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NONLINEAR KIRCHHOFF-CARRIER WAVE EQUATION IN A
UNIT MEMBRANE WITH MIXED HOMOGENEOUS
BOUNDARY CONDITIONS

NGUYEN THANH LONG

ABSTRACT. In this paper we consider the nonlinear wave equation problem
1
Ut — B(||u||(2), HuTHg)(uM + ;ur) = f(r,t,u,ur), 0<r<1,0<t<T,

| lim rur(r,t)] < oo,

r—0t

ur(1,t) + hu(1,t) =0,

u(r,0) = o (r), ut(r,0) = a1 (r).

To this problem, we associate a linear recursive scheme for which the existence
of a local and unique weak solution is proved, in weighted Sobolev using stan-
dard compactness arguments. In the latter part, we give sufficient conditions
for quadratic convergence to the solution of the original problem, for an au-

tonomous right-hand side independent on u, and a coefficient function B of
the form B = B(||ul|2) = bo + ||ul|2 with by > 0.

1. INTRODUCTION

In this paper, we consider the initial and boundary value problem

1
we — B([|ullg, lurlld) (wrr + ;ur) = f(r,t,u,uy), 0<z<1l, 0<t<T,
| Tl_lgh \/’FUT(T, t)| < 00, (1.1)
ur(1,t) + hu(1,t) = 0,
u(r,0) = up(r), ue(r,0) =wuqi(r),

where B, f, Uy, U are given functions, ||ul|3 = fol rlu(r,t)2dr, ||u-||3 = fol rlu(r, t)|2dr
and h is a given positive constant.
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Many authors [6, [7], 15, 17, 18] have studied the problem
v — Bi(|]v))%, [|[Vo||?) A v = fi(z, t, 0,0, Vo) in Qp x (0,T),
v

E—s—hv:O on 08 x (0,7),

orv=0 ondQ x(0,7),
v(z,0) = vo(z), vi(x,0) =wv1(x) in Qy,

(1.2)

where ; is a bounded domain in RY with a sufficiently regular boundary 99,

N
ov 2
2= 2z, t)d 2:/ t)|%d :/ | d
o /le<x7>x7||w|| [ vo o= [ 3| o]

14=1

and v is the outward unit normal vector on boundary 0Q;. With N = 1 and
Q4 = (0, L) the first equation in (1.2)) has its origin in the nonlinear vibration of an
elastic string (c.f. Kirchhoff [7]), for which the associated equation is

Eh [*0v 2
h f(P = —,t‘d)mc:,
Phvg O+2L ) ay(y )| dy v 0

where v is the lateral deflection, x is the space coordinate, ¢ is the time, p is the
mass density, h is the cross-section area, L is the length, E is Young’s modulus,
and P, is the initial axial tension.

Carrier [3] also established the model

L
Vit = (PO + Pl/ UQ(yat)dy)va:xv
0

where Py and P; are constants.
In the case ©; is an open unit ball of RY and the functions v, f1, Tg, v1 depend
on x through r with 72 = |z|? = ZZI\; x2, we put
v(z,t) = ullz),t),  fi(z,t,0,0, Vo) = fi(lz],1),
vo(z) = uo(lz]), vi(z) =w(lz]), v=N-1L
Then

1 1 1
=Bi (ol Vo)) av = —B( / W (r, )rdr, / fun (r,8) 1) (vt + S )

where B(£,1) = Bi(wn€é, wnn) and wy is the area of the unit sphere in R"V. Hence,
we can rewrite problem (|1.2) as

Ugt — B(/O1 u?(r, t)r7dr, /01 |y (7, t)|2r7dr> (Urr + %ur) = ]71(7", t)
in (0,1) x (0,7,
ur(1,t) + hu(l,t) =0 on (0,7),
or u(l,t)=0 on (0,7),
u(r,0) = up(r),ut(r,0) = uy(r) in (0,1).
With N = 2, the first equation of is the bi-dimensional nonlinear wave equa-
tion describing nonlinear vibrations of the unit membrane Q; = {(z,y) : 22 +y? <

1}. In the vibration process, the area of the unit membrane and the tension at var-
ious points change in time. The condition on the boundary 0€2; describes elastic
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constraints, where the constant h has a mechanical signification. Boundary condi-
tion 2 is satisfied automatically if u is a classical solution of problem , (for
example, with v € C1(Q2 x (0,7)) N C?(Q x (0,7T))). This condition is also used in
connection with Sobolev spaces with weight r (see. [2, [16]).

