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MULTIPLE SOLUTIONS FOR SEMILINEAR ROBIN PROBLEMS
WITH SUPERLINEAR REACTION AND NO SYMMETRIES

NIKOLAOS S. PAPAGEORGIOU, CALOGERO VETRO, FRANCESCA VETRO

ABSTRACT. We study a semilinear Robin problem driven by the Laplacian
with a parametric superlinear reaction. Using variational tools from the critical
point theory with truncation and comparison techniques, critical groups and
flow invariance arguments, we show the existence of seven nontrivial smooth
solutions, all with sign information and ordered.

1. INTRODUCTION

Let © C RY be a bounded domain with a C%-boundary 9. In this article we
study the parametric semilinear Robin problem

—Au(z) + &(2)u(z) = falz,u(z)) in Q,

ou 2\
5, tBEu=0 ondQ A€ (0N)

(L.1)
In this problem the potential function £ € L>°(Q2) and £(z) > 0 for a.a. z € Q. The
reaction fy(z,z) is parametric with A > 0 being the parameter, it is measurable
in (2,7) € Q x R and it is C! in the z-variable. We assume that fy(z,-) exhibits
superlinear growth as * — 400, without satisfying the common in such cases
Ambrosetti-Rabinowitz condition (the AR-condition for short). In the boundary
condition % denotes the normal derivative of u and it is defined via the Green’s
identity (see Papageorgiou-Radulescu-Repovs [I7, p. 35]. We know that if u €
C1(Q), then g—z = (Vu,n)gy with n(-) being the outward unit normal on 9. The
boundary coefficient 3 € W1 (9Q) and 3(z) > 0 for all z € 9Q.

Our aim is to prove a multiplicity theorem for problem providing sign infor-
mation for all the solutions, without imposing any symmetry conditions on fy(z, ).
Using variational tools coming from the critical point theory, with truncation and
comparison techniques, the use of critical groups and flow invariance arguments,
we show that for all small values of the parameter A > 0, problem has at
least seven nontrivial smooth solutions all with sign information (two positive, two
negative and three nodal (sign changing) solutions). Moreover, the constant sign
and nodal solutions are ordered.
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The study of superlinear elliptic problems was initiated with the seminal paper
by Ambrosetti-Rabinowitz [2] and continued with the works of Wang [20], Miyagaki-
Souto [12] (semilinear Dirichlet problems) and by Fang-Liu [5], Li-Yang [11], Sun
[18], Aizicovici-Papageorgiou-Staicu [I] (nonlinear Dirichlet problems driven by
the p-Laplacian). More recently, Mugnai-Papageorgiou [14] and Papageorgiou-
Rédulescu [16], studied superlinear problems driven by nonlinear nonhomogeneous
differential operators. All the aforementioned works produce at most three non-
trivial solutions without providing sign information for all of them. Also, only
Miyagaki-Souto [12] deal with a parametric problem with fi(z,z) = A\f(z,z) and
show that for all A > 0 the problem has a nontrivial solution. Actually their as-
ymptotic hypotheses on f(z,-) as x — oo and as z — 0 (see hypotheses (f1)
an (f4)) make the presence of the parameter A > 0 irrelevant and for this reason
their existence result is global in A > 0. We also mention the works of Castro-
Cossio-Vélez [4] and of Papageorgiou-Papalini [I5], which study Dirichlet problems
with an asymptotically linear reaction and prove the existence of seven nontrivial
solutions without any symmetry conditions on f(z,-). The methods of proof differ
in the two papers. Our approach here is closer to that of [I5].

2. MATHEMATICAL BACKGROUND - HYPOTHESES

The main spaces in the analysis of problem (1.1)) are the Sobolev space H LQ),
the Banach space C*(Q2) and the boundary Lebesgue spaces L"(99), 1 < r < oo.
By || - || we denote the norm of the Sobolev space H!(Q). We have

lull = [lfull3 + [IVal3]/ for all u € H ().
The space CH(Q) is an ordered Banach space with positive (order) cone C =
{u e CYQ) : u(z) >0 for all z € Q}. This cone has a nonempty interior given by
intCy = {ueCy:u(z) >0 forall z € Q}.

On 99 we consider the (N —1)-dimensional Hausdorff (surface) measure o(-). From
the theory of Sobolev spaces, we know that there exists a unique continuous linear
map 7o : H'(Q) — L?(99) such that
Yo(u) = ul,, forallue H'(Q)NC(Q).
This map is known as the “trace map” and it extends the notion of boundary values
to all Sobolev functions. The trace map is actually compact into L"(99Q) for all
1<r< % if N >3 and into L"(99) for all 1 <r < oo if N = 1,2. Moreover,
the trace map is not surjective. In fact we have
im7, = H/?2(0Q) and kerd, = HZ(Q).

In what follows, for the sake of notational simplicity we drop the use of the trace
map 7. All restrictions of Sobolev functions on 92 are understood in the sense of
traces.

Let u,v : © — R be two measurable functions such that u(z) < v(z) for a.a.
z € Q. We introduce the following order intervals in the Sobolev space H*(2):

[u,v] = {h € H'(Q) : u(z) < h(z) < v(z) for a.a. z € Q},
[u) = {h € H'(Q) : u(z) < h(z) for a.a. z € N},
inteu g)[u,v] = the interior in CY() of [u,v] N CH(Q).



EJDE-2021/12 MULTIPLE SOLUTIONS FOR SEMILINEAR ROBIN PROBLEMS 3

Also, for u € H'(Q) we define u* = max{+u,0}. We know that
wFe HYQ), uv=u"—u", Jul=u"+u".

Given f : QxR — R a measurable function, by N; we denote the Nemytski operator
corresponding to f(-,-); that is, for all u : @ — R measurable Ny(u)(:) = f(-,u(-)).
Note that z — f(z,u(z)) is measurable.

Our hypotheses on the potential term £(-) and the boundary coefficient §(-) are
the following:

(H1) £ € L>=(Q), B € WH(99Q), £(2) > 0 for a.a. 2 € Q, B(2) > 0 for all z € O

and £ Z0or 8 #0.

We introduce the C*-functional v : H'(2) — R defined by

Y(u) = [ Vull3 + /Qf(z)u2 dz + - B(z)u?do  for all u € H'(Q).

