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POSITIVE SOLUTIONS OF FOUR-POINT BOUNDARY-VALUE
PROBLEMS FOR HIGHER-ORDER WITH p-LAPLACIAN
OPERATOR

YUNMING ZHOU, HUA SU

ABSTRACT. In this paper, we study the existence of positive solutions for non-
linear four-point singular boundary-value problems for higher-order equation
with the p-Laplacian operator. Using the fixed-point index theory, we find
conditions for the existence of one solution, and of multiple solutions.

1. INTRODUCTION
In this paper, we study the quasi-linear equation, with p-Laplacian operator,
(6p (™) 4 g(t) f(u(t), ' (t),...,u" D) =0, 0<t<1, (1.1
subject to the boundary conditions
uP(0)=0 0<i<n-3,
u"D(0) = Bo(u () =0 n>3, (1.2)
u™ (1) + By (u" V() =0 n>3,

where ¢,(s) is the p-Laplacian operator; i.e., ¢,(s) = |s|P72s, p > 1, ¢y = gb;l,
%4—% =1. &,n € (0,1) is prescribed and £ < 7, g : (0,1) — [0,00), By, By are both
nondecreasing continuous odd functions defined on (—oo, +00).

In recent years, the existence of positive solutions for nonlinear boundary-value
problems with p-Laplacian operator received wide attention. Recently, for the ex-
istence of positive solutions of multi-points boundary-value problems for second-
order ordinary differential equation, some authors have obtained the existence re-
sults [3, [0l 2, 4 B]. However, the multi-points boundary-value problems treated
in the above mentioned references do not discuss the problems with singularities
and the higher-order p-Laplacian operator. For the singular case of multi-point
boundary-value problems for higher-order p-Laplacian operator, with the author’s
acknowledge, no one has studied the existence of positive solutions in this case.
Therefore this paper mainly studies the existence of positive solutions for nonlinear

singular boundary-value problem (1.1}, (1.2]).
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In this paper, by constructing an integral equation which is equivalent to the
problem , , we research the existence of positive solutions when g and f
satisfy some suitable conditions.

For the rest of this paper, we make the following assumptions:

(H1) f e C([0,400)" 1, [0,400));

(H2) g:(0,1) — [0,+00) and 0 < fol g(t)dt < oo;

(H3) By, B; are both increasing, continuous, odd functions defined on (—o0, +00)
and at least one of them satisfies the condition that there exists one b > 0
such that

0< Bi(v)<bv, Yv>0,i=0, ori=1.

It is easy to check that condition (H2) implies

1 s
0< /0 qi)q(/o g(s1)dsy)ds < +o0.

This paper is organized as follows. In section 2, we present some preliminaries
and lemmas that will be used to prove our main results. In section 3, we discuss
the existence of single solution of the systems (L.1)). In section 4, we study the
existence of at least two solutions of the system. In section 5, we give two
examples as an application.

2. PRELIMINARIES AND LEMMAS

Let
B={uecC"?0,1]:u(0) =0, 0<i<n-3}.

Then B is a Banach space with the norm ||u| = max;¢o, 1 |u=2)(t)]. And let
K={ueB: u™ =2 (t) >0, u""2(t) is concave function, ¢ € [0, 1]}.

Obviously, K is a cone in B and 0 < u((t) < |lu|| on [0,1]. Set K, = {u € K :
|lu]l < r}. We can easily get the following Lemmas.

Lemma 2.1. Suppose condition (Hz) holds. Then there exists a constant 6 €
(0,1/2) that satisfies

1-6
0< / g(t)dt < oo.
0

Furthermore, the function

A(t) = /975 cz)q(/:g(sl)dsl)ds + /tlo gbq(/ts g(s1)ds1)ds, te(f,1—6]

is positive continuous function on [0, 1—6], therefore A(t) has minimum on [6,1—6)].
Hence we suppose that there exists L > 0 such that A> L, t € [0,1 - 0].