In the case of equation 1 not involving the term %ur (v =0), we have

1 1
Uy — B(/ u?(r, t)dr,/ |l (, t)|2dr>urT = fryt,u,up, ug). (1.4)
0 0

When f = 0, and B = B(fo1 lur(r,t)[?dr) is a function depending only on
fol |ur(r, t)|?dr, the Cauchy or mixed problem for (L.3)) has been studied by many
authors; see Ebihara, Medeiros and Miranda [5], Pohozaev [22] and the references
therein. A survey of the results about the mathematical aspects of Kirchhoff model
can be found in Medeiros, Limaco and Menezes [20], [2I]. Medeiros [19] studied
problem on a bounded open set Q of R? with f = f(u) = —bu? where b > 0
is a given constant. Hosoya and Yamada [6] considered problem 3,4- with
f = f(u) = =6|u|*u where § > 0 and o > 0 are given constants. In [9] the authors
studied the existence and uniqueness of the solution of the equation

gy + A2y — B(||Vu||2)Au + elug|*tuy = F(a,t),

where A > 0, e > 0 and 0 < o < 1 are given constants.
In the case of the term %ur appearing in equation (1.1]); we have to eliminate the
coefficient % by using Sobolev spaces with appropriate weight (see [I1]). On the
other hand, problem (1.1)) with general nonlinear right-hand side f(r,¢,wu,u,,u;)
given as a continuous function of five variables has not been studied completely
yet.

In the present paper, we study problem (|I.1]) with some forms of the right-hand
side f. In the first part, we study problem (1.1)) with the right-hand side f(r, ¢, u,u,)
where f € C°([0,1] x Ry x R?) satisfies the condition

of of of
or’ ou’ Ou,

C°(0,1] x Ry x R?).

It is not necessary that f € C! ([0, xRy x ]RQ). First, we shall associate with equa-
tion 1 a linear recurrent sequence which is bounded in a suitable function space.
The existence of a local solution is proved by a standard compactness argument.
Note that the linearization method in this paper and in papers ([2} 4 [14], 17, 18], 23]
cannot be used in papers [5l, 9] [12] T3] [15] 16, 19]. In the second part, we consider
problem corresponding to f = f(r,u) and B(n) = by + n with given constant
bp > 0. We associate with equation 1 a recurrent sequence u,, (nonlinear)
defined by

2u,, L Ou,, 2 ?u,, 1 0uyy,
R *(bﬁfo [T ) frar) (5% + )

0
= f(ryum—1) + (tm — um_l)a—z(r, Um—1) in (0,1) x (0,T),
with w,, satisfying (1.1)p_3. The first term wug is chosen as uy = wg. If f €

C? ([O7 1] x R), we prove that the sequence u,, converges quadratically. The results
obtained here relatively are in part generalizations of those in [2], 4] [14] [17, [18] 23].
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2. PRELIMINARY RESULTS, NOTATION, FUNCTION SPACES

Put Q = (0,1). We omit the definitions of the usual function spaces LP(f2),
H™(Q), W™P(Q). For any function v € C°(Q) we define ||v||o as

lollo = (/01 rv2(r)dr)1/2

and define the space V as the completion of the space C°(Q) with respect to the
norm | - [|o. Similarly, for any function v € C*(Q) we define |v||; as

ot = ([ ) + e Plar)

and define the space V; as completion of the space C'(Q) with respect to the norm
| - |li. Note that the norms || - [|o and || - ||1 can be defined, respectively, from the
inner products

1/2

1
(u,v) = /0 ru(r)v(r)dr,
(u,v) + (u',0") = /0 rlu(r)v(r) + u'(r)v' (r)]dr.

Identifying Vy with its dual Vj we obtain the dense and continuous embedding
Vi — Vo = V§ — V/. The inner product notation will be re-utilized to denote the
duality pairing between V; and V{. We then have the following lemmas, the proofs
of which can be found in [2):

Lemma 2.1. There exist constants K1 > 0 and Kz > 0 such that, for allv € (D)
and r € €,
() [['[I + v*(1) > o3,
(i) Jo(1)] < Kifjolls,
(ii) /rlo(r)] < Kslol-

Lemma 2.2. The embedding Vi — Vy is compact.

Remark 2.3. In Lemma the constants K7 and K> can be given explicitly as
Ki=vV1+v2and Ky = 1+ /5. We also note that lim, o, /rv(r) = 0 for all
v € V1 (see [I, Lemma 5.40]). On the other hand, from H'(g,1) — C%([e, 1]),0 <
e < 1 and VE[[v||lgr(e,1) < |vllx for all v € Vi, it follows that v|;. 1) € CO([e, 1]).
From both relations we deduce that /rv € C°(Q) for all v € V;.

