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DINI-CAMPANATO SPACES AND APPLICATIONS
TO NONLINEAR ELLIPTIC EQUATIONS

JAY KOVATS

ABSTRACT. We generalize a result due to Campanato [C] and use this to obtain
regularity results for classical solutions of fully nonlinear elliptic equations. We
demonstrate this technique in two settings. First, in the simplest setting of Pois-
son’s equation Au = f in B, where f is Dini continuous in B, we obtain known
estimates on the modulus of continuity of second derivatives D% in a way that does
not depend on either differentiating the equation or appealing to integral represen-
tations of solutions. Second, we use this result in the concave, fully nonlinear setting
F(D?u,z) = f(x) to obtain estimates on the modulus of continuity of D?u when the
L™ averages of f satisfy the Dini condition.

0. INTRODUCTION

Let 1 < ¢ < oo and let 2 be a domain in R™. For any Dini modulus of continuity
w(t) and u € L9(), we define the seminorm

1/q
1
!/ / .
[u]k,w = [u]q,lw;Q = :Oue% W plggk / lu(z) — P(z)|"dz )
0<r<d(Q) Qr(wo)

where Q,.(z9) = B,(z0) NQ and P}, denotes the spaces of polynomials of degree less
than or equal to k. We define the Dini-Campanato space M’;’“’(Q) as the space of
functions

M’;’“’(Q) ={ue Li(N): [l ki < 400} .

Following Campanato’s original proof (in [C]) of the inclusion E,(Cq’)‘) Q) c CF(Q),
for a = (A —n—kq)/q, we obtain the regularity result M%<« (Q) C Ck’“’l(Q) under
the assumption that w(t) is a Dini modulus of continuity and wy(t) = [, ¢ W(TT) dr.

w(t) is a modulus of continuity, the space C** () is defined in obv1ous generahza—
tion of the Holder spaces, namely the space of all u € C*() with seminorm

< +00.

ke = sup L224E) = DPu(y)|

syea Wz —yl)
|Bl=k
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Our present result is more general than Campanato’s original inclusion. Indeed,
if u € E,(Cq’)‘)(Q), then w(r) ~ r? for some 3 € (0,1] and A = kq +n + Bq. Yet

for w(r) = 78, wy(t) = fg r8=1 dr ~ tP and so by our present result u € C*%1 =

C*P, whereas by Campanato’s original inclusion, v € C** for o = A=n=Fke —

q
(kgtntfg)=n=kq _ 3 (p the other hand, there are examples of u € MEw | where

q
u ¢ C* for any a > 0. The special case k = 0, ¢ = 1 was proved by Spanne [Sp].

In [C1],[CC], L. Caffarelli uses polynomial approximation to obtain pointwise
Holder estimates for derivatives of viscosity solutions to fully nonlinear elliptic
equations. In the special case w(t) ~ t* C1'® estimates involve approximation
by affine functions (¢ = oo,k = 1), while C*® estimates involve approximation by
paraboloids (¢ = 0o, k = 2). Using a generalization of the argument in Chapter 8 of
[CC], we use the Dini Campanato inclusion to obtain regularity results for solutions
of fully nonlinear elliptic equations. We illustrate this technique in two settings. In
Chapter 2, in the simplest setting of Poisson’s equation Au = f in B, where f is
Dini continuous in B, we obtain known estimates on the modulus of continuity of
second derivatives D?u in a way that does not depend on either differentiating the
equation or appealing to integral representations of solutions. In Chapter 3, we use
this technique in the concave, fully nonlinear setting F(D?u,z) = f(x) to obtain
estimates on the modulus of continuity of D?u, when f and the oscillations of F in
x are Dini continuous. Here, Dini continuity is measured in the weaker setting of
L™ averages instead of the usual L* norm. This condition was proposed by Wang
(see his closing remark of Section 1.1) in [W].

Finally, we remark that even in the simplest setting of Poisson’s equation, second
derivatives of C? solutions will not, in general, be Dini continuous even when f is.
For example, direct calculation shows that the function

1\ !
u(r) = u(z1,z2) = 2122 <1H m) , TeEB= Bl/2(0)

satisfies

z2 In L
E

Au(z) = o (111 Wﬂ) < 2 + 4) = f(z)

[z]

in B, where f(z) = O((ln ! )_2> is Dini continuous in B with Dini modulus of

continuity w(t) ~ (In1) ~%_ However direct calculation shows that

has modulus of continuity ~ (ln l) _1, which fails the Dini condition, since for any

t
e>0
1

€ 1\ ™ 0o
/ 7(lnr) dr:/ utdu = +o0.
0 r 1

ni
£

It is well known, (see [GT] Chapter 4) that if u € C?(B,) satisfies Au = f in
B,, where f € C%(B,), then D*uv € C*(B,/2). This “reproducing” regularity
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occurs not only for w(t) = t* but more generally, for w(t) = t* (In %)’6 ,a € (0,1).
This can be seen by noting that both integrals in (13) are ~ ¢ (In %)6, when
w(t) =t* (In %)B See also [B],[K].

We recall that any modulus of continuity w(t) is non-decreasing, subadditive,
continuous and satisfies w(0) = 0. Hence any modulus of continuity w(t) satisfies
w(r)§2M, O<h<r.

r h
Indeed, by subadditivity, for m € N and h > 0, we have w(mh) < mw(h). Thus
for 0 < h <7, w(r)=w(th) <w([F]h) < [F]w(h) < 2Fw(h), where [a] denotes
the smallest integer > a. In particular, it immediately follows that w(t) < 2w (t),

since for ¢ > 0,w; (t) = f(f #dr > %fot dr = #

1. THE DINI-CAMPANATO INCLUSION M’;’“’ C Ok

We restrict ourselves to domains 2 C R™ which satisfy the following property
(this includes Lipschitz domains).

Definition 1.0. We say that Q satisfies property (I) if there exists a constant
A > 0 such that Yz € Q,Vr € [0,d(Q)], the Lebesque measure of Q,.(zo), |2(zo)|
satisfies

Q- (x0)| > Ar™.

