP for strong anisotropic diffusion prob-
lems, while its important properties included in coercivity, convergence is still re-
tained without conditions on the geometry. In addition, a nonlinear system of the
MNFECC is solved by an iterative method (3.25) which can compute with cell
unknowns of the primal mesh.

The rest of this article consists of four sections: in section 2, we recall the FECC
scheme for the discretization of the problem (1.3). In section 3, we present the
MNFECC scheme whose solution is solved by the iterative method (3.25). Its lin-
earized system involves only cell unknowns, the associated matrix is symmetric and
positive definite. In section 4, we presented within a rigorous theoretical framework
to show the existence of a solution, the coercivity, the convergence properties, and
to satisfy the DMP for the MNFECC scheme. In the last section, numerical results
show that the proposed scheme is effective in terms of accuracy and satisfies the
discrete maximum principle.

2. The FECC framework

To recall the FECC scheme, we first introduce the following notation and con-
structions of the primal mesh Th, the dual mesh T ∗h and the dual submesh T ∗∗h :

2.1. Meshes. For a polygonal domain Ω ⊂ R2, let us consider a primal mesh Th
of Ω such that Ω = ∪K∈ThK. From now on we make the assumption: each element
K ∈ Th is a star-shaped polygon. Its mesh point is a point K ∈ int(K).

Next, for constructing the dual mesh T ∗h , we have the following geometrical
assumption: the line joining two mesh points of any two neighboring elements is
inside Ω and it intersects the common edge of the two elements. The dual mesh T ∗h
is constructed from the primal mesh in a way that each dual control volume of T ∗h
corresponds to a vertex of Th.

Denote by N the set of all nodes or vertices of Th. For every element K ∈ Th,
we define

NK = {P : P is a vertex of K}.

For each M ∈ N , denote by

TM := {K ∈ Th : K shares the vertex M}

the set of primal elements that have M as their vertex. We consider two cases (see
Figure 1):

(a) If M is an interior vertex, we obtain the dual control volume M associated
with the vertex M by connecting the mesh points of neighboring elements
in TM. We choose M the dual mesh point of M .

(b) If M is on the boundary ∂Ω and assume that Ke and Kê are two (same or
different) elements in TM. We denote by e ⊂ ∂Ke and ê ⊂ ∂Kê the two
edges on the boundary that have M as their vertex.

The dual control volume M is defined by joining mesh points of neigh-
boring elements in TM and the mesh point of Ke (and Kê) with a chosen
interior point (e.g. the midpoint) of e (and ê respectively). Note that in
this case M has M as its vertex as well. We call this point M a dual mesh
point of M .
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Figure 1. Left: two dual control volumes corresponding to an
internal node (blue) and a boundary node (cyan) of the primal
mesh Th. Right: primal mesh Th (solid lines) and its dual mesh
T ∗h (dashed lines).

The collection of all M ’s defines a dual mesh T ∗h such that Ω = ∪M∈NM . Let
N ∗ be a set of vertices of elements of T ∗h . For every dual element M ∈ T ∗h , a set
N ∗M contains all vertices of M .

Finally, we construct the dual sub-mesh T ∗∗h as a triangular subgrid of the dual
mesh T ∗h as follows: for an element M ∈ T ∗h , we construct elements of T ∗∗h by
connecting M to all vertices of T ∗h (see Figure 2):

Ω = ∪T∈T ∗∗h T .

Let N ∗∗ be the set of vertices of elements of T ∗∗h . Let any P ∈ N ∗∗, we define
the set T ∗∗P = {T ∈ T ∗∗h : T has the common vertex P} whose the number of all
elements are denoted by card(T ∗∗P ). The sizes of three meshes Th, T ∗h and T ∗∗h are

size(Th) = max
K∈Th

diam(K), size(T ∗h ) = max
M∈T ∗h

diam(M),

h := size(T ∗∗h ) = max
T∈T ∗∗h

diam(T ),

which tend to 0, when the convergence of the MNFECC scheme is considered.

Remark 2.1. By construction, we have:
(a) for all triangular elements T ∈ T ∗∗h (i.e. ∂T ∩ ∂Ω = ∅), there are at most two

primal elements K and L ∈ Th such that T ∩K 6= ∅ and T ∩ L 6= ∅.
(b) N ∗∗ consists of three sets C, C∗ and N ∗∗∂Ω containing mesh points of primal

elements, mesh points of dual control volumes and points lying on the boundary
respectively:

N ∗∗ = C ∪ C∗ ∪N ∗∗∂Ω, (2.1)

where C := {K : ∀K ∈ Th}, C∗ := {M : ∀M ∈ T ∗h } and N ∗∗∂Ω := {P ∈ N ∗∗ ∩ ∂Ω}.
(c) There exists an integer constant ρ, independent of size(T ∗∗h ), satisfying

card(T ∗∗P ) < ρ for all P ∈ N ∗∗.

For each primal element K ∈ Th and the average of tensor Λ is denoted by
ΛK = 1

mK

∫
K

Λ(x)dx. Moreover, for any T ∈ T ∗∗h , we define ΛT = ΛK on T∩K 6= ∅.



EJDE-2019/122 HETEROGENEOUS ANISOTROPIC DIFFUSION PROBLEMS 5

Figure 2. Left: triangular elements of the dual sub-mesh T ∗∗h
created from the associated dual control volumes of the dual mesh
T ∗h . Right: primal mesh Th (solid lines) and the dual sub-mesh
T ∗∗h (dashed lines).

We aim to handle the heterogeneous, anisotropic case where Λ is discontinuous
across the primal elements, i.e.:

ΛK 6= ΛL for any K,L ∈ Th, K 6= L. (2.2)

The FECC scheme solves an approximate solution of problem (1.3) by finding
its values at all nodes P ∈ N ∗∗. Hence, we define by Vh the set of all vectors
uh := (uP)P∈N∗∗ where uP is regarded as the approximate value of the solution
u(P) for all P ∈ N ∗∗:

Hh = {uh = (uP)P∈N∗∗ , uP ∈ R},

and its norm is defined by

|uh|21,D∗∗ =
∑

T∈T ∗∗h , T=(MKL)

[ |τLK|
dLK

(uL − uK)2

+
|τKM|
dKM

(uM − uK)2 +
|τML|
dML

(uM − uL)2
]
,

(2.3)

for every uh ∈ Hh. By Remark 2.1(b), we have

uh = (uP)P∈N∗∗ = ((uK)K∈C , (uM)M∈C∗ , (uP)P∈N∗∗∂Ω
). (2.4)

To handle Dirichlet boundary conditions, we need to define a subset of Hh as
follows,

H0
h = {uh ∈ Vh : uP = 0 ∀P ∈ N ∗∗∂Ω}.

