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PERIODIC AND INVARIANT MEASURES FOR STOCHASTIC
WAVE EQUATIONS

JONG UHN KIM

ABSTRACT. We establish the existence of periodic and invariant measures for
a semilinear wave equation with random noise. These are counterparts of
time-periodic and stationary solutions of a deterministic equation. The key
element in our analysis is to prove that the family of probability distributions
of a solution is tight.

1. INTRODUCTION
We consider the semi-linear wave equation with random noise

- dB
utt+20¢ut—Aquﬂu:f(t,x,u)Jngk(t,x,u)ditk (11)
k=1

where (¢,2) € (0,00) x R3, a > 0, 3 > 0 are constants, and f, gi’s are given nonlin-
ear functions. Bp’s are mutually independent standard Brownian motions. Later
on, we will make precise assumptions on f and gi’s. When g = 0 for all k£, and
ft,z,u) = fi(t,z) — |u|P~lu with 1 < p < 3, (1.1) is a model equation in nonlinear
meson theory. The Cauchy problem and the initial-boundary value problem associ-
ated with this deterministic equation have been completely investigated. See Lions
[12], Reed and Simon [16], Temam [17], and references therein. It has been also
investigated as a model equation whose solutions converge to a global attractor.
For an extensive discussion of the dynamical system associated with this equation,
see [17]. On the other hand, the Cauchy problem for the stochastic equation with
random noise was discussed by Chow [2], Garrido-Atienza and Real [8] and Pardoux
[14]. Crauel, Debussche and Flandoli [4] proved the existence of random attractors
for an initial-boundary value problem associated with (1.1). Here our goal is to
obtain a periodic measure for (1.1) when the given functions are time-periodic, and
an invariant measure when the given functions are independent of time. A proba-
bility measure p on the natural function class for (1.1) is called a periodic measure
if the initial probability distribution equal to p generates time-periodic probability
distributions of the solution, and is called an invariant measure if it results in time-
invariant probability distributions of the solution. We can handle both the Cauchy
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problem in the whole space R? and an initial-boundary value problem in a bounded
domain. But we will present full details only for the case of the whole space R3, and
give a sketch of the procedure for a bounded domain. The case of the whole space
is more challenging for lack of compact imbedding of usual Sobolev spaces. For the
Cauchy problem for (1.1), Chow [2] used a basic result of Da Prato and Zabczk [6]
for evolution equations. The main difficulty arises from polynomial nonlinearity in
the equation. This type of nonlinearity can be handled by the truncation method.
For its use for parabolic equations, see Gyongy and Rovira [9]. The result in [6] is
based on the analysis of stochastic convolutions in the frame of semigroup theory.
Our goal is to obtain periodic and invariant measures. For this, we need some basic
estimates to ensure tightness of the probability laws. Such estimates can be ob-
tained most conveniently in the frequency domain via the Fourier transform. These
new estimates can be derived through the representation formula for solutions in
the frequency domain. Hence, it seems natural to obtain solutions in the same
context, and we will present the proof of existence independently of the previous
works. But we will borrow a truncation device from [2].

Da Prato and Zabczyk [6, 7] present some general results on the existence of
invariant measures for stochastic semilinear evolution equations, which cover basi-
cally two different cases. The first case is the equations with suitable dissipation.
By means of translation of the time variable and two-sided Brownian motions, dissi-
pation of the energy results in invariant measures. The second case is the equations
associated with compact semigroups. This compactness of semigroups can be used
to prove tightness of the probability distributions of a solution, which in turn yields
invariant measures. Parabolic equations fall in this category, and so far most of
the works on invariant measures for nonlinear equations have been concerned with
equations of parabolic type. However, there are other types of equations which are
not covered by either of these cases. The equation (1.1) is one of them. The result of
[4] combined with that of [5] yields invariant measures for (1.1) in a bounded space
domain. According to their method, only additive noise with sufficiently regular
coefficients can be handled. Our method can relax such restrictive assumptions; see
remarks in Section 6 below. Our method is based upon the works of Khasminskii
[11] and Parthasarathy [15]. The idea of [11] was used in [3] for quasilinear para-
bolic equations. The main task is to prove tightness of the probability distributions
of a solution. We borrow an essential idea from Parthasarathy [15, Theorem 2.2].
But substantial technical adaptation is necessary for our problem. When the space
domain is unbounded, we cannot use compact imbedding of usual Sobolev spaces.
For reaction-diffusion equations, Wang [18] overcame this difficulty by approximat-
ing the whole space through expanding balls. This idea was also used in Lu and
Wang [13]. We will adopt this for our problem.

In section 2, we introduce notation and present some preliminaries for stochastic
processes. In Section 3, we prove the existence of a solution and establish some
estimates which will be used later. In Section 4, we prove that the family of
probability distributions of a solution is tight, and establish the existence of a
periodic measure and an invariant measure in Section 5. Finally, we explain how
our method can be used for initial-boundary value problem in Section 6.
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2. NOTATION AND PRELIMINARIES

When G is a subset of R™, C'(G) is the space of continuous functions on G, and
Co(G) is the space of continuous functions with compact support contained in G.
H™(R3) stands for the usual Sobolev space of order m. For a function in R?, its
Fourier transform is given by

£ 1 —iéx
f<§):(27r)3/2/Rsf($)e $F da

and the inversion formula is
1 JU
_ i§-x

which will be also expressed by f = Fg_l( f) In this context, it is convenient to
define the convolution by

(F+9)@) = oz [ fte

For function spaces with respect to the variable £ in the frequency domain, we use
the notation LP(¢) and H™(£) to denote LP(R?) and H™(R?), respectively.

We recall some properties of Sobolev spaces. For 2 < ¢ < 6, there is some
positive constant C, such that

9] arey < Cqlltllrarey, for all ¥ € H'(R®). (2.1)
We also have

Lemma 2.1. Suppose 0 < s < 1 and ¢ € L*(R3). If
| [ vt - 8)o(e) da| < Clolleeao (22)
RB

holds for all ¢ € C§°(R3), for some positive constant C, then ¢ € H'=%(R3).
Proof. By the Parseval’s identity,

/ng(m)(I—A dac_/ B(E) (1 + ] ) (1-5)/27 O (1+ ) (1+9/2 g

which, with (2.2), yields $(¢) (1 + [¢[2)" ™% € L2(R?), and |[¢)]|s1—e(zs) < C. O
Lemma 2.2. Let 1 <p <3 andq= 3%1’. Then,
D[P~ sy < Cpllll i gy (2.3)
holds for all ¢ € HY(R3), for some positive constant C,,.
Proof. For any ¢ € C5°(R?), we see, by (2.1),
111 1o sy < Cll N5 (gs) (2.4)
and
| [ wlor = aods] = o [ 1090 Vods] (25)
< Cp\|V¢HL2(R3)H|1/J|p_1HL6/<p—1>(Ra)||V¢||L6/<4—p>(JR3)
< CpllY 1 oy | ol a0 /2 (s -
(2.3) follows from (2.4), (2.5) and Lemma 2.1. O
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Throughout this paper, {Bx(t)}32, is a set of mutually independent standard
Brownian motions over the stochastic basis {Q, F, F;, P} where P is a probability
measure over the o-algebra F, {F;} is a right-continuous filtration over F, and
Fo contains all P-negligible sets. F(-) denotes the expectation with respect to P.
When X is a Banach space, B(X) denotes the set of all Borel subsets of X'. For
1 <p<oo, LP (Q; X ) denotes the set of all X-valued F-measurable functions h
such that

/ |h][% dP < co.
Q

L (€ X) is the set of all X-valued F-measurable functions h such that ||h]|x is
essentially bounded with respect to the measure P. For general information on
stochastic processes, see Karatzas and Shreve [10]. We need the following fact due
to Berger and Mizel [1].

Lemma 2.3. Let h(t, s;w) be B([0,T] % [0,T]) @ F-measurable and adapted to {Fs}
in s for each t. Suppose that for almost all w € Q, h is absolutely continuous in t,

and
T pt
[

t
/ |h(t,s)|?ds < oo, for almost all w,
0

Oh 2
E(t, 8)| dsdt < oo,  for almost all w,

for each t. Let
t
t) = / h(t,$)dBy(s), k=1,2,....
0
Then, it holds that

dzn(t) = h(t, t)dBy(t) + (/0 %(t, $)dBi(s) ) dt.

