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EXISTENCE OF SOLUTIONS FOR QUASISTATIC PROBLEMS
OF UNILATERAL CONTACT WITH NONLOCAL FRICTION
FOR NONLINEAR ELASTIC MATERIALS

TOUZALINE AREZKI, MIGNOT ALAIN

ABSTRACT. This paper shows the existence of a solution of the quasi-static
unilateral contact problem with nonlocal friction law for nonlinear elastic ma-
terials. We set up a variational incremental problem which admits a solution,
when the friction coefficient is small enough, and then by passing to the limit
with respect to time we obtain a solution.

1. INTRODUCTION

We consider a Signorini’s quasistatic contact problem with nonlocal friction in
nonlinear elasticity. In linear elasticity the quasistatic problem of unilateral contact
using a normal compliance law has been solved in [I] by considering incremental
problems and in [9] by an other method using a regularisation relative to time. The
quasistatic contact problem with local or nonlocal friction has been solved respec-
tively in [I0] and in [4] by using a time-discretization method. In [2] the quasistatic
contact problem with Coulomb friction was solved by the aid of an established
shifting technique used to obtain increased regularity at the contact surface and by
the aid of auxiliary problems involving regularized friction terms and a so-called
normal compliance penalization technique. Signorini ’s problem with friction for
nonlinear elastic materials or viscoelastic materials has been solved in [5] by using
the fixed point’s method. In viscoelasticity, the quasistatic contact problem with a
normal compliance law and friction has been solved in [I1] by the same fixed point
arguments. The book [8] introduces generally readers to a mathematical theory
of contact problems involving deformable bodies. In carrying out the variational
analysis, the authors systematically use results on elliptic and evolutionary varia-
tional inequalities, convex analysis, nonlinear equations with monotone operators,
and fixed points of operators.

In this paper we propose a variational formulation using a classical regularization
[6] of the normal stress characterizing the notion of nonlocal friction as in the
linear case. The variational formulation is written in the form of two variational
inequalities as in [4]. By using an implicit scheme as in [4, [I0], we are led to solve
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a sequence of incremental static problems and by passing to the limit, we show the
existence of a solution of the quasistatic contact problem for a small enough friction
coefficient.

2. VARIATIONAL FORMULATION

Let Q C R? (d = 2,3), be the domain initially occupied by the nonlinear elastic
body. € is supposed to be open, bounded, with a sufficiently regular boundary T'.
I is decomposed into three parts I' = I'y UT'y UT'3 where I'y, T's, I'3 are disjoint open
sets and meas(I';) > 0. Let T > 0 and let [0, T denote the time interval of interest.
The body is clamped on I'y and thus the displacement field vanishes there. The
body is acted upon by a volume force of density ¢; on 2 and a surface traction of
density ¢o on I's. On I's the body is in unilateral contact with a rigid support and
the conditions of contact are supposed to be as in [4].

Under these conditions the classical formulation of the mechanical problem is
the following.

Problem P1. . Find a displacement field u : Q x [0,7] — R? such that

divo(u)+¢1 =0 in Q x (0,7), (2.1)
o(u) = F(e(w)) inQx(0,T), (2.2)
u=0 onTy x(0,7), (2.3)
on(u) = ¢o on 'y x (0,7), (2.4)
on(u) <0,uny <0,on(u)uy =0 on T3 x (0,7T), (2.5)
|lor| < p[Ron (u)
lor| < p|Ron(u)| = ur =0 on 'z x (0,7), (2.6)
lor| = plRon (u)] = or = =Air, A >0
u(0) =up in Q (2.7)

We adopt the following notations as in [7]: Vector n = (n;) is the outer unit normal
vector to I'; u = (u;) is the displacement field; uny = u;n; is the normal displacement
on I'; upr = u — uyn is the tangential displacement on I'. The strain tensor is

() = (e13(u)) = (e +43)), 55 € {1}

the stress tensor is o = (0y;); dive = (0y5,;) is the divergence of o, on = (on).n
is the normal stress; o = on — oyn is the tangential stress. We denote by S, the
space of second order symmetric tensors on R? (d = 2, 3).