Now, we define the bilinear form
1
a(u,v) = hu(1)v(1) +/ ru'(r)v'(r)dr, for u,v € Vi, (2.1)
0

where h is a positive constant. Then for some uniquely defined bounded linear
operator A : V1 — V{ we have a(u,v) = (Au,v) for all u,v € V3. We then have the
following lemma.

Lemma 2.4. The symmetric bilinear form a(-,-) defined by (2.1)) is continuous on
Vi x Vi and coercive on Vq, i.e.,

(i) a(u, v)] < Cufjuli]|v]h

(i) a(v,v) > Collv[l}
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for all u,v € Vi, where Cy = %min{l, h} and Cy =1+ hK?2.

The proof of Lemma [2.4]is straightforward and we omit it.
Lemma 2.5. There exists an orthonormal Hilbert basis {w;} of the space Vy con-
sisting of eigenfunctions w; corresponding to eigenvalues \; such that

(1) 0 <A <AjT+00 asj — +oo,
(i) a(w;,v) = Aj{w;,v) for allv eV and j € N.

Note that from (ii) it follows that {w;/\/A;} is automatically an orthonormal set
in Vi with respect to a(-,-) as inner product. The eigensolutions w; are indeed
etgensolutions for the boundary value problem

_1i

di;
T a

A’Lﬂj = ) = )\jzﬂj, m Q,

The proof of the above Lemma can be found in [24, Theorem 6.2.1] with V' =
Vi, H =V, and a(-,-) as defined by (2.1).
For functions v in C?(f2), we define

1 1/2
folla = (| 7o)+ 100D + vt Plar)
0
and define the space V5 as the completion of C?(€2) with respect to the norm || - [|.
Note that V5 is also a Hilbert space with respect to the scalar product
(u,v) + (u',v") + (Au, Av)

and that V5 can be defined also as Vo = {v € V] : Av € V}.
We then have the following two lemmas whose proof of which can be found in

2].
Lemma 2.6. The embedding Vo — Vi is compact.
Lemma 2.7. For all v € V5 we have
@) N1l < Z51Av]lo,
(i) [lo"llo < /311 4v]o,
(i) [[0]2 0y < (2llollo + L5l 4v1lo) 0]o-
Also the following lemma will be useful in Section 4.
Lemma 2.8. For allu e Vi and v € Vj,
(?, ol) = V201 + ED)|[ull3[|vllo, (2.2)
where the constant K, is given by Lemma[2.1}

Proof. Tt suffices to prove that inequality (2.2)) holds for u € C*(Q) and v € C°(0Q).
We have
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Hence, it follows from Lemma [2.1] that
1 9 1
WA (r) < 2u3(1) + 2(/ u'(s)ds) < 2K2|uf)? +2(1 — r)/ I (5)|2ds.

This implies
1
hlol) = [ wlotrlar
0 . . ) (2.3)
< 2Kf||u||%/ r|v(r)|dr—|—2/ r(l—r)|v(r)\dr/ \u'(s)|2ds.
0 0 T

Note that the first integral herein can be estimated as

/17°|v(7“)|dr < (/01 rdr) 1/2(/017“|U(7")|2d7")1/2 = %”UHO'

0
Reversing the order of integration in the last integral of (2.3)), we estimate that

integral as

/01 r(1 = r)|o(r)|dr /01 HOIRE

1 s
:/ |u'(s)|2ds/ r(1 - ) [o(r)dr
0 0
1 s 1/2 s 1/2
§/ |u’(s)|2ds</ r(l—r)2dr> (/ r|v(r)|2d7')
0 0 0
1 1
< — |l lwllo < == |lull?|v]lo-
< ﬁll 6llvllo < ﬁll I5llvllo
From the two estimates above, we obtain ([2.2)) and the lemma is proved. ([
For a Banach space X, we denote by | - ||x its norm, by X’ its dual space

and by LP(0,7;X),1 < p < co the Banach space of all real measurable functions

uw: (0,T) — X such that
T P 1/p
Jul o = (| Tutoligar) " <0 for1<p<oc,
0

lu|l Lo 0,7;x) = esssup ||u(t)||x for p = ooc.
0<t<T

Let
uw(t), u'(t) =ug(t) = ult), up(t) = Vu(t), up(t)

2
Ou 0 1),

denote 5 o2
u u
(’I“, t)a a. (Tv t)) ﬁ

respectively.
3. THE GENERAL CASE

In this section, we consider initial and boundary value problem (L.1)) with general
right-hand side f = f(r,t,u,u,). We make the following assumptions:
(Hl) u; € Vi and ug € Vs,

(H2) B € C*(R%) with B(¢,n) > by > 0 for all £, >0,
(H3) f € C%Q xRy x R?) and Of/0r,0f /Ou,0f /Ou, € CO(Q x Ry x R?).
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With B and f satisfying assumptions (H2) and (H3), respectively, we introduce
the following constants, for any M > 0 and T > 0:
Ko = Ko(M, B) = sup{B(&,7) : 0 < &,n < M?},