3. THE CAUCHY PROBLEM

We start from the linear problem.

— dBy
utt—l—Zaut—Au—l—ﬁu:f—l—;ng, (3.1)
w(0) = ug, u(0) = uy. (3.2)
We suppose that (ug,u;) is HY(R?) x L?(R3)-valued Fo-measurable,
(uo,u1) € L*(Q; H'(R?) x L*(R?)) (3.3)
and that f, gi’s are L?(R3)-valued predictable processes such that
fr gk € L*(Q; L*(0, T; L*(R?))), (3.4)

o T
k=1

for each T' > 0. By taking the Fourier transform, this problem is transformed in
the frequency domain as follows.

X N . i x—~. dB
utt—l—Zaut+|§|2u+ﬁu:f+ngd7;, (3.6)
k=1



EJDE-2004/05 PERIODIC AND INVARIANT MEASURES 5

a(0) = o, 1 (0) = @ (3.7)

Let us first consider more restrictive data. So we assume that (ug,u1) is Fo-
measurable, and

dg, iy € L*(€; Co(K)) (3.8)
and that f , gr’s are predictable, and
Fran € L (9 Co([0, 00) x K)) (3.9)
> k017 (0 (10,00) 20Y) < 0 (3.10)
k=1

where K is a compact subset of R3. Then, the solution 4 of (3.6) - (3.7) is given
by, for each & € R3,

(1,€) = e cos(/IEP + 78)i0(E) + e R0
WA= 9) 5
+ [ 0 (3.11)
3 te*a(t*S) sin(\/|€|27+7(t _ S)) 01 (s S
> T (s O B

for all t > 0, for almost all w € €2, where v = 3 — 2. Since |£|? ++ < 0 is possible,
we note that

- (1€ +7) 2"

COS( ‘§|2 +’}/t) = ;(—l)kw
sin(y/[€]2 + 1t 55 e ([812 + ) ek
VIER ++ (2k+1)!

One can apply Ito’s formula to (3.6) for each fixed &, but we first have to find the
manner in which @ depends on £. It is easy to see that

_arSin(V/[€? + 1)
VIEP+~

and their time derivatives are continuous and uniformly bounded for ¢ > 0 and
¢ € K. This fact is used to estimate the terms in the right-hand side of (3.11). But
the last term needs some manipulation for a necessary estimate, because it is not
a martingale. Thus, we use Lemma 2.3 to write

B N ) Sm( €2 +y(t—3)) .
i : / VIEP T gr(s,§)dBy(s)

[y ematen SVEP (s — ) S
(A(A (=) 1 gr(n,§)dBx(n) d

t S
+ / / ¢ cos(VEE F3(s — 0))an(m, €)dBi(n) ds, k=1,2,...,
0

0

e~ cos(y/EP T t),
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and

8th :/t /S Oé2 —a(s—n) Sm(\/‘f|2—+7(3 _ 77))
0 JO

e 9r(n,§)dBy(n) ds

VIEP +
+ / / (—a)e= 6= cos(v/JEE + (s — )i (1, €)dBy(n) ds
0 0

+ / / (a)e M cos (VR T A(s — 1)) dw(n, €)dBe(n) ds
0 0
- / / e~ B T ysin(y/EE T 7(s — 1))k (n, €)dBe(n) ds

+ [ s, 9ams), b=1
0
These integrals are easy to estimate, and we find that for each T" > 0,

5111—>I%2E<ij(€1) - Jk(€2)|‘zl([07T])> =0. (3-12)

By (3.10) and (3.12), the last term of (3.11) belongs to Co(K;L?(€;C*([0,7])))
for each T' > 0. It is easy to see that other terms also belong to the same function
class, and we conclude

@ € Co(K; L*(9;C([0,T1)))
for all T > 0. Let K be another compact subset whose interior contains K. By

partition of unity, & can be approximated in Cy (f( ; L2(9; CL ([0, T]))) by a sequence
of functions of the form

N
in =Y an;(€)by;(wt)
j=1

where each ay; € Co(K) and by, € L? (2;C1([0,T7)), and by;(t) is Fy-measurable
for every t. Since each ay € L?(€; C*([0,T]; L2(K))) and

HaN”LZ(Q;Cl([O,T];L?(f())) < Mf(HaN||CO(R;L2(Q;01([O,T])))

where My is a positive constant depending only on K. Tt follows that {tn} is a
Cauchy sequence in L2 (Q; C*([0,T7; L*(K))). Hence, @ € L?(Q; CY([0,T); L*(K))).
Meanwhile, each @y (t) is L2(K )-valued Fy-measurable and so is 4 (t). Also, for each
t, iy (t) and @(t) are B(K)® Fi-measurable. By Ito’s formula, we find that for each
e K,

[ae*(t) + (I€]* + B + 2ea)|a(t)|* + 2eRe (@ (t)a(t))

= |1 |* + (|€]* + B + 2€a)|tio|* + 2eRe (1) (3.13)
¢ 2 ‘ 2 2
— (4o — 2¢ n ds — 2¢ U d
(40 =20) [ fin(s) s =2 [ (1 + p)la(s) s

+/0t2Re(f(s)1%Q9)+ef(s)€M) d8+§/ot l9k(s))? ds

* é /0 2Re (gms)m + eék(s)@) dBy(s)
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holds for ¢ > 0, for almost all w € Q. In fact, (3.13) holds in Cy (K; L' (Q; C([0,T1)),
for all T > 0, because each term belongs to Co(K; L' (€ C([0,T7)), for all T > 0.

By (3.10), we can apply the stochastic Fubini theorem to the last term, and find
that

i (8) ey + |V B+ 2eain(®) 2 ¢, + 2¢ /  Re(a(1)(0) de
= laal3age) + | V/IEP + B+ 2ecvio|[% e, + 2€ / Re(ity7in) dé

a—Qe// [t (s |2d§ds—26// (€7 + B)la(s) | deds

o [ are(fout+ o dsds+z / 198(5) 2 e

+Z/ /]Rs 236 Gu(s)iu(s) + egr(s)a(s )) d¢ dBy(s) (3.14)

holds for all ¢ > 0, for almost all w. We now choose € such that
0<e<a. (3.15)

By the Burkholder-Davis-Gundy inequality, we have

sup
0<s<t

//RRR@ ) n) -+ e () ) d€ B (o))

R32Re 31 (5)ie(s) + egu(s)al )d&\ ds) (3.16)

~ ~ 2
< pE(Oségr;t<||u<s>||L2@ +las)Eee))

M & K
el ZE(/ 168(3) 22 ¢y ). for all p> 0.
) 0
Thus, by using (3.16) with suitably small p, we can derive from (3.14)

E( bup (||ut ||L2 )+H\/|§|27“ HL2(£)))

0<s<
2
(f)) (3.17)

< ME(Jlinll32 (e + || V/IE7 + B
t R ) 0 t )
M ( [ 175 ) #ary 5 | (o)1)

where M denotes positive constants independent of K and ¢ > 0. We now consider
the general data satisfying (3.3) - (3.5). Let us fix any T' > 0. We can choose

sequences {Qo.n}, {1,n}, {fn} and {gx.»} such that
VIER + Baon — VIEPR + Big  in L (Q; L2(€)),
1, — a1 in L2(Q L2(€)),
fo—= [ in L2( 170, T; L7(9))),
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ZE(/ 19k,n(s) — gk(s)”%%g) dS) — 0,

and each g, U1, satisfy (3.8), and each fn,gk,n satisfy (3.9), (3.10) with some
compact subset K,. It follows from (3.17) that (un,atun) corresponding to
0.5 W1.ms fns G forms a Cauchy sequence in L2 (Q;C([0,T); HY(R3) x L*(R?))),

and its limit (u,u,) is the solution which also satisfies (3.17). In addition, if we
have

= 2

Y Mol urzo.riz2 @y < 005 forall T >0, (3.18)

k=1
then (3.14) is also valid. We now suppose that there is another solution (u*, uy ) €
L2(Q;C([0,T); H(R3) x L*(R?))). Then, (u—u*,u; — u}) is a solution of the de-
terministic wave equation, and the pathwise uniqueness of solution follows directly

from the uniqueness result for the deterministic wave equation.
‘We now summarize what has been established.