Main Theorem. Let1 < g<oo. Ifu¢€ M’;’“’(Q), where Q satisfies property (1),
then u € C*+1(Q), where wy(t) = f; @ dr. That is, the kth order derivatives of
u satisfy
|D*u(z) — Du(y)| < Cn, k,q, Awr(lz —yl)  Va,y €.
We begin the proof of the main theorem for the case 1 < ¢ < oo with a lemma
due to De Giorgi.
Lemma 1.1 (De Giorgi). If P(x) € Py, ¢ > 1 and E is any measurable subset

of B, (o) satisfying
|E| > Ar™,

then 3 constant c1(k,q,n, A) such that ¥V n-tuple p of non-negative integers, we have
C1 q
i [ IP@)da.

Ifue M’;"”(Q), one can show that Vzo € Q,Vr € [0,d(Q)], 3Py (z, zo,7,u) € Pk
such that

=

|[DPP(x)]

=T

PePy,
Q'r(mo) Qr(ﬂﬁo)

/ lu(z) — Py(z, w07, u)|% dz = inf / u(z) — P@)|7de. (1)
If P(x) is an arbitrary polynomial in Py, then for convenience we write it in the
form a
P(z) = Z p—f(w —x9)P

and henceforth put Py (x,z,r) for Py(x,zo,r,u) and set
ap(.’L‘o,T’) = [DpPk(w?wO?T)]x:mo‘ (2)
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Lemma 1.2. Ifu e M}*(Q), then Vo € Q,Y0 < r < d(Q) and integer h > 0, we
have

/g ( )‘Pk (.20, &) — Pi (2,20, 557 ) |* dx < 207 [ul 0 (&) ()™ (3)

oh+1

Proof. Vzo € 9,0 < r < d(Q), integer h > 0, x € £
definition of M} (Q) we have

(z0), by (1) and the

T
oh+1

| P (2,20, 37) = Pi (@, 20, 3757 [* do

oy (20)
§2q{ / | Py, (2, @0, 57) — u(@)|* da + / [u(z) = Py (2,20, zt5r) dw}
Qth(GUO) thrﬂ (o)

<2 {fu e ()" ()" + % (35)" (750) ")

r\4 r \ kgtn
<2 (55) () -

Lemma 1.3. IfQ has property (I) and u € M';’“’(Q), then ¥ two points xg,yo € Q
and any n-tuple p of integers with |p| = k,3ca = ca(k,n,q, A) such that

|ap (0, 20 — yol) — ap (Yo, 2|0 — yol)|? < ez [u]"® w(lzo — yol)?- (4)
Proof. Say xg,y0 € Q and put r = |zo — yo|, I, = Q(z0,2r) N Q(yo,2r). Then

Vz € Q(zg,r) C I, we have, again by (1) and the fact that w(¢) is a modulus of
continuity

/ |Pk($,$0,2r)_Pk(m7y072r)|qdm
Qr(wo)

< 2‘1{ /Q%(I ) | P (x, 2o, 2r) — u(x)|? dx —i—/ﬂ
< 2 {2[u] “w(2r)?(2r)* " }

< 92atlthkatn [u]'q qu+"w(7“)q.

[u(z) = Py(w, 90, 2r)|" da |
2r(y0)

Applying Lemma 1.1 to the polynomial P(z) = Py(x,zg,2r) — Px(x,yo,2r), and
observing that the k-th derivatives of a polynomial of degree k are constant and
hence can be evaluated independent of any particular point, we see that

C
lap(z0,2r) — ap(yo,2r)|? < Tnjk:q /ﬂ - | Pr.(z, 20, 2r) — Pr(z,Y0,2r)|? dz
»{Zo
< Tncikq 22q+1+kq+n[u]lq qu—&—nw(r)q

= cou]w(r)?. O



EJDE-1999/37 Dini-Campanato spaces 5

Lemma 1.4. IfQ has property (I) and u € MS’“’(Q), then 3 constant c3(q, k,n, A)
such that Vzo € Q,0 < r < d(Q) and integer i > 0, |p| < k, we have

aar) o s )| 2ot () Tu(g) o

Proof. With zg,r, |p| < k as in the hypotheses, note that by (2) and (3)

i—1
(Zp(IL'(),T) — Gp (?Jo, %)‘ < Z |ap (an QLh) —Qp (IL‘(), Qh%)‘
h=0

= ‘Dp [Pk (.’L’,.’L’O,QLh) _Pk (‘(L')‘(L'Oagh%)]

=0

c/a a
<D wmnw / | Py (, 20, 3) — Pi. (, 20, zir) |* da
h= (—) q Q_r (zo)

h=0

Lemma 1.5. Let Q have property (I) and v € M5+ (Q), where w(t) is a Dini
modulus of continuity. Then for every | with 0 < I < k, there exists a system of
functions {vy(z0)}p|<i, defined in Q such that V0 < r < d(Q),z0 € Q and |p| <,
we have, for some constant c5 = c5(q, k,n, A)

r

t
|ay(x0,7) — vp(xo)| < cs[u) r* Pluy(r),  where  wi(t) = / w(r) dr. (6)
0
Consequently Yxq € (, 7!13(1) ap(zo,m) = vp(x0) uniformly. (7)

Proof. Fix ©p € Q,0 < r < d(Q), |p| < I. We will show that the sequence
{ap(xo, 57)} converges as i — oco. Indeed, if i,j are non-negative integers with
j > i, then by Lemma 1.4 we have

—1

o) - on o )| <o S (30) ()

h=i

<

But since w(t) is a Dini modulus of continuity, the integral test, applied to the
non-negative, non-increasing sequence {w (g7 )}5> yields that the series ,~ ; w(z7)
converges. Indeed, by the integral test

iw (%h) Sw(r)—l—/loow (WL_I) dz _w(r)—l—é/;@dtg (2-1-%)001(7“)'
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Thus, {ap(zo,57)} is a Cauchy sequence, and hence convergent. Moreover the
limit will be independent of our choice of r € [0,d(f2)]. Indeed, if ri,ry satisfy
0 <ry <ry <d(9), then by Lemma 1.1 and the definition of M (), we get that

q

"< | D [P (@30, 3) — P (220, 3)]

‘ap (wo, 5_1) — Gp (wo, 5_2)

9 dw}

=0
c
SW / |Pk(33,330,%)—Pk(3373307%)qdm
2
< i{ | Pe (z, w0, 5) —u(w)|q dx + lu(z) — Py (2,30, 2)
> (%)H-HPM k s L0y 97 k s L0y i

Cl2q 1q 71 1 kq+n ’q ro\49 /T2 kq+n
7(r_1)n+p|q{[“1 o(3) (F) e (3) (5)
012‘1"‘1 9 kq+n

7‘1 n+\p|q Ttyntiple ¥ (2_> <_)

n
=127 u <T2> \p|q+n 2talPl=k) 0 as i — oo (even if [p| = k).

