Electronic Journal of Differential Equations, Vol. 2018 (2018), No. 29, pp. 1-24.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

SPECTRAL PROPERTIES OF FRACTIONAL
DIFFERENTIATION OPERATORS

MAKSIM V. KUKUSHKIN

Communicated by Ludmila S. Pulkina

ABSTRACT. We consider the fractional differentiation operators in a variety of
senses. We show that the strong accretive property is the common property of
fractional differentiation operators. Also we prove that the sectorial property
holds for operators second order with fractional derivative in lower terms,
we explore the location of spectrum and resolvent sets and show that the
generalized spectrum is discrete. We prove that there is two-sided estimate
for eigenvalues of real component of operators second order with fractional
derivative in lower terms.

1. INTRODUCTION

The term accretive applicable to a linear operator 7" acting in a Hilbert space H
was introduced by Friedrichs in the work [5], and means that the operator has the
following property: The numeric domain of values ©(T') (see [8, p.335]) is a subset
of the right half-plane i.e.

Re(Tu,u)g >0, weD(T).

Accepting a notation [9] we assume that € is convex domain of the n dimensional
Euclidean space E™, P is a fixed point of the boundary 99, Q(r, €) is an arbitrary
point of ; we denote by € as a unit vector having the direction from P to Q,
denote by r = |P — Q| as a Euclidean distance between points P and . We will
consider classes of Lebesgue L,(€2), 1 < p < oo complex valued functions. In polar
coordinates, the summability f on €2 of degree p means that

(&)
PdQ = Prr=ldr < 0o .
/Qlf(Q)l aQ /wdx/o F@Prdr < oo, (1.1)

where dy is the element of the solid angle the surface of a unit sphere in E® and w is
a surface of this sphere, d := d(€) is the length of segment of ray going from point P
in the direction € within the domain 2. Without lose of generality, we consider only
those directions of € for which the inner integral on the right side of equality
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exists and is finite, is well known that this is almost all directions. Notation Lip p,
0 < 1 <1 means the set of functions satisfying the Holder-Lipschitz condition

Lip p:= {p(Q) : [p(Q) — p(P)| < Mr*, P,Q € Q}.

The operator of fractional differentiation in the sense of Kipriyanov defined in [10]
by formal expression

Q) = moi ) /0 T [f(Q()T_ing 2 (;big)"*ldt +O @), Peon,

where O = (n —1)!/T(n — @), according to [10, Theorem 2] acting as follows

P

@a:Wl(Q)eLq(Q), Ip <n, O<a<l—%+g, p§q<n7pl. (1.2)

If in the condition ([1.2) we have the strict inequality ¢ > p, then for sufficiently
small § > 0 the next inequality holds

(e} K —V
1D fllL, @) < 67||f||Lp(Q) +6' ||f||L§,(sz)» (1.3)
where
n/l 1 a+ 0
= —(-—-- . 1.4
YT (p q) * l (14)

The constant K is independent of §, f, and point P € 93 is an arbitrarily small
fixed positive number. Further we assume that (0 < oo < 1). Using the terminology
of [20], the left-side, right-side classes of functions representable by the fractional
integral on the segment we will denote respectively by I¢, (Ly(a,b)), If* (Ly(a,b)),
1 < p < 0. Denote diam 2 = 0; C, C; are constants for ¢ € Ny. We use for inner
product of points P = (P, Pa,..., P,) and @ = (Q1,Qa2, ..., Q) which belong to
E" a contracted notations P -Q = P'Q; = >.i" | P,Q;. As usually D;u denotes
the generalized derivative of function u with respect to coordinate variable with
index 1 < i <n. We will assume that all functions has a zero extension outside of
Q. Symbols: D(L), R(L) denote respectively the domain of definition, and range of
values of operator L. Everywhere, if not stated otherwise we will use the notations
of [9], [10], [20]. Let us define the operators by the following integral constructions

r & o d 5
05.9@ = g [ LTS 05 Q= iy [ Ak
gELP(Q)a 1<p<oc

In this way was defined operators we will call respectively the left-sided, right-
sided operator of fractional integration in the direction. We introduce the classes
of functions representable by the fractional integral in the direction of &

364 (Lp) = {u: w(@) = (35,9)(Q), g € Lp(©), 1 < p < o0}, (1.5)
Ji-(Lp) = {u: w(@Q) = (35-9)(Q), g € Lp(), 1 <p < oo} (1.6)

We define the families of operators ¢F, ¢, ¢ > 0 as follows: D(¢1),D(¢7) C
L,(£2). In the left-side case

r—e f(P+é‘r)r"‘17f(P+é’t)t"_1dt’ e<r<d

+ _ 0 (r—t)yatipn—1 1.7
DO o S

« e T
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In the right-side case

_ frdJraWdt 0<r<d-e,
W= NQ) =1 0 )

a (670‘_(d7r)a)7 d—e<r<d.

Following [20, p.181] we define a truncated fractional derivative similarly the deriv-
ative in the sense of Marchaud, in the left-side case

1

(D04../)(Q) = mf(@)fa + m(l@f)(@)a (1.8)
in the right-side case
5N = Fra Q=) + T (02 NIQ).

Left-side and right-side fractional derivatives accordingly will be understood as a
limits in the sense of norm L,(2), 1 < p < oo of truncated fractional derivatives

©g+f = 1&% ”98+,sf7 @g_f = ll_ril) gg—,sf'
(Lp) (Lp)

We need several auxiliary propositions, which we will present in the next section.

2. RESULTS

We have the following theorem on the boundedness of operators fractional inte-
gration in a direction.

Theorem 2.1. Operators of fractional integration in the direction are bounded in
L,(2), 1 < p < oo, the following estimates holds

1965 ullL, @) < Cllulle, @ [1Td-ullz,@) < CllullL, @, € =2%/Ta+1). (2.1)

Proof. Let us prove the first estimate of (2.1]), the proof of the second estimate is
analogous. Using the generalized Minkowski inequality, we have

190+ ullL, @) = /’/ le;kltez E d’ dQ)
[ 2 et
Iﬁ@(L(AaM71;a|> Qy@

ﬁ / et /Q 9(@-rora)

L ||uH
D(a+ 1) T

IN

IN

IN

O

Theorem 2.2. Assume f € L,(Q) and exists lim._,o ¢t f or lim._o97 f in the
sense of norm Ly(§2), 1 < p < co. Then respectively f € 3§, (Ly) or f € TIG_(Ly).
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Proof. Let f € L,(Q) and 1im(g_,0) Yt f =1. Consider the function
LP

#DQ) = ray (2 e N@).