Lemma 3.1. Suppose that (ug,u1) satisfies (3.3) and that f and gi’s satisfy (3.4)
and (3.5). Then, there is a pathwise unique solution of (3.1) and (3.2) such that
(u(t), us(t)) is a HY(R3) x L?(R3)-valued predictable process and

(u,ur) € L (Q; C([0,T); H(R?) x L2(R3)))
for all T > 0. Furthermore, it satisfies (3.17), and if (3.18) holds, (3.14) is also
valid.

Next we will consider the semi-linear case.

oo
dB
ugt + 200up — Au+ fu = f(t,z,u) + ng(t,x,u)d—tk,
k=1

w(0) = ug, u(0) = uy. (3.20)
Let us suppose that
ftz,u) = fi(t,z) + fa(u); (3.21)
gtz u) = g1 (t, @) + ¢(x)gr,2(u); (3.22)
6 € H'(R®) N L= (R?); (3.23)
fi €C([0,00); L*(R?)), fi(t) = fi(t+ L), forallt>0, (3.24)

where L is a fixed positive number;

f2(00=0, [fa(v) = fa(w)llL2e) < Mlv — w] a1 Ry (3.25)

for all v,w € H(R3), for some positive constant M;
gr.1 € C([0,00); L2(R?)),  gr1(t) = gra(t+ L), forallt>0; (3.26)
lgr1 (1) 2 msy) < My, for all t > 0; (3.27)

lge2W)| < My, |gr2(y) — gr2(2)| < awly — 2|, forally,z € R (3.28)
with
> (MR + M + af) < 0. (3.29)
k=1
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We employ the standard iteration scheme. Let us set u(®) = uy and let (™ be the
solution of

B,

Uge + 200 — Au+ Bu = f(t,z,u™ D) + ng(t, z,u"Y) pra

k=1
uw(0) = ug, ut(0) = uy.

Fix any 7' > 0. By subtraction, we can obtain an equation satisfied by u("+1) —y(™)
By treating f(t,z,u(™) — f(t,z,u" V) and gp(t, z,u™) — gp(t, z,u*V)) as given

functions, we interpret (u("‘H) - u(”),ugnﬂ) — uE")) as a solution of the linear

problem. By the pathwise uniqueness of solution for the linear problem, we can
apply the estimate (3.17) with help of (3.25), (3.28) and (3.29) to derive

E( s (Iuf" () = uf™ () [Zaqas) + 1 (5) = 0l ()31 sy ) )

0<s<t

t
< [ B(lus) = a0 s e ) ds (3.30)
0

t
+ M(Zai) /0 E(||u(")(s) - u(”_l)(s)H%g(Rg)) ds, forall0<t<T.
k=1

By induction, we have, for all 0 <¢ < 7T and all n > 1,

n+1 n n n nyn
B sup (luf™ ()~ (5) sy + 4 () — () es) ) ) < K07l

for some constant K independent of n and ¢. Thus, the sequence {(u(”),ugn))} is
a Cauchy sequence in L? (Q; C([0,T); H'(R3) x LQ(R?’))). The limit (u,w,) is the
solution, and (u(t),u,(t)) is H'(R?) x L?(R?)-valued F;-measurable. Suppose that
(u*,uj) € L*(;C([0, T); HY(R?) x L*(R?))) is another solution. By subtraction,
we can obtain an equation satisfied by v = u — u*. By the same argument as for
(3.30), we can derive

B( sup (o ()32 + 1o(3)] 3 as)) )
0<s<t

oo

gM/O E(Hv(s)uip(Rg))ds+M(Zai)/0 E([v(3)[32gs) ) ds,

k=1
for all 0 < ¢ < T. This yields the pathwise uniqueness. Since T can be arbitrarily
large, it follows from the pathwise uniqueness that for almost all w € Q,

(u,ur) € C([0,00); H' (R?) x L*(R?)).
We now drop the assumption (3.25) and consider the case
fa(v) = —vu|P™t, 1<p<3. (3.31)
Borrowing a truncation device from [2], we set, for a positive integer N,
fon () = = ([0l gsy ) vlolP~

where nn(y) = n(y/N),n € C§°(R) such that 0 < n(y) < 1, for all y, n(y) = 1, for
ly| <2, and n(y) =0, for |y| > 3. Then, it follows from (2.1) that

||f2,N(U1) - fQ,N(UQ)HLQ(RS) < Onllvr — v2|| a1 (rs)- (3.32)



10 JONG UHN KIM EJDE-2004/05

Hence, there is a solution ux of (3.19) - (3.20) with f = f1 + fo,~ such that for
each T > 0,

(un, Bruy) € L? (Q;c([aT];Hl(R% x LQ(R3))),
and for almost all w € §,
(un,drun) € C([0,00); H'(R?) x L*(R?)).
Now define

o {inf{t Nun ()] @y > N,

3.33
o0, if {t : HU'N(t)”Hl(]R3) > N} =0 ( )

so that ux satisfies the original equation with f = f; + fo for 0 < t < 75 (w), for
almost all w. For N1 < Ny, we set

v(t) =un, EATN, ATN,) — un, (EA TN, A TN, ).
We then note that v(t) is the solution of

= dB
v + 200y — Av + fv = F(t,z) + Z Gk(t,x)d—tk
k=1

on the interval [0, 7y, A Tn,) satisfying v(0) =0, v:(0) = 0 where
F(t,z) = fon, (un, EA TN, ATN,)) = faons (unv, (EA TN, ATH)), (3.34)
Gr(t,z) = ¢(x) (gk,Q(UN1 (EATNG ATNG)) = iz (uns (EA TNy A TNQ))) (3.35)
We also note that

Hfz,z\h (un, EA TN, ATNG)) — SN, (ung (EA TN, ATNQ))’

L2(R3)

- Hfz(uNl(t/\TNl ATN,)) = fa s (A T, ATNQ))’ L2(R?)

< CNZ v (t)l| 2 es)
for all 1 < Ny < Ny and all £ > 0, for almost all w. We can treat v as a solution

of the linear equation where F' and G}’s are given functions. By the pathwise
uniqueness of solution of the linear problem, v must satisfy

2 2
B(( sup (len(s)Eaqu + 1005) s e))
o0

< M/OtE(Iw(s)II%p(Rs))ds+M(Zai) /OtE(||v(s)||2L2(R3))dS’

k=1

for all ¢ > 0. It follows from the Gronwall inequality that v(t) = 0, for all ¢ > 0, for
almost all w. Thus, 7n, < 7n,, for almost all w. Let

Too = lim T
N

— 00

and define
u(t) = lim un(t), for 0 <t < Teo.

N—oo

Apparently, u(t A7n) = un(t ATn), for all ¢ > 0 and all N > 1, and consequently,
(u,ur) € C([0,700); H'(R?) x L*(R?)), for almost all w.
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On account of (3.22) - (3.23) and (3.26) - (3.29), we can use (3.14) so that for each
N>1,

lue(t A TN 22 (Ray + VUt ATN) |22 gy + (8 + 2e@)[fult A Th)[1 22 gs)
+ 2e{us(EATN)  u(t ATN))
= ||U1||%2(R3) + HV’LL()H%z(R?,) + (5 + 260[)“160”%2(]@%) + 264U17UO>

tATN tATN
~ (4o — 2¢) / e (3)]12 s ds — 2¢ / (1932 ) + Bl1(3)]22 g ) s
* 2/0 T Fals) + Fon (uls)), ue(s) + eu(s))ds

S IATN
£ [ o)+ banaluoD e
k=1

o0

+y / 7 2001 (5) + G902 (u(3)), () + eu(s))dBy(s)
k=170

for all ¢t > 0, for almost all w, where (-, -) is the inner product in L*(R?). We write
Q) = llue(D) 1L gs) + V()72 sy + (8 + 2ec)[u(t)|Z2 gs)
2
2e(uy(t), u(t)) + —— )P da.
+ 2¢(w (8), ut) + -7 . |u(®)[P" da
We then have

tATN
QEATx) =Q(O0) — (da = 20) [ [a(s) ey ds
tATN 0
— 26/0 (||Vu(s)||%z(R3) + /BHU(S)Hiz(Rg))dS

— 2¢ /OMTN . lu(s)|PTt do ds + 2 /OMTN (f1(5),us(s) + eu(s)) ds

+> / Nk (5) + d0.2u(5)) 2 g ds (3.36)
k=170

+Z/ " 2(9r,1(8) + dgr2(u(s)), ut(s) + eu(s))dBy(s)
k=170

for all ¢ > 0, for almost all w € Q. In addition to (3.3), we assume
up € LPTH(Q; LPT(R?))
so that E(Q(0)) < oo.

