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LOW REGULARITY WELL-POSEDNESS FOR THE
ONE-DIMENSIONAL DIRAC-KLEIN-GORDON SYSTEM

HARTMUT PECHER

ABSTRACT. Local well-posedness for Dirac-Klein-Gordon equations is proven
1
in one space dimension, where the Dirac part belongs to H~41¢ and the

Klein-Gordon part to Hi ¢ for 0 < ¢ < 1/4, and global well-posedness, if
the Dirac part belongs to the charge class L2 and the Klein-Gordon part to
H* with 0 < k < 1/2. The proof uses a null structure in both nonlinearities
detected by d’Ancona, Foschi and Selberg and bilinear estimates in spaces of
Bourgain-Klainerman-Machedon type.

1. INTRODUCTION

In this paper we study the Cauchy problem for the Dirac-Klein—Gordon equations
in one space dimension

0 0
B0+ iaf D+ My = gou (1)
0? 0? 2, 1.9
ﬁéb—@ﬁﬁ‘*‘m ¢ = (B, )2 (1.2)
with initial data
V0 =vo(e), 0,0 = do(x), (@0 = (). (13)

Here 1) is a two-spinor field, i.e. 9 has values in C2, and ¢ is a real-valued function.
a and 3 are hermitian (2 x 2)-matrices, which fulfill o? = %2 = I, a8 + Ba = 0,
0 1
1 0

We are interested in local and global low regularity solutions. The first results
were obtained by Chadam and Glassey [5], [6] who proved global well-posedness for
data 1o € H', ¢g € H', ¢1 € L?. This result was improved by Bournaveas [3] (cf.
also Fang [7]) who showed the same results for data 1y € L%, ¢g € H', ¢; € L.
Local existence and uniqueness was shown by Fang [§] for data ¢y € H *i“,
@0 € H%”, ¢1 € H 20 and 0 < € < %, 0 < § < 2e. These solutions are global,
if 19 € L?. Finally, Bournaveas and Gibbeson [4] also proved global existence and
uniqueness for 1y € L2, ¢g € H*, ¢p1 € H* ! for i <k< % All these global results

0 —
e.g. we can choose o = <z OZ , 8= . M, m and g are real constants.
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were obtained by using conservation of charge, namely [ |¢|? dz = [ |¢|? dz. The
energy does not help here because it is not positive definite.

In three space dimensions the best result concerning local well-posedness was
recently obtained by d’Ancona, Foschi and Selberg [1] for data vy € H¢, ¢y € Hzte,
01 € H ~2%€ with € > 0. This result is arbitrarily close to the minimal regularity
predicted by scaling (e = 0). Whereas in the above mentioned more recent results a
null structure of Klainerman-Machedon type [I0] for the nonlinearities was already
used in one or the other way, they showed that the null form (5, ) of the wave
part is also hidden (by a duality argument) in the Dirac part of the system and
both nonlinearities can be treated in a similar way. It was also very helpful to first
diagonalize the system by using the eigenspace projections of the Dirac operator
(cf. also Beals and Bézard [2]). Of course this local result does not directly imply
a global one.

In the present paper we want to improve the local and global results in one space
dimension by consequently using this diagonalization of the system and applying
the Fourier restriction norm method. We are able to show local existence and
uniqueness for data 19 € H™!, ¢g € H*, ¢, € H* 1, provided | < %7 k> 0,
20+ k < 1,l+k < 1and k > |I|. This means that eg. k =1 =1 —¢€is
admissible as well as [ = 0, k = ¢, thus improving the above mentioned results of
Fang and Bournaveas-Gibbeson. These local results easily imply global ones in the
case Yo € L2, ¢o € HF, ¢y € H*1 for 0 < k < 1/2, using only charge conservation,
also improving Bourneveas-Gibbeson.

This paper is organized as follows. First we rewrite the system as a first order
system in time in diagonal form. We split ¢ as the sum 7 (D)y + 7w_ (D), where
7w+ (D) are the projections onto the eigenspaces of fia%, and also split ¢ as the
sum ¢4 +¢_, where the half waves ¢4 and ¢_ are defined in the usual way. Then we
analyze the components of the nonlinearity (8, ), namely (w4 (D)y, 74 (D)Y’)
for all possible combinations of signs by computing its Fourier symbol. It turns
out that the symbol is a piecewise constant matrix in Fourier space depending
only on the signs of the Fourier variables and especially vanishes in certain regions.
Then we examine which bilinear estimates for the nonlinear terms are necessary for
local well-posedness in the framework of the X™t-spaces. It turns out that due to
duality arguments two similar estimates have to be given for (874 (D), 74 (D)y’)
in order to treat both nonlinearities. These are given in Lemma [3.2] and Lemma
The local results are summarized in Theorem [3:4] Global existence is a direct
consequence of the local results combined with charge conservation (Theorem .