To proceed with the variational formulation, we need the function spaces:

H="L*Q)" H =(H Q)
Q = {r = (r);mi; = 71 € L*(Q)} = L2()7*7,
H(div;Q) = {o € Q;dive € H}
Note that H and ) are Hilbert spaces equipped with the respective scalar products

(u,0)g = / uvide,  (0,7)q = / 0ijTij .
Q Q
We recall that Green’s formula holds: for o € H(div; Q)

(0,e(v))g + (divo,v)g = (on,v) Vv € Hy.

H™% (T)dx H1/2(T)d
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Let V be the closed subspace of H; given by
V={veHj;v=00nT4}
and K be the set of admissible displacements given by
K={veV;uy <0onTls}.
Since measT'y > 0, the following Korn’s inequality holds (see [5]):
le(lle = callvllm, VYoeV (2.8)

where the constant cq depends only on Q and I'y. We equip V' with the scalar
product
(u,v)v = (e(u),e(v)q
and || - ||y is the associated norm. It follows from Korn’s inequality (2.8]) that the
norms || - ||z, and || - || are equivalent on V. Then (V, || - ||v/) is a Hilbert space.
Moreover, by the Sobolev’s trace theorem, there exists a positive constant dq
depending only on the domain €2, I'y and I's such that

vl 2(raye < dallv]lv Yo €V (2.9)

For p € [1,00] , we use the standard norm of LP(0,T;V). We also use the Sobolev
space W1°°(0,T;V) equipped with the norm

[vllwreso,rv) = [[VllLo 0,757y + [0l Loe 0,7 -

For every real Banach space (X, |- |x) and T > 0 we use the notation C([0,T]; X)
for the space of continuous functions from [0, 7] to X; recall that C([0,T]; X) is a
real Banach space with the norm

oy = )l x.
Iz lleo,17:x) ox, llz(t)] x

telo,

The forces and tractions are assumed to satisfy
$1 € Wh(0,T; H), ¢ € WH°(0,T; L*(I'9)%) (2.10)
Let f:[0,7] — V be given by

(f(t),v)v:/gdh(t).vdx—!— g @d2(t).vda Yv e V,tel0,T).

We note that conditions (2.10)) imply f € WH°(0,T;V). Let
H'Y2(T3) = {w|, :we HY/*(T) and w =0 on I'1}.

Let (-,-) denote the duality pairing between H~'/2(T'3) and H'/?(T3).
The normal stress oy (u(t)) € H'/2(T'3) associated to u(t) € V is defined by

Vw e HY?(I3) :
(on(u(t), w) = (F (e(u(t)),e(v))q — (f(t),v)v (211)

YVoeV vy =w, wr=0 only

R: H~'/2(I'5) — L?*(I'3) is a linear compact mapping which respects the positivity
(see [6]).
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Hypotheses on the nonlinear elasticity operator. As in [5] we assume [ :
Q x Sq — Sy satisfies the following conditions:
(a) There exists Ly > 0 such that |F (.,e1) — F (., e2)] < Ly]e1 —ea] for all €1, &9
in Sy, a.e in Q.
(b) There exists Ly > 0 such that (F (.,e1) — F (.,€2)).(e1 — €2) > Lale1 — &2]?
for all 1,65 € Sy, a.e in Q.
(¢) For any € € Sy, the mapping x +— F (z, ) is measurable on €.
(d) (z,04) =0 for all  in Q,

Remark 2.1. f (z,7(x)) € Q, for all 7 € @ and thus it is possible to consider
as an operator defined from @ to Q.
We assume that the friction coeflicient satisfies
p>0ae onT'yand pe L) (2.12)
Also we assume that the initial data ug € K satisfies
(F (e(uo)),e(v) —e(uo))g + j(uo, v —ug) > (f(0),v —ug)y Yve K. (2.13)
Now assuming that the solution is sufficiently regular, we formally multiply the
equilibrium equation (2.1)) by v — 4(¢) and by using techniques similar to those

exposed in [7] , we show that the problem (P1) has the following variational for-
mulation.

Problem P2. Find a displacement field u : [0,7] — V, verifying u(0) = ug in Q
and u(t) € K a.e. t € [0,T], and such that a.e. t € [0,T]:

(F(e(u(t)),e(v) — e(i(t))q + d(u(t),v) — j(u(t),i(t))
> (f(t),v —a(t))v + {on(u(t)),on —un(t) 20 VoeV
(on(u(t)),zy —un(t)) >0, VzeK (2.15)

(2.14)

where
o) = [ pRox(w]lvrlda.
T3
The aim of this paper is to show the following result.