Lemma 2.2. Letu € K and 0 € (0,1/2) in Lemma[2.1] Then
w2 () > O|lull, telh,1-0).

The proof of the above lemma is similar to the proof of in [0, Lemma 2.2], so we
omit it.



EJDE-2007/05 FOUR-POINT BOUNDARY-VALUE PROBLEMS 3

Lemma 2.3. Suppose that conditions (H1)-(H3) hold. Then u(t) € KNC™~1(0,1)

is a solution of boundary-value problem (1.1), (1.2) if and only if u(t) € B is a
solution of the integral equation

t S1
t) 2/ / / Sn 2 dSn stn 3. d$17
0o JoO 0

where
By o by ( J{ g(s) flu(s),ul(s). ... u=D(s))ds)
e[ 9 ), () u D ()dr)ds 0 <t <,
w(t) = X B (2.1)
B0 64 [ 90 F(u(s). /(). ... (5))ds)
+/, ¢q(f5 g(r) flu(r), W (r),...,u=D(r))dr))ds §<t<1

1 s
+ / bl /5 (P FQu(r), o (), ..., u™ D (r))dr)ds.

The equation g1(t) = ga2(t) has unique solution in (0,1) because g1(t) is strictly
increasing on [0,1), and ¢g1(0) = 0, while g2(t) is strictly decreasing on (0, 1], and

Proof. Necessity. By the equation of the boundary condition and (H3), we have
u=D(€) > 0, u(" Y (n) < 0, then there exist a constant § € [¢,1] C (0,1) such
that u("*l)(é) = 0. Firstly, by integrating the equation of the problems on
(6,t), we have

a0 = oy 8) ~ [ 9 ) ), D)
then
um I (t) = _%(/5 g(s) f(u(s), ' (s),. .. ,u("”)(s))ds), (2.2)

thus
wm=D (1) = w2 (5) — / ¢q(/ g(r) f (u(r),d'(r),.. ., u<"—2>(r))dr) ds. (2.3)
By u("~1)(8) = 0 and condition (T.2), letting ¢ = n on (2:2)), we have

u2(1) = —B, (u(n—l)(n)) =DBio¢, ( /; g(s)f (u(s),'(s),... ,un™2) (s))ds)
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Then by (2.3)), we have
W0) = 10 0y [ a6 (0l (0), 2 9)5))

1 s (2.4)
+ /5 ¢q(/5 Q(T)f(u(r), u'(r),... ,u(”72) (r))dr) ds.

Then

" (t) =By o ¢q(/6ng(s)f(u(s), u/'(s),. .. ,u(”*z)(s))ds)
+ /t1 (bq(/;g(?“)f(u(r), u'(r), ..., u("_Q)(r))dr)ds.

Integrating ([2.5)) for n — 2 times on (0,t), we have

u@)=/¢/ﬁn./%”zﬁo%(/maafwwxwwx

w2 (s ))ds)dsS .. dsadsy

/i/ / ,/ /ﬁﬂﬂf@&%wwx

Cu (e ))dr)ds)dssﬂ , ... dsadsy.

(2.5)

Similarly, for t € (0, 6), integrating problems (1.1)) on (0, d), we have

t)=/¢/&H.A%”z%o%(/ﬁmwfw@xwwx

u" 2)( ))ds)dssn 5. --dsadsy

/1/ e (/ﬁﬂﬂf@ULw@L

u D)) dr)ds)ds,, , ... ds ds.

Therefore, for any ¢ € [0,1], u(t) can be expressed as

/ / / W(sp—2)dsp—2ds,—3...ds1,

where w(t) is expressed as
Sufficiency. Suppose that u(t fo .. fg" P w(sp—2)dsy_odsy_3...dsi.
Then by ., we have

s , e
W () {gbq(ft g(s)f(u(s),u'(s),...,ul 2)(5))ds>ds >0, 0<t<d,

—(bq(f; g(s)f (u(s),w'(s),... ,u("_2)(s))ds)ds <0, §<t<1,
(2.6)
So that (¢, (u™= D)) +g(t) f(u(t),u'(t), ..., u*"2D () =0,0 < t < 1 t # §. These
imply that . holds. Furthermore, by lettmg t=0and ¢t=1on and .,
we obtain the boundary-value equations of (| . The proof is complete
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Now, we define a mapping T : K — C™~ 1[0, 1] given by

