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EXISTENCE OF SIGN-CHANGING SOLUTIONS FOR RADIALLY
SYMMETRIC p-LAPLACIAN EQUATIONS WITH VARIOUS
POTENTIALS

WEI-CHUAN WANG

ABSTRACT. In this article, we study the nonlinear equation
(7‘"71|u'(7")|p72u'(7"))/ + 7" L (r) u(r) |97 2u(r) = 0,

where ¢ > p > 1. For positive potentials (w > 0), we investigate the existence
of sign-changing solutions with prescribed number of zeros depending on the
increasing initial parameters. For negative potentials, we deduce a finite in-
terval in which the positive solution will tend to infinity. The main methods
using in this work are the scaling argument, Priifer-type substitutions, and
some integrals involving the p-Laplacian.

1. INTRODUCTION

The purpose of this article is to investigate some properties related to the radially
symmetric problem for

—Apu=g(|z|,u), onQCR", (1.1)

where Ayu = div(|Vu[P=2Vu), p > 1 and n > 1. The p-Laplacian operator Ayu
itself has the originally physical meaning, and also can be treated as a generalization
of the Laplacian operator. The quantity p is a characteristic of the medium of non-
Newtonian fluids or nonlinear diffusion problems. Media with p > 2 are called
dilatant fluids and those with p < 2 are called pseudoplastics. If p = 2, they are
Newtonian fluids. For the above, we refer the readers to [7] [8], 18] 22l 26, BT, 32 33]
and their references. Also, some results for radial solutions related to have
been obtained in [5l 6, 12, 13| 14} 15 29, 25| B6] B7]. In [5], the authors extended
the eigenvalue theory to the radially symmetric p-Laplcian in R™ corresponding to
Weyl’s limit point and Weyl’s limit circle theories in the case p = 2. In [12], the
authors determined the structure of positive radial solutions related to . In
particular, Kabeya et al. [I4] deduced the existence of radially fast-decay solutions
of with prescribed number of zeros in (0,00). They also considered further
boundary problems with similar results. More recently, the authors [6] derived the
existence of radial solutions having prescribed number of sign changes on (0, c0)
for n > p > 1. Another direction is to deduce the existence of blow-up solutions.
A solution u of is called boundary blow-up if limy_,o u(xg) = oo for each
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sequence in ) which converges to a point on 9Q2. For p = 2 this type of problem
has a long history. Bieberbach [3] and Rademacher [27] started to study this theme.
Bieberbach was motivated by problems in geometry, Rademacher by a problem in
mathematical physics. Later, Keller [I6] derived a well-known result. The author
gave necessary and sufficient conditions on the the growth of g(u) at infinity to
guarantee that such solutions exist. Under more restrictive assumptions, but for
general N-dimensional domains, the blow-up problem has been studied by Bandle
and Marcus [I] 2], Lazer and McKenna [19, 20] for p = 2 and by Diaz and Letelier
[9] for general p > 1. For a nonlinear radial p-Laplacian, Reichel and Walter [29]
employed a strong comparison principle to develop some properties of boundary
blow-up solutions. Also, McKenna et al. [25] have treated the radial case for
g(u) = |u|? and general p > 1. We mention a part of work in [25], where the
authors developed the existence of blow-up solutions for the one-dimensional case
(n = 1) first and applied a crucial inequality to obtain the existence of blow-up
solutions to the general case (n > 1).

