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ON OLECK-OPIAL-BEESACK-TROY INTEGRO-DIFFERENTIAL
INEQUALITIES

EVGENIY I. BRAVYI & SERGEY S. GUSARENKO

ABSTRACT. We obtain necessary and sufficient conditions for the integro-
differential inequality

b b
[ #warzy [ a a)a
a a
to be valid with one of the three boundary conditions: z(a) =0, or z(b) = 0,
or z(a) = x(b) = 0. For a power functions ¢, the best constants v are found.

INTRODUCTION

Beesack [2] found that the best constant is ¥ = %, such that the inequality

/ 2 (t) dtzy/ |&(t)x(t)] dt (0.1)

holds for all v < 7 and for all continuously differentiable functions z : [a,b] — R
satisfied the condition x(a) = 0 (or z(b) = 0). For inequality (0.1) with two
constrictions z(a) = z(b) = 0 the best constant is ¥ = ;2- which was found by
Olech and Opial in [8, 9]. Troy [10] obtained some estimates of the best constant
~ for the inequality

b b
/ P2(t) dt > ~ / (t — a)? a(t)z(t)] dt 0.2)

with the condition z(a) = 0 (and also with z(a) = z(b) = 0). But the question on
the sharpness of these estimates remained open.

The aim of the paper is to answer this question and find the best constants for
extended inequalities with different kinds of the boundary conditions. The Perm
Seminar on Functional Differential Equations has developed methods for the inves-
tigation nonclassical variational problems (see, for example, [1, 5]). These meth-
ods allow to prove some known integral and integro-differential inequalities more
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effectively and obtain new inequalities, for example, for integrals with deviating
arguments [3, 4]. Here we apply these methods to the integro-differential inequality

b b
/ P2(t)dt > / a(8) |(D)(t) dt (0.3)

which generalizes the inequalities from [2, 8, 9, 10]. We obtain estimates of such
constants v for which (0.3) is valid. We also compute the best constants in some
cases including inequality (0.2).

In particular, Troy have proved that (0.3) holds for all continuously differentiable
functions x : [a,b] — R such that z(a) = 0 if

< 2vp+1

S h—api p > —1. (0.4)

We prove that (0.3) holds for all absolutely continuous functions z : [a,b] — R such
that x(a) = 0 if and only if

(1)

’YSVP*W, p#0, p>-—1,

where 7, is the smallest positive root of the Bessel function J_1+2, for p < 0 and the
1+p
smallest positive root of the modified Bessel function I_1+2, for p > 0. In section

1
1.3.a some estimates for 7, which are better than (0.4), ;;e obtained. Moreover,
in this section the best constants 7, are evaluated explicitly for some cases. The
singular case p = —1 is considered in section 1.3.b.
The method is based on the reduction of the integro-differential inequality to the
problem of the minimization for the quadratic functional

b
T(2) = / (=(t) — (K2)(t))(t) dt — min (0.5)

in the space Ly of square integrable functions z : [a,b] — R with the norm ||z|| =

\/fab z2(t)dt. The linear operator K : Ly — Ly in (0.5) is supposed to be self-
adjoint and bounded.

It is clear that either a function z = 0 is a point of the a minimum of J and
problem (0.5) is solvable (min,cr,, J(z) = 0) or J is unbounded below on Lo. It’s
well known that problem (0.5) is solvable if and only if all points of the spectrum of
the operator K is not greater than one. Moreover, the following statement is valid
[6].

Theorem 0.1. Suppose ff(Kz)(t)z(t) dt > 0 for all nonnegative functions z € Ly.
Then problem (0.5) is solvable if and only if the norm (the spectral radius) of the
operator K is less than or equal to one.

So if the conditions of Theorem 0.1 are fulfilled, the question on the solvability
of (0.5) is reduced to the computation or the estimation of || K||. The norm is equal
to the spectral radius for self-adjoin operators in Ls. If K is completely continuous,
then the norm is equal to the largest eigenvalue of K.

Note that we can compute the norm (or the spectral radius) of the integral
operator @ : Ly — Lg exactly only in rare, extraordinary cases. We can estimate
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its norm, in particular, with the help of the known inequality:

1ol < (/b /ab Q(t,s) dsdt)l/(zn), (0.6)

n=1,2,..., where Q,(t, s) is the kernel of the integral operator Q™. In addition,
we use the following helpful result (see, for example, [7, ¢.406]).

Lemma 0.1. Let Q : Ly — Lo be a completely continuous integral operator with
non-negative kernel. If there exists a positive function v € Ly such that
(Qu)(t) < ru(t) almost everywhere on [a,b], (0.7)

then ||Q| < r.

1. INTEGRO-DIFFERENTIAL INEQUALITIES WITH THE CONDITION z(a) = 0

By W, denote the space of absolutely continuous functions x : [a,b] — R such
that & € Ly and x(a) = 0. Suppose the function ¢ : [a,b] — R is measurable,
nonnegative on [a, b], and f:(t —a)g*(t) dt < oo.

Our task is to find all v such that for any function x € W, inequality (0.3)
holds. Obviously, here and below we must consider only v > 0, since for all v < 0
inequality (0.3) is valid. Note that the functional on W,

z / b (#2(0) = ra(®)a()2(0)]) dt

defined by (0.3) is neither quadratic nor differentiable at zero. Therefore at first
we reduce the question on the solvability of (0.3) to the minimization problem for
a functional of form (0.5).