To obtain the discrete variational formulation associated with problem (1.3), we
define a projection operator Φ(uh) and the discrete gradient ∇Λuh for uh ∈ Hh.

2.2. The projection operator and the discrete gradient. The two operators
are defined by their restrictions to each element of T ∗∗h . In particular, the projection
operator Φ(uh) is a function in L2(Ω) and it is continuous piecewise linear on each
element T ∈ T ∗∗h ; and the discrete gradient is defined in a way to enforce mass
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conservation in each element T ∈ T ∗∗h when the coefficient Λ is discontinuous (cf.
(2.2) and Remark 2.1(a)).

We consider a triangle T = (MKL) ∈ T ∗∗h where K, L are two mesh points of
two primal elements K,L ∈ Th, and M is a mesh point of a dual control volume
M ∈ T ∗h (see Figure 3). Denote by σ the common edge of K and L and Cσ ∈ σ
the intersecting point between the segment [KL] and σ. For any uh ∈ Hh, the
restriction of Φ(uh) to T , denoted by ΦT (uh), is a continuous function and it is
linear on each of the two sub-triangles (MKCσ) and (MLCσ).

Let uMσ , an auxiliary unknown to be defined later, be an approximation of uh at
Cσ seeing from M .

Figure 3. Left: an element of the dual sub-grid T = (MKL).
Center and right: outward normal vectors of each sub-triangle.

We denote by nK[MCσ], n[MK] and n[KCσ ] the outward normal vectors of the

triangle (MKCσ) such that the lengths of these vectors are equal to the segments
[MCσ], [MK] and [KCσ] respectively (see Figure 3). We also denote by m(MKCσ)

the measure of triangle (MKCσ). Remark that nK[MCσ ] + nLMCσ
= 0.

For any vector uh ∈ Hh, the projection operator Φ(uh) and the discrete gradient
∇Λuh restricted to T are defined as follows:

(i) On the triangle (MKCσ), we have

ΦT (uh)|(MKCσ)(x) =


uM if x = M,

uK if x = K,

uMσ if x = Cσ.

Now using multi-point flux approximations, the restriction of ∇Λuh on (MKCσ)
is defined as

(∇Λuh)(MKCσ) =
−uKnK[MCσ ] − u

M
σ n[MK] − uMn[KCσ ]

2m(MKCσ)
. (2.5)

Similarly, the restrictions of uh and ∇Λuh on triangle (MLCσ) are respectively

ΦT (uh)|(MLCσ)(x) =


uM if x = M,

uL if x = L,

uMσ if x = Cσ,

and

(∇Λuh)(MLCσ) =
−uLnL[MCσ ] − u

M
σ n[ML] − uMn[LCσ ]

2m(MLCσ)
. (2.6)
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(ii) We choose uMσ to satisfy the continuity of the flux across [MCσ]:

ΛK (∇Λuh)(MKCσ) · nK[MCσ ] + ΛL (∇Λuh)(MLCσ) · nL[MCσ ] = 0. (2.7)

Assume that

∆ := βM1,σ + βM2,σ = −
(nK[MCσ])

tΛKn[MK]

2m(MKCσ)
−

(nL[MCσ])
tΛLn[ML]

2m(MLCσ)
6= 0, (2.8)

where nt is the transpose of vector n, then after performing some calculation on
(2.7) we deduce that

uMσ = βMuM + βKuK + βLuL, (2.9)

where

βK =
1

∆

(nKCMCσ )tΛKnKCMCσ
2m(CMCσCK)

, βL =
1

∆

(nLCMCσ )tΛLn
L
CMCσ

2m(CMCσCL)
,

βM = 1− βK − βL.

Remark 2.2. For each internal edge σ ≡ [MM̂] of the mesh Th, there are two

approximate values uMσ , uM̂σ of u at Cσ. As for uMσ , the value uM̂σ can be expressed
as a linear combination of u

M̂
, uK and uL. Together the difference between measure

values of outward normal vectors, areas of two triangles (M,K,L) and (M̂,K,L),

one has two different values of u at Cσ: uMσ 6= uM̂σ . For the homogeneous Dirichlet
boundary conditions, uMσ = 0 if Cσ ∈ ∂Ω.

Substituting (2.9) into (2.5) and (2.6), we conclude that the discrete gradient
∇Λuh restricted to the triangle T = (MKL) ∈ T ∗∗h depends linearly on the three
nodal values uM, uK and uL:

(∇Λuh)(MKCσ) =
−uKñK(MKCσ) − uLñ

L
(MKCσ) − uM ñM(MKCσ)

2m(MKCσ)
, (2.10)

(∇Λuh)(MLCσ) =
−uKñK(MLCσ) − uLñ

L
(MLCσ) − uMñM(MLCσ)

2m(MLCσ)
, (2.11)

with

ñK(MKCσ) = nK[MCσ ] + βKn[MK], ñL(MKCσ) = βLn[MK],

ñM(MKCσ) = n[KCσ ] + βMn[MK], ñK(MLCσ) = βKn[ML],

ñL(MLCσ) = nL[MCσ ] + βLn[ML], ñM(MLCσ) = n[LCσ ] + βMn[ML].

The discrete variational formulation associated with problem (1.3) is to find uh ∈
H0
h such that ∫

Ω

(Λ∇Λuh) · ∇Λvh dx =

∫
Ω

f(x)Φ(vh) dx, ∀vh ∈ H0
h. (2.12)

2.3. The linear system of the FECC scheme. From (2.12), with the homo-
geneous Dirichlet boundary condition, we construct the associated linear algebraic
system by choosing

vh = vPh = (vPQ)Q∈N∗∗ ∈ H0
h, such that vPQ =

{
1 if Q ≡ P,

0 if Q 6= P,
(2.13)



8 N. A. DAO, D. C. H. VO, T. H. ONG EJDE-2019/122

for each P ∈ (N ∗∗ \ N ∗∗∂Ω) =(2.1) C∗ ∪ C. Then we obtain∫
Ω

(Λ∇Λuh) · ∇Λv
P
h dx =

∫
Ω

fΦ(vPh )dx, ∀P ∈ (C∗ ∪ C), (2.14)

in which the discrete gradient depends only on the nodal values uQ, Q ∈ N ∗∗
(cf. formulas (2.10) and (2.11)).