/ / / Sn 2 dSn 2dsp_3...ds1,

where w(t) is given by (2.1).
Lemma 2.4. Suppose that conditions (H1), (H2) hold. Then the solution u(t) € K

of (L.1), (L.2) satisfies
u(t) <u'(t) <--- <u3@), telo,1],
and for 6 € (0,1/2) in Lemma 2.1, we have

1
w3 (t) < au(”_Q) t), telf,1-40].

Proof. 1f u(t) is the solution of problem ({.1] (T3), (T2), then w("=2)(¢) is concave
function, and u* ()>O i=0,1,...,n—2, te [0, 1} Thus we have

<-

ie,u(t) <u (t) - <u=3)(t), t € [0,1]. Next, by Lemma[2.2] for t € [0,1— 6],
)(t) Z ||U(n 2)H. Then from

t
W) = [ D e)ds < 2,
0

we have u("~

we have
um () < éu("_2)(t)7 te(6,1—0).

The proof is complete. O
Lemma 2.5. The operator T : K — K is completely continuous.
Proof. Because

(Tw)™=D(¢)
bq ( fté g(s)f(u(s)7 uw'(s),..., u("_Q)(s))ds> >0 0<t<6,
fqﬁq(f;g(s)f(u(s),u’(s), . ,u(”*z)(s))d(s) <0 §<t<1,

is continuous, decreasing on [0, 1] and satisfies (Tu)™~1)(§) = 0. Then, Tu € K for
each u € K and (Tu)"~2)(§) = maxyeo, 1] (Tw)™=2)(t). This shows that TK C K.
Furthermore, it is easy to check by Arzela-ascoli Theorem that T' : K — K is
completely continuous. (I

= w/(t) =

Obviously, we can obtain the following results,
w(0) — Bow'(¢) =0, w(1)+ Byw'(n) = 0.
Our main tool of this paper is the following fixed point index theorem.
Theorem 2.6 ([5,[0]). Suppose E is a real Banach space and K C E is a cone. Let

Q. ={ue K :|u| <r}, and the operator T : Q, — K be completely continuous
and satisfy Tx # x for all x € 09),.. Then

() If | Tz|| < ||z|| for all z € O, then i(T,Q,, K) =1;
(i) If |[Tz|| > ||z|| for all x € O, then i(T,Q,., K) =0.
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For convenience, we set

1

, * 1 .
L (b+1)¢q(fo g(r)dr)
where L is the constant in Lemma By Lemma [2.4] we can also set

fo = hm max f(u17u27-~-,un_1)
Un—1—00<uy < <ty 2 <un_1/0 (un—l)p_l ;
UL, U2y e ooy Upy—
foo = lim min fu,ug, ..., 1n 1),
Up—1—00 0<uy <o Lty —2<Up—1/0 (unf1)p7
UL s U2y e oo s Uy —
fO: lim min f( 1, U2, ; 1n 1)7
Up—1—00<u; < <up_2<un_1/0 (un_l)p,
= lim max flur,ug, .o un—1)
Up—1—00 0<uy < LUy 2 <1 /0 (un_l)p—l

3. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we present our main results.

Theorem 3.1. Suppose that condition (H1)-(H3) hold. Assume that f also satis-
fies

(A1) f(ur,ug,... up_1) > (mr)P~t for Or <wup 1 <7r, 0<u; <+ <wupyo <
un_1/9;
(A2) f(ui,ug,... up_1) < (MR)P™! for 0 <wp1 <R, 0<u; < - <apg <
Un—1/0, where m € (0*,00), M € (0,0,).
Then the boundary-value problem (L.I]), has a solution w such that ||u|| lies
between r and R.
Theorem 3.2. Suppose that condition (H1)-(H3) hold. Assume that f also satis-
fies
(A3) fO=p€[0,(0./0)P1);
(Ad) foo =X € (20%/0)P71, 0).
Then the boundary-value problem , has a solution u which is bounded in
the norm | - ||.
Theorem 3.3. Suppose that condition (H1)-(HS3) hold. Assume that f also satis-
fies
(A5) [fe=Xxe [07 (9*/4)17_1);
(A6) fo =€ ((207/0)P", 00).
Then the boundary-value problem , has a solution u which is bounded in
the norm || - ||.