Lemma 1.1. Inequality (0.3) holds for all x € W, if and only if the zero function
s a solution of the variational problem

J(z) = / b () ~ va(t)()2(0)) dt — min,
z(a) = 0.

(1.1)

Proof. If x = 0 is not a solution to (1.1), then the functional J is negative for some
function zg € W,. Hence,

b b
/ (#2(1) — va(0)ldo(t)zo(t)]) dt < / (#2(t) — ra(D)io(t)zo(t)) dt < 0.

So inequality (0.3) does not hold for the function xg.

If for a function x; € W, inequality (0.3) does not hold, then J(x2) < 0 for the
function x5 (t) = f(j |£1(s)| ds. Indeed, we have &o(t) = |Z1(t)|, 22(t) > |z1(¢)| on
[a,b]. Therefore,

b b
Tw2) = [ (#0200l e < [ (80 = a@lis0ai0)]) e <0

Thus inequality (0.3) holds if and only if variational problem (1.1) is solvable. O

By @ : Lo — Ly denote the linear integral operator

b t b
(Qv2)(t) = / Qu(t, 5)2(s) ds = q(t) / 2(s)ds + / a(s)2(s) ds,
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where

Since
b b b
||Qb|\2§// Q%(t,s)dtds:2/ (t —a)g®(t) dt < oo,

the operator @y is completely continuous.
Our main result in this section is the following.

Theorem 1.1. Inequality (0.3) holds for all x € W, if and only if
v <7 :=2/[|Qs-

Proof. The substitution z(t) = f: z(s) ds reduces problem (1.1) to the problem of
the form (0.5):

b t b
/QG%ﬂ—vﬂﬂdﬂ/mdgdﬂdh:/(AQA(K@@»AQﬁA»mm,
where the integral operator (Kz)(t) = f: K(t,s)z(s) ds has the symmetric kernel

K(t,s) = %Qb(t,s). By Theorem 0.1, problem (1.1) is solvable if and only if
g
K] = §||Qb|| <L O

Estimating the norm of the operator @, by inequality (0.6) for n = 1, we obtain

Corollary 1.1. If

)< vz (1.2)

[t — a)g?(t) dt
then inequality (0.3) holds for all x € W,,.

Letting v = 1 in inequality (0.7), we obtain
Corollary 1.2. If
2

esssup(g(8)(t — a) + I a(s)ds)’

v <

then inequality (0.3) holds for all x € W,,.

Corollary 1.3. If the function q is non-increasing and
2

[ q(t)dt’

then inequality (0.3) holds for all x € W,.

7 <

Proof. If the function ¢ is non-increasing, then Qu(t,s) < ¢(s) for all ¢ € [a,b].
Therefore, ||Qy| < f: q(s)ds. O

From Lemma 0.1, we obtain
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Corollary 1.4. If
2

<
= (b—a)esssupq(t)’
t€la,b]

then inequality (0.3) holds for all x € W,,.

The corollaries given above yield lower estimates for the best constant 7. It is
easy to obtain upper estimates. For example, putting z(¢) =t — a in (0.3) gives

i b—a
L —.
[t = a)g(t)dt
Another way for finding the best constant 7 is presented by the following result.

Theorem 1.2. Inequality (0.3) holds for all x € W, if and only if v <7, where 7
is smallest v > 0 such that the Cuachy problem

b
i) = 3 (a2 + [ ayits)as). »
z(a) =0
has a nonzero solution.

Proof. Substituting z(t) = f; z(s)ds in (1.4), we obtain v 'z = £Qpz. So, 7' is
the largest eigenvalue of the operator £Q,. Therefore, 7~ = ||K|| is the largest
eigenvalue of the operator K. Then it follows from Theorem 0.1 that problem (0.5)

is solvable if and only if v < 7. a
If g is absolutely continuous on [a, b], problem (1.4) can be written in the form
b
i) = 3 (a(0)0) = [ ()2t ). ws)
z(a) = 0.
Corollary 1.5. If the function q is absolutely continuous and
< 2 (1.6)

— b . )
(b—a)q(d) + [, (s — a)ld(s)| ds
then inequality (0.3) holds for all x € W,,.
Proof. Problem (1.5) is equivalent to the equation

v(t) = 2 (a0)(b)(t — a) - / t / ()t drds).
Let
2

TS T b ae®) + [ — () ds

If x is a solution to problem (1.5), then

b b
wixe [2(0)] < 3 (ala|0 =)+ [ [ Tatr) drds o (0]

te(a,b]

v b . v
<5 (q(b)(b —a) +/a (s —a)|q(s)] dS) Jax, z(t)] < o ax |z(t)].

Hence, z = 0. Thus we get yx < 7. (]
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From representation (1.5), it is easy to obtain the following theorem.

Theorem 1.3. Let the function q be absolutely continuous on [a,b]. Then inequality
(0.3) holds for all x € W, if and only if v <7, where ¥ is the smallest v > 0 such
that the boundary value problem for the second order ordinary differential equation

#(t) = S0 (t), (L7)
z(a) =0, (1.8)
i(b) = 2q(b)(b) (1.9)

has a nonzero solution.