Theorem 2.2. Let (2.10), (2.11), (2.12) and (2.13) hold. Then problem (P2) has
at least a solution uw € WH>(0,T;V) for a small enough friction coefficient .
Moreover, there exists a constant C' > 0 such that

l[ullwr.,r:v) < Cllfllwre 0,150

For the proof of this theorem, we carry a time-discretization of problem (P2).
For n € N*, we set At = %, and t; = iAt,i = 0,...,(n — 1); denote by ! the
approached solution of the solution w at the time t; and Auti = uli+t — yti. By
using an implicit scheme, we obtain a sequence of incremental problems, for v° € K,
define as

Problem (P!"). Find u'i+' € K such that
(F(e(u'™)),e(w) —e(u'™))q + ("', w —u" ) — jlu" " u' ™ —u')
> (flrt,w — ub )y + (on (U ), wy — ui), Yw eV
{on(u'+1) wy — u?{',“> >0, YwekK

where u® = ug, and fl+t = f(t;11).
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3. EXISTENCE OF A SOLUTION OF THE INCREMENTAL PROBLEM
Lemma 3.1. Problem (PL) is equivalent to the problem (Ql) stated below.
Problem (Q%). Find u'+' € K such that

(F (), 2 () — 2(l 1)) + J(ut,w — ulé) — j(ul+, utist — o)
> (fft,w—uhit)y Vwe K
For the proof of Lemma in the linear case, see see [4].

(3.1)

Proposition 3.2. There exists pig > 0 such that if ||p|| L,y < po, then problem
(Q%) admits a unique solution.

To show proposition we introduce an intermediate problem. We define the
convex set

Ci ={g€ L*'5);g >0 ae. on s},

and the function
o(w) = | nglurlda
s

Then, we introduce an intermediate problem by replacing in Roy(ut+1) in (3.1)
by for g € C7 as follows:

Problem (Q};,). Find u, in K such that

(F (e(ug)), e(w) — e(ug))q + plw — u'*) — p(ug — u™)

t; (3.2)
> (fftw—ug)y Ywe K.

Now, we have the following lemma.

Lemma 3.3. For any g € C7 problem (Qf;’g) has a unique solution ugy. Further-
more, there exists constants ¢; > 0, i = 1,2, such that

luglly < exllull=(ryllgllzzrs) + e2llf v (3.3)

Proof. Using Riesz’s representation theorem we define the nonlinear operator A :
V —V by

(Av, w)y = (F (£(v)), e(w))q -
Then hypotheses (a) and and (b) on [/ imply that A is a strictly monotone, coercive
and lipschitzian operator; on the other hand the functional ¢ is proper, convex and
lower continuous. There results from the theory of elliptic variational inequalities [3]
that the inequality (3.1) has an unique solution u,4. Setting w = 0 in the inequality
(3-2) and using both the hypothesis (b) on F and the inequality

||(ug - Uti)T| - |utf|’ < |ugT|

we see that there exist constants ¢; > 0, ¢ = 1,2, such that

luglls < exllpllzoe oy llgll 2 lugllv + call £ v llugllyv-
Simplifying by the norm [lug[ly we have the inequality (3.3). O
Lemma 3.4. Let ¥ : C} — C75 be the mapping ¥(g) = —Ron(uy) there exists

po > 0 such that if ||p|| o (ry) < po, then VU admits a fized point g* and ug- is a
solution of problem (Q%).
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Proof. Using ([2.8)), (2.11]), the hypothesis (b) on f and the continuity of R, we
deduce that there exists a constant C' > 0 such that
[W(g1) — ¥(g2)llL2(ry) < Cllug, — ug,llv

On the other hand by setting v = ug, in (Q},) and v = ug, in (Q;,) and then

adding, we obtain by using the (b) on F and (2.8), that there exists a constant
C1 > 0 such that
lug, — g, llv < Cillpllzoe(rs)llgr — gallz2(rs)

Hence there exists a constant Cy > 0 such that

W (g1) — W(g2)ll2(rs) < CallptllLoers)llgr — g2l L2(rs)

and when po = 1/Cs, we have for ||p|| L (r,) < o, the mapping ¥ is a contraction,
thus it has a fixed point ¢* and ug, is the solution of problem (Q%). O

