Electronic Journal of Differential Equations, Vol. 2019 (2019), No. 20, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

LP-ESTIMATES FOR A SCHRODINGER EQUATION
ASSOCIATED WITH THE HARMONIC OSCILLATOR

DUVAN CARDONA

Dedicated to José Raul Quintero
Communicated by Adrian Constantin

ABSTRACT. In this article we obtain Strichartz estimates for a Schrédinger
equation associated with the harmonic oscillator and the Laplacian. Our main
tools are embeddings between Lebesgue and Triebel-Lizorkin spaces.

1. INTRODUCTION

In this article we consider the quantum harmonic oscillator H := —A + |z|? on
R™ where A is the standard Laplacian. We obtain regularity for the Schrodinger
equation (associated with H)

tug(t,x) — Hu(t,x) = 0, (1.1)

with initial data w(0,-) = f. It is well known that this is an important model in
quantum mechanics, see for example Feynman and Hibbs [6]. As a consequence of
the regularity we have estimates for the classical Schrodinger equation

iug(t, ) + Au(t,z) = 0. (1.2)

Regularity for has been extensively studied; see for example Thangavelu
[17), Section 5], Bongioanni and Torrea [2], Bongioanni and Rogers [3], Yajima [19],
and the references therein. On the other hand, regularity properties for (1.2) can
be found in the seminal work by Ginibre and Velo [§], also in Moyua and Vega
[9], in Keel and Tao [II], and in their references. The works by Carleson [4] and
Dahlberg and Kenig [5] include pointwise convergence theorems for the solution
u(z,t) = A f.

The following sharp result was proved in [9]: when Q(nT“) <p<xoand2<g<

oo with % <2(i- %), the estimate
lut, )|l Lo @, L90,27)) < Csll fll2s rm) (1.3)
holds for all s > s, 4 == n(3 — %) - %. Also if s < 8p,p,q, then (1.3)) is false. In

the result above H® is the Sobolev space associated with H and with the norm
Il £l == ||H®/?f|| 2. The proof of (1.3)) involves Strichartz estimates by Keel and
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Tao [11], and Wainger’s Sobolev embedding theorem. It is important to mention
that the machinery for the work by Keel and Tao [I1] implies the estimate

lu(t, )| 3 (0,241, L2 ")) < Cpll fllL2®ny, (1.4)
for 2 < g < oo and % = %(% — %), excluding the case (p,q,n) = (00,2,2). On the

other hand, Koch and Tataru proved estimate for Schréodinger type operators
in more general contexts, including the operator H. They also proved that estimates
of this type cannot be obtained for 2 < p < %

The following is a remarkable formula that links the solution of to that of
the classical Schrodinger equation (see Sjogren and Torrea [16]),

. _ 2 .
e AN £ 1010, 2y, £z Ry = €72 Fll La((0,00), L2 (R9)) (1.5)

for 1 < p,q < oo and % = n(% — %) As it was pointed out in [16], the interval of
integration in the ¢ variable is now bounded, remains true if the equality in
is replaced by the inequality n(3 — %) < £, and the interval (0,7/4) can be
replaced by (0,7/2). In such case the two norms are equivalent, for real functions
f. In particular, shows that is equivalent to the following Strichartz

estimate (see [12])

||€”Af|\Lq[(o,oo),Lg(]Rd)] <Ol fllzz e (1.6)
which holds if and only if 2 < p < oo forn =1, 2 < p < oo for n = 2, and
2§p<%f0rn=2f0rn23.

The novelty of this article is that we provide regularity results for the Schodinger
equation associated with H, involving LP-Sobolev norms for the initial data instead
of the L? and L?-Sobolev bounds mentioned above. Our main result in this article
is the following theorem.

Theorem 1.1. Letn > 2,2 < ¢q < oo and 1 < p < 2 satisfy |+ — %| < % Then

the estimate

||U(t,$)||L£/ [R",Lg[0,27r]] S C||wa25,p,H(]Rn) (17)
holds for every s > sq := % — %. In particular, if ¢ = 2 we have
”u(t?x)”Lg' [R™,L2[0,27]] < OHf”LP(R") (18)
Moreover, forn>2,1<p<2, and 1< q<p', we have
lut. )l g poamy < o, (1.9)
: 1 1
provided that | — i< vt

In the following remarks, we briefly discuss some consequences of our main result.