If we can integrate equation (1.7), then it is possible to obtain the exact value of
the best constant. In this paper, we confine ourselves to the case of power functions
q. First of all, we will gather some information on differential equations and Bessel
functions.

The general solution to the equation

1
#(t) = — 5 lpl? (1), (1.10)
can be written in the form
x(t) = cru (t) + cov™ (1), (1.11)

where ¢, co are arbitrary constants, and the functions =, v~ are defined with the
help of the Bessel functions of the first and second kind respectively:

w () = Vg (V2P gy \/iy#(\/mt%).

T p+1 1Y p41
(2
Note that there exist the finite non-zero limits lim;_,o () and limy_ov=(t) =
v(0).
The solution to (1.10) satisfies the equation
. sgn _ _
() + 22 ;p)vtpx(t) = cyuy () + cavy (1), (1.12)
where
1 ifp>0,
sgn(p) =<0 ifp=0,
-1 ifp<O,
—y__sen®) 1 V2Pl en
uy (¢) = — 2J_zpa ( b1 t=),
_ sgn(p) 41 V2ply a1
U (t) = 7T7tp+zYizpp++11( b+l t 2 )

(here we use the recurrent formulae for Bessel functions ©7,(2) = ©,_1(2) —£6,(z))

and ©,_1(z) = 220,(2) — ©,41(2)). There exists the finite non-zero limits
tlirr(l) uj (t) =uj (0) and }ir% vy (t) = v7(0).
If ﬁ is half-integer (that is, for p = ...,—%, —g, -3,1, —%, —%, —%, ...), then

Bessel functions and solutions to equation (1.10) can be expressed by elementary
functions (see Appendix 1).
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Similarly, the general solution to the equation

1
#(t) = Sl a(?) (1.13)
can be written in the form
a(t) = cru™(t) + cv™ (1), (1.14)

where ¢, ¢y are arbitrary constants, and the functions u™, v+ are defined with the
help of the modified Bessel functions of the first and second kind respectively:

2P ey gy = i, (VP ey

u+(t) = \/7?[ 1

P+ p41 1 p+4+1
) . . ut(t) )
There exist the finite non-zero limits lim; .o ; and lim;_q v (t) = v™(0).
The solution to (1.13) satisfies the equation

. Sgnip

@(t) — gT()'ytpx(t) = cruf (t) + covf (1), (1.15)
where

\/ 2 pt1
2 1 p+1
1 2 P
o (t) = _sgu(p) K e ( Iplvt%)

2 1 p+1
(here we use the recurrent formulae for modified Bessel functions ©/,(z) = ©,_1(z)—
20,(z)) and ©,_1(2) = 220,(2)+0,41(2)). There exists the finite non-zero limits
limy o uf (t) = ui (0) and limy_o vy (£) = v{ (0) for —3 < p.

If p—j_l is half-integer, then modified Bessel functions and solutions to equation
(1.13) can be expressed by elementary functions (see Appendix 1).

Now consider several cases when we can find the explicit form of the solution to
(1.7) in elementary functions.
1.1. The constant function ¢(t) = ¢q. The general solution to the problem (1.7),
(1.8) is x(t) = ¢(t — a). Hence,
5= 2
(b—a)g

Note that the sharpness of this constant was established by Beesack [2].
1.2.a. The linear function ¢(t) = t — a. The general solution to the problem
(1.7), (1.8) is @(t) = csinh \/Z(t — a). Hence,

_ 2n7 _ 2.87845768

-0 T e
where cothn; = 11, 71 =~ 1.19967864.

1.2.b. The linear function ¢(¢f) = b — t. The general solution to the problem
(1.7), (1.8) is x(t) = csin \/Z(t — a). Hence,

_ 493480220
TTob—a2 " T (b—a)?
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1.2.c. The general linear function ¢(t) = k(¢ — a) + r. The general so-
lution to the problem (1.7), (1.8) is z(f) = csinh k—;(t —a) if £ > 0, and

z(t) = csin\/—%”(t —a) if k < 0. Thus

_ 202 r
5 = e coth(v) = v(1 + m)

if kK> 0; and

_ 202 r
= e cot(v) = v(1 + Wo—a) a))

if £ < 0, where v is the smallest positive solution to the respective equation.

1.3.a. The power function ¢(t) = (t — a)?, p > —1. Perform the change of
variables t — a = s, x(t) = y(s). Then equation (1.7) has the form (1.10) for p < 0
and the form (1.13) for p > 0. The boundary conditions (1.8), (1.9) have the form
y(0) =0, y(b—a) — 1y(b—a)Py(b—a) = 0. From (1.11) and (1.14), it follows that
ez = 0. From (1.12) and (1.15), it follows that u] (b —a) = 0 and u] (b —a) = 0,
respectively.

Denote by n, the smallest positive root of the Bessel function J_ t2p forp <0
and the smallest positive root of the modified Bessel function I _ 2 for p > 0.

The the best constant for every p > —1, p # 0 has the representation

 (p+ 1)
T T 2l (b— aptt

2

Whence, in particular, we have 7; = (b%";)z ~ 2'%?‘;5)768, where cothmn; = n1;
w2 1.64493407 _ 272 1.315947254 _

7—1/3 = 6(b—a)2/3 ~ (b )2/3 » V=3/5 = 5(b_a)2/5 ~ (b )2/5 » V—5/7 =
25, 1.15375592
B a2~ (b a2l

where 7_5/7 is the smallest positive solution to the

2029 105452260

63(b—a)2/9 = (b—a)?/?’
3n
3—n?