By the same argument as for (3.17), we can derive from (3.36)

B( s Qs ) < B(QO) 3t ( [ 16 e )

0<s<t

Y (M7 + 0l )
k=1
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for all ¢ > 0 and all V > 1, for some positive constant M. Thus, for each T" > 0,

E( sup Q(t/\TN)> < Mp, forall N>1,
0<t<T

where M is a positive constant independent of N. By the same argument as in [2],
this implies that 7y T co as N — oo, for almost all w. Using this fact and Fatou’s
lemma, we pass N — oo to arrive at

E(OiltlgTQ(t)) < Mry. (3.37)

Hence, for each T' > 0, we have obtained a solution
(u,uy) € L2 (Q;C([O,T];Hl(RB) X L2(R3))).
Suppose that there is another solution
(u*,u7) € L2 (Q; ([0, T); H'(R?) x LQ(R?’))).
We define 73 by (3.33) in terms of w*. Then, by means of
Hfg (u(t ATN A T;;)) — fa (u*(t ATN A 7';,)) HLQ(Rg)
< CNP! ||u(t ANTNATN) —u (EATN A TXT)”HI(RS)’
we can derive

E( sup (Hu(t ANTNATN) —u (EATN ATR
0<t<T

et Ary ATR) = i (A TN AT s ) ) =0

)Hiil(R“)

for all N > 1. Since 73, AT T T, as N — oo, for almost all w, we have
(usue) = (u*,uy) in C([0,T); H(R?) x L*(R?))

for almost all w. This proves the pathwise uniqueness. Next by passing N — oo in
(3.36), we find

t
Q) :Q(O)—(4a—2e)/0 e (5))172 s s
t
—2¢ /0 (IVu(s) 172 rs) + Bllu(s)1|72(rs)) ds
— 2 /Ot o |u(s)[PT! dx ds

+2 / i(5),ue(s) + eu(s)) ds + 3 / 1951(5) + b 2 ()2 s ds
k=1

+ Z/ 2(gr,1(8) + dgr2(u(s)), ue(s) + eu(s))dBi(s)
k=170

for all ¢ > 0,for almost all w € Q. Thus, Q(t) is a solution of

d
0 (40— 26) (1) sy — 261V ) + BIu(D) 3

— 2 - ()P de + 2(f1(2), ue(t) + eult))
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M8

||gk1 +¢gk 2( )HiQ(Rd) (338)

~
Il
-

dBx(t)

+ dt

M2

2(gk1 (1) + ¢gr,2(u(t)), us () + eu(t))

=~
Il
_

Recalling that € was chosen by (3.15), we can choose 6 = d(e,a,8) > 0, kK =
k(€e, a, B) > 0 so that

— (da = 26)us (t) |72 gs) — 2¢(IIVe(t)l|72ms) + Blult)|F2gsy)

— 2 y |u(t)|PT da + 2(f1(t), ue(t) + eu(t)) (3.39)

< =0Q(t) + Kl f1(B) |72 )

for all £ > 0, for almost all w.
Let Y (¢) be the solution of the following initial value problem.

O~ 5v(6) + Al e +Z||gm )+ 691200 [,
#3201 (t) + dealult), ut<t>+eu<t>>dﬁ§t“>, (3.40)
k=1
Y (0) = Q(0). (3.41)

It follows from (3.38) and (3.40) that Q(¢) — Y(¢) is continuously differentiable in
t for almost all w, and, by (3.39) and (3.40),

FQO =Y (1) <=5 - Y1)

for all ¢ > 0, for almost all w. Hence, by (3.41), Q(¢t) < Y'(¢) for all ¢, for almost all
w. Since Y (t) can be given by

t
Y (t) =Q(0)e™" + /0 eI £1()|17 2 o) ds
*Z/ " g1 (s) + dgr2(u ))H;(Rg)ds

" Z / 92 < () + gna(u(s)), uels) + euls) > dBi(s),
we have

t
Q(t) <Q(0)e™ % + /O e )| f1(9) 1172 gs) s

o) t
+> /0 e[ 1 (5) + 61,2 (u(5) |72 g B (3.42)
k=1

’ ;; /0 2 g1 (s) + dgra(uls)), ui(s) + euls))dBy(s)
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for all ¢ > 0, for almost all w. By means of (3.23), (3.24), (3.26) - (3.29) and
00t
B(3" [ e 2g(5) + gualu(s)) uals) + eu(s))dBi(s)) =0,
k=10

we can derive from (3.42) that
E(Q(t)) <M, forallt>0. (3.43)
By virtue of (3.15), this implies that
B ([|ue(®) [ gy + [4®)][31 a)) <M, forall ¢ > 0. (3.44)
For later use, we can further derive
E(|Q@)?) < M, forallt>0, (3.45)

provided (ug,u) € L*(Q; H'(R?) x L*(R?)) and uo € L?PT2(Q; LPT(R?)). This
follows from (3.42) and

E(‘ ki_o:l /Ot e 0=)2(gp 1(8) + gro(u(s)), ue(s) + €U(S)>dBk(s)‘2>

0 t

<ME(Y / €720 (ME + M3 o)) (e sy + €l 7y s
k=1

< M, forallt>D0,

where (3.44) has been used.
We now state the existence result we have obtained.

Lemma 3.2. Suppose that (ug,u1) is the same as in Lemma 3.1 with additional
assumption ug € LPT(Q; LPT1(R?)) and that f,gx satisfy the conditions (3.21) -
(3.24), (3.26) - (3.29) and (3.31). Then, there is a pathwise unique solution of
(3.19) and (3.20) such that (u(t),u(t)) is @ H'(R3) x L*(R*)-valued predictable
process and

(u,up) € L (Q; ([0, T); H (R®) x LQ(R3)))

for allT > 0. Furthermore, (3.43) is valid, and if (ug, u1) € L*(Q; H'(R?) x L*(R?))
and ug € L*T2(Q2: LPT1(R®)), then (3.45) is also valid.

4. TIGHTNESS OF PROBABILITY LAWS

Let (u,u¢) be the solution of (3.19) - (3.20) in Lemma 3.2. In this section, the
goal is to establish tightness of the probability laws for (u7 ut).

We will present basic estimates which are necessary for tightness of the prob-
ability distributions of a solution. For this, we suppose that the initial value
(up,u1) belongs to L*(Q; H'(R®) x L2(R?)) and ug € L#F2(Q; LPTH(R3)). We
also retain all other conditions in Lemma 3.2 so that a unique solution (u, ut) €

L4 (Q; C([0,T]; H(R?) x L2(R3))) may exist for all 7 > 0.
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Estimate I. We choose a function y g such that xr(z) = x(z/R),x € C>®(R3),
and

17 ‘$|§1 3
)= , 0<x(x) <1, forall x € R".
(@) {0’ M ENEE

We set v = (1 — XR)U. Then, v is the solution of

dB
Vg + 200 — Av+ﬂv—F+§ Gy, dtk
k=1

v(0) =vg = (1 — XR)uO, v(0) = v = (1 — XR)Ul
where
F=(1-xgr)f+2Vxr-Vu+ulxg
Gr=(1—XRr) 9k

By the uniqueness of the solution, v can be obtained as a solution of the linear
problem of the form (3.1)-(3.2). Hence, we can apply (3.14) to v so that

[ve ()72 sy + V0072 sy + (B + 2e0) [0t |12 (gs) + 26(ve(t), v (1)
= [[v1llZ2gs) + VU0l Za(gs) + (B + 2e)llvollZ> (gs) + 2€{v1, vo)