On account of hypotheses (H1) and using Mugnai-Papageorgiou [13, Lemma 4.11]
and Gasinski-Papageorgiou [8, Proposition 2.4], we have

collul* < y(u) for some cg > 0, all u € H'(Q). (2.1)

In our arguments we will employ the spectrum of the operator v — —Au + £(2)u
with the Robin boundary condition. So, we consider the linear eigenvalue problem

—Au(z) + &(2)u(z) = Xu(z) in Q,

2.2
Z—Z—i—ﬁ(z)uzo on 9N. 22)

Using the spectral theorem for linear, compact self-adjoint operators, we show
that the spectrum of consists of a sequence {Xn}neN of distinct eigenvalues
such that A, — +0o. Also there is a corresponding sequence {Un}nen € HY(Q)
of eigenfunctions which form an orthonormal basis of H(€2). By E (:\\n) we denote
the eigenspace corresponding to the eigenvalue Xn, n € N. These items have the
following properties:

(a) E(Xn) is finite dimensional and E(Xn) C CY(Q) for all n € N (see Wang
[19). R

(b) Each eigenspace E(\,) has the so-called “Unique Continuation Property”
(UCP for short), namely if u € E(Xn) and vanishes on a set of positive
Lebesgue measure, then v = 0.

(¢) H'(Q) = ®nenE(n)-

(d) Let

M\ = inf [W% cue HY(Q), u#0] >0, (2.3)

:\\n = inf [7(1@ tu € ﬁn, u % O] = sup [7(12 cu € Hy, u# 0], (2.4)
[z [[ullz
where Fn = Z:lE(/)‘\k)7 ﬁn = @anE(/):k)7 n € N.

The infimum in is realized on E(Xl), while both the infimum and the
supremum in are realized on E(Xn) The elements of E(Xl) do not change
sign and Xl > 0 is simple. By @; we denote the positive, L?-normalized (that is,
||u1]|2 = 1) eigenfunction corresponding to A1. We have that @ € int Cy. On the
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other hand the eigenfunctions corresponding to an eigenvalue Xn >0, n > 2, are
all nodal (sign changing). For details, we refer to Gasinski-Papageorgiou [7].

Using the orthogonality of the eigenspaces, and and the UCP, we
obtain the following result.

Lemma 2.1. (a) If n € N, ¥ € L®(Q), 9(2) > An for a.a. z € Q and the
inequality is strict on a set of positive Lebesgue measure, then we can find
c1 > 0 such that

ci|ull? /19 2udz —y(u)  for allu € H,.

(b) If n e N, 9 € L>®(Q), 9(z) < An for a.a. z € Q and the inequality is strict
on a set of positive Lebesque measure, then we can find co > 0 such that

collull? < y(u /19 yu?dz for allu € H,.

Let X be a Banach space and ¢ € C1(X). We say that ¢(-) satisfies the “C-

condition”, if it has the property
Every sequence {uy, }neny € X such that {o(un) bneny C Ris bounded
and (1 + ||un||x)¢’ (un) — 0 in X* as n — oo, admits a strongly
convergent subsequence.

This is a compactness-type condition on the functional ¢(-) which compensates
for the fact that the ambient space X need not be locally compact (in most cases
X is infinite dimensional). Using this compactness-type condition on ¢(-), we can
prove a deformation theorem from which follow the minimax theorems of critical
point theory (see [I7, Sections 5.3, 5.4]).

Consider the following two sets:

K,={ue X :¢'(u)=0} (the critical set of ),
e*={ue X :p(u)<c} foranyceR.
If BC A C X, then by Hy(A, B), k € Ny, we denote the k*"-relative singular
homology group for the pair (A, B) with integer coefficients. If u € K, is isolated,
then the critical groups of ¢ at u are defined by
Cr(p,u) = H(e°NU, o NU \ {u}) for all k € Ny,

where U is a neighborhood of u such that K, N ¢°NU = {u}. The excision
property implies that this definition is independent of the choice of the isolating
neighborhood.

If ¢ € C'(X) satisfies the C-condition and ¢| K, is bounded below, then for

c < infuck, ¢(u), the critical groups of ¢ at infinity are defined by
Cr(p,00) = Hp(X,¢°) for all k € Ny.
[T, Corollary 5.3.13, p. 392] implies that this definition is independent of the choice
of ¢ <infg .
Suppose that K, is finite and introduce the following quantities:
M(t,u) = Z rank Cy (g, u)th,
k>0

P(t,00) = Zrank Cr(p,00)t" for all t € [0,1], all u € K.
k>0
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The Morse relation says that

> M(t,u) = P(t,00) + (1 +1)Q(¢), (2.5)

u€K,

with Q(t) being a formal series in ¢ with nonnegative, integer coefficients (see [I7]).
Now we introduce the hypotheses on the reaction fy(z,x).

(H2) fr: QxR — R (A € (0,))) is a measurable function such that for all
A€ (0,)), a.a. 2 € Q fia(z,-) € CHR), fr(2,0) =0 and
(1) [(AH)L(z,2)] < ax(z) + c|lz|" "2z for a.a. z € Q, all z > 0, with ay €
L>*(Q), ¢> 0,
225 ifN>3

2<r< 2= N=2
+oo fN=1,2

and [|ax||cc — 0 as A — 0T

(i) if Fa(z,2) = [y fa(z, s)ds, then lim,_,+o0 BT — oo uniformly for
a.a. z € (Q;

(iii) if ex(z,2) = fa(z,2)x — 2F\(2, ), then there exists ny € L'(Q) such
that ex(z,2) < ex(z,y) + nx(z) for aa. z € Q, all 0 < z < y or
y<z<0;

(iv) there exists m € N such that

f)\(z,.’ﬂ)

(fr).(2,0) = lim uniformly for a.a. z € Q, all A € (0, \),

x—0

T
(F2)5(2,0) € Py Ampa] for aa. z € Q,

A
(P (0) # Ay (12504 0) 2 X
Remark 2.2. Hypotheses (H2)(ii),(iii) imply that for all A € (0, \)
lim M = 400 uniformly for a.a. z € Q.

z—0 x

So, the reaction of problem ([1.1)) is superlinear. However, f)(z,-) need not satisfy
the AR-condition as it is often the case in the literature (see Wang [20]). Recall
that the AR-condition says that there exist M > 0 and p > 2 such that

0 < pFi(z,2) < falz,z)x for a.a. z € Q, all x| > M,
0<essing>\(-,iM).

Integrating the first inequality and using the second, we show that
cslzlP < Fx(z,2) for a.a. z € Q, all |z| > M, some ¢z > 0.

Therefore the AR-condition dictates that fi(z,-) eventually has at least (p — 1)-
polynomial growth. This excludes from consideration nonlinearities with “slower”
growth near +oo (see the example below). Here instead of the AR-condition, we
employ the less restrictive quasimonotonicity hypothesis (H2)(iii). This condition
is a slight generalization of a hypothesis employed by Li-Yang [11] (see also [14]).
There are easy ways to verify this condition. So, if there exists M > 0 such that
for a.a. z €

T —

is nondecreasing on [M, +00),

f)\(Z,lL')
X
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iz, x)

x — =——— is nonincreasing on (—oo, —M],
x
then the quasimonotonicity condition (H2)(iii) is satisfied. Hypothesis (H2)(iv)

implies nonuniform nonresonance with respect to any spectral interval.