Thus, {ay(xo, 37)} converges independent of our choice of r € [0,d(f2)] and Vz, €
Q2,0 <r <d),|p| <1<k, lim ap(zo, ) = vp(zo). Furthermore, from (5) in
1— 00

Lemma 1.4 we have

i-1
r _ r
ap(zo,7) — ap (330, 5)‘ < ey [u] rF |»| E :w (2_h> .
h=0

Letting ¢ — oo, we get

lap (w0, 7) — vp(0)| < 3 [u] ¥~ IP\Z (57) S sl "W). O (9)

Theorem 1.6. If Q has property (I) and u € ME“(Q), where w(t) is a Dini mod-
ulus of continuity, then the functions vy (z) wz’th |p| = k have modulus of continuity
wi(t) in Q and Vr,y € Q, we have, with wi (t ft w(:) dr

lvp(@) —vp(y)| < co [u] wi(lz = yl), (9)
for some constant cg = cg(k,q,n, A).

Proof. Fix an n-tuple of nonnegative integers p = (p1, ..., p,) with |p| = k and let
z,y € Q. Since Q is connected, we may assume that r = |z —y| < @. By Lemma

1.5 (with 2r in place of r), Lemma 1.3 and the fact that wy(mr) < mw;(r)Vm € N,
we have
|op(2) = vp(y)] < Jvp(x) — ap(z,2r)| + [ap(z,2r) — ap(y, 2r)] + lap(y, 2r) — vy(y)|
< eslu) wi(2r) + 3/ "[u)’ w(r) + e [u)'wr (2r)
< co[uf'wi(|z —yl). O
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Theorem 1.7. If Q has property (I) and u € ME“(Q), where w(t) is a Dini
modulus of continuity, then the functions vy(z) with |p| < k — 1 have first order
partial derivatives in  and Yz € Q, we have

0v, () .
;xi =Vpren(®) (1=1,2,...,n). (10)

Proof. By Theorem 1.6, the v,(z) with |p| = k are continuous in 2. Our theorem
will be proved by induction under the additional assumption that the v(p+5ei)(w)
are continuous in Q for 6 = 1,2,....,k —|p|. Solet [p| < k—1,1<i < n, 2o € Q and
choose r so small that B, (z¢) C Q. We have

ap(zo + e;r, 2|r]) — ap(xo, 2|7|) _ DP[Py(z,z0 + €;r,2|r|) — Pr(x, 2o, 2|7|)] 2=z,
r r

— Z 6') r‘s_la(p%ei)(wo—i—eir,Q\r]).
=1 :

s3]

First, since k — |p| — 1 > 0, applying Lemma 1.1, we see that

DP[Py(x, 20 + e;r, 2|r|) — Pe(x, 20, 2|7])] o=z |*
r
“ , _ q
< @) 17l / | Py (2, 20 + e;7,2|r|) — Pr(z, zo, 2|r|)|? dz
Q| (zo0)
C1

< Gy R )

= clu])?w(|r|) \r!q(k_lp‘) —0asr—0.
Second, V¢ with 1 < < k — |p|, by (8) we have
‘a(p-i-c;ei)(wo + e, 2’7") - U(p—l—&ei)(wo)‘

< aprse) (To + €, 2|7) — vipise,) (To + €ir)| + [Viptser) (To + €iT) — Vipise) (To)]

< eslu) Ir)*Plwr (1)) + [v(pse,) (@0 + &) = Vptsen) (20)]

But since the v(,1s¢,)(x) are continuous for § = 1,2,...,k — |p|, we immediately
get
}i_r)x%) A(poe;) (To + €, 2|7|) = Vipise,)(x0) 0 =1,2,...k —|p|.

Hence by (11), we get (uniformly with respect to zg)

r—0 r r—0

. ap(To + €57, 2|1|) — ap(xo, 2|7 .
lim (@0 + eir, 2rl) — ap (o, 21r)) (— lim a(p+ei)(x0+€i7'a2’7")) = U(pte;) (T0)-

It remains only to verify that

lim vp(xo + €;1) — vp(zo) ~ lim ap(zo + €;r, 2|r]) — ap(xo, 2|7|)

r—0 r r—0 r
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Recalling that |p| < k — 1, we write

vp(To +eir) —vp(xo)  vp(To + €7) — ap(xo + €1, 2|7)

T T
ap o + eir,2lr]) = ay(z0,20r) | ap(wo, 2lr]) = vyz0)
T T

+

But by the first inequality in (8), we see that the first and third summands — 0 as
r — 0, proving the theorem. [J

Theorem 1.8. If Q has property (I) and u € M5“(Q), where w(t) is a Dini
modulus of continuity, then the function v(g)(z) € C***(Q) and Yz € Q, |p| <k,

DPvg) () = vp(z).

Proof. Immediate corollary of Theorems 1.7 and 1.8.
Main Theorem. If Q has property (I) and u € M5+ (), where w(t) is a Dini
modulus of continuity, then u € C*1(Q)

[u]k7W1§Q < ¢ [u]g,k,w;Q'

Proof. Recall that if w € L(Q), then by Lebesque’s theorem, for almost every
o €  we have

1
lim — wu(z) — u(xp)|?4dx = 0. 12
lim IQT(QEO)|Q(/)| (x) — (o) (12)

So choose ¢ € Q for which (12) holds. For almost every z € 2, we have

|a(0) (o, 7) = u(@o)|?