— (4a —2¢) /O lve($)I172 gs) ds — 26/0 (IVo($)lZ2 sy + Bllv(s) |22 gs)) ds
+ /o 2(F(s),v(s) + ev(s))ds + ,;/0 ||Gk(s)|\%2(R3) ds (4.1)

+ ;;/0 2 < Gy, vi(s) + ev(s) > dBy(s)

for all t > 0, for almost all w, where (-, -) is the inner product in L?(R3). We write
2 2
QR(t) :H (1 - XR)Ut(t)||L2(R3) + ||V((1 - XR)u(t)) ||L2(]R3)
2
=+ (ﬁ + 260‘)” (1 - XR)u(t)HLz(RS) + 26<(1 - XR)ut(t)a (1 - XR)u(t»
2 2
— 1-— t)[Pta

2 [ 0= ) o e

Then, by the same argument as for (3.42), we derive from (4.1) that

t
Qu(t) QO 4 M [ (1 =X a(5) g
0
M Y s
+@/ € ot )(||Vu||2L2(R3)+||u|\%2(R3)) ds
+Z/ o= S)H (1= xr) (gr1(s )+¢gk,2(u(5)))“i2(R3)d8 (4.2)

+Z/ E=2((1 = xg) (gr1(5) + dgr2(uls))),

(1 -xr) (ut(s) + eu(s)))dBk(s)
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for all R > 1 and all t > 0, for almost all w. Here § and M are positive constants
independent of R,¢ and w. It follows from (3.24) and (3.26) that {f (t)}t>0 and

{gk71(t)}t>0 are compact subsets of L?(R?). We also use (3.23), (3.27) - (3.29) and
(3.44) to derive from (4.2) that E(Qgr(t)) — 0, as R — oo, uniformly in ¢.

Estimate II. It follows from (3.11) and Lemma 2.3 that for j =1,2,3,
i&ju(t, §) =e~* cos(V/[€[ + yt)i€;tio(€)
o Sin( |€|2 + vt)

2

+ /O ¢ati- s)sm( 5||§;z(§ Wi fs)ds (4.3)
oo n . 3 B

P55 [ e 'i,fif D i o) o)
k=1

where i = \/j17 5 = (51352753)7 and
2
i1, €) = = e cosl T )in(e) — e YT g

e~ 1€ + v sin(VIE[E + )0 (€) + e tcos(V/]E2 + vt)ia (€)
_ a/t efa(t Sln( V |£|2 <t B 8)) f(s)ds
0 VIEIR +

+ /0 e_o‘(t_s)cos(\/ €)% 4+ ~(t — s))f(s) ds (4.4)

oS [ pratmn SVEP A =)
Z/ VIEP +~

+Z/ 2(t=9cos(/[€2 + v (t — 5)) g (s) dB(s).

Then, we define

91 (s)dBr(s)

t
I :/ ea(t=9) cos(V[€]2 +(t = s)) f2(s) ds
0
where f5(s) is the Fourier transform of fo(u(s)). It follows from (2.3), (3.31) and
(3.45) that for some positive constant M,
E(lf2(u®)| zraesy) < M, for all t >0,

where ¢ = (3 — p)/2. We also define Z,(¢) = Z(&/r), where = € C*°(R3),0 <
Z(€) <1, for all £ € R3, and
1, gl <1
(5){ <

0, & >2.

[1]

We use different symbols to emphasize that y g is defined in the space domain and
=, is defined in the frequency domain. Then, by writing I; = Ff_l (Il), we have

E(lIxrli(t)|| mas)) < ME(|[I1(8)|| o r2))
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t
- ME(/ e o (u(s)) o aoyds ) < M
0

for all R > 1 and all ¢ > 0, for some positive constants M. Hence,

(H (XR*I1 )HL2 )§E</£>T|XR*jl(t)|2d§)l/2

1
< 2 B(Ixrh O] o) =0 (45)
as r — oo, uniformly in ¢ > 0. In the meantlme, by using
0 /. A 0 . R
% (XR * I (t)) = (%XR) * Iy (t), (4.6)

we have

5

where M (R, r) denotes positive constants depending on R and r. Next we consider

I = /0 e—alt=s) cos(\/m(t - 5))f1 (s)ds

= (Xn o+ L (t )HHl ) < M(R,7)E(|[11(t)ll2(¢))
< M(R,r) forallt>0, (4.7

As above,

H4T(XR Ig < M(R, 7’)||12( M2y < M(R,r), forallt >0, (4.8)

Mo
and, by the triangle inequality,

H(l = Ear) (Xr * f2(t)>‘ re = H(l B E‘”)(XR ’ (Erf2(t)))‘ L&)

+ [ ==z (ke = (1= 20EB0))|
The last term can be estimated as follows.

|a =20 (ke (1-2)E0)),

L2(&)

< H)ACRHLl(E) H(l - Er)j2<t)HL2(§)

L2(¢)
< M| - 250 o (49)
Since the set {fl(s)}szo is compact in L?(), we find that ||(1-Z 3)||L2(§) — 0,
as r — oo, uniformly in s, which yields
H (1-E,) 12 HL2 — 0, asr — oo, uniformly in ¢. (4.10)

Next we see that

NS

(1= E4(©))Xr(& = n)Er()I2(t,n) dy

(1= 24 (&) [Rr(€ = ), (n) ot )]

< [ (1= = m)lae - wllEa(e. )] dn
R3

= (1= =) %rl) * 1@ ©).
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Thus,
(1= 20©) (2r * (2 20)|

<@ =) kel g 2Ol 2y (4.11)
< M|[(1 - Er)|)QR|HL1(€), for all ¢ > 0.
It follows from (4.9), (4.10) and (4.11) that for each fixed R > 0,

H(l — Z4r) (Xr * fz(t))‘

Let us define

=% / €9 cos (v/IEE T 7(t — ))de () dBi(s).
k=1

— 0 as r — oo, uniformly in .
L2(¢)

Then, we can proceed in the same manner as for I»(t). Applying (4.8) to Is(t), we
find

E(HE47" (Xr * I5(t)) H

2

o) < MERDE(IE0)2(e))

s t
<M(R,7)) E(/O e_2a(t_s)HQk,l(S)Hi%g)) ds
k=1

< M(R,r), forallt>0,by (3.27) and (3.29)

where M (R, r) denotes positive constants depending only on R and r. Also, apply-
ing (4.9) to I5(t), we have
. 2
E(H(l ~ Zar) (XR * (1= :T)I?’(t)))‘ L2(5)>
— 3 2
< MRE([[(1 =2 0|7 ) (4.12)

0 t
S M(R) ZE(/O 67204(1575)”(1 — 57')‘@]“71(5)”?2(5)) ds.
k=1

By virtue of (3.26), (3.27) and (3.29), the last term of (4.12) converges to zero as
r — oo uniformly in ¢ > 0. By the same argument as for (4.11), we have

E(]|(1 - 20©) (xr + (2 50)) ) | ;(5))

< B(|I(0 = 2 I%all15 o 10| 5a(e))

<M1~ E,»)|5<R|}|il(£), for all £ > 0, by (3.27) and (3.29).

Apparently, this converges to zero as r — oo uniformly in ¢ > 0. Thus, we conclude
that for each fixed R > 0,

B(||(1 =20 (©) (%n + 1))

Next we define

L =% /O =) cos(VEE T 7(t — 5)) Grals) dBuls)
k=1

2

) — 0 as r — oo uniformly in ¢ > 0.
L2(¢)
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where G 2(s) is the Fourier transform of ¢gy. 2(u(s)). By virtue of (3.23), (3.28),
(3.29) and (3.44), we find

B(Ixala®llis ey ) < ME(IVEF+TE00)]72 )
< MZE(/ g () [ s )
k=1 0

<M, forallt>0,and R>1.

By the same argument as for (4.5), we find that for each fixed R > 1,
E(H(l —Z)(Xr * L(t )||L2(€)) — 0, asr — oo uniformly in ¢ > 0.
Also, as in (4.7),
B(||Z (X * 14() |52 ¢)) < M(R,7), for all ¢ > 0.

Next let

I5(t) = e cos( €2 + v t)iﬁjﬁo(g).
Then, by (4.6),

E(H54r (Xr * I5(t)) H2

H1(5)> M(R,r)E (Hfs(t)l\iz(g)) < M(R,r), forallt>0.