Proof of Theorem[3.1. Without loss of generality, we suppose that 7 < R and 0 <
By(v) < bv for all v > 0. For any u € K, by Lemma 2.2] we have

w2 () > 0|ul, teld,1-0). (3.1)
We define the following two open subset of E:
G ={ueK:|ul|<r}, Q={ueK:|ul|<R}
For each u € 994, by we have
r=ul| > w2 @) > 0||ul| =0r, te[,1—0)].
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For t € [#,1 — 0] and u € 94, we shall discuss it from three perspectives.
(i) If 6 € [6,1 — 6], thus for u € 994, by (A1) and Lemma [2.3] we have

2||Tul| = 2(Tu)"~2)(5)

2/Oggbq(/jg(r)f(u(r),u/(r),...,u(”2)(7“))d7“)ds

# o [ o0, =2 0)ar)as
> Lol [ oS, )ar)as

T /:9 (bq(/:g(r)f(u(r),u’(r),...,u("_Z)(r))dr)ds

> mrA(§) > mrL
> 2r = 2|u].

(ii) If 6 € (1 — 6, 1], thus for u € 9y, by (Al) and Lemma [2.3] we have
Tl = (Tw) "2 (6)

> By o ¢, ( /: g(r)f(u(r), u'(r),... ,u=2) (r))dr)
" / o[ ) (0, D 1)) s
> /1 ' /1 ' (r)f(u(r),u’(r),...,u("_Q)(r))dr)ds

(iii) If 6 € (0,6), thus for u € 99y, by (A1) and Lemma 2.3 we have
|1 Tull = (Tw)" = (5

> B o ¢, ( /77 g(?“)f(u(r), u'(r),... L um=2) (r))dT)

)

+ /51 bq ( /68 g(r)f(u(r), u'(r),... ,um=2) (r))dr) ds

Therefore, under all condition, we have || Tu|| > ||u|| for all u € 9Q;. Then by
Theorem

i(T, 0, K) = 0. (3.2)
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On the other hand, for u € 9Qs, we have u("~2)(t) < ||u|| = R, by (A2),
|1 Tul| = (Tu)®~2)(8)

< Bjyo ¢, ( /01 g(r) f(u(r),'(r),. .. ,un=2) (r))dr)
+ /01 bq ( /j g(r)f(u(r), u'(r),... ,un=2) (r))dr) ds

1

< bMR(;Sq(/O g(r)dr) —|—MR¢>q(/ g(r)dr)

0

1
= (b+1)MRo,( / g(r)dr)
0
<R = u].
Thus || Tul| < [Ju] for all u € 9Q. Then by Theorem [3.1] we have
i(T, 0, K) = 1. (3.3)

Therefore, by (3.2), (3.3)), » < R we have

i(T7QQ \617}() =1
Then operator T has a fixed point u € (2 \ 1) and r < |ju|| < R. This completes
the proof 0

Proof of Theorem[3.3 First, from f0 = ¢ € [0, (6,/4)P71), for € = (0./4)P~! — ¢,
there exists an appropriately small positive number p, such that 0 < u,—1 < p.
Since u,—1 # 0, we have

flur,ug, .. un—1) < (@4 €)(Un_1)P"H < (0./4)P Pt = (0.p/4)P~ L. (3.4)
Then let R = p, M = % € (0,06,), thus by
fug,ug, ... up_q) < (MR)P™L,
0<up—1 <R, 0<u; < - <up_o<uy1/6.