- ~ 0B 0B
K = K{(M,B) =sup{(|7§! + \3—n|)<f,n> 10 < &n< M?},

Ko=Ko(M,T,f)= sup |f(rt,u,0), (3.1)
(r,t,u,v)EA.
= = of of of
K, =EK(M,T,f)= D19 1Yy
1 (M, T, f) (r,t,iiI))EA*“aT +|8u|+|av )(7’, LU, V),
where
A, = A, (M,T)

={(rtu,0): 0<r<1,0<t<T,|ul < M\/2+1/V2,|v] < M/V2}.
For each M > 0 and T" > 0 we put
W (M,T) :{v € L=(0,T;Va) : 0 € L®(0,T; V1) and & € L2(0,T; V),

with [|[v]|Lee 0,7;v8)s [0l 20, 75v1), 191220, 75v2) < M}7
Wi(M,T) ={veW(M,T):ieL>0,T;V)}
We shall choose as first initial term ug = g, suppose that
Um—1 € W1 (M, T), (3.2)

and associate with problem (|1.1)) the following variational problem: Find wu,, in

Wi (M,T) (m > 1) so that
(i (£),0) + b (0w (8),0) = (Fun(t),0) Yo € Vi,
U (0) = To,  1m(0) = 1, (3.3)

where
b (t) = B([tm-1(0)I[5, | Vum-1(8)]3)

1 1
Oy
:B(/O ufnfl(r,t)rdr,/o ‘ u{‘)r 1(r,t)‘2rdr), (3.4)
Fo(r,t) = f(r,t,um_l(t), vum—l(t))-

Then, we have the following result.

Theorem 3.1. Let assumptions (H1)-(H3) hold. Then there exist a constant M >
0 depending on g, uy, B, h and a constant T > 0 depending on ug, uy, B, h, f
such that, for ug = g, there exists a linear recurrent sequence {uy,} C Wi (M, T)

defined by (3:3)-(3-4).

Proof. The proof consists of several steps.
Step 1: The Galerkin approximation (introduced by Lions [10]). Consider as in
Lemma the basis w; = w;/V/\; for V; and put

k
uP ) =3 )y, (3.5)
j=1
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(k)

where the coefficients c,,; satisty the system of linear differential equations

(@) (1), ws) + b (Da(ufy) (8),w;) = (Fn(t),w5), 1< <k,

i (3.6)
) (0) = Tor,  4lf)(0) = T,
where ~ a
ok — o strongly in Va, (3.7)

uyp — uy  strongly in V3.
Suppose that wu,,—; satisfies (3.2]). Then it is clear that system (3.6) has a unique
solution u,(fi) on an interval 0 <t < Tr(f ) < T'. The following estimates allows us to

the take constant Tﬁf ) = T for all m and k.
Step 2: A priori estimates. Put

SM (1) = x®B () + Yy ® / 150 (s) 12ds, (3.9)

where
XI () = [aB @15 + bm (B)a(ul) (£),ulP (1)),

Y () = a(al) (1), al) (1)) + b (0)]| Auly) (8)113,
where A is defined by (2.1] @ Then it follows that

S®)(#) = / b0 (5) [ (u) (5), ul) (5)) + || Aul® (5)]12] ds
s k) S t m(s ,u(k) s))ds
+2/0<Fm<>7 il (s))d +2/0 a(Fun(s), i (s))d
—/ bm(s)<Au5,’f)(s),iigf)(s»ds+/ (Fm(s),ijs,’f)(s»ds
0 0

=S0(0) + I + - + 5.

We shall estimate step by step all integrals Iy, ..., I5.
Integral I: Using assumption (H2), we obtain from (3.1)2 and (3.4]); that

b, ()] < 2!%*?(”%—1(71‘)”3, IVt =1 ()3) (trm—1.(£), ttm—1.(£))]

OB .
+ 2!371(||um—1(t)||(2)’ [Vt -1 (D1[5) (Vi —1(1), Viem—1(2)) |
< AM’K;.
Combining (3.8))-(3.9) we obtain

2 17 t
L < AR, / S (s)ds
bo 0

Integral Iy: Since u,,—1 € W1 (M, T), it follows from Lemma that
[ —1 (1)) < MA/2 4+ 1/V2, [Vt 1 (r, )| < M/V?2, ae. on Qx (0,T). (3.10)
By the Cauchy-Schwarz inequality, it follows from (3.1))3 that

t t
b < 2/ 1Fm ()| 5 ()| s < 2?0/ X (5)ds
0 0
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Integral I3: Using Lemma [2.4] we have
Is <2C4 /026 [Fom ()12 [|l%) ()] ds-
On the other hand, from 3_4 and we obtain
| En(s)]|T < %F; + %Ff [1+(1+v3M]%
Then we deduce, from (3.9))2 that

\fclro (1+(1+V3)M 1/2/\/1/(T

Integral 15: Using the inequality |ab] < 2a® + b Va,b € R, we get from (3.1))

and — that
. t
R / | Au® (s) [3ds + & / %) (5))2ds

3K3 (k) 0
o /O 5U)(s)ds + 3 S8 (1).