As in (4.9), we find
(H ~ Ear ( + (- ET)f5(t)))‘ ;(5))

E(||<1 *Er)ffs(t)Hiz(g)) (4.13)
(H — =, )i to( Wi?(g))? for all ¢ > 0.

Since ||(1—E,)i&;10(€) converges to zero as r — oo for almost all w, it follows

2
Hm
from the dominated convergence theorem that the last term of (4.13) converges to
zero as r — oo uniformly in ¢ > 0. Next as in (4.11), we see that for each fixed

R >0,

(]|~ 2a©) (2 + @ H0)) |

Lz(é))
<1 =2 el B (15 (1) 32e) ) — 0

as 7 — oo uniformly in ¢ > 0.

The only property of the function e~ cos(y/[£[?> + 7 t) that has been used in the
above estimates is that the function is uniformly bounded and the uniform bound
decays to zero exponentially fast as t — co. Thus, we can obtain the same estimate
if e=** cos(y/]¢]? + v t) is replaced by

7o¢tSin( ‘§|2+’}/t) or efoztSin(\/ |€|2+7t)@§
J
VISR +7 VISP +7

So we can estimate all other terms in the right-hand sides of (3.11), (4.3) and (4.4)
as above.
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Let us define a linear mapping A by

B 00, 00, 00,
A(©) = (91’ Ox, ' Oxy’ Ozs

Then, it is evident that A is an isometry from H!(R3) x L?(R?®) onto S which is a
closed subspace of (LZ(R‘?’))S. Let us write

U = A(u, ut).

By combining all the above analysis, we can conclude the following facts.

@2) for © = (0y,0,) € H'(R?) x LX(R3).

E(H(l —xr)¥()| (L2(R3))5> — 0 as R — oo uniformly in ¢ > 0;
For each fixed R > 1,

E(H(l— )(XR*\IJ H :©) )—>0 as r — oo uniformly in ¢ > 0;
L 3

For each R > 1 and r > 1, there is a positive constant M (R, r) such that

E(‘ = (vpx H ) < M(R,r), forallt> 0. 4.14
(XR Hl(g)) (R,7) ( )
Let € > 0 be given. We can choose positive numbers Ry and € such that
E(H — XRy, \IIH(LQ RS ) ) <€, and kaGk <e€ (415)
k=1

where {my} is a sequence of increasing positive integers with my — oo as k — oo.
Next, we choose 1 such that

(H ~E,) Xz, * ‘i’(t))H(Lz@f) < . (4.16)
We define Gy, to be the set of all R5-valued functions ® € (L? (IR3))5 such that
A le Tk
supp ® C {f gl < 2rk}a |® ||(H1 §)) ﬁ (4.17)

where M (Ry,r1) is the positive constant in (4.14) with R = Ry, = r. Then, each
Gy, is a compact subset of (LQ(R3))5. Next we define

Hy = {@ € (Lz(R3))5 S|le— ik, for some ® € gk}.

CI’H(LQ(RS))E) < -
Suppose U (t,w) = A(u(t,w) u(t w)) ¢ Hy, for some w € Q,¢t > 0. We can write

U= (1 - XRk>\II+F§71 ((1 - """k)(XRk *\IJ) +'_'Tk(XRk *‘I]))

Obviously, either F; ' (S, (Xn, %)) & G or F ' (Zp, (i, +0) ) € Gy 160 ¢ M,
and Fy ' (Erk (YR, * \il)) € G, then it must occur that either

1
= 8 2
H ’“ XR’“* L2(§ 2my,
or
1

||(1_XRk \If||(L2 RS) 5 > 2my,
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Therefore, for fixed ¢t > 0,
{w L ¢ Hk} c {w 7N (B (R + 1)) ¢ gk}
_ . A 1
1
Ufella- X )V (o) > %}

By (4.14) and (4.17),
P{(.«J : Fg_l(Erk()A(Rk * \i/)) ¢ gk} S mrge€g.
Also, it follows from (4.15) and (4.16) that

1
|(L2(5))5 ” ﬂ} < Zmex

P{w (=2 (e, + B)

and .
Plw: (- ) ()7 > m} < 2mpey.

These yield P{w (U(tw) ¢ Hk} < 5myeg, for every ¢ > 0. We define

o
k=1

Then, K. is closed and totally bounded in L?(R?)®. Thus, K.NS is a compact subset
of S, and A~!(K.NS) is a compact subset of H*(R?®) x L?(R?). Furthermore,

P{w (ult,w), w(t,w)) & A (Ken s)} = P{w LU(tw) ¢ ;ce}

o0
< Z Smpyer < be, for every t > 0.
k=1

Let L(t) = L((u(t), ut(t))) be the probability distribution for (u(t),u(t)) for each

t > 0. By the above analysis, the family of probability measures {C(t)} >0 Ol
HY(R3) x L2(R?) is tight. -

5. EXISTENCE OF PERIODIC AND INVARIANT MEASURES

It is clear that we could take any s > 0 as the initial time for the Cauchy problem
(3.19) - (3.20). We define X (¢, s;¢) = (u, ut) to be the solution of (3.19) for ¢ > s
satisfying (u(s),u(s)) = ¢, where ¢ is H'(R3) x L?(R?)-valued F,-measurable
such that ¢ € L*(Q; H'(R?) x L*(R?)) and u(s) € LPT'(€; LPT(R3)). Then,
X(,5¢) € L2(Q;C([s, T); HY(R?) x L*(R3))), for all T > s, and (3.43) holds for
all t > s. For each 0 < s < t, z € H(R?) x L*(R?®) and I" € B(H*(R?) x L*(R?)),
we set

p(s,z;t,F) = P{w : X(t,s52) € F}. (5.1)

Lemma 5.1. Let ¢ be a bounded continuous function on H*(R®) x L?(R3). For
each 0 < s < t, the integral

/ p(s, 2 t, dy)d(y)
H'(R3)x L2(R3)
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is continuous in z € H'(R3) x L?(R?).
Proof. Let {zn}zozl be a Cauchy sequence in H*(R?) x L?(R?) such that

lim 2z, = 2.
n—oo

Consider the probability distributions for X (¢,s;2,), n = 1,2,..., and X(¢, s; 24).
All the estimates in Section 4 are valid uniformly in z, and 0 < s < ¢, for the
sequence {zn}zozl is contained in a compact subset of H!(R3) x L?(R3). Conse-
quently, the family of probability measures p(s, z,;t,-),n = 1,2,..., is tight for
each 0 < s < t. Fix any 0 < s* < t* and any small € > 0. Then, there is a compact
subset Y. of H'(R3) x L?(R3) such that

p(s*,z*;t*,Te) >1—c¢, p(s*,zn;t*,Te) >1—¢ foralln>1.
It follows from (3.37) that

E( sup ||X(t, " zn

s*<t<t*

2 *
)HHl(]R3)><L2(]R3)) < M(t*), foralln>1,

and

E( sup || X (¢, 5% 2.)
s <t<t*

2 *
|H1(R3)><L2(R3)) < M(t").

Thus, we can choose a positive number L such that

P{w: sup HX(t,s*;zn

>L}<e, forallm > 1,
sr<t<t*

)HHI(RS)xLz(RS)

and
P{w: sup HX(t,s*;z*

s <<t

)HHl(RS)xm(RS) > L} <€

We then define stopping times by
_ inf{t : || X(t, 5*5zn)HHl(R3)xL2(RS) > L},
" 00, if {¢: HX(t’S*;Z")HHl(R?’)xLQ(R?') >L} =0

and

0, if {t: ||X(t,5*;z*

T, - inf{¢: HX(t’S*;Z*)||H1(R3)><L2(R3) > L},
>L}=0.