Example 2.3. The following function satisfies hypotheses (H2) but not the AR-
condition. For the sake of simplicity, we drop the z-dependence:

zln|z| — Asin (z) if z < -1,
falz) = ¢ Asin (12) if || <1
x1n|z| + Asin (%x) ifl <,
with 7 € (Xm,xm+1)7 m € N.
Finally note that on account of (H2)(i), we have
Ifa(z,2)| <ax(z) +Cla|"™! foraa. z€Q allzeR (2.6)
with @y € L>®(2), ¢> 0 and [|ax]|cc — 0 as A — 0.

3. SOLUTIONS OF CONSTANT SIGN
On account of hypothesis (H2)(iv), we can find d9 > 0 such that
iz, )z >0 foraa. z € Q all |z <, all X € (0,X). (3.1)

Proposition 3.1. If hypotheses (H1), (H2)(i), (H2)(iv) hold, then there exists A\* €

(0,X) such that for all X € (0,\*) problem (T.1) has a positive solution ug € int Cy
and a negative solution vy € —int Cy such that ||vo|so, [|1o]|co < d0-

Proof. We consider the auxiliary Robin problem
—Au(z) +€&(z)u(z) =1 in Q,

ou (3.2)
n + B(z)u=0 on JN.

We consider the operator V € L(H(Q), H'(Q)*) defined by
(V(u),h) = /(VU,Vh)RNdZ+/ &(z)uhdz + B(z)uh do
Q Q a0

for all u,h € H'(Q). From it is clear that V(-) is strongly monotone (hence
maximal monotone too), and V(+) is coercive.

It follows that V(-) is surjective [I7, Corollary 2.8.7, p. 135]. So, there exists
u € H'(Q)\ {0} such that V(u) = 1.

The strong monotonicity of V(-) implies that this solution is unique. We have

/ (V, Vh)gndz + / ¢(z)uhdz+ | B(2)ihdo = / hdz (3.3)
Q Q o0 Q

for all h € H*(Q) which implies that @ is the unique solution of (3.2).
In (3.3) we use the test function h = —a~ € H*(Q) and obtain that

Vi 3+ [ e i [ e <o,
Q o0
= coHﬂ_H2 <0 (see )7

= u>0, u#0.
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From the regularity theory of Wang [19], we have © € C, \ {0}. Moreover, from
(3.2) and hypotheses (H1), we have

Au(z) < ||€]looti(z) for a.a. z € Q,

=u € intC;y (by Hopf’s lemma).
_ We claim that there exists A* € (0, X) such that, if A € (0, \*), then we can find
£=¢(N) € (0, ”ﬁ‘sﬁ) such that

[@xllee + (€ l1alloc)™ ™ <€ (3.4)
with @y € L*°(Q) and ¢> 0 as in (2.6) and do > 0 as in (3.1).
Arguing by contradiction, suppose that we can find \,, — 0% such that
. i~ _ )]
€ < |lan, lloo + (€l[@)lo)""" for all n € N, all € € (0, ﬁ).

Passing to the limit as n — oo, we obtain

5y

1<e¢?|ul|ist for all £ € (0, T

Letting £ — 0%, we have a contradiction. This proves ((3.4]).
Fix A € (0,A*) and let w = £u € int Cy. We consider the following truncation
of the reaction
N DN e
iz a(z) ifu(z) <.
This is a Carathéodory function. We set ﬁ;‘(z, z)= [, ﬁ'(z, s)ds and consider the

C'-functional @ : H'(2) — R defined by

N lw(u) - / Fif(z,u)dz  for all w € H'(9).
Q

~ (2,2) = {fk(z, ) ifz <u(z), (3.5)

2

From (2.I) and (3.5) we see that ${(-) is coercive. Also, the Sobolev embedding

theorem and the compactness of the trace operator, imply that (5}\”‘() is sequentially
weakly lower semicontinuous. Then by the Weierstrass-Tonelli theorem, we know
that there exists ug € H(£2) such that

@j(uo) = inf[@i(u) cu e HY Q). (3.6)

On account of hypothesis (H2)(iv), we see that given € > 0, we can find § = d(¢) > 0
such that

F(z,2) > %[(fA);(z,O) —¢ela? foraa. z€Q,all |z <6. (3.7)
We can always take § < mingu (recall @ € int C). Choose t € (0, 1) small so that
tu1(z) € (0,0] for all z € Q (recall Uy € int Cy). (3.8)

We have

PPN 20 ~ R
¢y (tw) = 5[’7(“1)_/ F;F(Z;tul)dz]
Q

P [/Q (X1 . (fk);(z,0)> ﬂfdere}
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(see (3.5), (3.7), (3.8) and recall ||tu1]|2 = 1). Note that
/ ((f,\);(z, 0) — /):1) u3dz >0 (since 4y € int Cy).
Q

So, choosing ¢ > 0 small, we obtain

@;\L (tﬂl) < O7

= ¢x(uo) <0=¢1(0) (see (3.6)),

= Ug 75 0.
From ([3.6) we have

@b;w@:n:¢<yw@m>:lﬁ§@w@h@ for all h € H*().  (3.9)

In (3.9) first we choose h = —u; € H(Q2). Then

Y(ug) =0,
= collug I <0 (see 23)),

= UOZO,U()#O.

Next in we use the test function h = (ug —u)™ € H*(2). Then
O (wo). (w0 =) = [ F (v wo — ) ds

Q

= /Qf,\(z,ﬂ)(uo —w)"dz (see (B5))

< /[am) L (o —w)tdz (see (20))
Q

< / g(ﬂ—uo)+dz (see (3.4))
Q

— (/ (@), (uo —@)*)  (since 7@ = £ ),
= ug < U.
So, we have proved that
uo € [0,7], ug # 0. (3.10)
From , and , we infer that
—Aug +&(2)ug = fa(z,up) a.e. in Q,
% + B(2)ug =0 on 09,

implies that ug € int Cy \ {0} is a solution of (L.1)), A € (0, \*) (see Wang [19]). We
have

@]l = € [[@]|os < do = T(2) <&y forall 2 € Q.
So, from we have
— Aug(2) + &(2)up(z) >0 for a.a. z € Q,
= Aug(2) < [[€]loto(z) for a.a. z € Q,
= up €intCy (by Hopf’s lemma).
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Also we have
AT —u)(2) < ||€]loo(@—up)(2) for a.a. z € Q (see (3.4)),
= U—ug €intCy (again Hopf’s lemma).
So, finally we can say that
Ug € intcl(ﬁ) [0,@] (311)
In a similar fashion working on the negative semiaxis with 7 = ff u € —intCy, we
produce a negative solution vy such that
vy € —int C+, H'UO”OO <dg, W€ intcl(ﬁ) [@, O]
O

Now using these two solutions and the full set of hypotheses (H2), we will gen-
erate two more constant sign smooth solutions.