Now, we proceed as in [20, p.12-14] by first choosing vh = vMh for each M ∈ C∗
in (2.14) and obtain the linear system

Duh|T ∗h + Euh|Th = F∗, (2.15)

where uh|T ∗h := (uM)M∈T ∗h , uh|Th := (uK)K∈Th , F∗ = (
∫

Ω
fΦ(vPh )dx)P∈C∗ a col-

umn matrix depending on f . And the square matrix D is diagonal, positive definite,
since supp(∇Λv

M
h ) ∈M . This implies

uh|T ∗h = D−1(F∗ −Euh|Th). (2.16)

Next, we take vh = vKh for each K ∈ C:
Muh|T ∗h + Nuh|Th = F, (2.17)

where N is a symmetrix, square matrix, F a column matrix depending on f and
M is the transpose matrix of E.

Deriving from (2.15) and (2.17), we obtain the following matrix system associated
with (2.14) (

D E
M N

)(
uh|T ∗h
uh|Th

)
=

(
F∗

F

)
. (2.18)

In addition, substituting (2.16) into (2.17), we obtain another linear system
involving only primal cell unknowns (uK)K∈Th as follows

(N−MD−1E)uh|Th = F−MD−1F∗. (2.19)

The matrix A := N−MD−1E is a variant of the stiffness matrix. Under assump-
tion (2.8), A is symmetric and positive definite on general meshes [20].

System (2.19) verifies that the FECC scheme is a cell-centered one, since this
system only have the cell-centered unknowns. We also recall [20, Corollary 5.4]
that the FECC scheme is convergent, that is to say, Φ(uh) converges to the exact
solution uexa of problem (1.3) and ∇Λuh tends to ∇uexa as h→ 0.

Now, let us concentrate on the discrete maximum principle for the FECC scheme.
We introduce the following definitions based on a straightforward analog of Theorem
1.1 and Corollary 1.2.

Proposition 2.3. Problem (2.12) satisfies

(a) the discrete maximum principle if

f ≤ 0 a.e. in Ω⇒ max
Ω

uh ≤ 0, (2.20)

(b) the discrete nonnegative preservation if

f ≥ 0 a.e. in Ω⇒ uh ≥ 0, (2.21)

where uh is the solution of Problem (2.12).

As in [31, Theorem 3.2] and [9, Propoisiton 1.4], the principles (a) and (b)
from Definition 2.3 are equivalent, since the FECC scheme follows the idea of the
standard finite element method applying on the dual sub mesh T ∗∗h (in the isotropic
permeability tensor case, these two schemes are equivalent on T ∗∗h ).
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Proposition 2.4. Assume f ≥ 0 on Ω. If uh is a solution to a scheme satisfying
the DMP, then uh ≥ 0.

Unfortunately, Test 2 in Section 5 states that the FECC violates the DMP.
Therefore, in the following section, we present the monotone nonlinear technique
to correct the FECC, which establishes a monotone nonlinear cell-centered finite
element scheme (MNFECC) satisfying the DMP.

3. The MNFECC frame work

We begin by defining an operator AD∗∗ : Hh → Hh for (2.14), such that

−AD
∗∗

(uh) · vPh =

∫
Ω

(Λ∇Λuh) · ∇Λv
P
h dx, ∀P ∈ (C∗ ∪ C), (3.1)

where AD∗∗(uh) = (AD∗∗P (uh))P∈N∗∗ satisfies AD∗∗P (uh) = 0 for all P ∈ N ∗∗∂Ω, with
the homogeneous Dirichlet boundary condition.

A correction for the FECC scheme defined by AD∗∗ is a family of functions
(βP,Q)P∈N∗∗,Q∈V (P) with βP,Q : Hh → R, where the set V (P) corresponding to
the stencil of the FECC scheme is defined as

(a) If P ∈ C is a primal mesh point of P ∈ Th, then

V (P) = NP ∪
(
∪M∈NP {N ∗M : M ∈ T ∗h has the mesh point M}

)
. (3.2)

(b) If P ∈ C∗ is a dual mesh point of P ∈ T ∗h , then

V (P) = N ∗P ∪ {P}, (3.3)

note that N ∗P ⊂ C ∪ N ∗∗∂Ω.

Remark 3.1. By construction and Remark 2.1, a set V (·) is symmetric in the
sense that: for P,Q ∈ (C ∪ C∗), if P ∈ V (Q) then Q ∈ V (P).

With the above definition of V (P), for all P ∈ (C ∪ C∗), we suppose the discrete
linear operator AD∗∗ rewrites in the form

∀uh ∈ H0
h, ∀P ∈ (C ∪ C∗), AD

∗∗

P (uh) =
∑

Q∈V (P)

αP,Q(uQ − uP). (3.4)

Now, let us give a parameter η > 0. For all uh ∈ H0
h, all P ∈ C ∪ C∗ and all

Q ∈ V (P), we define a correction β as follows:
If Q ∈ N ∗∗∂Ω, then

BP,Q(uh) = η
( |AD∗∗P (uh)|∑

Y∈V (P) |uY − uP|

)
. (3.5)

If Q ∈ C ∪ C∗, then

BP,Q(uh) = η
( |AD∗∗P (uh)|∑

Y∈V (P) |uY − uP|
+

|AD∗∗Q (uh)|∑
Z∈V (Q) |uZ − uQ|

)
. (3.6)

Note that if one of
∑

Y∈V (P) |uY − uP| or
∑

Z∈V (Q) |uZ − uQ| is zero, the corre-

sponding term
|AD

∗∗
P (uh)|∑

Y∈V (P) |uY−uP| or
|AD

∗∗
Q (uh)|∑

Z∈V (Q) |uZ−uQ| is dropped in (3.5) and (3.6).
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Using the above correction B, we define the monotone nonlinear cell-centered
finite element scheme (MNFECC) as follows: finding uh = (uP)P∈N∗∗ ∈ H0

h such
that

SD
∗∗

P (uh) =

∫
Ω

f(x)P1(vPh )dx, ∀P ∈ (C∗ ∪ C), (3.7)

with SD∗∗(uh) = (SD∗∗P (uh))P∈N∗∗ and

SD
∗∗

P (uh) =

{
−AD∗∗P (uh) +

∑
Q∈V (P) BP,Q(uh)(uP − uQ), P ∈ (C∗ ∪ C),

0, P ∈ N ∗∗∂Ω,
(3.8)

for all uh ∈ H0
h. The Lagrange interpolation function P1(vPh ) of degree 1 on the

mesh T ∗∗h is positive since vPh > 000, which guarantees that if f ≥ 0, then the right-
hand side is also positive.