By considering radially symmetric solutions to , we are led to study the
nonlinear problem

(r" ! (7)) P2 (1)) () u(r) |7 2u(r) = 0, (1.2)
w(0) =a >0, u'(0)=0, (1.3)

where r = |z| and ’ = %. Motivated by the previous results [6], 14, 17, 25| [35] [37],
we study two issues related to —. When w > 0, we investigate the existence
of sign-changing solutions with the prescribed number of zeros in a finite interval.
For this issue, we consider a right endpoint condition

u(1) =0 (1.4)

for the sake of simplicity. We denote the solution of — by u(r;«). The
following results (Theorem and can be treated as the Sturmian theory
which is related to the existence of solutions having prescribed number of zeros.
Some results closely relevant to this issue can be referred to [6, 14, [15] [35] [36] B7]
and their bibliographies. In this article we to consider a wide class of potential
functions and employ the interesting methods, scaling arguments and Priifer-type
substitutions, to achieve the goal. The method seems to be classical and can be
found in [I4] B5], [39). However, this extension is not trivial and need more subtle
arguments in the analysis of generalized polar coordinates. Throughout this paper
we assume the following conditions:

(A1) ¢ > p;

(A2) w e CLH(R), and |w| > §; on [0, 00) for some &; > 0;

(A3) k:= maX{M :re[0,1]};

w(r) )

(A4) p>n, wy := max{|w(r)|:r €[0,1]} and K := wl(%lo)e"‘) T,
Note that (A1)—(A3) hold for the existence of solutions with prescribed number of

zeros to the two-endpoint boundary condition case (Theorem|1.1). (A4) is added to
the case of multi-point boundary conditions (Theorem |1.3]). Here is our first result.

Theorem 1.1. Assume that w > 0 in and (A1)—(A3) hold. Then there exists
a strictly increasing sequence of positive numbers {a, 2, such that the solution
u(r; o) is a solution to the BVP (1.2)-(1.4). Moreover, u(r;ay) has ezactly n — 1
zeros in (0,1) forn € N.
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Remark 1.2. The initial parameter corresponding to the solution with the pre-
scribed number of zeros is not unique usually. For the case of n = 1, the author
[34] showed that such a sequence is unique, provided w € C2(R), ([w(r)]~*/?)” <0
onRand 1 <p <2

Under the derivation of the existence of sign-changing solutions to the two-point
BVP (Theorems, we observe an application to the case of multi-point boundary
conditions. The existence of solutions, especially positive solutions, of boundary
value problems with multi-point boundary conditions have been studied extensively,
see, for example, [T 23] 24] 28] [38]. Moreover, to the best of the author’s knowl-
edge, there is few work done so far on the existence of nodal solutions to problems
with the multi-point boundary conditions related to . Motivated by the idea in
[T, [37] and as a byproduct from the derivation of Theorem 1.1} we intend to extend
the Sturmian theory to the case of — coupled with the multi-point bound-
ary conditions. Here we consider a more general situation that the multi-point
conditions are dependent on the initial parameter. It is similar to Sturm-Liouville
problems coupled with eigendependent boundary conditions. We mention that the
Priifer-type substitution is significant to derive the Sturmian theory. The Priifer
phase is efficient to study the number of sign changes of solutions, and the Priifer
radius estimate leads to satisfy the multi-point boundary condition. The details of
Priifer-type substitutions will be discussed in Section 2. Now we impose

a=p
K)

d
uu)fijna“ﬁﬁ u(rs) = 0, (1.5)

where K is defined in (A4), 7, € R and r; € (0,1) for i =1,2,3,--- ,d with d € N.
The following is our second result.

Theorem 1.3. Assume that w > 0 in (1.2)) and (A1)-(A4) hold. Also assume that

d
1= "|nl >0 (1.6)
i=1

Then there exists a strictly increasing sequence of positive initial values {am 12 4,
such that the solution u(r; ay,) is a solution to the multi-point boundary value prob-

lem (L.2)-(1.3) and (1.5). Moreover, u(r;ay,) has exactly n or n+ 1 zeros in (0,1)
forn e N.

Next, the counterpart of this paper is to investigate the negative potential case
(w < 0). We intend to discuss the blow-up solutions of (L.2)-(L.3). Motivated by
the interesting idea as in [25] and under some minor assumption of w, we plan to
discuss the existence of blow-up solutions in a finite interval. We also derive such
an interval associated with the initial parameter o precisely by analyzing some
integrals involving the p-Laplcian.