Proposition 3.2. If (H1), (H2) hold, then for all A € (0, X*), problem (1.1)) has two
more constant sign solutions u € int Cy and v € —int Cy. such that U —wug € int Cp
and vg — U € int Cy.

Proof. Let uy € intCy be the positive solution of problem (1.I) (A € (0,\*))
produced in Proposition We introduce the following truncation of fy(z,-):

N(zou(z) if z <wp(z),

o3 (2:) = {fk(z,x) if up(2) < =.

This is a Carathéodory function. We set G{ (z,2) = [; g (2, s)ds and consider the
C'-functional ¥} : H*(Q) — R defined by

Vi (u) = %v(u) — / GY(z,u)dz for all u € H'(Q).
o

Using (3.8) and the regularity theory of Wang [19], we obtain easily that

(3.12)

Ky C [ug) Nint C.. (3.13)
From (3.12)) and (3.13)) we see that we may assume that
Ky 0 [0,7] = {uo}. (3.14)

Otherwise we already have a second positive smooth solution for problem (1.1).
We introduce the following truncation of gy (z,-):

et <),
o3 (=2) {gj(z,u(z)) if u(z) < z. (3.15)

This is a Carathéodory function. We set @j\'(z, z) = [ ¥ (z,5)ds and consider the
C'-functional ¢ : H'(R2) — R defined by
~ 1 N
Ui (u) = 5y(u) — / Gi(z,u)dz for all u € H'(Q).
Q

From (2.1) and (3.15)) it is clear that J;f() is coercive. Also it is sequentially weakly
lower semicontinuous. So, we can find @y € H'(£2) such that

3 () = inf [} (u) 1 uw € H'(Q)]. (3.16)
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Using (3.12) and (3.15)), we can easily show that
Kﬂ;—; - [Uo,ﬂ] Nint Cy. (3.17)
Also we have
/lz[};\~_|[0,ﬁ] = ¢;\F|[O’ﬂ] and (¢j)/|[oﬂ] = (w;\‘r)lho’ﬂ}' (318)

From (3.16) we have ug € K o From (3.17), (3.18) and (3.14)) it follows that
o = ug € int Cy. Since up € it g [0,u] (see (3.11), from (3.16) and (3.18) it

follows that
ug is a local C*(Q)-minimizer of ¥y,
= g is a local H'(Q)-minimizer of ¢ (see Brezis-Nirenberg [3]). (3.19)
From (3.13) and (3.12)), we see that we can assume that
Kyt is finite. (3.20)

Otherwise we already have a whole sequence of distinct positive smooth solutions

of (L.1), all strictly bigger than ug and so we are done. Then (3.19)), (3.20) and
Papageorgiou-Radulescu-Repovs [I7, Theorem 5.7.6, p. 449] imply that we can find

p € (0,1) small such that
0 (o) < infld () u— woll = o) = . (3.21)
Hypothesis (H2)(ii) implies that if u € int C, then
Y (tu) > —c0  as t — +o0. (3.22)

Claim: ¢ satisfies the C-condition. We consider a sequence {u, }nen € H' (1)
such that

[¥ (un)| < cs  for some c3 >0, all n € N, (3.23)
1+ HunH)(qle\')’(un) — 0 in HI(Q)* as n — oo. (3.24)
From (3.24) we have
) + |2
Y (tun), h —/g zZ,up)hdz| < ep—m— 3.25

for all h € H'(Q2), with g, — 0F. In we use the test function h = —u,, €
H'(Q). Then
v(u, ) < eyqllu, || for some ¢y > 0, all n € N (see (3.12)),
= {u, }nen € HY(Q) is bounded (see (2.1))). (3.26)
Using in , we obtain
y(ut) — /Q 2G{ (z,u})dz < ¢5 for some c5 > 0, all n € N. (3.27)

On the other hand, if in (3.25) we use the test function h = u;” € H'(Q) then

—y(u)) +/ gy (z,ut)ufdz <e, forallneN. (3.28)
Q
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We add (3.27) and (3.28)) and obtain
/[g;\r(zﬂﬂ') —2G{ (z,u}t)]dz < cg for some cg > 0, all n € N,
Q

= / [fa(z,uh)ut — 2Fy(2,u))]dz < ¢;  for some ¢; > 0, all n € N,

= / ex(z,ut)dz < ¢; for all m € N. (3.29)

Using (3 we will show that {u}},en € H(Q) is bounded.
We argue by contradiction. So, suppose that at least for a subsequence, we have

luf | — 0o asn — oco. (3.30)

+
Let y, = m, n € N. Then ||y,|| =1, y, > 0 for all n € N and so we may assume

Yn — y in H'(Q) and y,, — y in L"(Q), y, — y in L*(0Q), y > 0. (3.31)
First we assume that y # 0. Let Q4 = {z € Q: y(z) > 0}. Then from (3.31) we
see that |Q. |y > 0 with | - |x denoting the Lebesgue measure on RY. We have

uf(2) = +oo  for a.a. z € Q,
Fa(z,uy (2))
i (2)?

Fa(z,uy(2)
s |12

— +oo for a.a. z € Q4 (see hypothesis (H2)(ii)),

— 400 for a.a. z € .

Then using Fatou’s lemma, we have
F
/ A(iz)dz — 400,
,  luwtll
G (z,u))
ap |l ]?
On account of hypotheses (H2)(i),(ii), we have

= dz — 400 (see (3.12)). (3.32)

Fy(z,2) > —cg fora.a. z € Q, all z € R, some cg > 0,
= G (2,2) > —cy foraa. z€Q,all z € R, some cg >0 (see (3.12)). (3.33)

So, we have

G+ + G+ + Gt +
/ (“;)dz=/ (Z“Q)der/ A(i»u;)dz
o i ap ] e, unl]

+
2/ Mdz—@mm (see (3.33)),
Q4

s ||2
= / G:UZ ||uQ dz — +o0o  (see (3.32)). (3.34)
From and (| m, we have
/Q G;ﬁz(;_”l;)dz cio0 + %’y(uj{) for some c1g > 0, all n € N. (3.35)

Comparing ([3.34)) and (3.35)) we have a contradiction.
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Now assume that y = 0. With k > 0, let v, = (2k)'/?y,,, n € N. We have
vp 0 in HY(Q) and v, — 0 in L?(Q) and in L?(99) (see (3.31)).  (3.36)
Let t,, € [0,1] be such that
Vi (tau)t) = max(yi (tuh) : 0 <t <1). (3.37)
On account of (3.30) , we can find ng € N such that