< co(0){laco) (20, 7) = Pu(a, 0. 1|7 + [ Pe(w,20,7) = u(@)]” + [u(a) - u(zo)|"

and hence integrating over 2,.(zg) gives

Ce
ay(zg, ) —u(zg)|! < —— ay (g, ) — Pp(x,20,7)|? da
(@) —ua)* < 2 [ o @o.r) = Pufezoun)
Qr(ﬂﬁo)
Cg Ce
+ = / | Py (2, 20,7) — u(z)|? do + ———— / |u(z) — u(xo)|? dz
€2 (20)] €2 (20)]
Qr(ﬂﬁo) Qr(ﬂﬁo)
=15 +1+ Is.

By Lebesque’s theorem, Is — 0 as r — 0. Since € satisfies property (I), as r — 0

cg TRt

Arm

/ | Py (z,0,7) — u(z)|? do < w(r)u]’? — 0 asr — 0.

Q»,\(CEQ)
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Finally, for some constant ¢; = ¢7(A,n,q, k), we have

c
negt [ law(eor) - Pulaao,n)ftda
QT(CBQ)
<cr Z |ay(x0,7)|971P1 0 as r — 0.
1<|p|<k

Thus, |a()(zo,r) — u(x)|? — 0 as » — 0 and so, for almost every zq € (2

}1_% a) (o, 7) = u(xo).

But then by (7) we have u(zg) = lir% a0y (wo,7) = v(o)(wo) € CH*1(Q). Since
r—

ro € 2 was arbitrary, u = v(g) and thus Vz,y € Q, |p| = k, Theorems 1.6 and 1.8
give, with ¢g = cg(k, q,n, A)

|DPu(x) — DPu(y)| = |DPv()(z) — D (o) (y)| = [vp() — vp(y)| < cs[uf'wi(lz — yl).

That is,
[u]k,wl;ﬂ < ¢s [u];,k,w;fl?

which proves our Main Theorem for the case 1 < ¢ < oc. O

Remark. For the case ¢ = oo, the proof is the same (yet easier), and the space
ME2(9) = {u € L®(Q) : [ully g e < +00)

is defined by way of the finite seminorm

1
[Uoo kwio = SUD inf [|u — pllLe (@, (@)
et woca T w(r) pePs
0<r<d(Q)

When € is convex, it follows by Taylor’s formula that C**(€2) c M} (Q), and
hence when (Q is convex and satisfies property (I), by our main theorem, we have
the inclusion C*+(Q) ¢ MF~(Q) c C**1(Q). In our applications, we will use only
the case ¢ = oo.

Remark. The inclusion M%% C C*%1 is sharp in the sense that w; cannot be
replaced by a smaller modulus of continuity. In particular (since w(t) < 2w (t)),
MEw o Ckw The following example demonstrates this, as well as provides an
example of u € M¥* where u ¢ C**Va > 0.

Example. Let k =n =1, ¢ = co. Consider the function

u(z) =z (m i) _1, z € Q= By 0).

||

o (z) = (m %) o (m %) -

Note that
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and hence u/(z) has modulus of continuity ~ (In %)_1, while u € ML¥(Bj/2(0))
for w(t) = (In %)_2. But

w= [0 ()"

That is, Du = v’ has modulus of continuity ~ w1 (¢), hence our inclusion above is
sharp. To verify that v € ML¥, ie. that [u]’ < oo, fix x € Q = By/2(0)

oo ) 00,1,w

and take r > 0. For any y € B, (), set p(y) = T1 zu(y) € P1. Of course, u”’(z) <
—2
3 (ln |71\) /lz|, for all x € Q. Now if || > 2r, by Taylor’s Theorem, for some

z € (y,x), we have

-2
1 2
u"(2) ) 3 (ln m) ly — z|

_ — _ <
[uy) —p(y)| =[5y —2)7] < o7
In 1)~ 2,2 Inl)~ 2

SS(HT) r :37‘(nr) :grw(T).

2r 2 2

On the other hand, if |z| < 2r, choose p(y) = y (In %)_1 € P;. Without loss of
generality, since u is an odd function, we may consider x > 0. By the Mean Value

Theorem, we have, for some z € (y,r)
1\ 7! 1) 7!
y(lnm> —y(lnm> '

sup fuy) —p(y)l < sup |u(y) —p(y)| = sup

y€B,(z) y€Bs,(0) ly|<3r
In L -2
< sup |y ( ‘\?\) (y—r)
ly|<3r

1\ 2
<3r (ln —) = 3rw(r),
T

hence [u]l,, ; ,, < 3, since € By, r > 0 were arbitrary. Thus u € M;g"(Bl/Q).

Note however that u ¢ C'*(By 2), since

’ o /
SN 0 e ) R )
z#£yEBy /2(0) w(lz —yl) 2£0€B1 /2(0) w(|z])
In %) "4 (ln & )73
—  sup (in 7 Jlf(_2\w\) — 400
2£0€ By /5(0) (Inr37)
Thus, [u]l 1, < 400, while [u];, = +oc and so in general, even if w(t) is a Dini

modulus of continuity, the seminorms [u]] ; ..o and [u]i ;0 are not equivalent.
Moreover, u ¢ C1*(By 2(0)) for any o > 0. Since u/(0) = 0, we have

/ o ’
v MO W)
w#yeBy5(0) |7 =Yl TA0EB, /5(0) 17|
In L) ' (ln L) 77
= sup o o) \JSD‘IO = +00

z#0€ B /2(0)
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2. INTERIOR REGULARITY FOR Au = f

In this section, we give an application of the inclusion M2%¥(B) C C?%“1(B) in
the simplest setting. We use this inclusion to obtain estimates on the modulus of
continuity of second derivatives of classical solutions of Poisson’s equation Au = f
in B, where f is Dini continuous in B, i.e. f € C%“(B). Using potential theory,
various authors (see [ME], [B], [HW]) have shown that if u € C?(B3y(x)) satisfies
Au = f in By(z), then for all 0 < r < 1, we have

sup [D%u(z) — D2uly)| < 0{/0 wt) gy r/: w(t) ay. ()

|z—y|<r t t?