I /\

IN

Integral Is: We use again inequality |ab| < %az + %bz Va,b € R, we get from (3.1)3
and (3.8]) that

‘ .. 3, =2 1
B < [ 1B ()i ()ods < TRG + 550 o).
0

Combining the above estimates for Iy, ..., I5, we get
t
SW) <3800) + CALT) + Ca) [ sPo)ds @)
0

where

45 _ _ o 9

Ci(M.T) = TR + 55 TCY Ko+ (1+ (1+V3)M)°KS),
0

4

_ 3 ~ ~
Co(M) = 1+ = (3KG + 16M K, ).
0

(3.12)

Now, we need an estimate on the term Sy(,lf)(O). We have
S (0) = XD(0) + ¥,19(0)
= [[@1kll§ + a(@k, w1x) + B([[Vaol[3) (a(Uo, tor) + || Atok||)-

By means of the convergence (3.7)), we can deduce the existence of a constant M > 0
independent of k and m such that

Sk (0) < M?/6. (3.13)
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Note that, from the assumption (H3), we have limzp_q, VTK;(M,T,f) = 0,i =
0,1. Then, from (3.12)) we can always choose the constant 7" > 0 such that
(M?/2+ C(M,T))exp[TCo(M)] < M?,
2C4

1 ~ — | ~
1 M2TK 2TK —TK 4 M?*TK 1.
( + T000)\/8 1+ V2 1exp[\/5 1—|—( +b000) 1]<

(3.14)
It follows from (3.11]) and (3.13])-(3.14) that

S () < M? exp[—TCo(M)] + Co(M) /0 t S (s)ds

for0<t< Tr(rf ) < T. By using Gronwall’s lemma we deduce from here that
S (1) < M? exp[—TCyo(M)] exp[Cao(M)t] < M?

for all ¢ € [0, T,E,f)]. So we can take constant T}\") = T for all k and m. Therefore, we
have uly) € W, (M,T) for all m and k. We can extract from {ugf)} a subsequence
{u;’f)} such that

ugfi) — Uy, in L*(0,T;Vs) weak™,

a*) — d,, in L°(0,T;Vy) weak*,

i) — i, in L2(0,T; Vi) weak,

where u,, € W(M,T). Passing to the limit in (3.6)), we have u,, satisfying (3.3)) in
L?(0,T), weak. On the other hand, it follows from (3.2)-(3.3)); and wu,, € W (M, T)
that iy, = —bp, (t) Aty + F, € L>°(0,T; V), hence u,, € Wi (M, T) and the proof
of Theorem [3.1]is complete. (Il
Theorem 3.2. Let assumptions (H1)-(H3) hold. Then:

(i) There exist constants M > 0 and T > 0 satisfying — such that
problem has a unique weak solution u,, € Wi(M,T).

(ii) On the other hand, the linear recurrent sequence ., defined by —
converges to the solution u of problem strongly in the space

Wi(T) = {v e L>*(0,T; V1) : v € L=(0,T;Vp) }.
Furthermore, we have the estimate
[tm = ullLoo0,75v1) + [[tim — @l e 0,73v) < Ch Vm 2 1,

where

1

vboCo
1
X exp {ETKl + (4+

)VSAPTR, 4 VaTE,

2C4
boCo

and C is a constant depending only on T, ug,u; and kp.

by =(1+

JMATE | <1,

Proof. FEzistence of the solution. First, we note that W1 (T) is a Banach space with
respect to the norm (see [10]):

lvllw, 1y = [[vllzoe0,7:v2) + 191l Lo (0,7 v0) -
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We shall prove that {u,,} is a Cauchy sequence in Wy (T). For this, set v, =
Um+1 — Up. Then v, satisfies the variational problem

<ﬁm(t)7w> + bm+1(t)a(vm(t)7w) + (berl(t) - bm(t))<Aum(t)7w>
= <Fm+1(t) - Fm(t)’w> Vewe ‘/17
vm(0) = 0,,(0) = 0.