0< (2k)1/2

Tl <1 forallneN,n>n. (3.38)
Un

We have
OF (taut) > i (vn) =k — /Q G (z,v5)dz for all n > ng (see (3.38)). (3.39)
From ([3.36) we see that
/QGj\“(z,vn)dz —0 asn— 0.
So, from we see that we can find ny € N, n; > ng such that

Y (tou) >

Since k > 0 is arbitrary, it follows that

for all n > ny.

o |

Vi (tau)t) — 400 as n — oo. (3.40)
We know that
¥F(0)=0 and w)\( )<011 for some ¢;; >0, alln € N (3.41)

(see - - From (3.40)) and ( it follows that we can find no € N such

that
€ (0,1) for all n > no. (3.42)

From (3.37) and (3.42), we infer that
wx( i) =0 forn > ng,
t=tn

= ((VY) (thu)), taut) =0 for n > ny
(by the chain rule and see (3.42)),

= y(taul) :/g)\ (2, tput ) (tuf)dz  for all n > ng. (3.43)
Q
From (3.12) we see that
/g;(z,tnuz)(tnuz)dz < / Azt (tau))dz + c1a (3.44)
Q Q

for some c¢12 > 0, all n € N. Also from (3.42)) and hypothesis (H2)(iii), we have

/e,\(zt U )dz</ Az ul)dz + ||l < eis
Q

Q
for some c¢13 > 0, all n > nay (see (3.29)),

= / Az tau) (tau))dz < c13 +/ 2F)\ (2, tyuf)dz for allm >ngy.  (3.45)
Q Q
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We return to (3.44)) and using (3.45)) and (3.12)), we obtain

/ g5 (2, tyul) (tau) )dz < c14 —|—/ 2GT (2, tau)) dz (3.46)
Q Q
for some c14 > 0, all n > ngy. If in (3.43) we use (3.46)), then

Qw:\"(tnu:{) < cyq forall n > ns. (3.47)

Comparing (3.40)) and (3.47), we have a contradiction. Therefore {u;} },en € HY(Q)
is bounded, hence {uy, }nen € H'(Q) is bounded (see (3.26))). So, we can assume

that

Up > win HY(Q) and u,, — u in L"(Q) and in L*(9Q). (3.48)
In (3.25), we choose h = u,, —u € H'(Q), pass to the limit as n — oo and use
(3.48]). Then

lim [ (Vun, Vu, — Vu)gndz =0,

n—oo Jo

= [[Vunllz = [[Vullz,

= u, »u in HY(Q)

(see and use the Kadec-Klee property, see [7], p. 911).

This proves the Claim.
On account of (3.21)), (3.22) and the Claim, we can apply the mountain pass
theorem. So, we can find 4 € H'(Q) such that

U € Kyt C lug) Nint C (see (3.13)), mi < ¢ (@) (see (3:21)).
So, U # ug (see (3.21), up < w and u € int C is the second positive solution of

(1.1) (X € (0,A%)), distinct from wy.
If p = ||t/ o, then on account of hypothesis (H2)(i), we can find §, > 0 such that

fi(zx)z? > —E,x%  for aa. z € Q, all 2] < p,
= z— f(zz)+ E,,x is nondecreasing on [—p, p].
We have
—AT+[6(2) + &l = fa(z ) + &
> falz,u0) +&puo  (recall ug <)
= —Aug + [£(2) + & Juo,
= U — ug € int C; (by Hopf’s lemma).

Similarly using this time vy € —int C; and reasoning as above (working this time
on the negative semiaxis), we produce a second negative solution ¥ of problem (|1.1)
(A € (0, A%)), such that

ve—intCy, vy—v€intCy.
O
We will show that there exist extremal constant sign solutions, that is, a smallest
positive solution u} € int C; and a biggest negative solution v} € —intC,. We

will use these extremal (barrier) solutions in Section {4 in order to produce nodal
solutions.
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We introduce the following two sets:
S4(X) = set of positive solutions of (I.1)),
S_(X) = set of negative solutions of (L1)).
We already know from Proposition that assuming (H2)(i), (H2)(iv),
D#£S (AN)CintCpy, D #S_(N) C —intCy, for all A > 0 small.

From hypotheses (H2)(i), (H2)(iv), we see that given € > 0, we can find ¢15 =
c15(€) > 0 such that

Az ) > [().(2,0) —e]a? — ci5]z|” for a.a. z € Q, all 2 € R, (3.49)

Motivated by the unilateral growth restriction on fy(z, ), we consider the aux-
iliary Robin problem

—Au+€(2)u = [(f1),(2,0) — elu — ci5lul"2u in Q,

ou (3.50)
n + B(z)u=0 on IN.

Proposition 3.3. If (H1) hold and A > 0, then for all € > 0 small problem
(3.50) has a unique positive solution wﬁ‘r € int Cy and since the equation is odd
w) = —w} € —int Cy is the unique negative solution of (3-50).

Proof. First we show the existence of a positive solution. To this end, we introduce
the C'-functional 7, : H(Q2) — R defined by

@ = 5700+ 22t = 5 [ [0 el for all w e (@),

Since r > 2, this functional is coercive. Also, it is sequentially weakly lower semi-
continuous. So, we can find w} € H'() such that

i (w?) = inf[rsf (u) 1w € HY(Q)). (3.51)
Let ¢t € (0,1). We have
. 2 cist’ . 12 R
Ty (i) = 5 () + 2 |fa | — 5/9[(}&);(2,0) — eluidz
?r = , o ast’ o,
= 5| [ Bu= (B 0t +c| + ) (352)
Q T

Hypothesis (H2)(iv) and the fact that @; € int C+ imply that

9y = / [(f)l(2,0) — ]a2dz > 0.
Q
So, from ({3.52) and choosing € > 0 small, we have
T;_(tal) < (316tr — C17t2 for some c16,c17 > 0.

Since r > 2, choosing t € (0, 1) small we have

7';_ (tﬂl) < 0,

= 7 (w}) <0="77(0) (see (3-51)),

= wj\r # 0.
From (3.51)), we have

() (w}) =0,
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= (Y (w}),h) = /Q ([(f)e(2,0) = el(w}) T — er1s(w}) ™) hdz (3.53)
for all h € H*(Q).