where C' depends only on n,w, |ulo.p, and |f|ow;p, and c is independent of r. Of
course, when f € C%(By), i.e. w(t) ~t* 0 < a < 1, the right hand side of (13)
is < Cr*. But for general Dini moduli of continuity, neither of the summands
in the right hand side of (13) can be omitted, as simple examples show. The
usual way of obtaining this estimate is by a lengthy examination of the Newtonian
potential of f. By using the Dini-Campanato inclusion, we can obtain this estimate
in a simpler way. Specifically, we will show that if u € C?(B;(0)) satisfies Au =
f € C%(B1(0)), then u € M2Z#?(By/2(0)) C C*#1(By/5(0)), for an appropriate
Dini modulus of continuity ¢, where ¢; will be the right hand side of (13). It
suffices to show 36 = d(n,w) > 0, such that if |ulo,p, < 1 and |f|o. < J, then
u € MZ2¥(B12(0). The estimate (2.0) will follow by rescaling. For our solution u,
consider the function

. u(z) wz)
u(z) = = , K >1
D o w0 fom K
(Otherwise, consider @& = u.) Note that @ satisfies |t|o;p, < 1 and Ad = % = f
in By, where f is Dini continuous in B; and \f\w;Bl < m““TBl < ¢§. That u €
MZ#(By2(0) follows from the following lemma.

Lemma 2.1. Take any xo € By/2(0). There exists 0 < p < 1 depending only on
n,w and a sequence of paraboloids

(x — 20)'C(x — x0)
2

Pk((L') = Pk,mo(x) =ai + bk . (IL‘ — .’L'()) +

such that Vk € NT
tT’(Ck) =0

v = Pilos, (ao) < 1 0(1"),

where Py = 0 and ¢(t) = t/ w(g‘) dr, te(0,c/2].
t T
Proof. In the upper limit of the integral defining ¢, we usually take ¢ < 1, depending

on the domain of definition of w. (e.g. if w(t) = t* (In %)B ,a € (0,1), we can take
¢ = 1.) Note since w is nondecreasing, by the definition of ¢(t), we always have
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We may assume zo = 0 and f(0) = 0. First choose u so small, depending on w, so

that ) . 1

N.81 e < a? S P S 5
18luce < 5 <16 w(p) 5

and then choose § = %, where c., N1, Ny are constants depending only on n.
Observe that by considering ¢(Kt) instead of ¢(t) (and considering smaller values
of t) we may assume (1) > 1 and hence the claim holds for £ = 0, since Py =

0, tr(0) = 0 and [uly, 5, o) < 1. Assume it holds for k = i. We now show it holds
for k =i+ 1. So for this fixed 4, consider the function

(u— P)(p'z)

v(z) = . : z € B1(0),
(@) p?e(ut) 1(0)
which, by inductive hypothesis, satisfies
Au(piz) — tr(C; i .
Ao(z) = Dua) = tr(C) _ f) ey i By(0), [0lo. 5, 0) < 1-

o(u?) o(pt)

Let h € C*°(B7/3(0)) be the solution to the Dirichlet problem

Ah =0in B7/8(0)
h = v on 0B7/5(0)

with .
[h]4,0;31_76(o) < (%) celvlo0B. 5(0) < 8lee|vo;p,(0) < 8lee,

for some constant ¢, = c.(n). By Taylor’s formula, for
Ty oh(x) = h(0) + Dh(0)x + %thzh(O)w € Pa,
we have
|h = Ts,0hlo;B,.(0) < N1(n)[hla0:8, k" < M [h]4,0;B%(0)N4 < Ni8lpu'ce .
Since f(0) = 0, the classical a priori estimates yield, for some constant No = Na(n)

2
’v - h’0§B7/s(0) S‘U - h‘0;837/8(0) + N, (%) ’Av - Ah‘0§B7/8(0)

w(p')

<Na|filo:B, s (0) < N2[flw () < 2N;(flow

Thus

lv —Ta0hlo;5,0) < [v = hlo;s,(0) + |B — T20hlo;5,0) < 2N2[flow + N181p'ce.

So for € Bi+1(0), set Piy1(z) = Pi(z) + p*o(u')Tooh (%) € Ps. Rescaling

back, plugging in the definition of v, recalling that u,§ are small and that pp(u?) <
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(ptt) we get, Vo € Bi+1(0)

|u(x) — Piy1(x)] = ‘U(-T) = Pi(z) — p*o(p')To,0h ( >‘

(i) e ()]

1
< p? SD(Hz)| — Tx0ho;B,(0)
io(u) 2N, [f]., +N181u ce}

= p*o(ut)

2(l+1) 2N2

81p(u )/Pce}

2(z+1)

{
v A

+ N18lp(u z+1)Mce}

; ; 2N. (5
<,LL2(1+1)§0(,U,Z+1){ ,u2

+N181,uce}

2(i+1)

<p e(u'™h),

and hence [u — Pii1]0;B,111 ) < p20tD (1), Moreover, by definition of P 1,
Civ1 = C; + o(u*)D?*h(0) from which it follows
tr(Ciy1) = tr(Ci) + (u') AR(0) =

which completes the proof of Lemma 2.1. [J

By Lemma 2.1, we know that Yzo € B;/2(0),30 < p < 1 (depending only on
n,w) and a sequence { Py} = {Px 5, } C P2 such that

[u = Pilos , (ao) < 0(u") Yk >0,

So, V0 < r < 1, choose k > 0 so large that p*+! < r < u*. Since {Py} C Pa, we
immediately get

pleng [u = Plo;B, (2g) < lnf [ = Dlo;, . (w0)
k k 2(k+1) ktl
< fu=Pilop , (@) < BT 0W") = E—e (““ )

1
< ﬁrzgo(r) = Clr2g0(r).