Taking w = ¥y, herein, after integrating in ¢, we get
t
X (t) :/0 rat1 (8)a (Vi (8), vm (s)) ds
t
=2 [ (i (5) = b)) (A (). 6 (5)) s

42 [ (Fria(s) = Fo9). (s,

where
X(t) = [5m @3 + bt (a0 (1), v (1),
On the other hand, from (3.1)2 4 and we obtain
V41 (1)) < AMPEKG,
(b +1(1) = b ()] < 2K1 M |01 (8) o + 2K1 M| Vo1 (£)lo
< 4K M[vm 1 (1)]1,
[Fmt1(t) = Fn()lo < V2K 1 [[vm-1()]1-
It follows that
[6m (013 + boCollvm (1) 17

t t
<DLRAC [ o (s)ds + 8MEs [ fomos(s) 1l Avn(5)ollon () ods
0 0
+ 2V2K [[Ug—1(8) |1 ]| om ()l ods
t
§4M2K101/ [[om ()| ds
0
t
+ (16M2K1+2\/§K1)/ [om—1(s) 11 l[om (s)lods
0
< (8M2Ky + V2K ) [[vm—1ly, (1)

1 20 ~ b
- 1>M2K1}/0 ([1om ()11 + boCollvm (s)[|7) ds.

+2[\/§F1+ (4+ et

Using Gronwall’s lemma we deduce that
[6m (013 + boCollvm (1) 17

~ _ 1 2C4 ~
< (8M2K1 + \/iKl)va—lH%/Vl(T) exp {QT{EKI + (4 + bOCO)M2K1:| },

for 0 <t <T. Hence

|vmllw, 7y < krllvm-1llw, @) ¥Ym>1,
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where
1 = — 1 20\ o~
= 2 —_—
kp = (1+ m)\/SM TK, + V2TK exp [\@TK1 (1M TR| <1
Hence L

e = wmllw, ) < llux = wollwy () 7= 5
—kr
for all m and p. It follows that {u,,} is a Cauchy sequence in W1 (T). Therefore,
there exists u € W1 (T) such that
Um — u  strongly in Wy (T). (3.15)

We also note that u € W1 (M, T). Then from the sequence {u,,} we can deduce a
subsequence {,, } such that

U, — u in L>(0,T;Vz) weak™,

U, — w in L%(0,T; V1) weak”,

llp, — 1 in L*(0,T; Vp) weak,

with u € W(M,T). Noticing (3.1)1_2 we have

T
| [ ont) () = BB, 9(0)3) Autt) (0]

< C1 Kol — ]l oo o.mv) 1wl 21 0.15v1) (3.16)
+ACI M K |um—1 — ul| L= 0,759 lull L= 0,750 1wl L2 0,711
for all w € L*(0,T;V4). It follows from (3.15)-(3.16) that
by () A, — B([[u(®) |3, [Vu®)]|§)Au  in L=(0,T; V{) weak*. (3.17)
Similarly
[ Fo — F(rot,uyur) || Lo 0.7:v0) < V2K 1 ||um—1 — ul| oo (0,7:17)- (3.18)
Hence, from and (3.18)), we obtain
F,, — f(r,t,u,u,.) strongly in L*(0,T; V). (3.19)

Then, taking limits in (3.3) with m = m,; — 400, there exists u € W(M,T)
satisfying
(a(t), w) + B(|[u@®)[3, IVu@®)[§)a(ut), w) = (f(r,t,u,u),w) we W,
U(O) = ﬂo, U(O) = ’171.
On the other hand, from (3.17)) and (3.19)-(3.20) we have
U= —B(||u|\(2J, ||Vu|\(2))Au + f(r,t,u,ur) € L(0,T; Vp).

Hence, u € W1 (M, T) and the proof of existence complete.
Uniqueness of the solution. Let uy,us, be weak solutions of problem ([1.1]);_3 such
that uy and ug are in Wy (M, T). Then w = u; —us satisfies the variational problem

(i(t), v) + b (B)a(w(t), v) + (b () = ba(t)) (Aua(t), v) = (fi(t) — fa(t),v) Vv € V3,
w(0) = i(0) =0,

(3.20)

where

bi(t) = B([lw@)II3, | Vua®)IIB), folt) = f(ryt,us, Vag), i=1,2.
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Taking v = w and integrating by parts, we obtain

11 + B (8)aw(t), w(t)) :/0 B (s)a(w(s), w(s))ds
) /O (Bu(s) — Ba(s)) (Aus(s), ir(s))ds
+2 / (F1(5) = Fals), (s))ds.