In (3.53) we use the test function h = —(w?})~ € H(2). Then
Y(w})™) =0,
S owd 20, wh A0 (see ). (3.54)

Therefore w? is a positive solution of (3.50) (A > 0 and € > 0 small) and from the
regularity theory of Wang [19], we have

wh € O\ {0} (see (B5F)).
From the equation we have
Aw} < [[[€]loo + 15wl |io?w)  in Q,
= w+ € int C+. (355)

Next we show the uniqueness of the positive solution of (3.50). Suppose that
@} € H'() is another positive solution. Again we have @} € int Cy. (see (3.55)).
Let ¢t > 0 be the biggest positive real such that

twy <w} (see [I7], p. 274). (3.56)

Suppose that 0 < t < 1. Let py = [|w}||oc. On account of hypothesis (H2)(i), we
see that we can find pr > 0 such that for a.a. z € Q the function z — [(fx),(z,0) —
elr — e152" 7 + £,, x is nondecreasing on [0, p5]. We have
)+ [E(2) + &)t}
[(( Vi (2,0) = )@} — e1s(@2) ! + &, 3}
< ((f)5(2,0) = )(t@2) — exs (103) " + &, (1))
(since 0 <t < 1andr > 2)
< ()2 0) = w5 (w}) ™1 + €, @) (see B5T)
= —Aw} +[€(2) + &, Jul,

= A(w} —t@}) < [l€lloo + Epul(w} — t@}),

= w} —tw} €intCy (by Hopf’s lemma).

Aty

But this contradicts the maximality of ¢ > 0 in (3.56]). Hence 1 < ¢ and so we have
wi < wi. Interchanging the roles of @i and wi in the above argument, we obtain

wj\r < @ﬁ‘r and so we conclude that wi = @j\r This proves the uniqueness of the

positive solution of problem (3.50) (A > 0, ¢ > 0 small). Problem (3.50) is odd.
3.50)

Therefore w? = fwi € —int C is the unique negative solution of (3.50 g

These solutions provide bounds for the sets Sy (A) and S_(A).

Proposition 3.4. If (H1), (H2)(i), (H2)(iv) hold and X € (0,\*), then w} < u for
allu € Sy(\) and v < w? for allv € S_(N).
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Proof. Let u € Sy (A\) C intCy and for e > 0 small as in Proposition [3.3] we
consider the Carathéodory function 97 (z,z) defined by

95 (2, ) = {[(m;(z’ 0) = e)@®) —es (@) if 2 <ulz), (3.57)
e [(F)(2,0) — elu(z) — cisu(z)™"  if u(z) < z.

We set O (2,x) = [; 91 (2, s)ds and introduce the C'-functional b : H'(Q) — R
defined by

by (u) /@+ z,u)dz for all u € H'(Q).

From (2.1) and we see that b} (-) is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find @} € H'(Q) such that

bl (@) = infbf (u) : w € HY(Q)]. (3.58)
As in the proof of Proposition we have
b)) < 0=b(0) = @} £0.
From , we have
(b)) (@) =0
= (v(@}),h) = /919'*'(2 @) )hdz for all h € H'(). (3.59)

Here first we choose h = —(@%} )~ € H'(Q2) and obtain
coll(@})7IIP <0 (see @),
= w+ >0, wy #0.

Then in (3.59) we use the test function h = (0} —u)* € H'(2). We have
@D (@ =0 = [ ()00 = el = casu™) (@) = 0¥z (see @G50)
/ n(z,u) —u)Tdz (see (3.49))

= (' (u), (wi u)+> (since u € S1(A)),
= @i < u.

So, we can say that
€ [0,u], @ #0. (3.60)

Then from (3.60)), (3. 5? and (3.59) it follows that @} is a positive solution @?} of
n 3.3 1

( . Propositio mplies that @7 1= = w? 1. Therefore
w) <u for all u € Sy (N).
In a similar fashion we show that v < w? for all v € S_()). O

These bounds lead to the existence of extremal constant sign solutions.

Proposition 3.5. If (H1), (H2)(i), (H2)(iv) hold and X € (0,\*), then problem
(1.1)) has a smallest positive solution u) € int Cy (that is, u} < u for allu € S;(\))
and a biggest negative solution v} € —int Cy (that is, v < v} for allv € S_(\)).



EJDE-2021/12 MULTIPLE SOLUTIONS FOR SEMILINEAR ROBIN PROBLEMS 17

Proof. From Filippakis-Papageorgiou [6], we know that S, ()) is downward directed
(that is, if uy,us € Sy (), then we can find u € S, (\) such that v < uy, u < uy).
Then using Hu-Papageorgiou [I0, Lemma 3.10, p. 178], we can find a decreasing
sequence {uy, }neny € H'(S) such that

711r611f\I Uy, = inf 54 (A).

We have
(' (un),h) = / Iz, up)hdz  for all h € HY(Q), (3.61)
Q
@) <wu, <u; foralln €N (see Proposition [3-4). (3.62)

If in (3.61)) we choose the test function h = u,, € H'(Q) and use (3.62)) and (2.6)),

we infer that {u, }nen € H(Q) is bounded. We assume that

Uy < ud in HY(Q) and u,, — u) in L*(Q) and in L?*(9Q). (3.63)
In (3.61)) we choose h = u,, —u} € H'(Q2), pass to the limit as n — oo and use
(3.63). Then

lim [ (Vun, Vu, — Vud)gydz =0,

n—oo Q
= [ Vunll2 = IV 2,

= u, —»u) in H(Q)

(by the Kadec-Klee property of Hilbert spaces). So, in the limit as n — oo, we have

(v (ud),h) = /QfA(z,u;\)h dz for all h € H*(Q),
@j\r < ui‘ (see (3.62)).

Therefore u} € S, ()\) and u} = inf S, ()\). Similarly we produce v} € S_(\) C
int C; such that v} = supS_()\). Note that S_()\) is upward directed (that is, if
v1,v2 € S_(A), then we can find v € S_(A) such that v; < v, vo <w). O

4. NODAL SOLUTIONS

In this section we show the existence of nodal (sign changing) solutions for prob-
lem (A € (0,A*)). We produce three nodal solutions. Our strategy to obtain
these nodal solutions, is the following. Using truncations, we focus on the order
interval [v},u2]. On account of the extremality of u and v, any solution of
in this order interval distinct from u, v} and 0, will be nodal. The first nodal
solution is obtained using the critical point theory (the mountain pass theorem).
The second is established using the theory of critical groups. Finally for the third
nodal solution, we employ a flow invariance argument using the gradient flow.

For this strategy to work, we need to slightly strengthen hypothesis (H2)(iv).
So, the new conditions on fy(z,x) are the following:

(H2’) Same as hypotheses (H2) only now in (H2)(iv), m € N and m > 2.
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We start implementing this strategy. So, we introduce the following truncation of
f>\(z, )
Az,0d(2) if x <v(2),
9a(z,2) = { [a(z,2) if v2(2) < & < ul(2), (4.1)
M(zud(2) ifud(z) < o
This is a Carathéodory function. Also, we consider the positive and negative trun-
cations of gy(z,-), namely the Carathéodory functions §§E (2, ) defined by

G5 (2,7) = ga(z, £2¥). (4.2)

We set Gy(z,z) = Iy 9 (z, 5)ds, Gi(z,x) = Jo i (2, 5)ds and consider the C-
functionals jA,jf : H1(Q) — R defined by

INOEE SO RNCRTR

35 (u) = %y(u) - / éf(z,u)dz for all u € H'(Q).
Q

Using ([@.1)), ([#.2), the regularity theory of Wang [19] and the extremality of u) and
v, we have the following result.