Some approximate values of 7, for b —a = 1 are given in Appendix 2, and the
graph is shown in Figure 1.

If the Bessel functions are not elementary, then we can obtain some lower esti-
mates for the best constant 7,. From (0.6) for n = 1,2,3,4, we get respectively
more and more exact estimates:

Fp = (1) = % (it was obtained in [10] by W.C. Troy);

equation tann =1, ¥_7 /9 = where 1_7 /9 is the small-

est positive solution to the equation tann =

1/4
= (2) _ (p+1)(p+2)(2p+3) / .
’Yp = e a)p+1 P16 ;
1/6
o3 (443p) (5+4p) (2p+3) (0+2)* (04 1) | /©
TpZ W = G a)l”+1 6p° +100p2+292p+240 ;
(4) . (7+6p) (6+5p) (p+1) (p+2)% (2p+3)? (5+4p) (4+3p) 1/8
Vp 2V (b — a)p+1 \ 180p°+5431p1 +31882p3 4 74652p2 177832p+30240
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e
[
[
i
ol

p 8

FIGURE 1. The best constant 7, in case 1.3.a.

Estimating ||K|| with the help of Lemma 0.1, where v(t) = (1 - #) =+
(£=2)P*! and

4 (p+1)(p+2)
(b—a)Pt \Bp+1P3 +9(p+1)2—2p—1+3p+4

M:

we also get

T, =) = 2u for p > 0;

estimating || K || with the help of Lemma 0.1, where v(t) = (Z:—Z)_%"‘E and € > 0 is
small enough, we obtain

1

B for p € (—1,—1/2]. (1.16)

N =

Vo =95 =
Note that 71()1) < 7;2) < 71(73) < 7,()4) for all p > —1, p # 0. Thus estimate 1) from
[10] is not sharp besides the known case p = 0 [2].

In particular, for p = 1 and b—a = 1, we have v\") = 2.8284271, \*) = 2.8776356,
¥ = 28784392, 4\ = 2.8784572 (the sharp constant 7, equals 2.8784577 to the

last decimal place).

(4) (5)

We have v, ' < 7p "’ for p > 50.1, therefore the estimate ’y,()s) yields the best

result for large values of p. The estimate 71(,6) is best for small p.

Setting z(t) = (t — a) e (0.3), we obtain the upper estimate for 7,,:

_ <’y(0) (1+\/1+p)2
2

The graphics of 'y,(,k) for b — a = 1 are shown in Figure 2.

1
1.3.b. The singular case ¢(t) = —a From (1.16), the passage to the limit
-a

p — —1 yields y_; > 3. On the other hand, setting z,(t) = (t — a)n T, n =
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12

FIGURE 2. The estimates %()k:)

2,3,..., we obtain ¥_; < % + % Therefore,
_ 1
Y17 9"

Moreover, it can be shown that

[Pade > L P00 g

a t

for all x € W, x £ 0.

1.3.c. The power function ¢(t) = (t —7)?, 7 < a, p # 0. Perform the change of
variables t — 7 = s, (t) = y(s). Then equation (1.7) has the form (1.10) for p < 0
and the form (1.13) for p > 0. The boundary conditions (1.8), (1.9) have the form
ya—7)=0, b —7) + br(b—)y(b—7) = 0.
For p < 0 from (1.11) and (1.12) we obtain

cau (a—7)+cv (a—7) =0,

couy (b—7) +cquy (b—7) =0.
Therefore, problem (1.7 - 1.9) has a nonzero solution if and only if

u (a—T)vy (b—7)—v (a—T)uy (b—7) =0,
that is,
v—2 P V=2 P
T (o =) Y (VS (0= 7) )

1 op+1 1 p+1

—2p =S —2p N
_J_?-Ll( 1 (b—T) 2 )Yﬁ( 1 (Cl—T) 2 )_0

For p > 0 from (1.14) and (1.15) we obtain

ciut(a— 1)+ cavt(a—7)

I
o

CQUir b-—71)+ czvf (b—1)

Il
e
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In this case problem (1.7 - 1.9) has a nonzero solution if and only if

ut(a—7)vf(b—71) —v(a—T1)uf (b—1) =0,

that is,
2vp piL V2yp piL
Iril(erl(a—T) 2 K_%(p_’_l(b_T) 7))
2vp Pl V2yp pily
T (=) K L (- n) ) =0

Denote by 6,(k) the smallest positive root of the function
J_1 (Gk:)Y_%(G) - J_%(O)Y# (0k)

1 »
for p < 0 and the smallest positive root of the function

Lo (OR)K_2pes (0) = 1202 (0)K s (0F).

p}rl p+T
for p > 0. Then the best constant is defined by the equality
a—T ptl
(p+1)*05((5=F) =)
2[p| (b — 7)P+t

11

Note that 61 (k) is the smallest positive solution to the equation cot(1— k)0 = k#6;

0_s (k) is the smallest positive solution to the equation cot(1 — k)6

01 (k) satisfies the equation coth(1 — k)0 = 6.
The graphics of 8,(k) for some k are shown in Figure 3.