@)

Note , we can easily see that ¢ f € L,(Q2). From fundamental property family
of functlons {pF [} follows, that there is exists a limit ¢f f — ¢ € L, (). In con-
sequence of proved in theorem continuous property of operator J§, in the space
L,(§2), for completing this theorem sufficient to show that lim. o (z,) 5ol f=1.
For ¢ <r < d, we have

nfl
Ofet NQE—
n—l—o
" f( P+y€)y1 "y
y—e n—1 _ n—1
+a/( )a 1dy/0 f(P+yé)y(yt)({+(1P+téjt dt

1 /[c o
+;a/ f(P+ye)(r—y)* 'y "y =1.
0

After conversion in the second summand, we have

1" o
=2 [ 5P+ va -9y
0
r y—e
—Oé/ (,,,_y)a—ldy/ f(P"_té) tn_ldt.
€ 0

(v=1

(2.2)

Making a change variable in the second integral, changing the order of integration
and going back to the previous variable, we obtain

y—e P
Oé/ _ a 1d / f_+té>tn_1dt

a+1

ey, [P AP
/O<y)dy/0( "t

y+e—t)otl

T—€ r—¢ o ~\a—1
—a / F(P + 1)t / r—y=o
0 t

(y +e—t)att

(2.3)

:a/o R B e R

t+e

Applying [20, (13.18) p.184] we have

/ B T e F VL B Gl ) (2.4)

tte Qe r—t
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Rewrite (2.2) taking into account the relations (2.3), (2.4)), after that make change
a variable t = r — e7, we obtain

@0t QT —

Tx{ /0 FP+ye)(r—y)*~y"dy

rn—l

€
T f(PAtE)(r—t—e)
e s
_ / f(P+te)[(r—t)*—(r—t—e)s ]t” Ly
N r—t
T/E a T —
:/ ﬁf(P"F[T—ET]é»)(T—ET)n Yar,
0 T
where 7, = Z)—’ :ig’

Consider the auxiliary function K defined in [20, p.105] and having the next
properties

sinam t§ — (t —1)¢

K(t) = t e L,(RY), /OO Kt)ydt=1, K@) >0. (2.6)
0

T t

From (2.5)), (2.6)), since f has a zero extension outside of €2, we have

(I35 Q) - F(Q) = / KO{f(P+[r—etle)(1—et/r){7! = f(P+ré)}dt. (2.7)
0
If 0 <r < g, then in accordance with (1.7 after the changing a variable, we obtain

(3042 f)(Q) f(Q)

_ sinam f(P+te) t . ,._
T e /0 (r—t)l—« (rb 9) i - 1@) (2.8)
in r f P + —t —t n—
- Sws(fr 0 : tl[f”‘ 9 (T r ) dt - (@),
Consider the domains
Q. ={QeN:de)>e}, Q_.=0\Q.. (2.9)

Accordingly with this definition we can divide the surface w into two parts w’ and
W', where w’ is the subset of w for which d(€) > €, w” is the subset of w for which
d(€) < e. Taking into account , (2.8)), we obtain

||(jg+902_f) - f”zzp(g)
dx | HIF(Q —eté)(1 —et/r) " — f(Q)]dt’pr”*dr

smom/ F(P+] r—t]é)( . )n_ldt—f(Q)‘an_ldr (2.10)

TEN

smcwr/ fP+ T—t]a(

TEN

- Q)
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Consider I;; using the generalized Minkovski’s inequality we obtain

0 d
L’ S/O ’C(t)(//dx/ 11(Q — et&) (1 —et/r)i " — F(Q)[Pr""dr) P at.

Let us introduce the notation

d 1/
k([ ax [ 1@ -t/ - s@pr ) i = nie.o),
we have the inequality
h(e,8)] < 2K flln, @) Ve > 0. (2.11)
Note that

d 1/p
nen) < ( / dx / (= et/r)i (@ — td) — Qs ar)

d /p
+(//dx/0 |f(Q)[1—(1—at/r)1—1]|pr"—1dr)1 dt
= Iy + 1.

In consequence of property continuity on average in space L, (), for all fixed
0 <t < oo, we have I;; — 0, ¢ — 0. Consider Iy2, it is obvious that for all fixed
0 < t < oo, almost everywhere in {2 the following relations holds

hi(e,t,r) = |f J1—(1—et/r)} 1]|<|f( )|, hi(e, t,r) — 0, €—0.

Applying the majorant theorem of Lebesgue we obtain I;5 — 0, as ¢ — 0. It implies
that for all fixed 0 < t < oo, we have

liH(l) h(e,t) =0. (2.12)

E—

Note (2.11)), (2.12)), again by applying majorant theorem of Lebesgue, we obtain
I, -0, ase—0.

Using Mincovski’s inequality we can estimate I,

—té) r—t
tl a

/w dx /0 |f<Q>\Pr"—1dr) — Lo+ I,

Applying the generalized Mincovski’s inequality, we obtain

T
I

[i/r < Shom 2 ) dt’pr”*dr) v

sin lo%is
- té’) r—t 1/p

tla

50‘ )n ld’ " ld)
< e—a{/w/ / >~ 1 / 1£(Q _t-*)|p )(p D(n— 1)( —t)n_ldr>1/pdtrdx}l/p
Si{ / / o / \f(PJr[7"*t]é’)|p(7’*t)"’ldrf/pdtrdx}l/p

R A A e O R

1
= a||f||L,,(A5)a
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where A, := {Q € Q, r <e}. Note that meas A, — 0, ¢ — 0, hence Iy, [oo — 0.
It implies that Is — 0. Applying analogous reasoning we can get that Is — 0,
e — 0. According to the note given above we came to conclusion that J§, ¢ f — f
in L,. From the remark at the beginning of this proof, we complete the proof
corresponding to the left-side case. The proof for the right-side case is analogous.
We have to show that lim. .o J§_¢_ f = f in the sense of L,-norm, for this purpose
we must repeating the previous reasoning with minor technical differences. O

Theorem 2.3. Let f = 3§, ¢ or f = 37 ¢, ¢ € Lp(Q), 1 < p < oo. Then,
respectively, Dg, f = or Dg_f =1, in the sense of norm L.