Put
X (t) = [l ()15 + boCollw ()3
Then

X(t) = ﬁ [4(1 + \/bC;TO)MQI?l + \/QK} /OtX(s)ds

for all t € [0, T] follows. Using Gronwall’s lemma we deduce X (t) =0, i.e., u1 = ug
and the proof of Theorem is complete. O

Remark 3.3. In the case of B=1and f = f(t,u,u;) with f € C'(R; x R?) and
f(t,0,0) =0 for all t > 0, and with the homogeneous Dirichlet boundary condition
instead of (1.1)q, some results have been obtained in [4]. In the case of f being in
C1(Q2 x Ry x R?) and B = 1 we have previously obtained some results in [2]. We

emphasize here that in the above, however, we do not need to assume that f is in
CHQ x Ry x R?).

4. A SPECIAL CASE

In this section, we consider initial boundary value problem with an au-
tonomous right-hand side independent of u, and an affine coefficient function B.
Under these assumptions, we obtain stronger conclusion on the approach results in
a quadratic convergence of the approximation (Theorem |4.2)).

We make the following assumptions:

(H4) B(n) = bo + n with by > 0 a given constant.

(H5) f e C?(Q xR).

With f satisfying assumption (H5), for any M > 0 we put

?O:FO(ML]C): sup |f(r,u)\,

(ryu)EA,
o of| _|of
Ki=Ki(M, f)= sup (|5|+]|5|)(ru),
(ru)e A (’ or au‘)
0% f 0% f

E:E(M’f):(ni?fz* (57l * |7az )0

where

A=A (M) = {(r,u): 0 <7 < 1,|ul < M\/2+1/V2}.

We shall choose as a (constant in time) starting point ug the initial data @g. Assume
Um—1 € W1 (M, T) and consider the variational problem (3.3), where

byn (1) = bo + [|Vum ()|[3,
(4.1)

Fo(rt) = f(r tyum) = f(r, wm—1) + (tm — Um—1)%

(Ta um—1)7
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with
of
fm(rt,w) = f(r,um—1) + (u — um_l)%(r, Um—1)-
Then we have the following theorem.

Theorem 4.1. Let (H1), (H4), and (H5) hold. Then there exist constants M > 0
and T > 0 and the recurrent sequence {u,,} € W1 (M, T) defined by and (§-1)).

Proof. The idea is the same as in the proof of Theorem As there we define uﬁ,’f)
by —, where the functions b, and F,,, appearing in (3.5 are replaced by

b (1) = bo + [ Vui ()13,

Fn(mk)(ra t) = fm(ﬂt’ugs)) = f(r, um—l) + (Ugi) - um_1)%(’/‘, um—l)y

respectively. With Sé,’f),X,(,lf ),szbk) defined by -, where the function b,,
appearing in Xf,]f) and ngk) are replaced by bS,’i), it follows that
S0 =500) + [ 0506) [awlh (61,00 )) + 10 0 s
+ 2/: <F$)(S)7U£§)(S>>d8 + 2/Ot a(Fﬁ)(s)mSﬁ)(s))ds
- /Ot b (s)( Auy) (s), iify) (s) )ds + /Ot (F5(s), iy (5))ds.
We can estimate S,gf ) in a manner similar to as
S (1) < 358 (0) + Do(M,T) + Dy (M) /0 "5 (s)ds + D, /0 " (89())%ds,

where

IO 21 _
Dy =Do(M,T) = ?(Ko + MK;)?

S - - - 2
+ 601T(K0 L1+ M+ V1+3MOE, + Ko+ ME2\/3+ 3M2/2) 7
Dy =Dy (M)

9 — 60y , — _
=1 +3(1+C)/Co+ 21K /2boCo + ﬁ (4K; + (34 3M?%/2) ),
0“0
3

3
D, :%(\/%—i- 400)-

From convergence we can deduce the existence of a constant M > 0 indepen-
dent of k and m such that S,gf)(O) < M?/6. Next, we can always choose a constant
T > 0, so that

4D,
3M?2Dy’

- D
Do(M,T) < M?/2 and (1+ L )exp(TDl)gH (4.2)

M2D,
Then

S(t) < 2M2 + Dy (M) /O S (s)ds + Ds /0 (S8 (s)) ds. (4.3)



EJDE-2005/138 NONLINEAR KIRCHHOFF-CARRIER WAVE EQUATION 15

On the other hand, the function

S(t) = - D1 exp(D1t)

. 0<t<T, (4.4)
3NZ D2 [exp(Dlt) — 1]

is the maximal solution of the Volterra integral equation with non-decreasing kernel
8]

t t
S(t) = ZM2+D1(M)/ S(s)ds+D2/ S%(s)ds, 0<t<T.
0 0
From (4.2)-(4.4)
St < St <M?, 0<t<T (4.5)

follows for all k and m. Hence u'y) € W, (M,T) for all k and m. Then, in a manner
similar to the proof of Theorem we can prove that the limit w,, € Wi (M, T)

of the sequence {uﬁ,’f)} when k — 400 is the unique solution of variational problem