Next, we present in more detail the operator AD∗∗ . For this work, we need
to introduce and recall the following notation, definitions, lemmas in [20]: let us
introduce a triangle T := (MKL) ∈ T ∗∗h , see Figure 4,

Figure 4. Trienagle T

• For each pair of points (P,Q) ∈ N ∗T,2 := {(P,Q) : P,Q ∈ N ∗T }, the

associated edge [PQ] has a midpoint C[PQ].
• Vectors τKM, τML and τLK which are orthogonal to the edges [TC[MK]],

[TC[ML]] and [TC[KL]], are equal to the lengths of these edges, respectively.
• The vectors nK, nL, nM, ne, nM,1 and nM,2 are orthogonal (with the same

lengths) to the edges [ML], [MK], [KL], [MCe], [KCe] and [LCe].
• The values dLK, dKM and dLM are three distances from K and [TC[KL]]

(dLK = dKL), from M to [TC[KM]] (dKM = dMK), from L to [TC[LM]]
(dLM = dML). Besides, these distances are used to compute the area

mT =
∑

(P,Q)∈V∗∗T

dPQ|τPQ|, (3.9)

with V∗∗T = {(K,L), (K,M), (M,L)}.



EJDE-2019/122 HETEROGENEOUS ANISOTROPIC DIFFUSION PROBLEMS 11

By the property of the permeability tensor Λ, the dual submesh T ∗∗h has two subsets:

T ∗∗const = {T ∈ T ∗∗h : Λ is constant on T},
T ∗η = {T ∈ T ∗∗h : Λ is discontinuous on T}.

According to [20, Lemma 5.1 and 5.2 ], for any uh ∈ H, T ∈ (MKL) ∈ T ∗∗h , the
discrete gradient (∇Λuh)T is written in the following forms

(i) for T ∈ T ∗∗const,

mT (∇Λuh)T = (uM − uK)τKM + (uL − uM)τML + (uK − uL)τLK,

= (uM − uK)ηTKM + (uL − uK)ηTKL,

= (uK − uM)ηTMK + (uL − uM)ηTML,

(3.10)

with ηTKM = τKM − τML, ηTKL = τML − τLK, ηTMK = τLK − τKM and ηTML =
τML − τLK.

(ii) for T ∈ T ∗∗h \ (T ∗∗Λ ∪ T ∗∗const)

mT (∇Λuh)T = (uM − uK)(τKM + εKM) + (uL − uM)(τML + εML)

+ (uK − uL)(τLK + εLK)

= (uM − uK)ηTKM + (uL − uK)ηTKL

= (uK − uM)ηTMK + (uL − uM)ηTML,

(3.11)

with

lim
hD∗∗→0

|εKM|
|τKM|

= 0, lim
hD∗∗→0

|εML|
|τML|

= 0, lim
hD∗∗→0

|εLK|
|τLK|

= 0. (3.12)

Then we compute the vectors: ηTKM = τKM + εKM − τML − εML, ηTKL = τML +
εML − τLK − εLK, ηTMK = τLK + εLK − τKM − εKM and ηTML = τML + εML −
τLK − εLK.

(iii) for T ∈ T ∗∗Λ , T has two subsets TK = T ∩K, TL = T ∩ L. On each subset
TQ = TK and TL, we have

mTQ(∇Λuh)TQ = (uM − uK)θ
TQ
KM + (uL − uM)θ

TQ
ML + (uK − uL)θ

TQ
LK

= (uM − uK)η
TQ
KM + (uL − uK)η

TQ
KL

= (uK − uM)η
TQ
MK + (uL − uM)η

TQ
ML.

(3.13)

Furthermore, we have

|θTQKM| ≤ C2|τKM|, |θTQML| ≤ C2|τML|, |θTQLK| ≤ C2|τLK|, (3.14)

where C2 is a constant. We put

ηTKM =

{
ηTKKM, on TK ,

ηTLKM, on TL,
mT (∇Λuh)T =

{
mTK (∇Λuh)TK , on TK ,

mTL(∇Λuh)TL , on TL,

with η
TQ
KM = θ

TQ
KM − θ

TQ
ML, η

TQ
KL = θ

TQ
ML − θ

TQ
LK, η

TQ
MK = θ

TQ
LK − θ

TQ
KM and η

TQ
ML =

θ
TQ
ML − θ

TQ
LK.

Using the above formulas, (2.14) and (3.1), we define the operator AD∗∗ as
follows: for every M ∈ C∗ and K ∈ C,
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In (3.1), choosing P ≡M ∈ C∗, its left hand side is rewritten as∫
Ω

Λ∇Λuh · ∇Λv
Mdx

=
∑

T∈T ∗Λ , T :=(MKL)

(
mTK [ΛK(∇Λuh)TK ] · (∇Λv

M
h )TK

+mTL [ΛL(∇Λuh)TL ] · (∇Λv
M
h )TL

)
+

∑
T∈(T ∗∗h \T

∗
Λ , T :=(MKL)

mT [ΛT (∇Λuh)T ] · (∇Λv
M
h )T .

(3.15)

Substituting the formulas (??)-(??) into (3.15), we obtain

AD
∗∗

M (uh) =
∑

T∈T ∗∗h

AD
∗∗

M,T (uh),

AD
∗∗

M,T (uh) = αTKM(uK − uM) + αTLM(uL − uM),

(3.16)

whose coefficients are defined as follows: on T := (MKL) ∈ T ∗∗h \ T ∗∗Λ ,

αTKM =
ΛTη

T
MK · (ηTMK + ηTML)

4mT
, αTLM =

ΛTη
T
ML · (ηTMK + ηTML)

4mT
,

and on T := (MKL) ∈ T ∗∗Λ ,

αTKM =
∑

Q=K,L

ΛQη
TQ
MK · (η

TQ
MK + η

TQ
ML)

4mTQ

, αTLM =
∑

Q=K,L

ΛQη
TQ
ML · (η

TQ
MK + η

TQ
ML)

4mTQ

.