Proof. Consider the difference
e 1f(Q (r—7)""'f(Q — 7€)

— te 1 1 " —le n—1
/ e = aﬂ —Ondt - IN(Y) /T Eﬁ(QT)lt?‘ ot
=t [Cu@ - @k - 0 at, kit

1 e 0<t<l;
S D) [t — (-1t > 1.

Hence with the assumptions ¢ < r < d, we have

wep@= [T 0,

:/TT_QdT/rw(Q—té')k(é)(l /)t
€ 0

= /Tz/}(Q —te)(1L—t/r)" 'dt /rk(ﬁ)T—QdT

/ P(Q —te)(1 —t/r)" 1t~ ldt//ek(s)ds.

T

Applying [20, (6.12) p.106], we obtain

WENQ i = [ Q= -y (e - T ar

S r r

since in accordance with (2.6) we have
t ot
K(=) =T = a)T(e)] ()",
r T
it follows that
f(Q)
(1 —a)re’

Since the function 1(Q) extended by zero outside of 2, then if we note (1.8)),(2.6)),
we obtain

(D04,N(Q) —v(Q) = /OOO KO(Q —eté)(1 —et/r)i™" — p(Q)ldt,

a r/e
W@ rl-a) /0 Kt)p(Q — ete) (1 —et/r)" 'dt —
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for e <r < d. For values r such that 0 <r < e by ([L.7), we have

(5,.-0)(@) - ¥(Q) = 25~ vl

Using generalized Mincovski’s inequality, we can get the estimate
Mg&@ﬂ@)—me%m>§A Kt)[|14(Q —ete)(1 —et/r)i™" = p(Q)|, o) dt

1
T m”f”Lp(A;) + 1YL, an);

where AL = A, UQ_.. Note that as it shown for the right side of ([2.10)), we can
conclude that all tree summands of the right side of last inequality tends to zero as
e —0. (]

Theorem 2.4. Let p € Lip\, « < A <1, f € H}(Q), then pf € T§, (L2)NTG_(Lo).

Proof. We provide a proof only for the left-side case, because the proof correspond-
ing to the right-side case is analogous. Suppose that all functions have a zero
extension outside of . At first assume f € C§°(€2) and in terms of notations
let us consider domains ' = Q.,, Q" = Q_.,, we have

ot f = vd fllia) < 02— o2 flleany + 1024 f = o2 fllna@n- (2.13)
Denote: p(P + ét)t" ! = o(P + ét) and consider

o f—d flliaon
< ( / » /d /* N (NP4 ) 47 1)

) Tnfl(r _ t)a+1
+ (/ dx/

[ @,
_ /Tz32 (cf)(Q) — (o f)(P +ét) dtf?””*dr) 1/2
0

Tn_l(’)" _ t)a+1
’I“n_l(’l“ _ t)a+1

([ /0 /0 @,

Tnfl (T’ _ t)a+l

_/P52 (e )(Q) dt’2rn—1dTBZ-g)l/2
0

7’”71(7’ _ t)aJrl
=11 + I + Is.

Note since f € C§°(£), then for sufficient small ¢; : f(Q) = 0, r < ;. This
implies that Is + Is = 0 and also implies that second summand of (2.13]) equals
zero. Making the change of variable in I, we have

e (f o (] [ DL DO )

Using the generalized Minkowski’s inequality we obtain

e [Cen ([ fon@ - a-rene -

€1 d
e
€2 w’ €1

2 1/2
r"_ldr) dt

(PHQ) — (pf)(Q — ét) 27‘”_1(17")1/ gt
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e[ (faf 1= =t/ oD@ - e tar) ar

€1
gCl/ A

+/ ) dX/: \1§_§ O ori@ - r

In consequence of the boundendedness property of function f, exists constant 0
such that f(Q — ét) = 0, r < §. Finally we have the estimate

S ) + W g e - )

1/2
"_1dr> dt.

I <

™

1 €9

By theorem [2.1| we have the inclusion pf € 3§, (L2), f € C5°(Q).

Let f € H}(Q), then there exists a sequence {f,} C C5(Q), pfn Lo, of. Ac-
cording to the part proved above, we have pf, = 3§, on, {¢n} € L2(Q), therefore,

o L
369 == pf- (2.14)

We will show that exists ¢ € Lo(2) such that ¢, L2, . Note, that by theorem
we have ©§, pfn = ¢n. Thus introducing the notation frim — fn = Cnm, We
obtain

oCnm)(Q) — (0Cnm)(P+ét) |2 1/2
lonsm = enlle < gy /‘/ Pt — ot dt’ dQ)

PCnm)( 2
+F(1—a) /Q‘ ro ’dQ) =L+l

Let us estimate I,

(o), (Do) (Q) = (Peam) (Q — 1) 12 12
/‘/ e dt dQ}
Crnm)(Q — )1 — (1 —t/r)n1) 1/2
‘ (pen, )1[ -t/ ‘ 1)
Q 0 tl+a
2101+102~

Now we consider Iy;. It is obvious that

In < (Sgup Ip(Q )|{/ (/T — taCZlm(Q — 5t)|dt)2dQ}1/2

(][ = D@ )
= I11 + Io1.

Applying the generalized Minkowski’s inequality, and representing the function un-
der the integral by the derivative in the direction of €, we obtain

I, <Cy /OD e </Q |en.m(Q) = enm(Q = é’t)’QdQ) 1/2dt

-0 /OD tal(/ﬂ‘/ot c;L,m(Q—éf)drrdQ)lmdt.
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Using the Cauchy-Schwarz inequality, and Fubini’s theorem, we have

0 1/2
Iugcl/t*al /dQ/ |y (@ — &) dT/ dT) dt
OD i
:Cl/ t—a—1/2 / dT/ |C;L,m(Q_€T)’ dQ) dt
0 0 Q

lea ,
< Cig— - ¢ mllLo)-

Using Holder’s property of function p analogously to the previous reasoning, we
have the following estimate

A—«

||Cn 7n||L2

121<M/ Ao 1 /|cnm —a))? dQBzg)l/Zdt<M)\

Applying trivial estimates, we have

n—2

Iop < 01{/Q | /0 eam(@— )] S (;)ir—lt—“dt‘de}l/Q
1=0

<o || /0 enn(@ - o at] aQ)

o [([ o [ Jei@-en]ir)'s a0}
/ ( / (@~ &) dr /0 “rreantaQ)

17@ / /!cnm —eT‘(r) ~%drBig) dQ} 2

1_a /ﬂ /fcnm - |*adr)2dQ}1/2.