)||H1(R3)><L2(R3)
We write

Y, (t) = X(t AT, A ’T*,s*;zn) and Y,(t) = X(t AT, NT,, s*; z*)
Since || f2(v) — fQ(w)|’L2(R3) < M(L)|Jv — wl| g1 sy, for all v,w € H'(R?) satisfying

lv]| 1 (rsy < L, |w]| g1 (rsy < L, for some positive constant M (L), we can derive

E(HYn(t*) - Y*(t*)||ifl<R3>xL2<R3>> < M(t, L)llzn — zllin @oyxrz@s),  (5:2)

where M (t*, L) is a positive constant independent of n. Let ¢ be a bounded contin-
uous function on H'(R3) x L?(R?). Then, ¢ is uniformly continuous on T.. Thus,
there is some ¢ > 0 such that for all v, w € T, satisfying ||v —w| g1 (rs)x £2®s) < 0,

’¢(v) — (b(w)’ < €. (5.3)

Let us write, forn =1,2,...,

Q, :{w : X(t*,s*;zn) € Te}m{w : X(t*,s*;z*) € Te}
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ﬂ {w 1 sup HX(t75*§Zn)HH1(]R3)><L2(R3) < L}

s*<t<t*

ﬂ {w : sup HX(IZS*;Z*)HHl(Ri*)xL?(W) = L}'

s*<t<tr
For every n > 1, it holds that
P(Qn> >1— 4e. (5.4)
For each n > 1, if w € ,,, then
Yo(t") = X(t*,s%;2.) and Y, (t") = X(t*, 5% 2,).
It follows from (5.2) that

P(Qn ﬂ {w | X, 5% zn) — X(HF, 8% 20| (RS x L2 (RS) 2 5})
M(t*, L
< %Hzn — Z*HZI(Rg)XB(Rg), for all n > 1. (5.5)
Let us define
My = sup |¢(w)|
wEH (R3)x L2 (R3)

By (5.4), we see that for all n > 1,

‘/ qb(X(t*,s*;zn)) dP‘ < 4eMy,
ON\Q,

‘/ S(X(t*, 5% 2.)) dP‘ < deM,,
o\Q,
and, by (5.3) and (5.5),

[ el stse) - o(x 5752 |ap

OMyM (t*, L )
< #HZ” - z*HHl(R?’)xLz(R?’) te

Finally we arrive at

fim / S, 575 2)) — G(X(E, 57 22)) dP| < e + 86D,
Zn 2% Q
which yields the continuity, for e > 0 was arbitrarily chosen. 0

Lemma 5.2. (u(t),u(t)) is a H'(R®) x L?*(R®)-valued Markov process.
Proof. By the uniqueness of solution, it holds that for any 0 < r < s < t, and
z € HY(R3) x L3(R?),
X(t,r;2) = X (t,5,X(s,7r;2))
for almost all w. We define
Poid(z) = E(6(X(t,5:2)) )
for each bounded Borel function ¢ on H'(R3) x L?(R3). It is enough to show that
B(o(X(t5: X (5.7:2))| ) = Poso ()]

for almost all w, for each bounded continuous function ¢. Let us recall the proof
of Lemma 3.2. The solution was obtained by the truncation method. Let Xy =

y=X(s,r;2)
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Xn(t, s;¢) denote the solution (un,dyun) of (3.19) with f = f1 + fo v satisfying
(un(s), Opun(s)) = ¢, where ¢ is H*(R?) x L?(R?)-valued F,-measurable such that
¢ € L*(Q; HY(R?) x L*(R3)) and un(s) € LPT!(Q; LPT1(R3)). Then, we know that
for each T > s,

X(t,5;0) :J\}iirlmXN(t,s;C) in C([s, T]; H'(R?) x L*(R?))

for almost all w. For each N > 1 and each bounded continuous function ¢ on
HY(R3) x L?(R?), it holds that

E(o(Xn(t,5:0)|7) = B(o(Xn(t.5:9) )

for almost all w, which follows directly from the argument in [6, p.250], for fo n ()
satisfies (3.32). Since ¢ is a bounded continuous function, we pass N — oo to arrive
at

y=¢

B(o(X(t.5:0)|7) = B(o(X (ts0) )| _
for almost all w. O
Next we show periodicity of the transition function.

Lemma 5.3. Let p(s,z;t,T") be defined by (5.1). Then,

p(s+ L,z;t+ L, T) = p(s, 2z;t,T) (5.6)
for all0 < s <t,ze HY(R?) x L*(R?), and I’ € B(H*(R®) x L*(R?)).
Proof. Let {Q(j),]i/(j),P(j)},j = 1,2, be a stochastic basis, and let B,gj)(t), k=
1,2,..., be mutually independent standard Brownian motions over this stochastic
basis for each j = 1,2. Let (u(j),ugj)) be the solution of (3.19) with B, = B,(Cj)7 k=
1,2,..., satisfying (u()(s), uij)(s)) = 2, over the stochastic basis {Q0), f,fj), PO},
We will show that (u(?)(t), ugl)(t)) and (u®(t), uEQ)(t)) have the same probability
law. We may replace each B,(Cj)(t) by B,(Cj)(t) - B,(Cj)(s). Recalling that the solution

was obtained by the truncation procedure, let (u%), 3tu%)) be the solution with

f=fi+ fa,n. It is enough to show that (ug\p (t),@tu%)(t)) and (ug\?)(t),ﬁtug\?)(t))
have the same probability law for each V > 1. Fix any N and drop the subscript V.
Then, (u(j),ugj )) was obtained by iteration scheme. Choose any T' > 0, and sup-

pose that f0), g,(cj Vs are C ([s, T]; L*(R?))-valued random variables which are pre-
dictable processes over {Q(j),ft(j), PU)},j = 1,2, such that the joint distribution
of (f(l), {g,(cl)}km:l, {B,(Cl)}kmzl) is the same as that of (f(z), {g,(f)};”:l, {B,iz)}zld),
for each m > 1. Let us define for j = 1,2, and m > 1,

00 (1,€) =€ cos(V/[EP +5(t = 5))2§ ™€)
e—a(t=s) sin(y/[§]* +7(t — 5)) ﬁgj,m)(

+
€12+ Y
t 2
—a(t—n) sm( |§‘ +'Y(t*77)) ) ()d

+ [ L (5.7

m t 3 . 2 tf ))A
+ a(t n)sm( €2+ =n) .5 aBY

;/ N (mdBY (n)
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where (v(()j’m),vgj’m)) = 2. Then, (v(j’m),vt(j’m)) is a C([s,T]; H'(R3) x L*(R?))-
valued random variable which is a predictable process over {QU ),ft(j ), pU Y5 =
1,2. Furthermore, ((v(lvm),vil’m)),{B,(cl)}};”:l) and ((v@m),v,ﬁz’m)),{B,(f)};g;l)

have the same joint distribution. In the meantime, as m — oo,
(U(j’m),vgj’m)) — (v(j),vgj)) in L* (Q(j); C([s,T); H(R®) x L*(R?)))

where v(9) is defined by the right-hand side of (5.7) with m replaced by co. Con-
sequently, the joint distribution of ((0(1)7%(1))7{3](61)}?:1) is equal to that of

((v(z), v§2)), {B,(Cz)}kmzl) for each m > 1. At the same time,

(f1 + fo,n (0D, {gr1 + ¢9k,2(v(1))}Z:17 {Blgl)}?ﬂ)
and
(f1 + fon (@), {gr1 + ¢9k,2(v(2))};n:1, {Bff)}?:l)

have the same joint distribution for m > 1. Thus, approximate solutions at each
step of the iterations scheme have the same joint distribution, and (u(*) (%), ul? ()
and (u®(t), uEz)(t)) have the same distribution for each s < ¢ < T. With the aid of
(3.21) - (3.24), (3.26) - (3.29) and (3.31), we apply this observation to (u(l),uﬁl)) =
(u()ue(), (@@, u®) = (u(- + L),us(- + L)), B (¢) = By(t) — By(s) and

B,(f)(t) = By(t + L) — Bi(s + L) to arrive at (5.6). O

With the aid of the above lemmas under the assumptions (3.21) - (3.24), (3.26)
- (3.29) and (3.31), we will establish the existence of a periodic measure.

Theorem 5.4. There exists a probability measure p on HY(R3) x L?(R3) such
that if the initial distribution is equal to p, then the probability distribution of the
solution to (3.19) - (3.20) is L-periodic in time.