The main contributions of Theorem are the estimates and . This
theorem laso provides an analogue to the Littlewood-Paley theorem (see (12.13)
below). Littlewood-Paley type results can be understood as substitutes of the
Plancherel identity on LP-spaces.

An important consequence of Theorem are the estimates:

1672 £l Lag0,00). 2 ey = lult, )| 30,271, 2@y < ClF Il E2, Bn), (1.10)

for s > 54,2 <p < g < o0, % = n(% — %), (see Theorem . The inequality

1™ SN ago,00),22 @ay = N0t D) Lo (g0 2012/ @nyy < ClFlwemsngny,  (111)
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holds for s > s, |% —3l<3,1<p<2,n>2and % = n(% — 1), (compare (L.11))

and (1.4)). The estimate
Hf”FS’Q(]R") < CHeitAf”Lq[(O,oo),Lﬁ(R")] = CHu(taJJ)HL;?([O,%],L';(W)) (1.12)

holds when 2 < ¢ < p < oo provided that n(% - = %. In the results above, the
spaces F}, are Triebel-Lizorkin spaces associated with H, to be introduced in the
next section.

Estimate (1.10) links our results to those in [I11 [16]. For % =2(3- %), Corollary
B shows that

lu(t, @)l Le@n  L9j0,x/4)) < Csll fllL2@n) (1.13)

holds provided that 2 < p<ocoforn=1,2<p<ooforn=2and 2 <p< %
for n > 3. As a consequence of the embedding H* — L? for s > 0, estimate (1.13)
improves in the case above.

This article is organized as follows. In section [2| we present some basics on the
spectral decomposition of the harmonic oscillator and we discuss our analogue of
the Littlewood-Paley theorem. Finally, in the last section we provide our regularity
results.

2. SPECTRAL DECOMPOSITION OF THE HARMONIC OSCILLATOR AND A
LITTLEWOOD-PALEY TYPE RESULT

Let H = —A + |z|? be the Hermite operator or (quantum) harmonic oscillator.
This operator extends to an unbounded self-adjoint operator on L?(R"), and its
spectrum consists of the discrete set A, := 2|v|+n, v € Nj, with a set of real eigen-
functions ¢,, v € Nj, (called Hermite functions) which provide an orthonormal
basis of L?(R"). Every Hermite function ¢, on R™ has the form

) _ —x2
G =TIy, b, (a5) = (@A) VP, (e 2 (20)
where z = (z1,...,2,) ER™, v = (v1,...,v,) € N}, and
2 dF 2

Hy, () o= (=1)"7e%

G

k
dxj

denotes the Hermite polynomial of order v;. By the spectral theorem, for every
f € 2(R™) we have

Hf(x) =Y MF(o)bu(@), (22)
veNg

where f(¢,) is the Hermite-Fourier transform of f at v defined by

o~

f(¢u) = <f7 ¢V>L2(]R") = o f($)¢y($) dz. (23)

The main tool in the harmonic analysis of the harmonic oscillator is the Hermite
semigroup, which we introduce as follows. If Py, ¢ € 2Ny + n, is the projection on
L?*(R™) given by

Pef(x):= Y flon)eu(a), (2.4)

2|v|+n=~L



4 D. CARDONA EJDE-2019/20

then the Hermite semigroup (semigroup associated with the harmonic oscillator)
T, == et ¢ > 0 is given by

e tHf(x Z e P f(x (2.5)
For each t > 0, the operator e * has Schwartz kernel
Ki(w,y)= Y e "CMH0, (2)4,(y). (2.6)
veNy

In view of Mehler’s formula (see Thangavelu [I§]) the above series can be summed
and we obtain

Ki(z,y) = (27T)—n/2 Sinh@t)—n/Qe—(%lx\z-‘rlylz) coth(2t)+wy esch(2t)) (2.7)

In this article we estimate the mixed norms LZ(L{) of solutions to Schfodinger
equations by using the following version of Triebel-Lizorkin space associtated with
H.