4. EXISTENCE OF A SOLUTION OF THE QUASISTATIC PROBLEM

Lemma 4.1. We have the following estimates: For a positive constant pu; > 0,
when ||| o (ry) < p1, there exists d; >0, i = 1,2, such that
[uftlv < di| o+ v (4.1)
|Au* ||y < dof| AfY v (4.2)
Proof. By setting w = 0 in the inequality (3.1]) and using hypothesis (b) on F and
the properties of j, there exists ¢; > 0 such that for ||u||pe~,) < c1, we deduce
that there exists d; > 0 such that (4.1)) is satisfied.
To show the inequality (4.2) we consider inequality of (3.1)) translated at the
time t; that is:
(F (), () = )+t = =) = j(ale s — e
> (ffw—ul)y , Ywe K
By setting w = u% in (3.1) and w = u'+ in (4.3 and add them up, we obtain the
inequality

(4.3)

= (F(e(u'*)) = F(e(u")),e(Au"))q — j(u"+, Au')

)
ubi ,

4 j(uti7uti+1 _ uti—l) _ _7( i _ uti—l)
> (—Afti,Auti)V
furthermore using the inequality
B |~ ] < o
We have
Gt ute — o) = (bt - uter) < Gt Aut).
Therefore,

— (Fe(u"*)) = F (e(u)), e(Au*))q + j(u", Au') — j(u'+', Au™)
> (_Afti,Auti)V .
Using the properties of j we have

fj(uti,Aut/") + j(ut/"+1 , Auti) < j(Auti,Au“) .
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As a consequence we obtain the inequality
(F (e(ub+1)) — F (e(u')),e(Au'))g — F(Au't, Au) — (Af", Au't)y < 0. (4.4)
Using the relation 7 there exists a constant ¢ > 0 such that
low (Au') < (|| Au[lv + |AF*[lv) -

iy <
Then using the hypothesis (b) on F and the properties of j we deduce that there
exists dz > 0 such that

Lo Au® [} < ds[kll L 0 [Au™ [ + [Af* v | A’y

Setting co = 2LTZ:;’ we deduce that if ||u|| o (r,) < c2, there exists dy > 0 such that

[Au*]lv < daf| Af*

\4

It suffices to take p; = min(ey, ca) and the lemma is proved. O

The proof of Theorem is done as in [4], but in L>°. For the next proposition,
we define the continuous function u™ : [0,7] — V by

(t — ti) t;
A7 Au

Proposition 4.2. From the sequence (u™) we can extract a subsequence still de-
noted (u™) such that (u™) converges weakly x in W>(0,T; V) to a function u.

u(t) = ul + on [tj,tiy1], ¢ =0,...,n—1.

Proof. From (4.1]) we deduce that the sequence (u™) is bounded in C([0,T]; V) and
there exists a constant c3 > 0 such that

n
< .
OrgtaSXTHu ®lv < esllflleqo,rvy

From (4.2) we deduce that the sequence (4") is bounded in L*°(0,7; V) and there
exists ¢4 > 0 such that

Auyti :
max ||WHV < el fllpeso,13v)

[ oy =

Then the sequence (u") is uniformly bounded in W1°°(0,T;V), and we thus can
extract from it a subsequence still denoted (u™) such that u™ — u in W1 (0, T; V)
weakly * as n — oo and satisfying
[ullwr.0,0:v) < Clfllwr=,1.v)

with C' = max(cs, c4). O

As in [I0] let’s introduce the piecewise constant functions u™ : [0,7] — V and
f™:[0,T] — V defined by

T (t) = uttr, f(t) = ftigr) VEE (tistiga],i=0,...,n—1.

Lemma 4.3. From the sequence (4") we can extract a subsequence still denoted
(4™) which satisfies the convergence results:

(i) @™ — u weak * in L>(0,T;V) as n — oo

(i) w™(t) — u(t) weakly in V a.e. t € [0,T)
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Proof. From we deduce that the sequence (") is uniformly bounded in
L>(0,T;V). Thus, we can extract from it a subsequence still denoted (4™) which
converges weakly * in L>°(0,7; V). On the other hand as in [§] we thus deduce for
any t € (0,7) the inequality

[ 6) — @)l < i () (45)

Since the sequence (") is bounded in L>(0,T; V), we thus deduce from that

u™ — u weak * in L>°(0,T; V) as n — oo, whence (i).
For the proof of (ii), since W>°(0,T;V) c C([0,T];V), we have u™(t) — u(t)
weakly in V', for all ¢ € [0, T], and from we immediately we have the conclusion.
O

Remark 4.4. Since u"(t) € K a.e. t in [0,T] then u(t) € K a.e. tin [0,T]. On
the other hand, since f € W1>(0,T;V), we deduce that

]?” — f strongly in L?(0,T;V) (4.6)

Proposition 4.5. The sequence (") converges strongly to u in L*(0,T;V) and u
is a solution of problem (P2) for a small enough friction coefficient.