Since 0 < r <1 = d(By/2(0)) and z € By/2(0), are arbitrary, we have with ¢ = oo

1
[ul) ©;B1 ,5(0) — sup 2 inf \“—P’()B (z0)NBy 2(0) = < Ch.
e 0<r<d(By5(0)) T2¢(T) PEP2 Lz
xo€B1/2(0)

That is, u € MZ?(B1/2(0)). Since ¢ is a Dini modulus of continuity (since w is),
by our Dini-Campanato inclusion, we have u € C*#1(By,5(0)) and

[u]2,901§31/2(0) < N[u]Q 3B1/2(0) = < Ca.
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But by definition of ¢(t) and Fubini’s theorem, we have

wl(t)—/t@dr—/t
[ [ [
) ;uﬂ/t%p.

3. INTERIOR REGULARITY FOR F(D?u,z) = f(x)

In this chapter, we use the inclusion M2%*(B) C C%%“*(B) to estimate the mod-
ulus of continuity of second derivatives D?u of solutions of fully nonlinear elliptic
equations F'(D?u,z) = f(x) in B = B;(0). Here, we assume that f is Dini con-
tinuous in By, in the weaker L™ (as opposed to L*) sense with Dini modulus of
continuity w(t). That is, we assume that Vzy € B;(0)

1/n
1 n
F@) — fwo)"de s < Culr), Vr<l.
1B, (z0)| B (z0)
We further assume that w(t) satisfies the following property
a t _
lim sup Hee(t) =0, where ¢(t) :=t“+w(t), (14)

p=0+ << 1 o(tu)

where @ = @(n,\,A) € (0,1) is the Holder exponent given in the Evans-Krylov
theorem. This restriction was not required in the linear case, since there, we had
solvability of the constant coefficient Dirichlet problem with any order of smooth-
ness. In the fully nonlinear setting however, we have solvability of the constant
coefficient Dirichlet problem with order of smoothness only 2 + @.

Remark. As strong a condition as (14) appears, it is satisfied by w(t) = t* (ln %)B,
0 < a < @, € R. This enables us to generalize the known result for Holder

continuous f, i.e. f € C%*(B),0 < a < @. Indeed, for w(t) = t* (ln%)ﬁ, 0 <

ro(ln 1 B
a < @, integration by parts gives that fg # dr < Ct* (ln %)B and hence by
Theorem 3.1 below, D?u has modulus of continuity < C(t), where

= [tre(nd)? - 1\” 1\°
¢(t)_t°‘—|—/ #drgt%rc*ta (ln2> < Oyt (mz) .
0

Taking 3 = 0, we recover the well-known result for f € C%%(B),0 < a < @.
Note that () is a Dini modulus of continuity. This is not always the case, as our
Example 3.1 shows.

More importantly, (14) holds for w(t) = (In %)’6 , B < —1. The significance of this
class of moduli of continuity satisfying (14) is that it permits us to consider f whose
L™ averages are Dini continuous, yet not in C%%(B) for any a > 0. (See Example 3.1
below.) Property (14) fails for Dini moduli of continuity which are “nice” compared
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to t*. Indeed (14) implies that tli%1+ % = 0, which generalizes the 0 < a < @
—)

condition. Hence (14) fails for w(t) = t%, w(t) = ¢ (In %)’8 ,3 > 0 and most notably
for w = 0. But if w = 0, then f is constant and by the Evans-Krylov theorem,
D2y € C%°. Furthermore, for sufficiently small ¢ > 0, ¢ (ln %)ﬂ < t* Va € (0,1).
Hence any f whose L™ averages are ~ t (ln %)ﬁ ,0 > 0 will automatically have
L™ averages belonging to C%%(B),Va € (0,a@) and hence by Safonov’s result (see
[S1]), D%u € C’loo’g‘(B). We cannot conclude however, that if w(t) fails (14) then
w(t) < Ct%, since for example, w(t) = t*In 1, has limit 1 in (14). Even in this case,
the regularity of second derivatives is covered by known results, since for sufficiently
small ¢t > 0, t* ln% < t*Va € (0,@). Thus, property (14) enables us to generalize
well-known regularity results for Holder continuous f (subject to the restriction
0 < a < @) and extend these results to a large class of functions whose L™ averages
are Dini, yet non-Holder continuous.

Example 3.1. Consider the uniformly elliptic, concave equation

F(D?u,2) = f(z) == (m i) B By 2(0).

||

Taking z¢p = 0 (since f(0) = 0), the inequalities

C(n) (1111)_2 <{£ Tpn—l (h’l 1) o dp}l/n — { f(ln i>_2n d.’L'}l/n
r) T Jo p ||
-2
T

show that f is not Holder continuous at zp = 0 in the L™ sense for any o € (0,1).
Here, /f denotes average. Yet clearly, f is Dini continuous in B in the L™ sense,

since for xg € B, by the subadditivity of the function (ln %)_2 for t > 0 small, we

have
-2 —2|" 1/n —2n 1/n
(ln i) — <ln L) dw} §{ f(ln 71 ) dw}
|z] o] |z — 2o

B»,\ (a?())
—2
1
)
T
and w(r) = (In1) % is a Dini modulus of continuity which satisfies (14). Hence by

our Theorem 3.1 below, locally, D?u has modulus of continuity < C1)(t), where for
sufficiently small ¢t > 0

t 1) 2 -1 -1
¢(t)_ta+/0 Mdr—ta—i—(ln%) §01<1n%> :

r

Observe that 1(t) is not a Dini modulus of continuity.
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Now consider the function

= o B |F(M,x) — F(M, )|
ﬂ(.’l],.’L’o) - BF(:I:’:I:O) - ]\S/[ue% HMH +1 ’

which measures the oscillation of F' in x near the point x = zg € B. For our Theo-
rem 3.1, we must impose some sort of continuity restriction on B(, xg), since even
in the linear case Lu = tr [A(z)D?u] = a;;(z)D;ju = f(z) (for Hélder continuity)
we require that f and a;; belong to C%*. Hence we require that both f and all
B(-,z0) belong to C%*(B) in the L™ sense. The following is a generalization of
the argument used by Caffarelli in [C1],[CC] to prove pointwise C%* estimates for
viscosity solutions of F(D?u,x) = f(z).