Proof. Here we use the notation p(s, z;t,I") defined by (5.1). By Lemma 5.3, the
transition function p(s,z;t,T') is L-periodic. Choose any z € H!(R3) x L?(R3).
Then, by Lemma 3.2, there is a unique solution of (3.19) - (3.20) satisfying (3.45).
Following Khasminskii [11], we set

1 N
= — E kL, ).
UN Nk:1p(07za a)

Then, by virtue of the analysis in Section 4, { W N} ~>1 18 a tight sequence of proba-
bility measures on H*(R3)x L#(IR3). Thus, there is a weakly convergent subsequence

oo
{MNk }kzl'
Let p = limg o0 ptn, and write

X = HY(R?) x L*(R?).
It follows from (3.45) that

/ lyll%p(0, 2 kL, dy) < M, for all k > 1,
X
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for some constant M. Hence, by means of the weak convergence of { N, }, cut-off
functions and Fatou’s lemma, we find

/X lylhdu(y) < M

In fact, this is a necessary condition for p to be the probability distribution of a
random function in L*(Q; H'(R?) x L?(R?)). We now assume that (ug, u1) satisfies
the conditions in Lemma 3.2 and the distribution of (uo, ul) is equal to p. Choose
any bounded continuous function ¢ on H'(R?) x L?(R3). By using Lemma 5.1,
Lemma 5.3 and the Chapman-Kolmogorov equation, we see that for each ¢ > 0,

/du(y)/ p(0,y;t,d¢)o(C)
X X

i 72 / (0, 2: kL, dy) / p(0,:t, )6 ()

k—oo NN,

— lim fz/ (0, 231 + KL, dC)6(O)

k—oo N

= lim —Z/ (0,23t + L+ kL, d¢)¢(C) (5.8)

k—oo N

= lim 72/ (0, 2; kL dy)/ p(0,y;t + L,d¢)$(C)

T koo Ny

_ /X du(y) /X p(0, it + L, ) ().

This yields that for each Borel subset T' of H*(R?) x L?(R3) and each t > 0,
P{w:(()ut EF /du p(0,y;t,T)
/ du(y)p(0,y;t + L,T)

{ C(u(t+ L), u(t + L)) er}.
This completes the proof of Theorem 5.4. [

Next we assume that f; and gx’s are independent of time, and retain all other
conditions in Lemma 3.2. Then, Lemma 3.2, Lemma 5.1 and Lemma 5.2 are still
valid, and (5.6) is also valid for arbitrary L > 0. We will prove the existence of an
invariant measure.

Theorem 5.5. There exists an invariant measure on H'(R?) x L*(R3) for (3.19).

Proof. We first note that the result of Theorem 5.4 cannot be used directly because
periodic measures lack uniqueness. As above we follow Khasminskii [11] to choose
any z € X = H'(R?) x L?(R?) and set

1 N
= — it ) dt .
UN N/O p(07zz ) ) 9 (5 9)
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which is a well-defined probability measure over X. For this, we argue as follows.
For each z € X and each bounded continuous function ¢ on X, the integral

/Xp(O,Z;t,dy)czﬁ(y)=/Q¢(X(t»0;2)) ap

is continuous in ¢, which implies that for each closed subset G C X, the func-
tion p(O,z;t,G) is upper semi-continuous in ¢. By the Dynkin system theorem,
p(0,2;t,T) is B([0,00))-measurable in ¢ for each Borel subset I' C X. Thus,
the right-hand side of (5.9) defines a probability measure over X'. Again by the
analysis in Section 4, the sequence {un}%_; is tight, and we can find a subse-
quence {up, }72, which converges weakly to a probability measure on X. Let
@ = limg_,oo v, . Choose any bounded continuous function ¢ on X. It is enough
to show that

Admwépmma«wmraﬁdmwﬁpmww+aam«x

for all ¢ > 0 and all L > 0. Since (5.6) is valid for every L > 0, we can proceed in
the same manner as in (5.8) to find

/ duy )/ p(0, y;t,dC)$(C)
hm/MM/ (0.555.d9) [ 90,351, 000(0
MH!W%/OZHMW@

:hmgf/’ Ck/ p(0, 23t + L + 5,d0)(C)
1m/M@/ (0,211 + L+ 5,d0)6(0)

= lim /Nk ds/ (0, z; s,dy) / p(0,y;t+ L,dC)o(¢)

k—oo N

= / d,u(y)/ p(0,y;t+ L,d{)¢(¢), forallt >0 and all L > 0.
X x

This completes the proof. ([l

6. REMARKS ON THE CASE OF A BOUNDED DOMAIN

Let G be a bounded domain in R? with smooth boundary 0G. We consider the
initial-boundary value problem.

= dB
ug + 20u; — Au+ Bu = f(t, z,u) + ng(t,x,u)d—tk, (t,z) € (0,00) X G,
k=1
u=0, (tz)e€(0,00)x0G,

u(0) = ug, ut(0) =uy z€G.
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Here we impose the same conditions on f and gx’s as in the previous section.
Following [15], our basic function class is

Ve = {1/) SYPHITNOSIERS oo}, seR
k=1
where (-,-) is the inner product in L?*(G), and {¢x}32, is a complete orthonormal
system for L?(G) which consists of the eigenfunctions:
—A¢r =M, inG
¢r =0 on 9G.

Then, VY = L?(G), V! = H}(G) and V? = H}(G) N H?(G). We also note that for
1<p<3and ¢=(3-p)/2,

[P~ lve < Cpll9llTs (6.1)

for all p € V1, for some positive constant C),. By Poincare’s inequality, we may
include the case § = 0. We can also take ¢ = 1 in (3.22). By Galerkin approxi-
mation in terms of ¢;’s, we can prove Lemma 3.1 with H!(R3) x L?(R?) replaced
by V! x V0. Then, by iteration and truncation method, we prove Lemma 3.2. If
(uo,u) € LS (V! x VO) and ug € L33(Q; LPT(R?)), then we can use the same
procedure as for (3.45) to obtain

E(\Q(t)|3> <M, forallt>0, (6.2)

for some positive constant M. Next we define the operator Py on V* by

N
Vi > <Y, B> b

k=1
We then define vy = (I — PN)u, so that vy can be the solution of
Ouvn + 200 vy — Avy + oy

= - Pn)f(t,z,u) + Z(I— PN)gk(t,x,u)%, (t,z) € (0,00) X G,
k=1

vy =0, (t,2) € (0,00) x 9G,
vn(0) = (I — Py)ug, Own(0)= (I — Py)u1, z€G.
By virtue of (6.1), we have
[ululP =My < Collully
which, together with (6.2), yields
E([[(1 = Px) () [[3) < CoARE M
for all t > 0. By virtue of (3.24), (3.26) - (3.29), it is easy to see that as N — oo,
(1 - PN)fl(t)HVU — 0, uniformly in ¢ > 0,

and

> E(II = Pw)gra 05 + (T = Pw)dgnp(w®)]7,) — 0

k=1
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uniformly in ¢ > 0. Using these and an equation similar to (4.1), we find that
B([[(1 = Px)u®) 3 + 1(Z = Pr)ucd)][30) = 0

as N — oo uniformly in ¢. Here the term u|u[P~! is handled differently from the
previous procedure, because the operator Py does not preserve the polynomial
structure of the term. By virtue of (6.2), we have

E(||(PNu(t),PNut(t))}|V1Xvo> <M, forallt>0and N > 1. (6.3)

Now let € > 0 be given. Then, there are positive integer N and positive number
€ such that

B = Pw)ut®) |y + (1 = Pr)ue®llya) < e,

o0
E mprep < €
k=1

where {my,} is a sequence of increasing positive integers with my — oo as k — oc.
We define S, to be the set of all R?-valued functions ® € V! x V0 such that

M

Py, ®=® and
mEek

11y o <

where M is the same positive constant as in (6.3). Apparently, S; is a compact
subset of V1 x V0. Next we define

1
U, = {@ eV XV ||© = ®||y14y0 < —, for some ® € Sk}.
mg
Then, (,—; Uy is a compact subset of V1 x VY. For each k > 1, we can write

(ut), ue(8)) = (Pru(t), Payun(®) + (I = PaJult), (I = Pa)un(t)).

By the same argument as in Section 4, we can conclude that
Plw: (u(t),u(t)) ¢ ﬂ Uy} < 2€, for each t > 0.
k=1

The remaining procedure is the same as the one used in Section 5 to prove the
existence of periodic and invariant measures.
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