As for obtaining (3.16), we choose P ≡ K ∈ C in (3.1) and perform similar
calculations to have the equation

AD
∗∗

K (uh) =
∑

T∈T ∗∗h

AD
∗∗

K,T (uh),

AD
∗∗

K,T (uh) = αTKM(uM − uK) + αTKL(uL − uK),

(3.17)

whose coefficients are defined as follows: on T := (MKL) ∈ T ∗∗h \ T ∗∗Λ ,

αTKM =
ΛTη

T
KM · (ηTKM + ηTKL)

4mT
, αTKL =

ΛTη
T
KL · (ηTKM + ηTKL)

4mT
,

and on T := (MKL) ∈ T ∗∗Λ ,

αTKM =
∑

Q=K,L

ΛTη
TQ
KM · (η

TQ
KM + η

TQ
KL)

mTQ

, αTKL =
∑

Q=K,L

(ΛTη
TQ
KL) · (ηTQKM + η

TQ
KL)

mTQ

.

For the non-linear equation (3.7), we apply an iterative algorithm to solve it. For

each iteration step (i), we denote u
(i)
h its solution. We fix uh = u

(i)
h in BP,Q(uh) in

(3.8) and the iterative scheme for (3.7) can be written as

−AD
∗∗

P (u
(i+1)
h ) +

∑
Q∈V (P)

BP,Q(u
(i)
h )(u

(i+1)
P − u(i+1)

Q ) =

∫
Ω

fP1(vPh )dx, (3.18)

for all P ∈ C∪C∗. To construct the linear system associated with (3.18), we process
the following two steps:
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Step 1: Taking vMh ∈ H0
h, with M ∈ C∗, we rewrite (3.18) as

−AD
∗∗

M (u
(i+1)
h ) +

∑
Y∈V (M)

BM,Y(u
(i)
h )(u

(i+1)
M − u(i+1)

Y )

=

∫
Ω

f P1(vMh )dx,

(3.19)

and obtain

D̂u
(i+1)
h |T ∗h + Êu

(i+1)
h |Th = F∗, (3.20)

with

Ê = E− (BM,Y(u
(i)
h ))M∈C∗,Y∈C ,

D̂ = D +
( ∑

Y∈V (M)

BM,Y(u
(i)
h )
)
M∈C∗,M∈C∗

in which the matrix
(
BM,Y(u

(i)
h )
)
M∈C∗,Y∈C belongs to Rcard(C)×card(C∗). and the

square matrix
(∑

Y∈V (M) BM,Y(u
(i)
h )
)
M∈C∗,M∈C∗ belongs to Rcard(C∗)×card(C∗), and

is diagonal and positive definite, because of property (a) in Remark 3.1, (2.16), and

all coefficients BM,Y0 are positive. It follows that the square matrix D̂ is also
diagonal and positive definite.

Step 2: We proceed as in Step 1 by choosing vKh ∈ H0
h, with K ∈ C, then (3.18) is

rewritten as

−AD
∗∗

K (u
(i+1)
h ) +

∑
Z∈V (K)

BK,Z(u
(i)
h )(u

(i+1)
K − u(i+1)

Z ) =

∫
Ω

fP1(vKh )dx, (3.21)

From the above equation, we get the linearized system

M̂u
(i+1)
h |T ∗h + N̂u

(i+1)
h |Th = F, (3.22)

with

M̂ = M− (BK,Z)K∈C,Z∈C∗ , N̂ = N +Big(
∑

Z∈V (K)

BK,Z
)
K∈C,K∈C

,

in which the matrix (BK,Z)K∈C,Z∈C∗ belongs to Rcard(C)×card(C∗), and the matrix

(
∑

Z∈V (K) BK,Z)K∈C,K∈C is a diagonal, and positive definite in Rcard(C)×card(C).

Therefore, the matrix system associated with (3.18) and (3.22) is(
D̂ Ê

M̂ N̂

)(
u

(i+1)
h |T ∗h
u

(i+1)
h |Th

)
=

(
F∗

F

)
. (3.23)

Moreover, since D̂ is diagonal and positive definite, we can compute u
(i+1)
h |T ∗h from

(3.20) as

u
(i+1)
h |T ∗h = D̂−1(F∗ − Êu

(i+1)
h |Th). (3.24)

Substituting this into (3.22), we get the following linearized system involving only

primal cell unknowns u
(i+1)
h |Th ,(

N̂− M̂ D̂−1Ê
)
u

(i+1)
h |Th = F− M̂ D̂−1F∗. (3.25)

We stop the above algorithm when the criterion
|u(i+1)
h −u(i)

h |
|u(i)
h |

≤ 10−4 is satisfied.
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4. Mathematical properties of the MNFECC

From now on, we make all assumptions for the FECC scheme stated in [20,
Section 5]. With these assumptions, we begin by estimating the solution of the
MNFECC scheme in the ‖ · ‖1,D∗∗ norm, it suffices for this scheme to fulfill the
following coercivity property.

Proposition 4.1. Let G = (Th,Hh,∇Λ,Φ) be a discretization on Ω, then the MN-
FECC scheme is coercive; it means that there exists a positive constant ρ1 such
that

∀uh ∈ Hh,
∑

P∈(C∗∪C)

SD
∗∗

P (uh)uP ≥ ρ1|uh|21,D∗∗ . (4.1)

Proof. Multiplying (3.8) by uP, for P ∈ (C ∪ C∗), summing over all, and using the
property (1.2) with (3.1), we obtain∑

P∈(C∪C∗)

SD
∗∗

P (uh)uP

= −
∑

P∈(C∪C∗)

AD
∗∗

P (uh)uP +
∑

P∈(C∪C∗)

uP
∑

Q∈V (P)

BP,Q(uh)(uP − uQ)

≥ λ|∇Λuh|2(L2(Ω))2 .

(4.2)

From the symmetric property of the set V (P) (see Remark 3.1), we have∑
P∈(C∪C∗)

uP
∑

Q∈V (P)

BP,Q(uh)(uP − uQ) =
∑

P∈(C∪C∗)

∑
Q∈V (P)

BP,Q(uh)(uP − uQ)2.

By [20, inequality (21)] there exists C4 such that |uh|21,D∗∗ ≤ C4|∇Λuh|2(L2(Ω))2 . We

combine the above equation with (4.2) to get (4.1) with ρ1 = λ/C4. �

This coercivity property allows us to estimate a solution of the MNFECC scheme
using the following result.