Using the generalized Minkowski’s inequality, we have

0 11—«
—a S \2 0
Ipz < Cs/ T dT(/ |¢h.m (Q — €T)]| dQ) < Csq ||CanL2(Q)
0 0

Consider I, representing the function under the integral by the derivative in the

direction of €,
1
2 72a 2
IQ S 41_‘ / |Cn m dQ)
— Cl —2a " / ’

< s 1_a /‘/ & —ett_"‘dt’dQ)l/Q.

Using the generalized Minkowski’s inequality, then applying obvious estimates we

have
nea [[[rea( [ i a@-apeta) o)
w 0 t
< 04{/ [/D t_adt(/d |Crm (@ — €t)|2r"_1dr> 1/2rdx}1/2
w 0 0

IN

IA
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0 d 1/2
:04/ tfadt</dx/ |c;1m(Qf€t)|2r”71dr>
0 w 0 '

et

0
§C4

ch m||L2 (£2)-

From the fundamental property of the sequences {c, m}, {c}, ,}, it follows that
I;,I5 — 0. Hence the sequence {¢,} is fundamental and in consequence of com-
pleteness property of the space Lo(Q2) there is a limit of sequence {®,}, a some
function ¢ € Ly(€2). In consequence of theorem the operator of fractional
integration in the direction is boundary acting in the space Lo(£2), hence

~O L2 ~O
Jo+pn — Joy -

Since ([2.14)) holds, we have pf = J§ . O
Lemma 2.5. The operator < is a contraction of operator Df . , exactly D C Df,

Proof. We show that the equality holds

0
D N)(Q) = (DG N)Q), W) (). (2.15)
It follows from the next obvious conversions:
rn—lgav
_a [u(@-v(Pté) ) nl-a
“Ti—a) /0 operr A @
B ! T ly(Q) — " lu(P + ét)
S T(1-a) /0 r—t)otl dt
o Topnml _gn—l (n—1)! o
- U(Q)F(l —) /0 T dt + T = a)v(Q)r ' (2.16)
n— Oé’U(Q) =2 n—=2—i r tz
= (D" ) (Q) - T o) ;r 2 /0 ot
('fl — 1)' n—1l—a 1 n—1l—«
o @ T pa @

= ( ngtn_lU)(Q) — Il -+ .[2 - 13.

Let us conduct the following conversions using the formula of fractional integration
of the exponential function [20] (2.44) p.47]

_ OZ’U(Q) rn—2 " 1 n 2—1
Il_F(l—a) /0 (r—t) l—a
= v(@)ﬁr"*—a +u(Qn Z ) ()

7!
:v(Q)ir(z_a)r Zr —1- e ot
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Consequently
s B 1 n-2 il
re (T 4 I3) /0(Q) = Te—a) @ £ T2~ a+1)
2 il
— + [e%
I'(3—a) ; I'(2-a+i) (2.17)
31 = i
“Tl—a) (“XT2_ati
(n—2)! (n—2)!  (n-1)!

CT(n—1-a) aF(n—a) CT(n—a)

Hence Iy — I) — Is = 0, and equality (2.15) follows from (2.16)),(2.17). The proof
of the fact of difference the operators ®¢ and g, implies from the following

reasoning. Let f € J§, ¢, ¢ € L,(2), then in consequence of theorem we have
D6, 36,9 = ¢. Hence 3§, (L,) C D(DF,). Given the above remains to note that
there exists f € 3§, (L), such that

f(A)#0, A C O, measA #0,

at the same time

F0Q) =0, VfeD®D).

Lemma 2.6. The following equality holds
D5, =09,
where
D(®5,) = 354 (L2), D(Dg-) = TG (L2)-
Proof. We show the next relation
(D019 L20) = ([ DG_9) 12(2) (2.18)
f €354 (L2), g € Tg_(L2).

Note that as a consequence of theorem [2.3] ﬂ the next equalities holds: DF, J§, ¢ =
p € La(Q), D735 ¢ = ¢ € Ly(Q). Given the above and in consequence of
theorem we obtain that the left and right side of exist and are finite.
Using the Fubini’s theorem we can perform the following conversions

d
(D041 9)L2(0) Z/dx/ ¢<P+€T)mrn_ldr

L 67” n 1 r @

" T /dX/ (P+e@ ! / e (2.19)
_ L n—1 M n—1

o /dX/wP—i—tt dt/o (t—r)lo‘(t) dr
- /Q (36.2)(Q) W@ dQ = (f,D5_g) 1,0)-

Inequality (2.18) is proved. From equality (2.18) follows that D(D%_) C D(D§, ).
Since R(DG_) = Lo, then R(D§,) = L. We will show that D(Dg,) C D(@a )
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thus completing the proof. In accordance with the definition of conjugate operator,
for all element f € D(Dg,) and pars of elements g € D(Dg, ), g* € R(Dg, ), the
integral equality holds

(D0 f,9) o) = (f,9 ) Lo

Suppose f = J§, ¢, ¢ € Ly(Q2). Using the Fubini’s theorem and performing the
conversion similar to (2.19)), we have

(D0+f,9=33-9") Lo = 0.
By theorem the image of operator Df coincides with the space Ly (). Hence
the element (g — J5_g*) € Ly equals zero. It implies that D(D§,) C D(®5_). O
3. STRONG ACCRETIVENESS PROPERTY

The following theorem establishes the strong accretive property (see [8, p. 352])
for the operator of fractional differentiation in the sense of Kipriyanov acting in the
complex weight space of Lebesgue summable with squared functions.

Theorem 3.1. Letn > 2, p(Q) is non-negative real function in class Lip u, p > c.
Then for the operator of fractional differentiation in the sense of Kipriyanov the
inequality of a strong accretiveness holds

1
Re(f, D) rae = 351y £ € HS). (3.1)

Proof. First we assume that f is real. For f € C§°(2) consider the following
difference in which the second summand exists due to theorem

PQIQD1)(Q) ~ 5(0°pf)(@)

__ « "pQUf(P+er) — f(P+et) tin
T 20(1—a) /0 (r — t)o+1 (;)

o)

dt

p(Q)IF(Q)Pr~=dr > 0.