Definition 2.1. Let 0 < p < 00, 7 € R and 0 < ¢ < 0o. The Triebel-Lizorkin space
associated with H, the family of projections Py, £ € 2N + n, and the parameters
p,q and r is defined by the complex functions f satisfying

1/q
gy = (2 UPA1) ) < o0 (2.8)
4

The above definition differs from those arising with dyadic decompositions [I} [13].
The following are natural embedding properties of such spaces. Let H® denote the

Sobolev space associated with H and defined by the norm || |3 := ||[H*/2f| 12
Sobolev spaces W2P-H in [P-spaces and associated with H, can be defined by the
norm || f||y2s.p.r == || H® f||Lr. Then we have

(1) Fpir = Fgy = Frg = Fpoe: €>0,0<p<00,0<q1 < gy < oo

(2) Fyis— F} 4 e>0,0<p<o00,1<gy<q1 < o0

(3) F35 = L? and consequently, for every s € R, H?® = Fy,.
Some other properties associated with Sobolev spaces of the harmonic oscillator
can be found in [1], 2] [13].
Now we discuss a close relation between F£,2 and Lebesgue spaces. If v is a
smooth function supported in [1/4,2], such that v = 1 on [1/2,1],

STUnt) =1, de(t) = p(2), (2.9)
k=0

and A is an elliptic pseudo-differential operator on R™ of order v > 0, then the
(dyadic) Triebel-Lizorkin space F} , 4(R") associated with A is defined by the norm

/] = 1287 9 (A) f oo Hlea (2.10)

where r € R and 0 < p,g < co. For A = H or A = A,, it is well known the
Littlewood-Paley theorem [7] which states that F), , = LP for all 1 < p < oo. If
A = A, one also has

1/2
H(Z 1) (D) f] ) |po@ny < Cllfllis, 2<p < o0, (2.11)

T
quA
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with C' depending only on p. However, such inequality is false for 1 < p < 2,
Le2N+n, P = 1[@7“_1)(H) and

1/2
Ifllzo —H(Zum 1) N oo (2.12)

In Remark [3.2] we shall explain in detail that we have not a Littlewood-Paley

theorem for Fz? 5, in the proof of our main theorem we obtain the following estimate

for 1 < p < 2 (see equation )
1/2
Flles,, = | (Z e IDIP) [y <Cllfle (213)

provided that |7 — 1] < &£, Such inequality is indeed, an analogue of (2.11)). An
immediate consequence is the estimate

1fllEs, , = ||15T5J°||Fg,12 < CIH fllze =: C|[fllwzep.m (2.14)
provided that |f -3l <%=

3. REGULARITY PROPERTIES

To analyze the mixed norms of solutions of the Schédinger equation we need
the following multiplier theorem. The space L}(R™) consists of those finite linear
combinations of Hermite functions on R".

Theorem 3.1. Let us assume that m € L>(Ny) is a bounded function. Then the
multiplier m(H) extends to a bounded operator on F, (R") for all 0 < p < co and
0 < g < oo. Moreover

Im(E)llsrg.y = lmll e (3.1)
In particular if m = 1jg ¢, then Ser = 119, ¢)(H), [|Se ||l a0 ) =1 and
i (1S f — fllrg, =0 (3.2)

uniformly on the Fg’q—norm,

Proof. Let us consider f € F . Then, Py(m(H)f) = m({)P,f and
lm(H) o = H(Z (P gy < 00Ol Ny (33

As a consequence,

I (H) a0, < lmlzee - (3.4)
Now, for the reverse inequality, let us choose f = ¢,, ¢ = 2|v| + n. Then
Im(H) fll(reo ) = |m(£’)H|f||(F£q) and as consequence |[m(H )| zro ) = sup, [m(f)].
The second part is consequence of the uniform boundedness principle. 0