Proposition 4.2. Let G = (Th,Hh,∇Λ,Φ) be a discretization on Ω, and uh be a
solution to (3.7). Then there exists a positive constant ρ2 depending only on Ω such
that

‖uh‖1,D∗∗ ≤ ρ2‖f‖L2(Ω). (4.3)

Proof. Multiplyin (3.7) by uP, summing over P ∈ (C∗∪C), and using (4.2) and [20,
inequality (26)], we obtain C22 such that ‖P1(uh)‖L2(Ω) ≤ C22‖∇Λuh‖(L2(Ω))2 and

λ|∇Λuh|2(L2(Ω))2 ≤
∑

P∈(C∗∪C)

SD
∗∗

P (uh)uP

=

∫
Ω

f(x)P1(uh)dx

≤ ‖f‖L2(Ω)|P1(uh)|L2(Ω)

≤ C22‖f‖L2(Ω)‖∇Λuh‖(L2(Ω))2 .

(4.4)

From inequalities (4.4) and [20, (21)], we obtain( λ√
C4

)
‖uh‖1,D∗∗ ≤ λ‖∇Λuh‖(L2(Ω))2 ≤ C22‖f‖L2(Ω).

We can choose ρ2 = C22

√
C4

λ to obtain (4.3). �
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In addition, the coercivity property guaranties that there exists one solution to
the MNFECC scheme.

Proposition 4.3. Let G = (Th,Hh,∇Λ,Φ) be a discretization on Ω. Then there
exists one solution uh to (3.7).

Proof. For uh ∈ H0
h, we first define the map H joiningAD∗∗ and SD∗∗ by H(t, uh) =

−(1− t)AD∗∗(uh) + tSD∗∗(uh) for all t ∈ [0, 1]. Obviously, we have

H(0, uh) = AD
∗∗

(uh) and H(1, uh) = SD
∗∗

(uh). (4.5)

Also we need to estimate the solution of the equation

H(t, uh) = Fh. (4.6)

with Fh =
( ∫

Ω
f(x)P1(vPh )dx

)
P∈(C∗∪C). Based on the coercivity of −AD∗∗ and

SD∗∗ , for all t ∈ [0, 1] and any solution to (4.6), we have the coercivity

H(t, uh) · uh ≥ (1− t)λ|∇Λuh|2(L2(Ω))2 + tλ|∇Λuh|2(L2(Ω))2 ≥ ρ1|uh|21,D∗∗ .

It follows that any solution to (4.6) is also bounded by the value ρ2‖f‖L2(Ω) in the
norm ‖·‖1,D∗∗ . This result and (4.5) indicate that the map H is a homotopy joining

AD∗∗ and SD∗∗ . Therefore, the Brower’s topological degree of H(0, ·) = SD∗∗ is
the same the degree of H(1, ·) = −AD∗∗ which is non zero (since −AD∗∗(uh) =
Fh always has a unique solution). Consequently, there exists one solution to the
MNFECC scheme (3.7). �

Proposition 4.4. Let G = (Th,Hh,∇Λ,Φ) be a discretization on Ω, and let the
parameter η > 1. The the MNFECC scheme satisfies the DMP (see Definition 2.4);
this means that if f ≥ 0 on Ω, then a solution uh = (uP)P∈N∗∗ to (3.7) satisfies
minP∈N∗∗ uP ≥ 0.

Proof. For a solution uh = (uP)P∈N∗∗ ∈ H0
h to (3.7), we put

uP0 = min
P∈N∗∗

uP.

We consider the first assumption: P0 ∈ (C∗ ∪ C) is a mesh point of a grid element
P0 ∈ (T ∗h ∪Th) such that ∂P0∩∂Ω = ∅. At the point P0, note that V (P0) ⊂ (C∗∪C),
we have

SD
∗∗

P0
(uh) = AD

∗∗

P0
(uh) +

∑
P0∈V (P0)

BP0,Y(uP0
− uY)

=
∑

Y∈V (P0)

AD
∗∗

P0
(uh)

(|uP0
− uY|)∑

Q∈V (P0)(|uP0 − uQ|)

+ η
∑

Y∈V (P0)

[ |AD∗∗P0
(uh)|∑

Q∈V (P0)(|uQ − uP0
|)

+
|AD∗∗Y (uh)|∑

Q∈V (Y)(|uQ − uY|)

]
(uP0

− uY)

=
∑

Y∈V (P0)

θP0,Y(uP0
− uY)

(4.7)
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with

θP0,Y =
AD∗∗P0

(uh) sgn(uP0
− uY)∑

Q∈V (P0)(|uP0
− uQ|)

+
η|AD∗∗P0

(uh)|∑
Q∈V (P0)(|uQ − uP0

|)

+
η|AD∗∗Y (uh)|∑

Q∈V (Y)(|uQ − uY|)
> 0.

Substituting (4.7) into the left-hand side of (3.7), we obtain∑
Y∈V (P0)

θP0,Y(uP0 − uY) =

∫
Ω

f(x)P1(vPh )dx.

Obviously, SD∗∗P0
(uh) is less than 0. This contradicts

∫
Ω
f(x)P1(vPh )dx > 0. Then

the first assumption is impossible. Therefore, the grid element P0 must satisfy
∂P0 ∩ ∂Ω 6= ∅. Then SD∗∗P0

(uh) is expressed as

SD
∗∗

P0
(uh) = ADP0

(uh|Th) +
∑

Y∈V (P0)\N∗∗∂Ω

BP0,Y(uP0 − uY) +
∑

Z∈V (P0)∩N∗∗∂Ω

BP0,ZuP0

=
∑

Y∈V (P0)\N∗∗∂Ω

θP0,Y(uP0
− uY) +

∑
Z∈V (P0)∩N∗∗∂Ω

θP0,Z(uP0
),

with

θP0,Y =
ADP0

(uh|Th) sgn(uP0 − uY)∑
Q∈V (P0)(|uP0 − uQ|)

+
η|ADP0

(uh|Th)|∑
Q∈V (P0)(|uQ − uP0 |)

+
η|ADY(uh|Th)|∑

Q∈V (P)(|uQ − uY|)
> 0,

θP0,Z =
ADP0

(uh|Th) sgn(uP0)∑
Q∈V (P0)(|uQ − uP0 |)

+
η|ADP0

(uh|Th)|∑
Q∈V (P0)(|uQ − uP0 |)

> 0.