Proposition 4.1. If (H1), (H2)(i), (H2)(iv) hold and A € (0,\*), then K;, C
w2, N CI@), Ky = {0,ud), K, = {0,02).
It is clear from this proposition that we can assume that
K;, C CY9Q) is finite. (4.3)

Otherwise we already have a sequence of distinct nodal smooth solutions and so we
are done.

Proposition 4.2. If (H1), (H2)(i), (H2)(iv) hold and X € (0,\*), then u} € int Cy
and v} € —int O are local minimizers of j(-).

Proof. From (1), 2) and (23), it is clear that jy (-) is coercive. Also, it is

sequentially weakly lower semicontinuous. So, we can find @} € H'(f) such that
GG = nflj5 (u) s w e HY(Q). (1.4)
As in the proof of Proposition using (3.49)), we show that
gx (@) <0 = 5(0),
= ) #0.
We have that u) € K it \ {0} (see (4.4)). Hence from Proposition it follows that

) =ud €intCy. (4.5)

¥ =

It is clear from (4.1) and (4.2)) that j*‘cur = j;\r’ch. Then from (4.4]) and (4.5 we

infer that

u is a local C*(Q)-minimizer of jy,

A

= wu} is a local H'(Q2)-minimizer of jy (see Brezis-Nirenberg [3]).

Similarly for v € —int C;, using this time the functional j§ (-). a
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We may assume that
Aa(d) < jaul). (4.6)
The analysis remains the same if the opposite inequality holds.

Proposition 4.3. If (H1), (H2) hold and X € (0,\*), then Cy(jx,0) = dk.4,,Z for
all k € Ny with d,, = dim H,,, = dim e E(A).

Proof. Let ¢y : HY(Q) — R be the energy (Euler) functional for problem (T.1))
defined by

ox(u) = %'y(u) - /QFA(z,u)dz for all u € H*(Q).
Evidently ¢y € C?2(H'(£2)). We consider the homotopy hy(t,u) defined by
ha(t,u) = (1 —t)px(u) +tjs(u) for all (¢,u) € [0,1] x HY(Q).
Suppose we could find {t, }nen C [0, 1], {uy fnen € H(Q) such that
tn = t,u, — 0 in H(Q) and (hy),(tn,u,) =0 for all n € N. (4.7)
From the equality in (4.7), we have that

(7 (un), B) = (1—tn)/Qf,\(z,un)hdz—&—tn/ﬂ’g\,\(z,un)hdz,

for all h € H*(), all n € N, imply

—Auy, + E(Z)un = (1 - tn)f/\(zaun) + tn/g\)\(za Un) in ,

ouy, (4.8)
o + B(z)up, =0 on 09.

From and the regularity theory of Wang [19], we know that there exist o €
(0,1) and ¢35 > 0 such that
u, € CH*(Q), [unllcr.a@) < 16 for all n € N. (4.9)
Then from and the compact embedding of C1(Q) into C*(Q), we have
u, — 0 in C1(Q) (see (7)),
= up € [V}, ul]
= {un}tn>n, € Kj, (see Proposition [L.1]),

which contradicts (4.3]). Therefore (4.7) can not happen and the homotopy invari-
ance property of critical groups (see [I7, p. 505]) implies that

Ci(pr,0) = Cr(jr,0) for all k& € Ny. (4.10)
Recall that ¢y € C?*(H'(2)) and

(AN (w)h,v) = (y(h),v) — /Q(fx);(z,u)hv dz for all u,h,v € H (Q).

Then on account of Proposition the Morse index of u = 0is d,,, = dim H,,, =
dim &} ; E(Ag). By [I7, Proposition 6.2.6, p. 479], we have

Cr(¢x,0) = 8g.a, Z for all k € N,
= Ck(jr,0) =0k, Z for all k € Ny (see (4.10)).

for all n > ny,
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Now we are ready to produce the first two nodal solutions. As we already
mentioned the first will be obtained using critical point theory, while for the second
we will use the theory of critical groups. At this point we need to use the stronger
hypotheses (H2’).

Proposition 4.4. If (H1), (H2’) hold and A € (0,A*), then problem (L.1) has at
least two nodal solutions yo,y € C1(Q) such that yo,y € inten (g, [0, ud].

Proof. Using (4.3)), (4.6), Proposition and [I7, Theorem 5.7.6, p. 449], we know
that we can find p € (0,1) small such that

i) < ga(d) <inflia(u) : flu—uil = pl =ma, o —ul] > p. (411)
Also, since jx(-) is coercive (see (4.1)), we know that
Ja(+) satisfies the C-condition (4.12)

(see [I7, Proposition 5.1.15, p. 369]). Then (4.11), (4.12) permit the use of the

mountain pass theorem. So, we can find yo € H*(£2) such that

Yo € Kj, € [v2,u}]NCH(Q) (see Proposition A1), my < jx(yo) (4.13)
From (4.13) and (4.11) we see that
Yo € [, u}] N CH(Q) is a solution of (T1)), yo & {ul,v)}. (4.14)

The solution yq is a critical point of j) of mountain pass type. Hence [I7, Theorem
6.5.8, p. 527] implies that

C1(jx: yo) # 0. (4.15)
From Proposition we know that
Ck(j)\, 0) = 5k,dmZ for all k € NQ, with d,, > 2. (416)

Comparing and (4.16), we see that yo # 0 and so yy € C'(Q) is a nodal
solution of problem .