Theorem 1.4. For nonincreasing w with w < 0, assume that (A1) and (A2) hold.
The nonlinear problem (1.2)-(1.3)) has at least one positive blow-up solution u(r; o)
in (0, Ry), where

ngp—1)/ 1 p=1 2p
= O — 2 ——— 2p — 1 P . 1'
R p&a%p(pil( ) +qu) (1.7)
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That is, the positive solution u(r;a) tends to infinity as r tends to R < R,,. More-
over, such a positive blow-up solution can not occur when the problem is considered
in a finite interval as g < p.

The article is organized as follows. Some elementary properties related to ([1.2)-

(1.3) and the proofs of Theorem [I.1]and [I.3| will be given in Section 2. The existence
of blow-up solutions (Theorem [1.4) will be represented in Section 3.

2. PRELIMINARIES AND STURMIAN THEORY

First, the existence of solutions to ([1.2)-(1.3)) is valid and can be found in [12] [14]
151 251 29] [36, [37]. Here we quote the following to coincide with our setting. Also
the regularity requirements for a solution u are u € C! and r"~*|u/|P~2u/ € CL.

Theorem 2.1 ([25, Theorem EUCD],[29, Theorems 1 and 4],[36, Corollary 2.3]).
Assume conditions (A1) and (A2) hold. For the positive potential function (w > 0),
there exists a unique local solution u(r;a) of -. Moreover, the solution
u(r; ) can be extended to the whole real axis.

Now, we introduce a Priifer-type substitution for the solution u(r;a) of (L.2)-
by using the generalized sine function S,(r). The generalized sine function S,
has been well studied in the literature (see Lindqvist [2I] or [4, 10, 30] with a minor
difference in setting). Here we outline some properties for the reader’s convenience.
The function S, satisfies

syt + 20 2.
(1S,[P728,) + 18,725, = 0. (2.2)
Moreover,
o 2/(171)1/" dtt _2(p = 1)/7g
o 0= Z)Ur pen(a/n)

is the first zero of S, in the positive real axis. Similarly, one has S, (% + nm,) =
(=1)", Sy(nmp) = (—1)", Sp(nm,) = 0 and S)(% 4 nmp,) = 0 for n € Z. With
the help of the generalized sine function, we introduce the phase-plane coordinates
p > 0 and 6 for the solution u(r;a) of (L.2)-(L.3) as follows:

[u(r; @) [P 2ul(rs ) = p(r; ) |Sp(mB(r; @) P28, (m(r; @),

-1,/ -2/ / —2ar (2‘3)
T (s ) [P (s ) = gp(r; @) [, (mB(r; ) [PTES), (ml(r; ),

with
p—1
mb(0; ) = % and p(0;a) = <Z%) , (2.4)
where m and g are some positive constants that will be specified later. Then
» gt pn=1)
(gp(r;@)) 7T = - Tlurs Q)P +r = jul(rs )P, (2.5)
,rn—1|u/|p—2u/ g‘Sl/)lp—QSZ/)

ulp=2u (S, [P2S,

(2.6)
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Differentiating both sides of (2.6) with respect to r and employing (1.2]) and (2.1))-
(2.3), one can obtain
mgb' (r; «)

7,.nfl P 1-n 2.7
= w(n)[ur; )| PIS, (m(r; )| + 97T (1715 (m(rs ) ) >0

/ N —n
4 (7’7@) _ [7’;’ 191’ 1 7rnflgflw(r)|u(r;a)|q7p]

(2.8)
x |Sp(ml(r; a))[P2S, (m@(r'a))S’ (ml(r; a)).
Employing the above, one can conclude that u(r; «) is the solution of (1.2] . . ) if

and only if {0(r; ), p(r; o)} satisfies and (2.4).