(3.3) and (4.1). The proof of Theorem is complete. |

The following result gives a quadratic convergence of the sequence {u,,} to a
weak solution of problem (1.1)) corresponding to f = f(r,u) and B(n) = by + .
Theorem 4.2. Let assumptions (H1) and (H4)-(H5), hold. Then

(i) There exist constants M > 0 and T > 0 such that problem corre-
sponding to f = f(r,u) and B(n) = by + n has a unique weak solution
u e Ws (M, T)

(ii) On the other hand, the recurrent sequence {un,} defined by and
converges quadratically to the solution u strongly in the space W1 (T) in the
sense

2
Hum - u||W1(T) < CHum—l - UHW1(T)7
where C' is a suitable constant. Furthermore, we have also the estimation

gm
Uy — U <—— forall m,
| lw: (1) e (1= 3) [

where

_ 1 (2) (1)
pr = (1 + \/m)(l + boCo)\/TKT exp(TKy")

and =4Mup < 1.

Note that the last condition is always satisfied by taking a suitable 7" > 0.

Proof. First, we shall prove that {u,,} is a Cauchy sequence in W1 (T). For this,
set Uy, = U1 — Um. Then v, satisfies the variational problem

(B (£), w) + b1 (£)a (0 (8), w) + (b1 (8) = by (1)) (Aum (t), w)
= (Fny1(t) = Fou(t),w), Vw e Vi, (4.6)
vm(0) = 9, (0) = 0,
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with
of
Foi1— Fn = fryum) — f(ryum—1) + (Ume1 — um)%(r, Upn)

- (um - umfl)%(r; umfl)

of 1, 0%

:’Um%(rvum) 5 mﬂw(?ﬁ)\m),
Am = Um—1 + Ovpm—1, (0<6<1),
b1 (8) = by (t) = [|Vtumr1 (D15 — [ Vam () [5-
Taking w = 0y, in (4.6) and integrating in t, we get

H@m (t) H(% + b1 (t)a(vm(t), Um (t))

_9 / (Vttn1(5), Vit 1(5))a(vm(5), v (5)) s
0

- 2/ (IVtm+1 ()G = [Vt ()[13) (At (5), m (s))ds
0

t t 2
0 0
+ 2/0 <vma—£(r, U ), Um () )ds —l—/o <U72"_187u£(r’ Am), Um (8))ds
=Ji+---+Js
We can estimate herein the integrals Jy, ..., Js step by step as

t t
Ji < 2M2/ (v (5), v (s))ds < 2C’1M2/ o (s)||2ds,
0 0

t
Ty < AM? / lom ()1l () lods,  (by (@),
0
t t
Jy < AT, / () o[ (5) lods < 4T / 0 () 116 (5)llodis,
0 0

Ji < 4%, / (02, 1(5), [ ()1 < Forv/3(1 + K2) / 1 () 2[5 () llods,

where the last inequality follows from (4.5) and Lemma Combining the above
estimates, we obtain

[0 ()15 + boCollvm ()17

t t
< 20, M / o (3)|2ds + 2(202 + &) / ()1 [n () o

+K2V2(1+ Kf)/o [[vim—1(8)I[5 19 () lods.

Letting Z, (t) = ||om(5)]|3 + boCol|vm (s)||3, the above inequality can be written as

t t
Zo(t) < KD / Zon(s)ds + K2 / 22 (s)ds, (@.7)
0 0
where
1) 201M2 2M? —|—F1 (1—|—K12)F2 2) (1+K12)F2
Ky’ = K2 _

+ + : ==
bOCO vV boOo \/§b000 T \/ibQCo
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Hence, we deduce from (4.7) that

v W, (1) < MTHUmle%/Vl(T)? (4.8)

where pr is the constant

1
pr = (1 + \/ﬁ) (1 + boCo) \/TKQ(?) eXp(TKFE,})).
From (4.8)), we obtain

B
1% — Umtp v, (1) < m (4.9)

for all m and p where 8 = 4M,,, < 1. It follows that {w,,} is a Cauchy sequence
in Wi(T'). Then there exists u € Wi (T) such that u,, — u strongly in Wi(T).
Thus, and by applying a similar argument as used in the proof of Theorem [3.2
u € W1(M,T) is the unique weak solution of problem corresponding to f =
f(r,u) and B(n) = by + 1. Passing to the limit as p — +oo for m fixed, we obtain
estimate from . This completes the proof of Theorem |4.2 (|
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