So condition (A2) holds.

Next, by condition (A4), foo = A € ((20%/6)P~1, 0), then for e = A—(26*/0)P~1,
there exists an adequately big positive number r # R, such that u,_; > 0r, 0 <
up <o <up_g < up_1/60, we have

Flur,ug,y .oy tn1) > (A= €)(up_1)P~t > (207 /0)P~1(0r)P~1 = (20*r)P~1, (3.5)
Let m = 20* > 6*, thus by (3.5, condition (A1) holds. Therefore by Theorem [3.1
we know that the results of Theorem hold. The proof is complete. O

Proof of Theorem[3.3. First, by condition (A6), fo = ¢ € ((26*/0)P~!,00), then
for € = ¢ — (20* /0)P~1, there exists an appropriately small positive number r, such
that 0 < u,—1 <7, up—1 # 0, we have

flur,ug, 1) 2 (9 — €)(un—1)P~" = (20°/0)P " (un—1)P ",
thus when 6r < u,,_1 < r, we have
Flur,ug, .. sun_1) > (207 /0)P~1(0r)P~1 = (20%r)P~ 1. (3.6)
Let m = 20* > 0*, so by , condition (A1) holds.
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Next, by condition (A5): f> = X € [0, (0./4)P~1), then for € = (0,/4)P~L — )\,
there exists an suitably big positive number p # r, such that u,_; > p, we have

Flut,ug, .. tn—1) < A+ €)(tp_1)P1 < (0,/4)P " (up_1)P7 L. (3.7)

If f is unbounded, by the continuation of f on [0,00)""!, then exists constant
R>p, R# 7, and a point (uo1, o2, .. ., Ug(n—1)) € [0, o0)™~1 such that

p<upmn-1 < R

and
flur,ug, ... un—1) < f(uor,uoz, - - - Uo(n-1)); 0<up—1 <R
Thus, by p < ugn—1) < R, we know
Jflug,uz, .. un—1) < fuor, w2, - - - Ugn—1))
S (0*/4)1771(,“0(”_1))1)*1
< (0.R/4)P71.

Choose M = % € (0,0,). Then, we have
,f(uh Uz, ... 7un—1) S (MR)P—17
0<up_1 <R, 0<u; <---<up_o<u,1/6.

If f is bounded, we suppose f(uy,us,...,up—1) < Mpil,ﬂn,l € 10, 00), w e
R, there exists an adequately big positive number R > 4M /6., then choose M =
0./4 € (0,0,), for 0 <up < -+ <up_o < uy_1/6, we have

Flusytig, 1) <M< (0,R/4P = (MR)P™, 0<u, 1 <R

Therefore, condition (A2) holds. Therefore, by Theorem we know that the
results of Theorem [3:3] holds. The proof is complete. O

4. EXISTENCE OF MANY POSITIVE SOLUTIONS
Next, we discuss the existence of many positive solutions.

Theorem 4.1. Suppose that conditions (H1)-(H3) and (A2) hold. Assume that f
also satisfies

(A7) fo=+oo;

(A8) foo = +00.
Then the boundary-value problem (L.1), (1.2) has at least two solutions uy,us such
that

0 < [lurll < R < [Juz]l-

Proof. First, by condition (A7), for any M > -, there exists a constant p, € (0, R)

such that )
f(ulau% s 7“7171) 2 (Munfl)pi )

0<tp—1<ps, 0<u <+ <upoo <uy_q/6.

Set Q,, = {u € K : ||u]| < p.}, for any u € 9Q,,. By (£.1)) and Lemma [2.2] similar
to the proof of Theorem [3.1} we have from the three perspectives,

ITul) > lull, ¥ u € 00,
Then by Theorem we have

(4.1)

i(T,Q,., K) =0. (4.2)
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Next, by condition (A8), for any M > 0%, there exists a constant pg > 0 such that

fur,ug, . yup—1) > (Mu, )P,

(4.3)
Up—1>po, 0<up <o <up_o <up_y/6.