Obviously, we have∑
Y∈V (P0)\N∗∗∂Ω

θP0,Y(uP0 − uY) < 0, and SD
∗∗

P0
(uh) =

∫
Ω

fP1(vP0)dx > 0,

thus the value uP0
must be greater than 0. �

Next we show the convergence of the MNFECC scheme. For any function ϕ ∈
C∞c (Ω), we put ϕh = (ϕP)P∈N∗∗ ∈ H0

h, with ϕP = ϕ(P). We multiply (3.7) at P
by ϕP and sum over P ∈ (C∗ ∪ C) to obtain

−
∑

P∈(C∗∪C)

AD
∗∗

P (uh)ϕP +
∑

P∈(C∗∪C)

ϕP

∑
Q∈V (P)

BP,Q(uh)(uP − uQ)

=

∫
Ω

f(x)P1(ϕh)dx.

(4.8)

Obviously, the right-hand side tends to
∫

Ω
f(x)ϕdx, as size(T ∗∗h )→ 0. The conver-

gence of the FECC and the FECCB schemes are shown in [20, Proposition 5.3 and
Corollary 5.4]; These results and (3.1) ensure that

−
∑

P∈(C∗∪C)

AD
∗∗

P (uh)ϕP =

∫
Ω

Λ∇Λuh · ∇Λϕhdx→
∫

Ω

Λ∇u · ∇ϕdx, (4.9)
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as size(T ∗∗h )→ 0, where u is the unique solution to problem (1.3).
For the corrected term, we use its symmetric property and positive property

(BP,Q(uh) = BQ,P(uh),BP,Q(uh) > 0) to compute∑
P∈(C∗∪C)

ϕP

∑
Q∈V (P)

BP,Q(uh)(uP − uQ)

=
∑

P∈(C∗∪C)

∑
Q∈(V (P)∩N∗∗∂Ω)

BP,Q(uh)uPϕP

+
∑

P∈(C∗∪C)

∑
Q∈(V (P)\N∗∗∂Ω)

BP,Q(uh)(uP − uQ)(ϕP − ϕQ)

≤
∑

P∈(C∗∪C)

∑
Q∈V (P)

BP,Q(uh)|uP − uQ||ϕP − ϕQ|.

Lemma 4.5 implies∑
P∈(C∗∪C)

∑
Q∈V (P)

BP,Q(uh)|uP − uQ||ϕP − ϕQ| → 0, as size(T ∗∗h )→ 0.

Therefore, for any ϕ ∈ C∞c (Ω), as size(T ∗∗h )→ 0, equation (4.8) converges to∫
Ω

Λ∇u · ∇ϕdx =

∫
Ω

fϕdx,

in which u must be equal to the unique solution of (1.3) on almost every Ω.

Lemma 4.5. Let G = (Th,Hh,∇Λ,Φ) be a discretization on Ω, and uh be a solution
to the MNFECC scheme (3.7). For any ϕ ∈ C∞c (Ω) setting ϕh = (ϕP)P∈N∗∗ ∈ H0

h

with ϕP = ϕ(P), we have∑
P∈(C∗∪C)

∑
Q∈V (P)

BP,Q(uh)|uQ − uP||ϕP − ϕQ| → 0, (4.10)

as size(T ∗∗h )→ 0, where any P ∈ (C∗ ∪ C) is a mesh point of P ∈ (T ∗h ∪ Th). Note
that if Q ∈ (V (P) ∩N ∗∗∂Ω) then uQ = ϕQ = 0, since uh ∈ H0

h.

Proof. With definitions (3.5) and (3.6), we have a positive constant ρ3, only de-
pended on η, such that∑

P∈(C∗∪C)

∑
Q∈V (P)

BP,Q(uh)|uP − uQ||ϕP − ϕQ|

≤ ρ3

∑
P∈(C∗∪C)

diam(P )
∑

Q∈V (P)

|AD
∗∗

P (uh)|,
(4.11)

Since we have two positive constants ρ4 and ρ5, independent of the sizes of three
meshes, such that

|ϕP − ϕQ| = |ϕP| ≤ ρ4 diam(P ), ∀Q ∈ (V (P) ∩N ∗∗∂Ω) and ϕQ = 0,

|ϕP − ϕQ| ≤ ρ5 diam(P ), ϕP − ϕQ| ≤ ρ5 diam(Q), ∀Q ∈ (V (P) \ N ∗∗∂Ω),

we obtain

|uP − uQ|∑
Z∈V (Q) |uZ − uQ|

< 1, with Q ∈ V (P), P ∈ V (Q).
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Considering on a primal mesh point P ≡ K ∈ C of K ∈ Th, we use (3.1) to write∣∣ ∑
K∈C

diam(K)AD
∗∗

K (uh)
∣∣

=
∣∣ ∑
K∈C

diam(K)
∑

T∈T ∗∗K

∫
T

Λ∇Λuh · ∇Λv
K
h dx

∣∣
≤
∑
K∈C

∑
T∈T ∗∗K

diam(K)

∫
T

|Λ∇Λuh · ∇Λv
K
h |dx

≤ λ
√

size (Th)
∑
K∈C

∑
T∈T ∗∗K

√
mT |(∇Λuh)T |

√
diam(K)

√
mT |(∇Λv

K
h )T |

≤ λ
√

size (Th)
(∑

K∈C

∑
T∈T ∗∗K

mT |(∇Λuh)T |2
)1/2

×
(∑

K∈C

∑
T∈T ∗∗K

diam(K)mT |(∇Λv
K
h )T |2

)1/2

,

(4.12)

with size (Th) = maxK∈Th diam(K).
By Remark 2.1 (a) and (4.4), we have(∑

K∈C

∑
T∈T ∗∗K

mT |(∇Λuh)T |2
)1/2

≤ 2‖∇Λuh‖(L2(Ω))2 ≤ 2C22

λ
‖f‖L2(Ω), (4.13)

and (∑
K∈C

diam(K)
∑

T∈T ∗∗K

mT |(∇Λv
K
h )T |2

)1/2

=
(∑

K∈C

diam(K)‖∇Λv
K
h ‖2(L2(Ω))2

)1/2

≤ ρ6ρ7,

(4.14)

where ‖∇Λv
K
h ‖2(L2(Ω))2 =

∑
T∈T ∗∗K

mT |(∇Λv
K
h )T |2. Also there exist two positive

constants ρ6 and ρ7, independent of h such that

‖∇Λv
K
h ‖(L2(Ω))2 ≤ ρ6 ∀K ∈ C,

( ∑
K∈Th

diam(K)
)1/2

≤ ρ7.