Let p = max{||v}| s, [|[u2]|oc}- Using (H2') (i), (H2")(iv), we can find §~p >0
such that for a.a. z €

x— falz,z) + gpm is nondecreasing on [—p, p]. (4.17)
We have
~Ayo +[€(2) + &l = fa(z.50) + &
< falzud) + Eul - (see (E14), (EIT)
= —Au} + [£(2) + &lul,
= A} = yo) + [lglloc + €102 —30) in 2,
= u)} —yo €intCy.
Similarly we show that 1o — v} € int Cy. Therefore we conclude that
Yo € inben (g, [0}, ul)]. (4.18)

As in the proof of Proposition [4.3] using the homotopy h (¢, u) and (4.18)), we show
that

Cr(ex,90) = Cr(jn,yo) for all k € No. (4.19)
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Since py € C2(H'(Q)), from ([4.19), ([#.15) and [I7, Proposition 6.5.9, p. 529], we
have

Cr(®r,Y0) = 0,1 Z  for all k € N,

= Ci(jx,y0) = 0k1Z for all k € Ny (see (4.19)). (4.20)
From Proposition we know that u), v} are local minimizers of j,(-). Hence
Cr(jn,ud) = Ci(jx,v2) = 010Z for all k € Ny. (4.21)
Also, since jx () is coercive (see (4.1])), we have
Cr(jr,00) = 0,0Z for all k € Ny (4.22)

(see [IT7, Proposition 6.2.24, p. 491]). Suppose that K;, = {0,yo,u},v}}. From
(4.16), (4.20), (4.21), (4.22) and the Morse relation with ¢ = —1 (see (2.5))), we
have

(=1 + (=1 +2(=1)" = (-1)°,
= (=1)%= =0, a contradiction.
Therefore, there exists ¥ € K;, C [v,u}] N C1(Q) (see Proposition , with

7 & {0,y0,u,v}}. Hencey € C*(Q) is a second nodal solution of (T.1)) distinct from
Yo- Moreover, as we did for yo earlier in this proof, we show that § € intc: g [0, ud].

Next using a flow invariance argument inspired from the works of Papageorgiou-
Papalini [15] and He-Guo-Huang-Lei [9], we produce a third nodal solution.

Proposition 4.5. If (H1), (H2’) hold and X € (0,\*), then problem (L.1) has a
nodal solution § € C1(Q) such that § & inte @) [0, ud].

Proof. On H'(Q) we consider the inner product

(u,h)o = /(Vu, Vh)rndz —|—/ &(z)uhdz + B(z)uhdo  for all u,h € H*(Q).
Q Q a0

Let || - [|o denote the corresponding norm (that is, |lullo = (u,u)s/?). It is clear
from hypotheses (H1) and (2.1)), that || - || is equivalent to || - || (the usual norm on
H1()). Consider the operator K : H}(Q) — H'(Q2) defined by

K(u) = A(u) +£()u + B(-)3o(u),
where A € L(H(Q2), H}(Q)*) is defined by

(A(u),h) = / (Vu, Vh)gndz  for all u,h € H*(Q)
Q

and Jp(+) is the trace operator (see Section. We have that K € L(H(Q), H'(2)*)
n
. (K (u),h) > ci7|jul|  for some c;7 > 0, all u € H'(Q).
Hence by Banach’s theorem, we have
L=K"1'eL(HQ),H (Q)").
We set E = Lo Ny. Then E : H'(2) — H(Q) is continuous and the regularity
theory (see Wang [19]), implies that

E(H'(Q) € C*(Q).



22 N. S. PAPAGEORGIOU, C. VETRO, F. VETRO EJDE-2021/12

Moreover, the Sobolev embedding theorem and the strong maximum principle imply
that
E(-) is compact and is strictly increasing, (4.23)
that is, v <wu, v #u = E(u) — E(v) € int Cy..
We know that ¢y € C2(H'(£2)). The gradient Vi, is defined by
(A (u), h) = (Vpx(u),h)o for all u,h € H'(Q).
Then we have
Vi, =id—E. (4.24)
We consider the negative gradient flow o (-,u) defined by the abstract Cauchy
problem

%O’)\(t,u) = —Vor(oa(t,u)), t>0, ox(0,u)=u. (4.25)

Using (4.24) we can rewrite (4.25)) as follows

d

%O')\(t,u) +oa(t,u) = E(oa(t,u), t>0, ox(0,u)=u.
So, the flow is global (see [7, p. 618]) and it is given by

t
ox(t,u) = e_tu—|—/ eI B0 (s, u))ds.
0

Now we introduce the set
By = {u € C*(Q) : Ity > 0 such that for all t >ty o (t,u) € ity g [0}, ul}.

We know that 0 € B} (see (4.23))) and the continuous dependence of the flow on
the initial condition, implies that B} C C'(Q) is open. Moreover, the semigroup
property of the flow implies that B} is flow invariant.

Claim 1: 0B; is flow invariant. We argue indirectly. So, suppose that Claim 1 is
not true. This means that we can find & € dB; and t > 0 such that o (%,7) & B}.
There are two possibilities. In the first o5 (1) € B} (recall B} is open). But then
the semigroup property of the flow implies that @ € Bj, a contradiction since
@ € OB}. In the second possibility we have oy(¢,7) ¢ B} = B} UdB}. Since
U € OB7, we can find {u, }nen € Bj such that u,, — @. Then

ox(tun) = ox(t,7) € B,
= ox(f,un) & B} for all n > ny. (4.26)

On the other hand, the flow invariance of B} implies that oy (%, u,) € Bif‘ for all
n € N and this contradicts (4.26]). This proves Claim 1.

Next we introduce a second set in C1(£2), namely the set
By = {u € C*(Q) : 3t > 0 such that o (t,u) € int C; for all t > t}.
This set too is open and from we have
C.\{0}C By and 0€dB;.

Moreover, as we did for dB; in Claim 1, we can show that B3 is flow invariant.
Note that B} N 9By # () and so we can define

¢ = inf[px(u) : u € OB} NOBY). (4.27)
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Claim 2: ¢ is a critical value of ). Since o) is the negative (descent) flow for
v, we have
—o0 < inf{px(u) : u € [v},u}} < Cp.
Recall that ¢y satisfies the C-condition. So, ¢ (K, ) is closed. Then if ¢) is not a
critical value of ¢y, we can find € > 0 small such that
(o —e,¢o+¢e)Npr(Ky,,) = 0.

Let U € 9B N 9B3 such that ¢ (4) < ¢ + 5 (see (1.27)). From the deformation
theorem (see [7], p. 636), by taking e > 0 even smaller if necessary, we have

oy~ E

or(o(1L) <7 — - (4.28)
The flow invariance of B} N 9By (see Claim 1), implies that

ox(1,7) € OB} N OBy, (4.29)

But then (4.28]), (4.29) and (4.27)), lead to a contradiction. This proves Claim 2.

Using Claim 2, we can find § € 9B{NIB3 such that § € K,,,. Theny & {0, o, J}
(see Proposition [4.4)). Also we have § ¢ (int C U (— int C4.)), which implies that it
is nodal. Moreover, we have § ¢ intc g [, ud]. O

Therefore we can state the following multiplicity theorem for problem (1.1)).

Theorem 4.6. If (H1), (H2’) hold, then for all A > 0 small, problem (1.1|) has at
least seven nontrivial smooth solutions:

o ug,u € int Cy with @ — ug € int Cy,
e v, 0 € —int Cy with vg — v € int Cy,
e 40,7,y € C*(Q) nodal with yo,y € int e g)lvo, wol, ¥ & inten g [vo, uo)-

It seems that seven is the maximum number of solutions with sign information
that we can have without imposing any symmetry hypotheses on fi(z,-).
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