Proof. From inequality (3.1)) we deduce the inequality
(F (') e(v) —e(u'*))q + j(u'+ v —ult) > (ff v —u' )y Yo e K

whence
(F(e(@" (1)), e(v) —e(@"(t))q +j(@"(t),v —u"(t)) e
> (f(t),v—a"(t)y WYoeK, a. e tel0,T] “.7)
we also have the inequality
(F (@™ (t))),e(v) = (@™ (1)) q + (@™ (t),v — "™ (t)) (4.8)

> (), 0 — @)y Ve € K, ae. t € [0,T].

Setting v = @"™(t) in ([.7) and v = a"*™(¢) in (4.8) and adding them, we obtain
the inequality

(F (@™ (1)) — F (e(@" (1)), e(@" (t)) — (@™ (t)))q
+/F' p(|Ron (@™ ()] + |Ro (@ () az ™ () — @ (t)|da

> (") = ), amtr () — an()y
Then using (2.10) and that the mapping R is compact, we deduce that
1Ron (@ () z2rsy < Cllon @ @O -3 )

<Ci(sup [[at(@®)]v + sup [f®)]v)
te(0,T) te(0,T)

Since

~nNn n T * N
[a*@®))lv < lu*@)|lv += sup [[a™()|v,
N te(0,T)

we have

sup [[a"(t)[lv < max [[u"(t)|lv +T sup |[a"(t)[lv
te(0,T) t€[0,T] t€(0,T)
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So we deduce that there exists a constant C’ > 0 such that

sup [[@"(t)lv < || fllw.e= (0,13
t€(0,7T)

Whence we deduce also that there exits a constant Cy > 0 such that
[a () — a" (@)l
< Collpll Lo o 187 ™ (E) = @ (0) [ L2 0gye + 1S (0) = [ @)I3)-
Having in mind that
a7 (t) = @ ()| 2rgye < g™ (@) — up™™ (@)l 2 g
+ ™ (@) = wr (Ol L2 ogya + [0 (E) — @7 ()]| L2 (04,

since (u™) is bounded in W1:>°(0,T; V), the sequence (u™|r,) is relatively compact
in C([0,T]; L*(T'3)?) and there exists a subsequence still denoted (u™) such that for
all 7 > 0 there exists n; € N, so that for all n > ny and all ¢ € [0, 7],

™™ (8) = up (0) || L2 gy <7
On the other hand we have
- s T, .
luz () = @ (@)l 20g)a < cllu™ (@) —a"Ollv < e llan®)]v,

where (4") is bounded in L*°(0,7;V). Combining these results we obtain that
there exists a positive constant C3 such that

]/ H~“+m<)——ﬂT<>nLqpﬂddt<:cs< ).

On the other hand from 7 we have: For all n > 0 there exists ne in N such
that for all n > ns and all m € N,

T~ ~
1;”f”“”@)—f"@ﬂ%dt§n.

Then we obtain that there exists a constant Cy > 0 such that for all n > 0 there
exists ng in N such that for all n > ng = max(ni,n2) and all m € N,

T
~ ~ 1
| e~ @l de < cuzn+ )
0

On the other hand for all 7 > 0 there exists ny in N such that for all n > ny, % <.
We thus deduce that for all n > 0 there exists n5; = max(n4, ng) such that for all
n > ns,

[ 1) ol < som,
So we conclude that
U, — u strongly in L*(0,T;V) (4.9)
Now to prove that u is a solution of problem, in the inequality of problem (Pt),
for v € V set w = ul* + vAt and divide by At; we obtain the inequality
Autt Aulbi
tit1 _ ; t'i+1 _ t1,+1
(F (1)), (0) — e(Sp D +(uts+1, ) — jut, =L

Auti ) Al
> (f(tigr),v— W)v + (on(u'+t),on — AtN

) YweV
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Whence for any v € L?(0,T; V), we have