By (4.10)–(4.12), we obtain

|
∑
K∈C

diam(K)AD
∗∗

K (uh)| ≤
√

size (Th)(
2λC22‖f‖L2(Ω)ρ6ρ4

λ
)→ 0, (4.15)

as size (Th)→ 0. Considering P ≡M ∈ C∗ a dual element M ∈ T ∗h , we proceed as
above to obtain∣∣ ∑

M∈C∗
diam(M)AD

∗∗

M (uh)
∣∣ ≤√size (T ∗h )

(λC22‖f‖L2(Ω)ρ5ρ6

λ

)
→ 0, (4.16)

as size (T ∗h )→ 0. By (4.4),( ∑
M∈C

∑
T∈T ∗∗M

mT |(∇Λuh)T |2
)1/2

≤ ‖∇Λuh‖(L2(Ω))2 ≤ C22

λ
‖f‖L2(Ω),
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‖∇Λv
M
h ‖2(L2(Ω))2 =

∑
T∈T ∗∗M

mT |(∇Λv
M
h )T |2,

there exist two positive constants ρ8 and ρ9, independent with h such that

‖∇Λv
M
h ‖(L2(Ω))2 ≤ ρ8 ∀M ∈ C∗,

( ∑
M∈T ∗h

diam(M)
)1/2

≤ ρ9.

From (4.11), (4.15) and (4.16), it follows that (4.10) is satisfied. �

5. Numerical tests

In this section, we carry out two numerical tests [3] to verify the results for
convergence and the DMP of the MNFECC scheme. To present this work, we need
to introduce the following notation:

The algorithm (3.25) is stopped at iteration number nit, while the numerical

solution uh = (uP)P∈N∗∗ is u
(nit)
h . The quantities umin and umax are defined as

the minimum and maximum values of the approximate solution uh.
The relative error on the subdual mesh T ∗∗h in L2 of the MNFECC scheme which

is

erl2T ∗∗h =
(∑

T∈T ∗∗h

∫
T
|uh − u|2dx∑

T∈T ∗∗h

∫
T
|u|2dx

)1/2

,

where u is the the analytic solution. Its rate of convergence is expressed for each
number of mesh i ≥ 2, as

ratiol2T ∗∗h = −2

log
( erl2

(i)

T ∗∗
h

erl2
(i−1)

T ∗∗
h

)
log
( nu

(i)

T ∗∗
h

nu
(i−1)

T ∗∗
h

) ,
where nuT ∗∗h is number of unknowns in the linear system (3.23). Moreover, nuTh is
number of unknowns in the linear system (3.25).

In the following two tests, the domain Ω is partitioned by a uniform rectangular
mesh.

5.1. Stationary analytical function. We begin by considering the following
problem in order to estimate the convergence of the FECC and the MNFECC
schemes,

−div(Λ∇u) = f, in Ω = (0, 0.5)× (0, 0.5),

u(x, y) = sin(πx) sin(πy), on ∂Ω,
(5.1)

where

Λ =
1

x2 + y2

(
x2 + αx2 −(1− α)xy
−(1− α)xy x2 + αy2

)
, for l(x, y) ∈ Ω,

u(x, y) = sin(πx) sin(πy), for (x, y) ∈ Ω.

(5.2)

We see that the anisotropy ratio of Λ is 106. Moreover, the source term f which is
computed from the exact solution u and the first equation of (5.1), is positive.

Table 1 shows the numerical results of the FECC and the MNFECC schemes
(with η = 0.5, 1, 1.25). We see that: (i) these schemes satisfy the DMP; (ii) for the
FECC scheme, its rate of convergence is near to 2 and for the MNFECC scheme, its
rate is close to 1 (this result is similar as ones of the nonlinear correction schemes
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Table 1. Numerical results for (5.1).

card(Th) 16 64 256 1024

card(T ∗∗h ) 80 288 1088 4224

nuTh 16 64 256 1024

nuT ∗∗h 41 145 545 2113

FECC scheme

erl2T ∗∗h 8.999e-03 2.119e-03 5.491e-04 1.431e-04

ratiol2T ∗∗h 2.29 2.04 1.98

umin 0.000000 0.000000 0.000000 0.000000

MNFECC scheme with η = 0.5

erl2T ∗∗h 6.697e-02 3.265e-02 1.615e-02 8.200e-03

ratiol2T ∗∗h 1.137 1.063 1.000

umin 0.000000 0.000000 0.000000 0.000000

nit 7 6 5 4

MNFECC scheme with η = 1

erl2T ∗∗h 1.191e-01 6.323e-02 3.149e-02 1.604e-02

ratiol2T ∗∗h 1.003 1.053 0.996

umin 0.000000 0.000000 0.000000 0.000000

nit 8 8 7 6

MNFECC scheme with η = 1.25

erl2T ∗∗h 1.424e-01 7.813e-02 3.904e-02 1.985e-02

ratiol2T ∗∗h 0.950 1.048 0.998

umin 0.000000 0.000000 0.000000 0.000000

nit 8 12 8 6

[3]); (iii) the FECC and the MNFECC schemes are more accurate than the original
and the corrected schemes proposed by [3] in the same test and the same sizes of
the primal mesh (see [3, Table 3]); (iv) for the MNFECC schemes, if the coefficient
η is smaller, the associated numerical results are more precise.

5.2. Stationary non analytical solution. To check the discrete maximum prin-
ciple, the second test is proposed as

−div(Λ∇u) = f, in Ω = (0, 0.5)× (0, 0.5),

u(x, y) = 0, on ∂Ω,
(5.3)

where the tensor Λ is similar as (5.2), and the source term function is

f(x, y) =

{
10 (x, y) ∈ (0.25, 0.5)× (0.25, 0.5),

0 otherwise.

However, its solution is not determined.
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Table 2. Numerical results for (5.3).

card(Th) 16 64 256 1024

card(T ∗∗h ) 80 288 1088 4224

nuTh 16 64 256 1024

nuT ∗∗h 41 145 545 2113

FECC scheme

umin -0.005138 -0.006901 -0.003449 -0.002069

MNFECC scheme with η = 0.5

umin -0.000802 -0.001681 -0.002147 -0.001705

nit 9 9 9 10

MNFECC scheme with η = 1

umin 0.000000 0.000000 -0.000121 -0.000726

nit 12 13 13 13

MNFECC scheme with η = 1.25

umin 0.000000 0.000000 0.000000 0.000000

nit 13 16 25 68

For Test 5.3, its numerical results expressed in Table 5.2 verifies that the FECC
and the MNFECC schemes (with η = 0.5, 1) violate the DMP. And the MNFECC
scheme with η = 1.25 satisfies this principle, however its number of iteration steps
is much lager than the other schemes.
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