Motivated by a similar idea in [35] (or [IEI}) we introduce the scaling argument.
Assume that {«;} is a positively and strictly increasing sequence which tends to
infinity, and define the sequence {y;} to satisfy the following relation:

pi = max{z > 0: zPw(x) = o} (2.9)

for i € N. Note that tPw(t) = O(t?) and ¢ > p. Hence, if {a;} is a positively
increasing sequence which tends to infinity, then the corresponding sequence {u;}
satisfying (2.9)) decreases to zero. Then, the scaled function v; is defined by

vi(r) = M (2.10)
Q;
By (1.2)) and (2.9)-(2.10)), a direct calculation yields that v; satisfies
=1, (N |P—2, ! 1 W(ir) qa—2 _
r v (r vi(r)) +r" T ——|v(r vi(r) =0, 2.11
(r i (r) [P 0i(r) w(n) [oi ()| vi(r) (2.11)
v;(0) =1, }(0)=0. (2.12)

From Theorem and for each fixed ¢, the function v; which solves ([2.11))-(2.12)

(pir)
i)
bounded interval in [0,00). Thus v; converges to a function V uniformly on any

bounded interval in [0, 00), where V' solves
(VPR T VTRV =0,
V(©0)=1, V' (0)=0

Next we define an energy functional for the scaled function v;(r) and deduce an
a priori estimate for this energy. Let a functional E[v;](r, ) be defined by

v (r)[? w(pr)
p - q(p — Dw(p)

w(0)
q(p — Dw(pi)

Note that from ([2.11)), one can obtain the following equation by multiplying vj(r),
(n— D24 + (0 — e o (r) P> (r)e (r)

exists on [0, u;l]. By the assumption on w

— 1 as p; — 0 uniformly on any

(2.13)

Eloi](r,a) = |vs(r)[* (2.14)

with

Elvi](0,7) = (2.15)

nlw(lu’l) q2 TU’-T’:
+r 'LU(,U/@> | 1‘ ( ) z( ) 0.
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i.e., for r # 0,

—|U£(T)|p (p -1, p—2, 7 1" w(,uir) -2 ’
= vir v (r)v; (1) + ————|vi (r) |7 “v; (r)v;(r). (2.16
00 = )2 (1) s () (el r). (216)
Since there exists a unique solution in [0, y1; '], by Theorem and ([2.10)), all the

terms on the right-hand side of (2.16) are bounded in [0, x; '] and v} tends to zero
as r vanishes by the initial condition. This implies that

! p
RG]

r—0t r

=0 (2.17)

and the term (T is bounded in [0, y1; ']. Then, it follows from (2-11) and (2.16)
that for r € (0, p; b,

d !
JE[UZKT a) = By (r,a)

/ / P2,/ (yr w(:u'ir) =24 (
=) [lol )P )+ S Tl )|
Mw.(r)‘q
a(p — Dw(pi) (2.18)
_ (=1 ()P piw' (pir) Jv; ()]
-1 a(p — Dw(pi)
|u’(7)[? w(pir) .
< Wik T+Miﬁm|vi(7")|

= wikEv](r, a),

where k = max{% ref0,u ']} = max{lw Wl pe [0,1]}. In particular,
the above inequality holds for the whole interval [0, ,uZ ] by . Hence, for any
r €0,

w(0)eritr
q(p — Vw(pi)
by and (2.17). This means that both v;(r;a) and v}(r;a) are bounded as
long as the solution exists.

Elv;](r,a) < E[v;](0, a)et"" = (2.19)

Proposition 2.2. Assume the conditions (A1) and (A2) hold. Let u; be defined as
in (2.9). Then, v; satisfies

Ll () (0 e

forr € [O,u;l], where kK = max{lw((:))l :r €0, 1}} Moreover, the function V

solving (2.13)) satisfies the uniform boundedness,

V(r)] < e/ (2.21)
on any bounded interval in [0,00).

Now we prove the result related to the Sturmian theory.
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Proof of Theorem[I_1. From the Priifer angular equation (2.7), one has
mgb’ (r; «)

ot p_ l=n, _, (2.22)
= Tw(r)lu(r; @)[T7P1Sy(m(r; @) P + g 7=t r =t |5, (mb(r; ) ).