B

FIGURE 3. The graphics of 8,(k) and 7,

K22 -3

b

We have limy_.¢ 8,(k) = 1,. Now we give some estimate for the best constant 7.
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By (1.2), it follows that
5> 22p+1 Vp+1 '
B R T =R =l UR s

By (1.3), it follows that

2(p+1)

b= —(a—rypH for p <0,

=

and
2

(b—7)P(b—a)
1.4.a. The power function ¢(t) = (b—t)P, p > 0. Perform the change of variables
b—t=s, x(t) = y(s). Then (1.7) has the form (1.10). Boundary condition (1.9)
has the form y(0) = 0. From (1.12) it follows that c;uj (0) + cov; (0) = 0. From

boundary condition (1.8) and representation (1.11), it follows that cyu™ (b — a) +
cov(b — a) = 0. Therefore v; (0)u™ (b —a) —uy (0)v—(b—a) =0, that is,

5> for p > 0.

2 1 V2y P 2 1 V2vp P
cos( P2y T (V2P 4 o)) —sin(P v (YR (g — o)) — 0,
p+1 P p+1 p+1 P p+1
Denote by (, the smallest positive root of the function
2 1 2 1
cos( p_:—l W)Jﬁ (¢) — sin( 5:1 W)Yﬁ(()
(the graphic of ¢, is shown in Figure 4).
5] %
151
1_
054
o 2 4 B B 10 2 14

FIGURE 4. The graphic of ¢,

In this case the best constant is
(DG
Tp 2p(b — a)pt1’

In particular,

7.‘.2

NTm a2
Some approximate values of %, for b —a = 1 are given in Appendix 3, and the
graphic is shown in Figure 5.
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FIGURE 5. The graphic of %, in the case 1.4.a for b —a =1

Note that inequality (1.2) implies the lower estimate

2v/2p+ 1)(p+ 1)
(b —a)rtl

72

1.4.b. The power function ¢(t) = (7 —t)?, b < 7, p # 0. First let p < 0.
Perform the change of variables 7 —t = s, 2(t) = y(s). Then equation (1.7) has the
form (1.13). And from condition (1.8), (1.9) and representation (1.14), (1.15), we
obtain

ciut (1t —a) + vt (1 —a) =0,
couf (T —b) + covf (1 —b) = 0.
Thus problem (1.7) - (1.9) has a nonzero solution if and only if

ut(r — a)vf‘(T —b) — vt (1 — b)ui"('r —b) =0,

that is,
V=29p piL —29p il
Iﬁ( bl (t—a)2 )K72ppj~11( 1 (r—b)=2)
vV—2yp pi1 —2yp Bl
71*2;?11( p—|—1 (T*CL) 2 )Kpi-}—l( P+ (Tfa) 2 )*0

1
For p > 0 the change of variables t — 7 = s, (t) = y(s) reduce equation (1.7) to
(1.10). From conditions (1.8), (1.9) and representation (1.11), (1.12) we obtain the
conditions

cau (T —a)+cv (t—a)=0,

couy (T —b) 4+ covy (1 —0) =0.

Thus problem (1.7)-(1.9) has a nonzero solution if and only if
Y~ (7 — a)or (7 = b) — v~ (7 — a)ui (7 — b) = 0,
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that is,
T (2= @)Y (L2 — 1))
p}r1 p+1 T a 72::11 p—|—1 T
2 P V2 P
T (Y2 By (Y )y =,
1 o p+ 1 PH O p 41

Denote by 9, (k) the smallest positive root of the function
Lo (IR)K_spes (9) = Lo (D)K_y_ (k)

p+1

for p < 0, and the smallest positive root of the function

Tt (OR)Y _2ps (9) = J_ 2 ()Y o (9F)

p+T p+T
for p > 0. Then the best constant is
r—gyPEl
(P+1*03((=5) %)
2[p| (7 — b)PH!
In particular, ¥ _1 (k) is the smallest positive solution to the equation coth(k—1)d =

k¥, 9_s is the smallest positive solution to the equation coth(k — 1)d = sz,:q;rg

2|

The ‘)graphics of ¥, (k) for some k are shown in Figure 6.

o

8,%)

FIGURE 6. The graphic of 9, (k)

Let us get lower estimates for 7,. By (1.2), it follows that

. 2vp+1y2p+1

1 VRt Da— @+ -1+ (r—ap?
By (1.3), it follows that

2

CEDECED) forp <0 (1.17)

=

and
2(p+1)

(tr—a)ptl — (7 =0)

y > s} for p > 0.
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2. INTEGRO-DIFFERENTIAL INEQUALITIES WITH THE CONDITION z(b) = 0

Denote by W? the space of absolutely continuous functions x : [a,b] — R such
that ¢ € Ly and x(b) = 0. Suppose the function ¢ : [a,b] — R is measurable,
nonnegative on [a,b], and fab(b —1)g%(t)dt < oo. The proofs of all statements in
this section are similar to the proofs of the respective statements in section 1.

Lemma 2.1. Inequality (0.3) holds for all x € W? if and only if the zero function
is a solution to the variational problem

b
/ (&*(t) + vq(t)i(t)=(t)) dt — min,
x(b) = 0.