Remark 3.2. As an important consequence of the previous result, L2 (R”) is a
dense subspace of every space I}, in fact, for every f € Fy , the sequence {Se f}er
lies in L?(R”) and Sy f — f in norm. For n = 1, it is well known that the
sequence of operators {Sy }¢ is uniformly bounded on L? if and only if 4/3 < p <
4, so the spaces F19,2 does not coincide necessarily with Lebesgue spaces and we
have not a general Littlewood-Paley Theorem. Nevertheless, this disadvantag is
compensated by the efficiency of such spaces when we want to estimate solutions
of the Schrédinger equation.
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We shall use the first part of this remark in the following result.
Lemma 3.3. If f € F£72(R”), then for all 0 < p < o0,
[u(t, 2)l| L2 ge, 210,20y = V27 fll F0, Rn) - (3.5)
Proof. In view of (3.2)), by denseness, we consider f € L?(R"). The solution of

is given by
= > T F(6,) 0, (). (3.6)

veNy
Then, we have (see [9])

lult, @) |7 200,00 = Y 27 - |Pef ()
4

which can be proved using the orthogonality of trigonometric polynomials. So, we
conclude that

lutlzoen = (D27 - IPs@E) L Fei@). @)
¢
Consequently,
[ut, m)HLﬁ(R",Lf[O,Qﬂ]) = \/%”fHFgﬂ(R”)' (3.8)
O
Lemma 3.4. Let 0 <p <00, 2 < g < oo and s ::%—%. Then
Collfllee, < llult, )|z @n,Loo,2m) < CpusllfllFg (3.9)

for every s > sq.

Proof. By a denseness argument, we consider f € L?(R”). By following the
approach in [3], to estimate the norm [lu(t, )|/ Lemn, £3]0,24) We use the Wainger
Sobolev embedding Theorem,

|| Z |€| aF( 7Mt||Lq[0 27) < C”F”LT[O 27)s Q=
LEZLF0

(3.10)

S|
Q| =

For s, := 1 — L we have
q 2 q

u(t, )| Lajo,2n] = H Z efit(2|u\+n)f(¢y)¢y(x)HLq[O,Qﬂ

veNy

= ||Z€*“ffp[f Hqu27r
< CHZZS% TP (2) ||L2027r]
_Cuze YEPH f (a HL2[0 2m]

- C(DPAHS«f(xn )

14

=T'(H* f)().
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So, we have
Ju(t, )| L2 mn, L3j0,27) < CNT (H* )|l Lo ey
< CpllH* fllpo ymny = Coll fll ooy gemy -

We complete the proof by taking into account the embedding F} 5 — F;“Q for every
s > s4 and the following inequality for 2 < ¢ < oo,

(3.11)

Lo
||fHFg2 = \/ﬂ”T fHLP
1 (3.12)
= —||ult,x)| rrrn x
e, 2) e, 02
St @) Leme L910,24])-
O

Theorem 3.5. Letn>2,2<qg< oo and 1 <p <2, satisfy |% — I%| < ﬁ Then

st )y o 0 3y < O e ey (3.13)

for every s > s4 1= % — %. In particular, if ¢ = 2 we have

||U(t7$)||L£/ [R™,L2[0,27]] < CHf”Lp(R")' (314)
Moreover, forn>2,1<p<2, and 1< q<p, we have

s ) e 10.5m < Cll oy, (3.15)
provided that |% — 11 < 1/(ng).

Proof. First, we want to proof the case ¢ = 2 and later we extend the proof for
2 < q < oo by using a suitable embedding. Our main tool will be the dispersive
inequality [15] p. 114]

plio1
[ut D oy <O Sy, 1<p<2 (3.10)
Consequently,
—n|i_1|
0t g3 5m2 ey < O -7 H s am I iy, 1<p <2 (317)
We need |% — 1| < 5= in order for || - |_"|%_%|||L2[072,,] < 00. Because p' > 2 we

can use Minkowski integral inequality to obtain

”f”F;’,2 = ||u(t’z)HLgl(R",L%([O,Qﬂ-]))

< [lu(t, 2)|| (3.18)

L2([0,27],LE (R™)) S fllze @ny-

In fact, we have

2
7

27 ) p'/2 p.%
Ity ooz = ([ ([ TuttorPar)” o)

(/027r(/n |u(t7x)|pldx>2/p/dt)1/2

= u(t, )

IA

HL%([0727T]7L£/(RH)) .