Therefore,

PQIQ® Q) > 1 (2°p)(Q). (32)

Integrating the left and right sides of inequality (3.2]), then using a Fubini’s theorem
we obtain

/f (D )(@Q)p(Q)rdr

> /0 (D% pf2)(Q)r™Ldr
o /d et /d ()@ ~ (pf)(P+et)
0 t

C (1 - «) (r —t)ott
()
A

ci

d
-1 [@ror@ra+ G [ @
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1 ¢ n—1 —« .
g | @ = =

Let us rewrite the first summand of the last sum using the formula of fractional
integration of exponential function [20] (2.44) p.47], we obtain

(n—1)! gn—1-a

d d r
a 2 n—1 _ a 2 r .
/0 ( d—pf )(Q)T dr = F(TL . a)r(a) /0 ( d—pf )(Q)d /O (7" . t)l_a dt

Note that by theorems and we have pf? = 3¢ (D% _pf?). Using Fubini’s
theorem, we obtain

(n—1)! d o T ogn-l-a
et Jy (5@ || Gt
— 1) [
= r(?n _ ;) /O [35_(DF_pf)] (P + ety —dt
=Cf / o@rir,
" 0
Therefore,
¢ n— —« o ¢ n—
I= s [, @ a =i > i @
Finally for any direction €, we obtain the inequality
4@ a n—1 - “® 2 n—1
/0 @@ NQp(Qrdr = gei— /0 (f)(Q)r"dr.

Integrating the left and right sides of the last inequality we obtain
« 1 o0 «
([,2% ) Lap) 2 prII%Q(Q,p)» feCE(@Q), M=20(1-ap"  (3.3)

1
Suppose that f € Hg(2). There is a sequence {fr} € C§°(2) such that fy =z, I

The conditions imposed on the weight function p implies the equivalence of norms

Lo(Q) and Lo(Q, p), hence fi L2(hp) f. Using the smoothness of weight function

p, the embedding of spaces L,(€2), p > 1, and the inequality (1.3)), we obtain the
estimate

H@af”%(ﬂvp) < ClHQQfHLq(Q) < CQHf”?—Ié(Q)a
LQ(Q’p)

where 2 < ¢ < 2n/(2a —2+n), C; > 0, (i = 1,2). Therefore D*f, — Df.
Hence from the continuity properties of the inner product in the Hilbert space, we
obtain

([ D% fr) Lo,p) — (D% f) La(2,0)-
Passing to the limit in the left and right side of inequality , we obtain the
inequality in the real case.
Now consider the case when f is complex-valued. Note that
Re<f7 gaf>L2(Q,p) = <uv Dau>L2(Q,p) + <Uv CDOLU>L2(Q,p)a (34)
u=Ref,v=1Imf.

Obviously inequality (3.1)) follows from relations (3.3)) and (3.4)). |



EJDE-2018/29 FRACTIONAL DIFFERENTIATION OPERATORS 15

4. SECTORIAL PROPERTY

Consider a uniformly elliptic operator with real-valued coefficients and fractional
derivative in the sense of Kipriyanov in lower terms, defined by the expression

Lu:= —Dj(a" Dju) + p®°u, (i,j=1,n),
D(L) = H*() N Hy (%),
a(Q) € CHQ), a&&; > aglé?, ap >0, (4.1)
p(Q) >0, p(Q) €Llipp, (O<a<uy). (4.2)
We also will consider the formal conjugate operator
LYu:=—D;(a Dju) + ®§_pu, D(L")=D(L),
and the operator
H= %(L +LT).

We will use the special case of the Green’s formula

— | D;j(aYDiu)vdQ = / aDiuDjvdQ, ue H*(Q), ve HyQ).
Q Q

The following Lemma establishes a property of the closure of operator L.

Lemma 4.1. The operators L, LT, H have closure L, L™, H, the domains of defi-
nition of this operators is included in Hg(£2).

Proof. At first consider operator L. For a function f € D(L) using the Green’s
formula, we have with the notations (3.5))

- [ Dyt DinaQ = [ aDisD,5aQ
Q Q
= / a"(D;uDju + DyvD;v)dQ (4.3)
Q
+ z/ a"(D;vDju — DiuD;v)dQ.
Q
Applying condition (4.1)), we obtain
Re(a” D, f, D;f)r, ) = (a™ Dyu, Dju)r, ) + (@ Dyv, Djv) 1, )
> ao(HUHQL;(Q) + ||U||i;(9)) (4.4)
= aOHf“i%(Q)) fe Hy(Q).
From (4.3)), (4.4)) it follows that
— Re(D;[a Dif], f) o) = ao |f\|%;(g)’ feD(L). (4.5)

Choose an arbitrary € > 0. From (4.5]), theorem (4.2), using a Jung’s inequality
it is easy to show that for sequence {f,,} C D(L), the next two-sided estimate holds

CillfallZaay + CallfallZaia) < 2 Re(fa, Lfn)ra(a)

1 ) ) (4.6)
< gHLanLZ(Q) + €||fn||L2(Q)a
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where C; > 0, ¢ = 1,2. In consequence of [8, theorem 3.4 p. 337], from lower
estimate , follows that operator L has a closure. Let u € D(E), then by defini-
tion, exists a sequence {f,} C D(L) such as that f, Lz, f, {Lfn} is fundamental
sequence in the sense of the norm Lo(£2). Hence the inequality implies that
a sequence {f,} is fundamental in the sense of the norm H}(Q2). In consequence
of the completeness property of the space Hg (), we have u € H}(2). The proof
corresponding to the case of operator L completed. For proving this result for the
case of operators LT, H we must note that

(Lf, D)) = (L. LT o), Re(Lf, o) = (HS\ f)ia),
f,9 € D(L),

and then repeat the previous proof using this remark. O

(4.7)

We have the following theorem describing the spectral properties of the closed
operator L.

Theorem 4.2. Operators L, L* is strongly accretive, the numerical range of values
belongs to the sector

6 :={CeC:arg(¢—)| <0},
where 0 and v defined by the coefficients of operator L.