Theorem 3.1. Let F' be concave, uniformly elliptic (with ellipticity constants A
and A), F and f are continuous in x. Suppose that f, as well as all the oscillations
of F in x, belong to C®“(By) in the L™ sense, where w(t) is a Dini modulus of
continuity satisfying property (14). If u € C%(B1) is a solution of F(D?u,x) = f(z)
in B1(0), then u € C*¥(By/2(0)), where for 0 <t <1/2

w(r)

t
P(t) = t* + /0 dr,

r

where @ = a(n,\,A) € (0,1) is the Hélder exponent given in the Evans-Krylov
theorem.
Proof.. Since w(t) is a Dini modulus of continuity, assume for definiteness that

fol @ dr < +o0. Following routine normalizations (see [CC] p.75), we may assume

[ulp, g, < 1. It suffices to prove 3§ > 0 (small enough) depending only on n, A, A, w
such that if u € C?(By) is a solution of F(D?u,z) = f(z) in B; = B1(0) and if
v.’L'() S Bl/Q(O)

{ fﬁ(x,xo)n da} " < sw(r), | fyf(x) o) de} < sw(r) Vr<1,
By (o) By (o)

then u € C*¥(By/2(0)). It suffices to prove the following lemma.

Lemma 3.2. Take any xo € By2(0). There exists 0 < p < 1 depending only on
n, A\, A,w and a sequence of polynomials

Py(z) =ap + by - (x — ) + %(w —x0) Crp(x — 20)

such that F(Cy,xz0) = 0 for all k =2 0, [u— Pilo.p , (2o) < 2k o(uk) for all k >0
and

lak — ap—1| + pF 7 bg — be—1| + p2FV O — Cr_al| < 13cep®F D p(ub ),

where Py = P_1 =0, ¢, is a universal constant and ¢(t) = t* + w(t).

Proof. As before, we assume that o = 0 and that F'(0,0) = 0 = f(0). First choose
w small enough (depending only on n,w, A, A) such that (14) holds and w(u) < 1/2,
p < 7/16. Then choose ¢ such that

IN1wL/"8(52ce 1 (1) 4+ 1)(9ce + 2) < cep®> e,
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where ¢, = c.(n, A\, A) is the constant in the Evans-Krylov theorem, N1 = Ny(n, A\, A)
is from the Alexandrov estimates and w,, is the volume of the unit ball. Note that ¢
depends only on n, A\, A,w. The claim holds for £ = 0 since Py = P_; =0, F(0,0) =
0 and |uly, 5, (o) < 1. Assume it holds for k = i. We now show it holds for k =i+ 1.
So for this fixed ¢, consider the function

ooy = (=PI
p2io(ut)

which satisfies F(¢(p') D*v(z) + C;, p'z) = f(u'z) and hence F;(D?*v,z) = f;(z)

in B1(0), where

F(e(p' )M + Cy, p'x) — F(Ci, p'x) fila) = f(p'z) — F(Ci, p')

e(pt) n o(p?) '
Now F;(M,z) is concave in M and has ellipticity constants A, A (since F' does),
and F;(0,z) = 0. By the Evans-Krylov theorem, 3h € C° (B7/8(0)) solving

x € Bl(O),

F;(M,z) =

F;(D?h,0) = 0 in By/5(0)
h = v on 0B7/5(0)
and
Hh”Z*zE(wa(o)) < celvlo,0B, 5(0) < CelVlo;p, (0) < Ce

where ¢, = c.(n, A\, A). By Taylor’s formula, for
1
Ty oh(x) = h(0) + Dh(0)z + 3 ' D?h(0)x € Ps,

we have ora 2w
|h — T2,0h|0;BH(0) <[Ma2B, " < [h]z,a;Bl_%(o)M )

< (38)7 0T < 27,
By the classical Alexandrov estimates, we have, for some constant N; = Ny(n, A, A)
[v = hlo.B, s0) < |v = Rlo0B, 0) T N1||Fi(D?h,-) — F;(D?v, Mzn(B, 6

= N||F;(D?h,-) = fillLn s, )
S Nl{”FrL(DQh, ) — Fi(D2h7O)HL"(B7/8) + ”fZ”Ln(B7/8)}
< 801 (Ol 966 + 1) + il

We need to estimate both HBFi(‘70)||Ln(Bl) and || fi||z»(B,)- For z € B1(0),

Br(2,0) = sup LxM:2) = Fi(M0)]

MeS |[M]] +1
= sup [F(p(u)M + Ci, piz) — ( ( YM + C;,0)] — [F(Cy, piz) — F(Cy,0)]
MeS p) (M + 1)
< sup le(u )M + Ci|| + 1+ [|Cil| +1 ﬂ(,uxo
Mes 1M1} +1 o
o [(PEIM] + 2(ICill + 1) | Blu'e, 0)
< Eéﬁ( M+ 1 ) =)
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Since w (hence ) is a Dini modulus of continuity, the integral test yields

ICill <D 10k = Crall < 13ce Y (")

k=1 k=1

<13c, <¢(1) +1n (5)_1 /01 #lr) dr) < 52coi01(1).

r

Hence for z € B1(0)

Br, (x,0) < sup
MeS

() |M || + 2(52cep1(1) + 1) \ B(piz, 0)
M| +1 o(pt)
Bu'x,0)

<2(52¢cep1(1) + 1) ()

Y

and thus since w < ¢ and the L™ average of B(, 0) is small, we get

15k, 0)ll~(By)
p(ut)

m < 2078 (52¢.1(1) + 1)
plp)  — ‘

185, (-, 0) || L (By) <2 (52ce1(1) + 1)
<2 (52cep1(1) + 1)

Similarly, for € B;(0)

|f(w'z) — F(Ci, p'w)| _ |f(p'e)| +|F(Ci,0) — F(Ci, p'a)]
p(pt) - i o(pt)
|f (') + B(p'z, 0)(|Ci]l + 1)
~s0(ui)
|f(p'z)| + B(u'x,0) (52cep1(1) + 1)
p(p?)