(2.1)

The substitution z(t) = —ftbz(s) ds reduces problem (2.1) to problem (0.5),
where K = 2Q%, and Q“ is the integral completely continuous operator with the
kernel
q(s) ifa<s<t<y,

q(t), ifa<t<s<hb.

Qa(ta S) = {

Theorem 2.1. Inequality (0.3) holds for all x € WP if and only if

- 2
V<A = o
Q]

Corollary 2.1. If
V2
20— () dt
then inequality (0.3) holds for all x € WP.
Corollary 2.2. If

S

2

esssup(g(£)(b — 1) + L a(s)ds)’

then inequality (0.3) holds for all x € WP.

v <

Corollary 2.3. If the function q is non-decreasing and

TS
[, a(t)dt
then inequality (0.3) holds for all x € WP,

Corollary 2.4. If
2

b — a) esssupy(q 4 ¢(t)’
then inequality (0.3) holds for all x € WP,

Theorem 2.2. Inequality (0.3) holds for all x € WP if and only if v <7, where ¥
equals to the smallest v > 0 such that the problem

0= 3( [ 1#66)ds - a0t
x(b)=0

WS(

(2.3)
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has a nonzero solution.

If g is absolutely continuous on [a, b], problem (2.3) can be written in the form

it) = —( / i(s)a(s)ds + ala)e(a)),
x(b) = 0.

Corollary 2.5. If the function q is absolutely continuous and
2

(b—a)g(a) + [, (b = 5)|d(s)|ds
then inequality (0.3) holds for all x € WP,

S

Theorem 2.3. Let the function q be absolutely continuous on [a,b]. Then inequa-
lity (0.3) holds for all x € WY if and only if v <7, where 7 is the smallest v > 0
such that the boundary value problem for the ordinary differential equation

#(t) + 2q(t)a(t) = 0, (2.4)
z(b) = 0, (2.5)
i(a) + S q(@)a(a) =

has a nonzero solution.
Now consider several cases when we can integrate equation (2.4) in explicit form.

2.1. The constant function ¢(t) = g. The general solution to the problem (2.4),
(2.5) is x(t) = ¢(b — t). Hence,

7= :
(b—a)q
2.2.a. The linear function ¢(t) = t — a. The general solution to the problem
(2.4), (2.5) is x(t) = csin \/Z (b —t). Hence,

7T2

T
2.2.b. The linear function ¢(t) = b —t. The general solution to the problem
(2.4), (2.5) is x(t) = csinh \/F (b — t). Hence,

__

5= 5.

(b—a)

2.2.c. The general linear function ¢(t) = k(b — t) + r. The general solu-
tion to the problem (2.4), (2.5) is z(t) = csinhq/%”(b —t)if k> 0 and z(t) =

esiny/—2(b—t) if k < 0. So,

202 T
7=—"" _  coth(v) = v(l+——"
Eial e G S

);

if k> 0; and
202 T
= —— = — 1 _—
] o) cot(v) (1 + k(b—a))’

if k& < 0, where v is the smallest positive solution to the respective equation.
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2.3.a. The power function ¢(t) = (b —t)?, p > —1, p # 0. Here we have

(p+1)%n;

Vp = W. (2.6)

ju,l

=+ = 1, where j, 1

1
2.3.b. The singular case ¢(t) = Pt As known, lim,_, o

is the first positive root of the Bessel function J,. Whence by the passage to the
limit as p — —1 from (2.6) we get ¥_; = %

2.3.c. The power case ¢(t) = (1 —t)P, b < 7, p # 0. Here as in 1.3.c. we have

(p+1)202((Z=2)"%")

T T —
2.4.a. The power function ¢(t) = (t — a)?, p > 0. Here we have
2,2
- (p+1)°¢,
2p(b — a)pt!

2.4.b. The power function ¢(t) = (t — 7)?, 7 < a, p # 0. Here we obtain
7\ Ptl
(p+ 105 ((2)"=)

a—T

2lpl(a — TPt

i:

3. INTEGRO-DIFFERENTIAL INEQUALITIES WITH z(a) = z(b) = 0

By W? denote the space of absolutely continuous function z : [a,b] — R such
that & € Ly and z(a) = z(b) = 0. Let the function ¢ : [a,b] — R be measurable,
nonnegative on [a, b] and

/b(t—a)(b—t)q2(t) dt < . (3.1)

Consider in the space W inequality

b b
[ #war=y [ awliwaw)a (3:2)

for v > 0. Following Beesack [2], we partition the interval [a,b] into the intervals
[a, ], [¢,b] and reduce inequality (3.2) to problems (1.1) on the interval [a, c] and
(2.1) on the interval [e, b].

Recall that for any ¢ € [a,b] by Q. we denote the integral operator in the space
Ls[a, c] with the kernel

q(t) fa<s<t<e,
Qult.s) =4
q(s) fa<t<s<g
by Q° we denote the integral operator in the space La[c, b] with the kernel

t) ifec<s<t<b,
Qs = 10 Hesssrs
q(s) ife<t<s<b.