Proof. Consider operator L. Applying estimate (4.5) we can get the inequality

Re<fnvan>L2(Q) > aO”ani;(Q) + Re<fn7©afn>L2(Q’P)7 {fn} - D(L)' (4'8)

Assume f € D(L). Note that exists sequence f, - f, {fn} € D(L) and in

consequences of lemma f € HL(Q). Using the continuity property of the inner
product and passing to the limit in the left and right side of inequality (4.8]), we
obtain

Re(f, Lf)Lo(@) = aoll 71 0) + Re(f, D% frap, fEDL).  (4.9)
By theorem we can rewrite the previous inequality in the form
- 1 -
Re(f, Lf)r,) = ao”f”%;(sz) + ﬁHfHQLz(Q,p)a feD(L). (4.10)

Applying the inequality of Friedrichs - Poincare to the first summand of the right
side (4.10]), we will get the inequality of a strong accretiveness for operator L,

N 1 - B .
Re(f, Lf)L.0) 2 EHfH%Q(Q)v feD(L), p*=ao+A 2&% Ip(Q)]- (4.11)

Consider imaginary component of the form generated by the operator L. For f €
D(L) we obtain

[ Im(f, Lf) L, < ‘/(aijDiuDjv — aijDiiju)dQ‘
Q

N o 4.12
+ ’(u,@ V) L) — (U, D U>L2(Q7P)| *12)

=1+ L.
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Using the Cauchy-Schwarz inequality for a sum, then the Jung’s inequality, we have

. 1
a’ DiuDjv < a(Q)|Dul|Dv| < §a(Q)(\Du|2 + | Dv]?),

o@ = (3 las@p)”

ij=1

(4.13)

Hence

1 < aullf25 0y a1 = sup [a(@)].
QEN
Applying inequality (1.3, and Jung’s inequality, we obtain

|<ua©av>L2(Qyp)|
K —v
< Cllully @) 9%l L, ) < C||U||L2(sz){57|\U||L2(sz) +4 ||UHL;(Q)} (4.14)

KC |2 € _y
W) [v]17, (@) + 5(051 )2||U||%5(Q)7
2n

2<g<

1
< g”UH%?(Q) +e(
q—2
— (C= Q) a . 4.15
= (meas 2) 7 (Sgté%p(Q) (4.15)
Hence
I

IN

|<ua®av>L2(Q7p)| + |<U7©au>L2(Q,p)|
1 KC |2
g(”uHQLQ(Q) + ||U||2LZ(Q)) + E(W) (||u||2L2(Q) + ||U||%2(Q))

IN

€ 1—1\2 2 2 (4.16)
+ 5(05 ) (lullzy o) + vz o)

o 1 o
= (5(5 oL+ g)”f”ZLQ(Q) +e6%7? CQHfH%%(Q)'

Using (4.16)), (4.12)) and applying a reasoning, analogous to the one in the proof of
(4.9), we have the estimate

| Tm(f, Ef>L2(Q)|
< (€57 Cy+ DI @) + (87 Co )|y f € DIE).
Thus in consequence of for arbitrary k > 0, the next inequality holds
Re(f, Lf) o) = kI Tm(f, L) ()]

L 1 o 1
> (ao — k[e6*"Cy + alDHfHQL;(Q) + (E — k[e67*C1 + g])”fH%z(Qy
Choose k = ag(e6272"Cy + a;) ™1, we obtain

[(f, (F = 1)) oo < 3 RelF, (F =) oo,

1 1
"Y = 72 - k[€672l/01 + 7].
I €

(4.17)
The last inequality implies that the numerical range of values @(i) belongs to
the sector with top in v and half-angle § = arctan(1/k). The prove for the case
corresponding to the operator L™ is obvious if we note the first relation (4.7). O



18 M. V. KUKUSHKIN EJDE-2018/29

We will not research detailed conditions for the coefficients of operator L under
which v > 0 holds, just we note that it follows from the second relation of ,
that can be easy formulated. In further reasoning , we assume that the coefficients
0, ¢ of the operator L are chosen according to the second relation of so that
v > 0.

Theorem 4.3. The operators L, LT, H are m-sectorial, and operator H is self-
adjoint.

Proof. Let us prove the theorem for the case corresponding to the operator L. By
theorem we know that the operator L is sectorial i.e. the numerical range of
values of L belongs to the sector &. By [8, Theorem 3.2 p. 336] we arrive to the
conclusion that R(L — ¢) is a closed space for any ¢ € C\ & and the next relation
holds

def(L — ¢) = p, p = const. (4.18)
Since holds, then on the subspace R(i + (), Re¢ > 0 defined the inverse
operator. Accordingly condition [8, (3.38) p.350], we need to show that

def(L+¢) =0, [(L+¢) 7' < (Re¢)™!, Rel>0. (4.19)

Let us prove the first relation of (4.19). Suppose that the parameters: ¢,¢ are
chosen from the second relation (4.17) so that v > 0. Hence, the left half-plane has

included in to the complement of the sector & in the complex plain.
Let (o € C\ &, Re(y < 0. In consequence of inequality (4.11)), we have

Re(f, (L - O f) Lo = (1% —Re C)”f”%Q(Q)- (4.20)

Since the operator L — ¢ has a closed range of values R(L — (o), it follows that
Ly =R(L—¢o) @ R(L — o)™
Note that intersection of sets C$°(€2) and R(L—(p)* is empty, because if we assume
otherwise, then applying inequality (&.20) for any element u € C§°(Q2)NR(L— (o)t
we obtain )
(1% = ReCo)lullz, () < Re(u, (L — Go)u) () = 0,
hence u = 0. Thus intersection of sets Cg°(Q) and R(L — (o) is empty, it implies
that )
(9.V) 150 =0, VgeR(L—{)b, Yo e CF(Q).