We choose a constant p* > max{R, Z}, obviously p. < R < p*. Set Q,« = {u €
K :||lul]] < p*}. For any u € 0Q,+, by Lemma we have

w2 () > 0||ul| = 0p* > po, te[h,1—14].

Then by (4.3) and also similar to the proof of Theorem [3.1} we have from the three
perspectives,

|Tul| > [|ul| Yu € 0,
Then by Theorem we have
i(T,Q,, K) = 0. (4.4)

Finally, set Qg = {u € K : ||lu|| < R}, For each u € 9Qg, by (A2), Lemma [2.2] and
also similar to the proof of Theorem we can also have

ITull < llull Vo € 095
Then by Theorem we have
i(T, O, K) = 1. (4.5)

Therefore, by (4.2), (4.4), (4.5), p« < R < p* we have
i(T,Qr\Q,.,K)=1, i(T,Q, \ Qr,K)=—1.

Then T have fixed point u; € Qg \ﬁp*, and fixed point up € Q- \ Qr. Obviously,
uy, ug are all positive solutions of problem (1.1),(1.2) and 0 < |ju1]] < R < ||luz]l.
The proof is complete. O

Theorem 4.2. Suppose that conditions (H1)-(H3)and (A1) hold. Assume that f
also satisfies

(Ag) fo =0;
(A10) f* = 0.

Then the boundary-value problem (L.1), (1.2) has at least two solutions uy,us such
that 0 < |lui|| < r < [Juz]-

Proof. First, from f° = 0, for n; € (0,6,), there exists a constant p, € (0,r) such
that
flur,ug, ..o un—1) < (Mun—1)?" 1,

(4.6)
0<tn-1<ps, 0<up <or S upg < up_y /6.
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Set Q,. ={u € K : |u|| < p}, for each u € 09,_, by (4.6)), we have
|1 Tull = (Tu)"~2)(5)

< Byo oy /01 g(r) F (ulr), ' (r), . w2 (r))dr
—|—/01gi)q(/jg(r)f(u(r),u’(r),...,u(”2)(r))dr>ds
< Byo oy /01 o) (u(r) (). .. u" =2 () dr)
+ oy /O g F (), ol (), u"=2)(r))dr )
< (b+ 1)nlp*¢q</olg(r)dr)

< pw = lull.
ie., [|[Tu|l < |lul for all u € 09, . Then by Theorem we have
i(T,9Q,,,K)=1. (4.7
Next, let f*(z) = maXo<y, ,<2,0<us < <un_s<un_1/0 f (U1, U2,. .., Up_1), note that

*(x) is monotone increasing with respect to x > 0. Then from f*° = 0, it is eas
g y

to see that
Jim (%)

z—o0 pP—1

Therefore, for any 7y € (0, 6.), there exists a constant p* > r such that
fr(@) < (pa)™, x> p". (4.8)
Set Qv = {u € K : ||lul| < p*}, for each u € 0,-, by ([A.8)), we have
|1 Tul| = (Tu)" ) (8)

< Bjpo g, < /01 g(r)f(u(r), u'(r),... L um=2) (r))dr)
+ /01 bq ( /55 g(r) f (u(r),u'(r), ... ,un=2) (r))dr) ds
< Byogq ( /01 g(T)f(u(r)’ u’(r)7 o 7u(”—2) (r))dT‘)

=0.

+ ¢q ( /01 g(r) f(u(r), ' (r), ..., u("’Z)(r))dT)
< (b+ 1)¢q(/olg(T)f*(p*)dr)
< (b+ 1)772P*¢q</01 g(r)dr)

< 0 = .
ie., [[Tul| < ||lul| for all u € 8+ Then by Theorem [2.6| we have
i(T, Qe K) = 1. (4.9)
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Finally, set Q, = {u € K : |Ju| < r}, For any u € 99,, by (A;), Lemma [2.2] and
also similar to the previous proof of Theorem (3.1} we can also have || Tu|| > ||l for
all u € 99Q,.. Then by Theorem we have

i(T,Q,, K) = 0. (4.10)
Therefore, by ([.7), (4.9), [.10), p. <1 < p*, we have
i(T,9:\Q,.,K)=-1, i(T,Q,-\Q,,K)=1.