Applying the scaling argument (2.10) and choosing m = gﬁ = a7, the phase
equation (2.22)) can be rewritten as

Tnfl

& (r;a) =
(r;a) ’

-1.\j9—p 20 (e P
w(r)|lv(p™ " r Sp(a™7 6(r; a
—w(r)lo(u r)[*7PS,( (r; )l (2.23)
+ et S (a7 0(r @)

Note that [S,(mf(r;a))[P and |S,(m6(r;a))[P will not vanish at the same point
by (2.1). And if S,(mf(r;«)) tends to zero, |S, (mf(r;a))| will approach to one.
Furthermore, v(u~!r) and S,(mf(r;a)) vanish at the same point by (2.3) and
(2.10). Integrating the phase equation (2.23) over [0,r] for r € (0,1], one can
obtain

mo(ria) = F +m [ (ol )18, (mo(s: ) (2.24)
+ sﬁ|5,’,(m9(8;a))|p)dsv

-1

where m = a7 . A detailed analysis similar as in [30, Lemma 3] (or [5]) shows
that mé(r;a) — 22 = O(r™) as r — 0T. Hence, we can observe that for any o > 0
the integral term in is bounded and never vanishes by the above explanation.
And the Priifer phase 6 is continuous dependence on « obviously. Then, one can
conclude that for r € (0,1],

. a—p . - @ . % . _
(}}_}Hloa O(r;a) = 5 al;rr;oa 0(r; o) = oo. (2.25)

Now by (2.4) and (2.25)), there exists an increasing sequence of of positive numbers
{an}22, such that

q—p

T, a-p
an” 0(0; ) = Ep and  an® 0(1; ) = nmp.

This means that u(r; a;,) is a solution of (1.2))-(1.4) which has exactly n — 1 zeros
in (0,1). The proof is complete. O

Next, we deal with multi-point boundary conditions.

Proof of Theorem[I.3. Recall that m = gp%l =a"7" are as in the proof of Theorem
[1.1] From (2.25) and the continuity of (r; @) in «, there exist a maximal a,, and
a minimal o, 41 such that

a—p 1 a—p 3
an® 0(L;ap) = (n+ 5)7@,, an® (L an41) = (n+ 5)7@,7 (2.26)
1 - 3
(n+ 5)7rp <a’70(1;0) < (n+ 5)7@, for o, < @ < atpy1- (2.27)

Now by (2.8)),(2.10)), (A3), (A4), and (2.20), for r € (0,1] and j = n,n + 1 one can

obtain

e oy a-p n
p(T,Ol]) > —q,” (,r.;j +7,n71w(r)|v(“j—1r)|q7p)
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> —a% (Tlirf +w (w(O) eﬁ) %)
= j 1 51
= —aj% (Tzlv:ll +K).

Integrating the above inequality over [r;, 1] (1 <14 < d), by (A4) one can get

HMZ_O‘%<1)_1(1_ b1 )+K(1—n))

J

p(ri; o) p—n
a=p -1 a=p
z—ajp (p +K)>—ajp K
p—n

for j =n,n+ 1. Then,

a—p

plri o) < elos” K)p(1;aj), i=1,2,3,...,d and j=n,n+1. (2.28)
By the Priifer-type substitution (2.5 and (2.26]), one can observe that

fu(riz ) < "V 0 — 15 plrisay),
(L 09) = "V 0 - 1) pl1: 0y).

for 1 <i<dandj=mn,n+ 1. Now define

(2.29)

I'a) =u(l;a) ZTZ Tl) u(ri; ).