(F (= (1), =(0(0) — () + 5" (1), () — 3 (3" (1), (1))
> (7 (0),0(0) = S O + (on (@ (1), on(t) = SR (0)

Integrating both sides of the previous inequality on (0,T"), we obtain the inequality

| @ o)) -G o)

T T
+/O j(ﬂ”(t),v(t))dt—/o j(ﬂ”(t),%u"(t))dt (4.10)
T _ T
> [0 GO+ [ ox @) - Guioh
([
Lemma 4.6. For any v € L?(0,T;V) we have the following properties:
i [ (0), 2(0(0) — (™ (1)) gl
e (4.11)
:/0 (F(e(u(t))), e(v(t) — e(a(t)))dt
lim nf j(ﬂ"(t),%u”(t))dtz J(u(t), alt))dt (4.12)
0 0
T T
Jim | J@™(t),v(t))dt = /0 J(u(t), v(t))dt (4.13)
N d ., " .
Jim [P0, 000) = gt @) = / (F(),0(t) —a(t)ydt — (4.14)

Proof. For proving , we write
| @ @), o) - (G @))ade
0
T
- / (F (" (1)) — F (), w(t)) — (e (1)) ot
T d n
+ [ etu®)).00) = (G w))edt

Using (4.9) and the hypothesis (a) on F, we have

| [ e ) = F et c(o) = (G O)) g
<clla" — ull 20,0y (VI 2 0,75v) + 14" || 2 0,75v)) — 0

‘We deduce that
T

tim [ G (T (6)) — 1 (((0),2(0(0) — e (1))t = 0.

n—oo 0
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On the other hand, we have

T T
|t e stwe) — (G @edt = [ (aut)v0) - Gur v

which approaches

T d T
[ u) o0 - Guwnvde = [ (eule)).c0) - =(a®))od.
0 0

To prove we write
JE ), S (6) = G (E) — ult), (1)) + G(u(t), S (1)

then we have
T d
[ i@ - uo. G
0
<cllpllzoe syl Ron (@™ — w)ll L2012 s 107 | L2 (0,752 (054 -

Since the mapping R is compact, we have

lim [[Ron (@ — u)]|z2(o7:z2(0y)) = 0 (4.15)

and
T

Jim inf j(u(t),%u”(t))dtz /0 J(u(t), at))dt

n—oo 0

see []. To prove (4.13) it suffices to use (4.15). From (4.6) we deduce for any
ve L*0,T;V):

T _ d T
T [0l - G @)vde= [ (70,000 - i) v
0 0
whence is proved. O

Passaging to the limit in inequality , we obtain the inequality
|t e, <(wie) - tat)ed
T T
+ [ ato.enar - [ Gt ae)a: (4.16)

> / (F(8), v(t) — a())vt + / (o (u(t)), o (t) — iy (£))dt
In this inequality we set

z for s € (t,t + A)
v(s) =9 .
u(s) elsewhere
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Passing to the limit, one obtains that u satisfies the inequality (2.14). To complete
the proof, integrate on (0,7") both sides of (3.1]); that is,

T T
/0(F(6(ﬂ”(t))),6(v(t))*é(ﬂ”(t))>cgdt+/o J@" (), v(t) — " (t)))dt

> /T(f"(t),v(t) —a"(t))ydt Yve L*0,T;V)

such that v(t) € K, a.e. t € [0,T]. Passaging to the limit in the above inequality,
and using (4.6]), (4.9)), we obtain the inequality

/0 ((F (e(u(?))), e(v(t)) — e(u(t))q + j(ult),v(t) — u(t))))dt

> /T(f(t),v(t) —u(t))y Yo e L*0,T;V);v(t) € K, ae. tc[0,T]
0

Following the same reasoning as previously done, we deduce that u satisfies the
inequality

(F(e(u(?))), e(w) —e(u(®))q + j(u(t), w —u(t))
> (f(t),w —u(t))y Ywe K,ae. tel0,T].

Using Green’s formula in the above inequality, as in [4], we obtain that u satisfies
the inequality (2.15)) and consequently u is a solution of problem (P2).

Conclusion. In this article we have shown the existence of a solution to the qua-
sistatic unilateral contact problem with nonlocal friction for nonlinear elastic mate-
rials for a small enough friction coefficient . As well known the problem of unique-
ness of the solution still remains open.
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