By (3.1), the operators Q. and Q¢ are completely continuous. Since ||Q.| is
non-decreasing and continuous with respect to ¢, and ||Q¢|| is non-increasing and
continuous with respect to ¢, and moreover, [|Q.| = [|Q°|| = 0, it follows that
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there exists a point ¢ € (a,b) such that @ := ||Q.|| = ||Q°||. Note also that
Q = maxcefq,p) min([|Qcl], |Q°]]) = minceq 5 max([|Qcll, [Q°])-

Theorem 3.1. Inequality (3.2) holds for all x € W? if and only if

Y= 0
Proof. Let ¢ € (a,b) be a constant such that @ = ||Q.| = ||Q°||. Suppose inequality
(3.2) holds for all functions x € W? for some 7. Prove that either for all x € W,

[ #waez [ awliwaw) (33)
or b b
[ #wdr=y [ awliwaw)a (3.4)

for all z € WP, Suppose that there exist functions z, € Wy, xp € W? such that

[ < [ aw el

a

b b
/ (1) dt < / a(t) lin(t)a (1) dt.

Then if 2,(c) # 0 and zp(c) # 0, for the function

Talt) ift € [a,(]
w0 =0l
(0 ift € e, b],
the inequality
b b
/ P2t dt < 4 / o(t) (D)2 (t)] dt, (3.5)

holds. It’s a contradiction. If z,(c) = 0, then inequality (3.5) holds for the function
() = Za(t) ?ft € la, ],
0 if t € [e, ).
And, at last, if x(c) = 0, then inequality (3.5) holds for the function
0 if ¢
xp(t) ift € e, b].

So at least one of the inequalities (3.3), (3.4) holds. Then, by Theorems 1.1 and
2.1, either v < —HQZCH or v < —”56". Therefore, v < 7@“(“@?”7”@@“) =2/Q.

Suppose now that v < 2/Q. Then for any z € W by Theorem 1.1, we have

/C P2(t) dt > v/cq(t) @ (t)2(t)] dt,
and , ,
/ P2t dt > / o(t) (D) ()] dt

by Theorem 2.1. By summing these inequalities we obtain inequality (3.2). (]
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It follows from Theorem 3.1 that the best constant for problem (3.2) is defined by
equality ¥ = % = MiNee(q,p) Mmax(y,,7°) = mMaXe (q,b) min(%,,75¢), where 7, = ﬁ
is the best constant of problem (1.1) on the interval [a,c], and ¢ = HQ27€H is the
best constant of problem (2.1) on the interval [c, b].

The following statements are corollaries of Theorem 3.1. From Corollaries 1.1,
2.1, we get
Corollary 3.1. If

1
7§\/§max ,

c€la,b] \/min (fac(t — a)2(t) dt, fcb(b —1)g?(t) dt)

then inequality (3.2) holds for all x € WP.

From Corollaries 1.2, 2.2, we obtain
Corollary 3.2. Let s = esssup,¢(, (q(t)(t —a) + [ a(s)ds) and
s9 = essSuPye(ep (¢(1) (b — 1) + fct q(s)ds). If

2
< max —
7= c€la,b] min(s1, 82) ’

then inequality (3.2) holds for all z € WP.
From 3.2, it follows

Corollary 3.3. If an absolutely continuous function q is non-decreasing and

< max 2 5 )
c€la.bl min(g(c)(c — a), [, q(s) ds)

then inequality (3.2) holds for all z € WP.

Corollary 3.4. If an absolutely continuous function q is non-increasing and

2
< max = ,
= cela,b] min( [ q(s) ds, q(c)(b — c))

then inequality (3.2) holds for all x € WP.

Assuming ¢ = %(a + b) and using Corollaries 1.4, 2.4, we obtain

Corollary 3.5. If
4

(b —a)esssuper, 5 q(t)’
then inequality (3.2) holds for all z € WP.

7=

Consider some particular cases.

3.1. The constant function ¢(t) = ¢. It follows from 1.1 and 2.1 that 7, =
2 _ 75¢= —2_ Therefore,
(c—a)q (b—c)q

4
(b—a)q
(this constant was obtained by C. Olech [8] and Z. Opial [9].)

")/:



20 EVGENIY I. BRAVYI & SERGEY S. GUSARENKO EJDE-2004/04

3.2.a. The linear function ¢(t) =t — a. It follows from 1.2.a that 7, = (Czj’j)g,

where cothn; = ;. It follows from 2.2.c that 7°¢ = %7 where cot¢ = 7=2¢.

From here we have cot¢ =n; and

_ 2(m +arccotm)® 71786291
B e (R

262

3.2.b. The linear function ¢(t) = b — t. It follows from 1.2.c that 7, = T

2
where cot¢ = 2=¢¢. Tt follows from 1.2.c that 7° = 2j“ >, where cothn; = n;.
c—a (b—c)

Therefore, cot ¢ = 7, and
2(m + arccotn)®  7.1786291

BN 0 N S
3.3.a. The power function ¢(t) = (t—a)P, p > —1, p # 0. From 1.3.a, it follows
2 2 2,92 b—ay Bl
that 7, = ﬁ%' From 2.4.b, it follows that 7¢ = (pHQ)‘pT(PC(_(;;;Bl =), Then

the exact constant is equal to

(p+ 12y, (np))?
2lp|(b—a)ptt 7

W:

where 97! is the inverse function to ¥,.
In particular, for p = —% we have the exact estimate
292 2.91592138
36—a)% . (b—a)
where ¥ = coth(d — ) &~ 2.09138281; for p = —2 we have the exact estimate

_ 2092 __ 2.03152023
T B-af " (h-a)
where 30 coth(¥ — 7) = 92 + 3, ¥ ~ 3.90338337.
Some approximate values of 7 for b —a = 1 are given in Appendix. The graphic
is shown in , and the graph is shown in Figure 7.