Now (|3.18]) can be obtained from (3.17) for 1 < p < 2 and \% — %\ < ﬁ Estimate

(3.18) proves the theorem for ¢ = 2. The result for 2 < ¢ < co now follows, as in
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the proof of Theorem [3.4] by using the Wainger Sobolev embedding Theorem as in
(3.11) together with (2.14)):

[[u(t, )|l S CIT(H )]l o @y < CpllH fllpo, ey
= Cpr|lf]

So, the proof of the first statement is complete.
Now, to proof (3.15) we observe that

_pll_1
lult, ) oy < U5 ey, 1<p<2, (3.19)

L2 R, LI[0,27]]

FL(R") < Cllf”W%q”)*H(]R")'

which implies

Hu(t’x)HLf[[O,Q‘n],Lg/(R”)] <C- IP7”aQ||fHLP(R")7 1<p<2, (320)

2m 1/q
1 1
Iyng = (/ |t|7nq|575 ) <
0

for |[1/2 —1/p| < 1/(ng). Since, ¢ < p’, by using the Minkowski inequality we have
[[u(t, ) ) < lu(t,2) (3:21)

where

Iy [R",L4[0,27] ”Lzuo,zwuz' ®R™)]

and consequently

[[u(t, 2)| < |l fllzr-

L2 [R™,L3[0,27]] =
0

Theorem 3.6. Let us assume that for some s, f € Fy;5(R"™) is a real function and
u(-t) =e (). Let 2 <p<q< oo and % =n(t —1). Then

2 p
1€ £l Lafo,00), 22 Rmy) X Nt )| 120,201, 22 @) < Clf N2 ) » (3.22)
or s > s,. Consequentl
[ q quently,

162 Fll a1c0,009, 22" rayy = N0t )] s 10 20, 12" oy < CllFlwaswmany,  (3:23)
for s > sq, %—%| < ﬁ, l<p<2,n>2 and%zn(}%—%). Moreover, for
2<g¢<p< and%:n(%—%) we have

1f1lro ,mny < ClIe™ Fll La((0,00), 12 (R Cllult, @) L2 (0,27), 22 () - (3.24)

Proof. From the Minkowski integral inequality applied to L9/?, we deduce the in-
equality
[u(t, )| La((0,2x] L2 Ry < lult, )| 2 re, L370,27)) - (3.25)

[ult, )l Lg o,2n] , L2 (R7)) = (/02“ (/n ‘u(t,x)wdx)mdt)
(L ey )
" 0

= [Ju(t, z) | Lz ®e, L9[0,27) -

Now, we only need to apply Lemma and the equivalence given by (1.5).
Estimate (3.23) is consequence of (2.14) and (3.22)) applied to p’ instead of p. On

In fact,

p. 1
q p

IN
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the other hand, for 2 < ¢ < p < oo, by using the Minkowski integral inequality on
LP/1 we have
1flro ,mny = llu(t, @)l L2 e, 22(0,27)

S llu(t, )|l 2 re, £370,27] (3.26)
< Jult, @)L (jo,2] , L2 (R"Y) -
So, by using the equivalence expressed in (|1.5) we obtain
1£1lro ,mny < Clle™ fll Laj0,00), £2(Rn ) < Cllult, )| £e((0,27),22 (&) -

The proof is complete. (]

Corollary 3.7. Let 1 < ¢ <p < oo and % =2(3— %) Then

lu(t, 2)llLe@n , Lj0,x/4)) < Csll fllzznys (3.27)
: _ _ 2
promgdedthat2§p<oof0rn—1,2§p<ooforn—2, and 2 < p < =5 for
n > 3.

Proof. As in Theorem by using the Minkowski integral inequality on LP/9, for
1 < g < p < o0, we have the inequality

u(t, )| o, L9107 /a1 < llu(t, @)L (0,x /47, L2 P Y)- (3.28)
Finally (3.27) follows by using (1.6) and the equivalence (|1.5]). |

Remark 3.8. Note that the compactness of the interval [0, 7/4] and the embedding
L0, 7 /4] < L7[0, /4], for r < g, allow us to obtain the Strichartz estimate

u(t, )l e ®n Laf0,x/a)) < Csllfll2®n), (3.29)
providedthat1<q§p<oo,%2%(%—%),andn:1f0r2§p<oo,n:2for

2§p<ooand2§p<%forn23.
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