Since C§°(€2) is dense set in L(£2), it follows that R(L — ¢o)* =0. Tt implies that
def(L—(p) = 0 and if we note (4.18)) we arrive to the conclusion that def(L—¢) =0,
¢ € C\ &. Hence def(L 4 ¢) = 0, Re¢ > 0 and proof the first relation of (4.19)) is

complete.
For proving the second relation (4.19) we note that

(W 2+ Re()”f”iz(m < Re(f,(L+ O f)ra@) < Hf||L2(Q)H(E + Ollzs)>
feD(L), Re(>0.
Using the first relation of we have
I+l < (02 +Re Q) Mgl a0 < (ReQ) M Il ) 9 € La(9).
This implies
L+~ < (Re ()™, Re¢>0.
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The proof of the case corresponding to L is complete. The proof for the case
corresponding to LY is analogous if we note the first relation of (4.7).
Consider operator H. Obviously that H is symmetric operator. Hence the

numerical range of values of operator H belongs to the real axis. Note (4.7),(4.8]),
using H-convergence and passing to the limit, analogously way of obtaining (4.11])

we can get the inequality
~ 1
([LHf) o) > ?HfH%Q(Q)-
Reasoning as in the proof corresponding to ~the case of operator L and applying 8,
Theorem 3.2 p.336], we conclude that def(H — ¢) =0, Im¢ # 0 and
def(H+¢) =0, [[(H+¢ < (Re¢)™, Rel>0.

The last relations implies that operator H is m-accretive. as well as sectorial,
then m-sectorial. In consequence of [8 Theorem 3.16 p.340] operator H is self-
adjoint. [l

5. MAIN THEOREMS

Further reasoning would require the use of theory sesquilinear sectorial forms.
If not stated, otherwise, we use the definitions and notation from [§]. Consider the
forms

tlu, v) :/aijD,-umdQ—F/p’DauﬁdQ, u,v € Hy(Q),
Q Q

t*u, v] = tlv,u] = / aiijumdQ+/ up D*vdQ,
Q Q
1

Lemma 5.1. The form t is a closed sectorial form, moreover t = ;, where

flu,v] = (Lu,v)r,, wu,v e D(L).
Proof. At first we will prove that the following two-sided inequality holds

Colf % < A1 < Cill %, f € HY(Q). (5.1)
Note that from (4.4]), theorem , we obtain a lower estimate (5.1
Coll T <Ret[f] < [t[fll. f € Hy(Q). (5.2)

Applying (4.13)),(4.14), we obtain the upper estimate (5.1),

t1f1l < [(@"Dif, D f)rain| + D f. Nrao] < Cillflin oy f € Ho().
(5.3)
The proof of the estimates (5.1) is Somplete. By definition of form t , we have
H} () = D(t) € D(t). If f € D(t) then there is a sequence f, y f, applying

1
lower estimate we can conclude that f, L, f. Hence f € H}(Q), and
D(t) ¢ H{(Q). Tt implies that D(t) = D(t) and t is closed form. Proof of the
sectorial property is contained in the proof of theorem
Let us prove that t = f. At first we need to show that

flu, v] = tlu,v], wu,v € D(f). (5.4)
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Using the Green’s formula, we have

(Lu,v)r, = tlu,v], wu,v e D(L). (5.5)
Hence we can rewrite the relation (5.1)) as
Collf I3 < I(Lf. F)ral < Cllf 1. F € DIL). (5.6)

Suppose f € D(L). Since conditions of L-convergence holds then exists sequence
{fn} € D(L) such that we have f, - f. From (5.6), (5.1) follows that f, >

f. Now consider the elements u,v € D(L), as shown above exists a sequences
{un}, {vs} including in D(L) and L-converging, t-converging to wu,v respectively.
Passing to the limit in the left and right side of (5.5), we obtain (5.4). Hence from
, follows

CollfIZ, < Ll < Cull I, f € D). (5.7)

Now we are ready to prove that t = ? Note that in consequence of theorem
operator L is sectorial, hence by theorem 1.27 [8, p. 399], the form f has a

closure. If fy € D(f) then we have f, ? fo, {fn} € D(L). Applying the estimates

(5.7),(5.1) we can easy to see that f, - fo and since t is closed form, it follows
that fo € D(t). On the other hand let fo € D(t). Note that the set C§°(2) = D(t)
is a kernel of form t in the sense of definition [8, p. 397], it follows from (5.1]).
Hence exists sequence {f,} C D(t), fn - fo. Applying estimates (5.1), , we

have f, ? fo, it implies that fo € D(f). Now let u,v € D(f), using given above,

[8, Theorem 1.17 p. 395] and passing to the limits in the left and right side of
inequality (5.4)), we obtain

flu, v] = t[u,v], wu,v € D(f).
On the other hand if u,v € D(t), by analogous way, we obtain

tlu,v] = flu,v], wu,v € D(t).

O

Hence t = f

Lemma 5.2. The form h is a closed symmetric sectorial form, moreover h = 3

where 3 R
tu, o] = (Hu,v)p,, w,v e D().

Proof. The implementation of the symmetric property in the sense of [8], (1.5) p.387]

follows from the definition of form h. It is sufficient to note that

1 [ 1—7 —_—
hlu,v] = §(t[u,v] + tlv,u]) = Q(t[v,u] + t[u,v]) = h[v,u], u,v € D(h).
It is obvious that h[f] = Ret[f]. Hence applying the lower estimate of (5.2),

estimate (|b.3)), we have
Collflluy <RI < Cillfllmy, [ € Ho(Q). (5.8)

Using h-convergence, it is easy to see that from lower estimate of consequences
that form h is closed. Proof of the sectorial property contains in the proof of theorem
4.2

Let us prove that i = €. At first we need to show that

tu,v] = hlu,v], wu,v € D(E). (5.9)
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Note the definition of operator H, applying the Green’s formula, lemmas [2.5] and
we have

(Hu,v)r, = hlu,v], wu,v € D(H). (5.10)
Using the previous equality we can rewrite estimate (5.8)) as follows
Collfllag < (Hf flr, < Cillfllmg, f € DH). (5.11)

Note that in consequence of lemma operator H has a closure and D(£) C Hg ().