Assume that n =2k — 1 for k € N. Note that
(l'azk 1) =u(l;0,) <0 and u(l;ag) = u(l'an+1) >0 (2.30)
from and . By applying ([2.2§ - and (| , one can obtain that

F<a2k71)

Q*P

2k 1
u(1; cop—1) E e p 1 u(r; oop—1)

p—1 p—1 d _(O‘sz—lK) o1 1
< ="V =0T p(Gana) + Y Inle” 7 TV (0= 1)F plri as-n)

i=1

<J’{/( f1) “p(1; asgt)

9—p

+Z|Tz|6 2: = ) {/(p 1)%16(%?1]1();7(1;&%_1)

d

= Y o- 0 ptiamn) (~ 1+ 3 Iml) <0

i=1

and

F(a2k>
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9—p
P

d “;K 1 p—1
Vo — 15 oL an) —Zme—( LY Vo - 15 (i)

i=1

v

d e a—p
~ Sl lea? ) \/ (- 1) el %) p(1;000)
=1

= V- 17 p(1; a2 (1 - zd: 7il) > 0.

i=1

By the continuity of T'(«), there exists & € (agr—1,a9i) such that T'(a) = 0. It is
similar to the case of n = 2k with k¥ € N. Now in both cases, from (2.27)) one has

1 9—p 3
(n+ 5)7‘(‘;,, <ar 0(l;a) < (n+ o).

2
Hence, the above implies that w(r; @) has n or n+ 1 zeros in (0, 1) and satisfies the
multi-point boundary condition (1.5). The proof is complete. O

3. BLOW-UP SOLUTIONS IN FINITE INTERVALS

In this section, we consider the negative potential (w < 0) and focus on the issue
related to the existence of unbounded solutions in a finite interval. Motivated by
the interesting idea raised in [25], we first study the one-dimensional case.

Theorem 3.1. Let w < 0 and assume that (A1) and (A2) hold. Then, the one-
dimensional problem (|u'|P~2u’)' +w(r)|u|9=2u = 0 has at least one blow-up solution
in a finite interval. That is, for u(0) = a > 0 one positive solution will tend to
infinity in the finite interval (0, ¥n=1R,), where R, is defined as in (L.7). For
q < p, such a blow-up solution satisfying this problem can not exist in any finite
interval.

Proof. For w < 0, a positive unique local solution u(r) in J with «(0) = a > 0 and
u’(0) = 0 satisfies ' > 0, and then

T T T
/ ('[P~ u'ds = —/ w(s)|u|? ?uu'ds > 6 / u| 1% uu’ ds
0 0 0

by (A2). The above implies that

r J—
u'? _/ (| [P~*u )" ds = P—Lws o (u? — ad).
0 p q
ie.,
u’ > po1
Yui—al = \[qlp—1)
Then,

u(r) du pdy
> T.
o Yui—a?” \lq(p-1)
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Hence, if the solution becomes infinite at r = ¢, then

£<pq<p—1>/°‘“ du___ bt
- uq — o4 p§1aq p
/ / 51— 1
(letting sP — 1 =1)

(/ =1 /{/7> (3.1)

1 2P 1

f/ T4t dt+2p/ sTds)
PJo 2

1

P

2p
<c( T+ )
0 q—p
1
oLy B v,
p— q—p
where C' = p%(lpa_ql,)p and R, is defined as in (1.7). This shows that there is at

least one positive blow-up solution in (0, Vn=1R,).
For ¢ < p and a positive solution u(r) with «(0) = 8 > 0 and +/(0) = 0, assume
this unique local solution exists in J = [0,a) and let |w| < §, in J. Then

T T T
/ (| |P~2u Y u'ds = —/ w(s)|ul??un'ds < 5a/ Ju| T 2und ds.
0 0 0

Apply the similar argument as in the above case (¢ > p) and let the solution become
infinite at r = , where

\/ _1 / uq—ﬁq / (/r -

where C' = p%(p 5_(11,),) This shows that the blow-up solution can not occur when

the problem is considered in a finite interval as ¢ < p. O

The following is a technical and crucial lemma whose main concept is quoted
from [25, Lemma 1]. It represents some elementary properties for solutions of
and the significant relationship between and its corresponding one-dimensional
problem (n = 1). Here we give the details for the reader’s convenience and make it
coincide with our setting.