|fi(2)| =

<

<

)

which implies, since the L™ average of f is small

1f (1) pn By + 18, 0)llzn (B, (52¢eip1(1) + 1)

| fill »(By) < p(ut)
_ ") + wn " Sw() - (52eepr (1) +1)
= o(pt)

< 2wY7"6 (52c001(1) + 1) .
Returning to our a priori estimates and recalling that ¢ is small, we get
o= Pz < N {1 Oy (O + 1)+ il vy |

< N1{26w,1/" (52ce01 (1) + 1) (9ce + 1) + 20wH/™ (52001 (1) + 1)}

< N126w/™ (52¢.01(1) 4+ 1) (9ce + 2)
< ey,
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and hence, since p < 16, we have

v — T2,0h‘o;BH(o) < v = hlo;p, ) T 17— T2,0h’o;BH(0) < 28cep®

Now, for 2 € B,i+1(0), set Piiq(x) = P;(x) + p*o(u")Ta0h ( ) € Pa. Rescaling
back, plugging in the definition of v and recalling that w(t) satisfies (14), we get

u(z) — Pija(z )|—‘ (w) = Py(z) — ™ p(u )T“h( )‘

o () Tt (2)

“o(n) 28t
2(z+1) (u 1)

Le. [u—Pit1lop,..1(0) < p20H D (1), completing the induction step. Note that
P;11’s coeflicients satisty

Cit1 = Ci+ (" )D*h(0), bip1 = b+ p'o(u’)Dh(0), air1 = a; + p*o(u')h(0).

Hence F(C;11,0) = F(p(p*)D?h(0) + C;,0) = ¢(u')Fi(D*h(0),0) + F(C;,0) = 0.
Since ||h\|*02,a(B . (0)) < Ce, we have

|ait1 — ail + ' bigr — bi| + p* | Cigr — Gi|
< 12(u") (In(0)] + [DR(O)| + | D2h(0)]|)

D 16 16\°
S HZ SD(H )(Ce + 703 + <7) Ce>

< 13cep® o(p).
This completes the proof of Lemma 3.2. [

The above argument holds at any fixed zg € B; /2(0) since for concave F,
the Evans-Krylov theorem guarantees the solvability of the Dirichlet problem for
F(D%h,z0) = 0, with universal constant c.. The same argument which follows
Lemma 2.1 now gives us that u € M2%?(B;2(0)) C C*¥1(By,2(0)). But by defini-
tion of ¢(t), we have

gpl(t)_/Ot@dr_/Otra—ldw/ot@drw@b(t),

r

which completes the proof of Theorem 3.1.

REFERENCES

[B] C. Burch, The Dini Condition and Regularity of Weak Solutions of Elliptic Equations, J.
Diff. Eq. 30 (1978), 308-323.

[C] S. Campanato, Proprieta di una Famiglia di Spazi Functionali, Ann. Scuola Norm. Sup.
Pisa (3) 18 (1964), 137-160.

[C1] L. Caffarelli, Interior a priori Estimates for Solutions of Fully Nonlinear Equations, Annals
of Mathematics 130 (1989), 189-213.



20

[CC]
[E]
[Esc]
[G1]
[G2]
[GT]
[HW]
K]
[K1]
[K2]
[K3]
[ME]
[S1]
[S2]
(Sp]
[Tx]

W]

Jay Kovats EJDE-1999/37

L. Caffarelli and X. Cabre, Fully Nonlinear Elliptic Equations, Amer. Math. Soc., Provi-
dence, R.I., 1995.

L.C. Evans, Classical Solutions of Fully Nonlinear, Convex, Second Order Elliptic Equa-
tions, Comm. Pure and Applied Math. 35 (1982), 333-363.

L. Escauriaza, W2™ a priori Estimates for Solutions to Fully Nonlinear Equations, Indiana
J. Math. 42 (2) (1993), 413-423.

M. Giaquinta, Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Sys-
tems, Princeton Univ. Press, Princeton, N.J., 1983.

, Introduction to Regularity Theory for Nonlinear Elliptic Systems, Birkhauser Ver-
lag, Basel, 1993.

D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd
ed., Springer-Verlag, Berlin-Heidelberg-New York-Tokyo, 1983.

P. Hartman and A. Wintner, On Uniform Dini Conditions in the Theory of Linear Partial
Differential Equations of Elliptic Type, Amer. J. Math 77 (1954), 329-354.

J. Kovats, Fully Nonlinear Elliptic Equations and the Dini Condition, Communications in
PDE 22 (11-12) (1997), 1911-1927.

N.V. Krylov, Boundedly Nonhomogeneous FElliptic and Parabolic Equations, Math. USSR
Izv. 22 (1984), 67-97.

, On the General Notion of Fully Nonlinear Second Order Elliptic Equations, Trans-
actions of the AMS 347 (3) (1995).

, Lectures on Elliptic and Parabolic Equations in Holder Spaces, Amer. Math. Soc.,
Providence, R.I., 1996.

M.I. Matiichuk and S.D. Eidel’man, The Cauchy Problem for Parabolic Systems whose
Coefficients Have Slight Smoothness, Ukrainian Math. Journal 22 (1970), 18-30.

M.V. Safonov, On the Classical Solutions of Bellman’s Elliptic Equation, Soviet Math.
Doklady 30 (1984), 482-485.

, On the Classical Solutions of Nonlinear Elliptic Equations of Second Order, Math.
USSR Izv. 33 (1989), 597-612.

S. Spanne, Some Function Spaces Defined Using the Mean Oscillation over Cubes, Ann.
Scuola Norm. Sup. Pisa (3) 19 (1965), 593—608.

N. Trudinger, Lectures on Nonlinear Elliptic Equations of Second Order, Univ. Tokyo,
Tokyo, 1995, pp. 34-35.

L. Wang, On the Regularity of Fully Nonlinear Parabolic Equations II, Comm. Pure and
Applied Math. 45 (1992), 141-178.

Jay Kovats
DEPARTMENT OF MATHEMATICAL SCIENCES
FLORIDA INSTITUTE OF TECHNOLOGY
MELBOURNE, FL 32901, USA

E-mail address: jkovats@zach.fit.edu