Suppose f € D(H), since conditions of H-convergence holds, then exists {f,} C
D(H), such that we have f, — f. From (5.11)) and(5.8) it follows that f, - I

Now consider the elements u,v € D(H), as shown above exists sequences {uy }, {v,}
including in D(H) and H-converging, h-converging to u, v respectively. Passing to
the limit on the left and right side of we obtain . From inequalities ([5.9))
and it follows

Coll fllmz < €SI < Cullfllgy, f € D(H). (5.12)

Now we are ready to prove that h = t. Note that by theorem operator H is
sectorial, hence by [8, Theorem 1.27 p. 399] the form ¢ has a closure. If f; € D(¥)

then we have f, . fo, {fn} C D(H). Applying the estimates (5.12) and (5.8)

we can easy to see that f, w7 fo and since h is a closed form, then fo € D(h).
On the other hand let fo € D(h). Note that the set C5°(2) = D(h) is the kernel
of form h in the sense of definition [8 p. 397], it follows from (5.8]). Hence exists
sequence {f,} C D(h)7~fn 7 fo- Applying eistlmates (5.8),(5.12)), we have f, . fo,
it implies that fy € D(¢). Now let u,v € D(¢), using given above, [8, Theorem 1.17

p. 395] and passing to the limits in the left and right side of inequality (5.9), we
obtain

B[u, v] = hlu,v], u,v € D(E).
On the other hand if u,v € D(h), by an analogous way, we obtain
hlu,v] = €lu,v], u,v € D(h).
This implies h = k. (I

Theorem 5.3. Operator H has a compact resolvent, discrete spectrum, and the
following estimate for eigenvalues of operator H holds

An(Lo) € An(H) < An(La), n €N, (5.13)

where A, (L) are respectively eigenvalues of operators with constant coefficients
defined by operator L

Lyf = —a! D;D;f +pif, feD(L), k=01 (5.14)

Proof. First we need to prove three propositions.

(i) Operator H is positive defined. For proving this fact note that operator
H has domain of definition is dense in Ly(Q); the symmetric property of
operator H follows from the definition; in consequently of theorem H
is positive and bounded below. Hence one is positive defined.
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(i) The space Hg(f2) coincides as a set of elements, with energetic spaces
NN, k= 0,1. We must note that

Ifllsz = RIf],  f € Ha(), (5.15)

it follows from reasoning of lemma [5.2
(iii) We have a following estimates for energetic norms

1oy <M llsq < 1fll5s, - f € Ho(Q). (5.16)

Applying reasoning that was used to obtain the inequality (5.1)), we have equivalence
of norms H} and $,,, k = 0, 1. In particular we can easy to see that exists operators
(5.14)) Lo, L1, such that the next inequalities holds

£z < Collflmg,  Cilflay < Wfllse,. | € Ha(9). (5.17)
Hence from (5.8])), (5.15) and (5.17)), it follows (5.16]).

Now we can prove the main statements of this theorem. In (i) we proved that the
operators Lo, L1, H is positive defined. Note given above, it is easy to see that the
norms H}, 6 i 9., k= 0,1 are equivalence. Applying the Rellich-Kondrashov
theorem we have that the energetic spaces: $g5, 9r,, ¥ = 0,1 are compactly
embedded in Ly(€2). Using [I7, Theorem 3 p.216] we have that the operators
Lo, Ly, H has a discrete spectrum. In consequence of theorem operator H is
semibounded from below with positive constant, in consequence of theorem [£.3] one
is self-adjoint. Hence a zero belongs to a resolvent set of operator H.In consequence
of [I7, Theorem 5 p.222] operator H has a compact resolvent at point zero. Hence
in accordance with [8, Theorem 6.29 p.237] operator H has a compact resolvent on
the resolvent set.

Using (i), (ii), (iii), we have

Lo < H < Ly,

where order relation is understood in terms of [I7, p.225]. Since as mentioned above
operators Lo, L1, H has a discrete spectrum, then using theorem 1 [I7, p.225] we

obtain (|5.13)). O

Theorem 5.4. Operator L has a compact resolvent, and discrete spectrum.

Proof. Note that by theorem operators L, H is m-sectorial, operator H is self-
adjoint. Applying lemma lemma [8, Theorem 2.9, p.409] we have that
Ty = L, Ty, = H, where T, T}, are respectively extensions by Fridrichs of operators
L, H (see [8, p.409]). Since in accordance with definition [8, p.424] operator H is
a real part of operator L, then in consequences of Theorem and [8, Theorem
3.3 p.424] operator L has a compact resolvent, hence by [8, Theorem 6.29, p.237]
spectrum of operator L is discrete. ([

Remark 5.5. It is easy to see that the Kypriaynov operator in the one-dimensional
case reduces to the Marchaud operator, along with that the results of this work
are true only for dimensions 2 < n < oo, it follows from from the conditions of
theorem However we can apply obtained technique for the cases corresponding
to the Marchaud operator and Riemann-Liouville operator by using [14, Corollary
1], which establishes the strong accretive property for these operators.
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Conclusions. This paper presents results cocerning the field of spectral theory
of operators of fractional differentiation. It proves a number of propositions which
represent independent interest in the theory of fractional calculus. It also introduces
a new construction of multidimensional fractional integral in a direction. Having
formulated the sufficient conditions of representability functions by the fractional
integral in a direction, in particular it proves the embedding of a Sobolev space in
classes of functions representable by the fractional integral in direction.

Note that the technique of proof borrowed from the one-dimensional case is of
particular interest. It should be noted that the constructed extension of Kipriyanov
operator, was found as a conjugate operator. These all create a complete picture
reflecting the qualitative properties of fractional differential operators. It should
be noted that in as main new results, there were proven the following theorems:
the theorem establishing a strong accretive property for the operator of fractional
differentiation in the Kyprianov sense, the theorem establishing a sectorial property
for differential operator second order with operator of fractional differentiation in
lower terms. For this operator it was proven the theorem establishing the maxi-
mum accretive property. Proven a theorem on the discreteness of the spectrum of
real part of operator, obtained two-sided estimate of its eigenvalues. As the main
result a theorem on the discreteness of the spectrum of differential operator second
order with fractional derivative in the lower terms was proven. With the help of
the theory of bilinear forms we obtained general theoretical results for differential
operators second order with fractional derivative in lower terms. In this paper we
consider the proof corresponding to the multidimensional case, however, is possible
to have reduction to the one-dimensional case. For example the one-dimensional
case was described in [13]. It should also be noted that the results in this direction
can be treated on the real axis. It is noteworthy that the use of bilinear forms as a
tool to study differential operator second order with fractional derivative in lower
terms, this gives the opportunity to see a dominant of senior term in the manifes-
tation of the functional properties of operator. This technique is new and can be
used for study the spectrum of the perturbed operator of fractional differentiation.
Therefore, regardless of the results the idea of the proof may be of interest.
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