Lemma 3.2. For ¢ > 0, assume that u € C(0,¢) with [u'|P~2u’ € C'(0,¢) is a
solution of
(T"_1|u'|p_2u/)/ + 71" tg(u) = 0in (0,0), (3.2)
where g € C(R) and v’ is bounded near zero. Then u(0) := lim,_,o u(r) exists, and,
with this definition,
(i) w'(0) =0, ue CH0,£) and |u'[P~%u' € C1|0,0);
(ii) if the function g is negative and nonincreasing, then u'(r) > 0 for r > 0
and

(|ul|p72u/)l < 7,.*’1’744’1 (rn71|ul|p72u/)/ < n(|u/|p72ul)/;
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(iii) the function v(r) = v(r;c;u) = cu(ur) (¢, > 0) satisfies
pntt (r”_l\v’|p_2v/)/ + P uPgv/c) =0 in (0,4/p).
Proof. From ({3.2)) and the boundedness of u’, one has

r 1
PP P = — s Lg(u(s))ds = —r™ =L (u(r . .
/| / glu(s))d / e lg(u(rt)dt. (3.3)

The boundedness of u' near zero implies that lim,__, + u(r) := « exists. Letting

a = u(0), one can obtain that w is bounded near zero, hence u’(0) = 0. The
other properties of (i) are valid by (3.3). For (ii), by the assumption of g one has
u’(r) > 0 from (3.3)) obviously. Besides,

|ul|p—2ul

ol (r”_l\u’\p_gu’)/ =(n-1) + (Ju' P20 > (WP~ . (3.4)

Employing (3.3) and ¢’ < 0, one can obtain that

1 1
(' [P=2u) :-/O ¢ g(u(rt))dt—r[/o g (ulrtyd ()i -

> —/1 t"g(u(rt)dt = M.
0 T
Hence, by —
(- e e T L O
< (n = D2 + (W P2u) = (P2
This completes the proof of (ii). Finally, (iii) is valid by a direct substitution. O

The following is a version of the comparison lemma for the radial p-Laplacian
and can be found as a consequence of [25] 29].

Lemma 3.3 (Comparison). Let 0 < a < b. Assume that u,v € C*[a,b] satisfy
’I“_n+1 (7‘”_1|ul|p—2u/)/ < g(r, U,) and ’I“_n+1 (Tn_1|11/‘p_2’0/)/ > g(r,v)

in a,b], u(a) < v(a) and v'(a) < v'(a), where g(r,s) is increasing in s. Then
u' < v in [a,b], which implies v < v in [a,b]. In addition, if u(a™) < v(a™), it
follows that v < v' and u < v in (a,b].

Proof of Theorem[1.]} By Theorem we assume that v is a positive blow-up
solution of

(0" (r)|P=20" () = 0~ w(p™ ) (r)|*70(r)  in (0, Ry)
satisfying v(0) = 1 and v’(0) = 0, where x> 0 and
glp—Ln/ 1 =1 2p
P ORI N - 2
' po1 p—1 ( ) q—p
That is, v becomes infinite as r tends to £ < R;. Now let u; be the solution of
P () PR () = w () ()97 2 (), w(0) = 1, w4 (0) = 0.

By Lemma (i), (Juj(r)|P~2uf(r)) > n~tw(p=tr)|ui(r)|2 2ui(r). Then the
comparison lemma gives u; > v. That is, u; tends to infinity as r — ¢; with
6, < Ry. Now we define u,(r) = auy(ur) with o = o7 . Applying Lemma
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(iii), one can obtain that wu.(r) solves (1.2))-(1.3)). Hence, u, has the asymptote
R(a) < o7 Ry = R, (as in ((1.7))), which implies that there is at least one positive
blow-up solution in (0, R,). For ¢ < p, such a blow-up solution of (|1.2)-(1.3)) can
not occur when the problem is considered in a finite interval by applying Theorem
and Lemma (ii) directly. The proof is complete. a
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