7:

)

9

|

201

5 i T T T T T )
3t 1 2 at 4 3 pB

FIGURE 7. The graphic of the best constant in the case 3.3.a for
b—a=1
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By Corollary 3.1, we have

2555 (p 4 1)73#D 1 2 1
i P 14 P - e

> f S (7> for p— — 1y
T2 g orpF—g (T2 g forr=-3)

By Corollaries 3.3 and 3.4, we obtain

_ 2(p+2) .
vzi(b_a)ﬁp if p>0,
2 2)ptl

5> (p+2) if —1<p<O,

(b—a)Pt(p+1)r’

From estimates (1.16), (1.17), using Theorem 3.1, we obtain the estimate

(1 —4p)r*!

)
7= 2|6 — appt

for —1<p<-—1/2. (3.6)

Putting z(t) = (t — a)V?T% (b —t) in (3.2), we obtain the upper estimate

VI +5(VAp+5+p) (Vi +5+p+ (VAP +5+p+2)

+2+2/4p+5
8(p + 1)(17 + 2(1+p42+5)1+f+\/m)

S

3.3.b. The singular case ¢(t) = 1. Estimate (3.6) shows that for y < W

inequality (3.2) holds for all x € W? for p > —1. From here we can conclude that

b b
/a jﬂ(t)dtg%/ﬂ tia|j:(t)x(t)\dt

for all z € W?. The constant 3 is exact. Note that the best constants in the cases
1.3.b and 3.3.b coincide and do not depend on b — a.

3.4.a. The power function ¢(t) = (b —t)?, p > —1. It follows from 1.4.b that
292 b—ayBEtl 2 2
¥, = (p+12)‘p1‘9{’b(£’;)’;+1 : ). Using 2.3.a, we get 7¢ = %‘ Then the exact

constant equals

(p+ 1) (0 ' (1p))”
2lpl(b—a)ptt 7

i:

that is, 7 coincides with the constant from 3.3.a.

3.4.b. The singular case q(t) = ;5. Similarly 3.3.b we have

b b
/a:b2(t)dt2%/a bit|x'(t)x(t)|dt

for all x € W?.
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4. APPENDIX

4.1. Bessel functions for some half-integer indexes.

J_ 3(z) = -/ ZL(zsinz + cos 2), Y s(z) = \/ = L(zcosz —sin z),

J_1(2) = /2 cosz, Y_%(z):ﬁ/%sinz, J%(z):,/%sinz,

3
Yi(z) = - 2 cos z, J%(z):\/gi( zcosz + sin z),
Ya(z) = - 2 L(zsinz + cosz), Js(z) = \/gz%(fzz sin z — 3z cos z + 3sin z),
Ys(z) = 2 L (2% cosz — 3zsinz — 3cos z).
I_s(2) = %%(zsinhzfcoshz), K_s(2) = Tlem#(z+1),
I_1(2) = 2 cosh z, K_1(z =/5e 7,
I (z) = 2 sinh z, K%(z): 5-€ %,
I3(z) = 2 1(zcoshz —sinhz), K;(z)z\/%% (z—i—l)
I5(2) = /£ 2 (2*sinh 2 — 3z cosh z + 3sinh z), K =/ELe (22 +32+3).
4.2. Approximate best constants for some p in the case 1.3.a for b—a = 1.
2,2
Tp = (p;;) o pto.

p —-10 -099 -0.98 -097 -0.95 -0.90 —-0.85 —-0.8 —-0.75 —-0.7 —-0.6
5, 0.500 0.576 0.618 0.653 0.712 0.830 0.929 1.018 1.099 1.175 1.316

p -05 -045 -04 -035 -03 -0.25 -0.2 -0.15 -0.1 -0.05 O
¥p 1446 1.508 1.567 1.626 1.683 1.738 1.793 1.846 1.898 1.950 2.000

p 0 0.1 0.2 0.3 0.5 0.7 1 1.2 1.5 2 2.5 2.8
Yp 2 2.098 2194 2286 2.465 2.636 2.879 3.033 3.256 3.606 3.935 4.123

p 3 3.5 4 5 6 8 10 20 50 100 1000
v, 4.245 4.541 4.824 5.357 5.854 6.766 7.593 10.976 18.000 26.103 86.938

4.3. Approximate best constants for some p in the case 1.4.a for b—a = 1.

22
_ (p+1)%G
V= p#0.
P
p 0 0.1 0.2 0.5 1.0 2 3 4 5 7 10
v 2.000 2.299 2595 3.477 4.935 7.837 10.734 13.628 16.522 22.307 30.984

4.4. Approximate best constants for some p in the case 3.3.a for b—a = 1.

5o PED 0 )
2lp|

p —-1.0 -099 -097 -095 -0.90 -0.7 -0.5 -0.3 -0.1 0
7 0.500 0.5890 0.6943 0.7833 0.9826 1.69271 2.3657 3.0252 3.6766 4.0000
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p 0.1 0.3 0.5 1.0 1.5 2 3 4 5 10
7y 4.3211 4.9630 5.6003 7.7863 8.74181 10.293 13.368 16.415 19.443 34.396
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