Then T has a fixed points u; € €, \ﬁp*, and ug € €2, \ Q,.. Obviously, uy,us are
all positive solutions of problem (1.1)),(1.2) and 0 < |luz|| < 7 < |Juz]||. The proof is
complete. 0O

Similar to Theorem we obtain the following Theorems.

Theorem 4.3. Suppose that conditions (H1)-(H3), (A2), (A4), and (A6)hold.
Then the boundary-value problem (L.1), (1.2) has at least two solutions uy,us such
that 0 < |Jui|| < R < |Juz]|-

Theorem 4.4. Suppose that conditions (H1)-(H3), (A1), (A3) and (A5) hold.
Then the boundary-value problem (1.1), (1.2) has at least two solutions uy,ug such
that 0 < |lur|| < 7 < ||uzl|-

5. APPLICATIONS

Example 5.1. Consider the following third-order singular boundary-value problem
(SBVP), with p-Laplacian,

\/g 1 1 %621/
MY 1 Y= (4 1/21= 5 —0 0<t 1
(p(u"))" + 3572 () s + 5005 7ew 7 a2} steh 5.1
u(0) =0, (5-1)
u'(0) —u’(1/4) =0, /(1) +3u”(1/2)) =0,
where
3 1 1 1
b= 57 g - Za n 57 b 27 0 Z»
NE | 94e2u2 /5
t) = —t 2 = /272 .
9(t) = g5t w) = () P lg + pop =]
Then obviously,
o 0 __ o . f(uh Ug) _ E
¢=3 [=¢= lm  max T W

fozl= lm min U2, 9 /1g(t)dt\/§
Uz —00 0<ug <4us ug_l 5 ’ 0 18 ’

By(v) =v<2v=bv, Bi(v)=3v, Yv>0,
so conditions (H1)—-(H3) hold. Next,
1

9, — . — 36,
0+ 1)y ( [y g(r)dr)
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then (6,/4)P~' =3 > 3L ie. ¢ € [0,(6./4)P~1), so conditions (A3) holds. For
0 = 1/4, by calculating, it is easy see that

1,7 V3
L= min A() = —(— + —).
cpin AWM = 15(z5+ 37
Because o
20* /)P =96 x (——— )12 < ==,
(26°/9) (7+12¢§) 5
we have

1€ ((20%/6)P71, c0),
so conditions (A4) holds. Then by Theorem (5.1) has at least a positive solu-

tion.

Example 5.2. Consider the following third-order singular boundary-value prob-
lem, with p-Laplacian,

(dp(u"))" +

(1= u+ W)+ W) =0 0<t<1,
u(0) =0, (5.2)
u'(0) —u”(1/4) =0, /(1) +5u"(1/3)) =0,

644

where
1 1 1
= = — = = 9:7
p ) 4’ N 3’ 4’
1 .
9(t) = ot U= 1), flurun) = w41 +

Then obviously,

~ 64m
By(v) =v<2v=bv, Bi(v)=5v Yu>0,

conditions (H1)—-(H3), (A7), (A8) hold. Next,

1
ool [ o) = . 0. =3,

we choose R = 3, M = 2 and for 6 = i, because of the monotone increasing of
f(u1,uz2) on [0,00) x [0,00), then

f(U1, UQ) < f(l?, 3) =12490=102, 0<us <3, 0<u; <A4us.
Therefore, by

4 ! 1
ngv g(t)dt foo:+ooa f0:+OO,
0

M € (0,60,), (MR)'=(6)*= 216,
we know that
flur,ug) < (MR)P™', 0 <up <3, 0<uy < 4uy,

so conditions (A2) holds. Then by Theorem (5.2) has at least two positive
solutions v, vy and 0 < |Jv1|| < 3 < |jv2].
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