We construct our solutions in spaces of the type X g“b defined as follows: for an
equation of the form iu; — w(—i%)u = 0, where ¢ is a measurable function, let

X" be the completion of S(R x R) with respect to
1 llo = ™ (PP F () fla, ). = €)™ (7 + (P FE Dz,

where (-) := (1+]-|?)2, and f denotes the Fourier transform of f with respect to
x and t. We also use the time localized spaces X:,f“b[O7 T] defined by

£l xmbory = . inf [ Fllxms -
X l0.1] filo,m=f Xe
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The following fact about these spaces is well-known (cf. | e.g. , [9], section 2): if v
is a solution of

R U

on a time interval [0, 7], T <1, we have for ¥ +1>b6>0> ¥ > f%:

b —b
ol ooy < ell fllrm + T ] (L4)

[0,77"

2. PRELIMINARIES

First we transform our system (1.1)),(1.2) into a first order system (in t¢) in
diagonal form.
Multiplying the Dirac equations from the left by G leads to

0 0
i ot + MY = g6y
82

2
O 0 Aot Mo = () s

Following the paper of d’Ancona, Foschi and Selberg we diagonalize the system by
defining the projections

ra(€) = 5T+ ),

where é = % Then we have ¢ = ¢ +1_ with ¥y := 7L (D)¢, D := %a%' Using
the identity

.0
—lag = aD = |D|ry (D) — |D|r—(D)

and
1 A 1 A
T+ ()8 = §(Ii fa)B = §(ﬂ F {Ba) = Prx(§) (2.1)
we get by application of w4 (D) to the Dirac equation

0 0 ) = m(D)(~i- S+ Dl (D) — Dl (D))

Wi(D)(*ia 97

_ 7i%7ri(D)1/1 + |D|rs(D)y
¥
= —7—

8twi + DY+

where we also used
ma () (€) = (T % €a)(I F o) = {1 - £07) =0
and
ma(E)ms (€) = 3 (T +£a)(I & Ea) = {1 & 20 + £0) = (T +£a) = 2 (€)

(this also implies especially ¥4 = 74 (D)1 ).
The Dirac equations are thus transformed into

(w0 & |Dl)hs = ~MBra(D) s + %) + gm(D)(9)

= —MB= + gri (D) (oB(+ +¥-)).
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We also split the function ¢ into the sum ¢ = (¢4 + ¢_), where

1 0¢ 02

O+ : —(,Zﬁ:l:ZA778t Affpﬁ’m

Here we assume m > 0 and in fact m = 1. Otherwise we artificially add a term
(1 — m?)¢ on both sides of the equation at the expense of having an additional
linear term cg¢ in the inhomogeneous part which can easily be taken care of. We
calculate

0 .0 1 10
(lazFA )P+ (15¢A ) £iA a)(b
1 0? .0
—Zi@b:FAZ(ZS:FA (%2 Za(rzs
_1 H?
= FAH(Ap+ 50)

— FAH (B, V) or + cod)

Thus the Dirac-Klein-Gordon system can be rewritten as

(~ig +Dl)gs = ~MBis + gma(D)(5(61 + 6001 +4)  (22)
(0% ANgs = FAH(B +4), 04 + 9o Haoldr +9)). (29)
The initial conditions are transformed into

¥2(0,2) = 72 (D)do(a),  ¢+(0,z) = dolw) £iA™2¢1(x). (2.4)
It turns out that the decisive bilinear form which has to be considered is given by
(BT (D)p, £ (D)1)") ¢, where [£] and + denote independent signs. We are going
to compute its symbol. One has to treat

F({(Brpe) (D), m(D)Y)c2) (€, 7)

/ (B (E0)Y (&, 1), e (—&)V (—&a, —T2)) cedErdry
where * denotes the region £ = &1 + &, 7 = 71 + 7. Because 7+ are hermitian and
by use of and 7 (—&) = 1_(&) we get

(B (€)1, 1), e (—62)¥ (—62, —72))

= (mx(=&2) BT i](fl)lz(ﬁl,ﬁ) 1/7(*527*72»

= (B (=&) ) (€)1, 1), ¥ (=2, —72))
= (Bre (&) ()Y (&, 1), ¥ (=&, —2)) -
We compute

Ary(&)m (&) = (T £ &a)(I + &)
=I+660° + (5 £ &)
= (1+&&) T+ (G +é)a

If & and & have different signs we have &€, = —1 and él —&,, thus T (52)7T+ (&)
= 0. If & and & have the same sign we have 5152 = 1 and fl = §2, thus
dry (&) (&1) = 2(I £ ) (+, if &,& > 0, and —, if &,& < 0). Similarly
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dr_ (&) (&) = 2(I £ @), if &,& have different signs, and 7_(&)m (&) = 0,
if &1, &2 have the same sign. Thus we have
(B (&) (C) P (61, 11), ¥ (=&2, —72)) = (y(&1,71), ¥ (=2, —72))

where
e in the (+,+)-case and in the (—, —)-case: v = (8% Ba), if &1, & have the
same sign, and v = 0, if &1, & have different signs.
e in the (4, —)-case and in the (—,+)-case: v = %(6 + Ba), if &1,& have
different signs, and v = 0, if &1, &, have the same sign.

3. LOCAL SOLUTIONS

We want to construct solutions ¥4+ and ¢+ in the spaces Xi’b and Yi’b, respec-
tively, defined as follows.

Definition 3.1. Xi’b is the completion of S(R?) with respect to the norm
1l g0 = 146)° (7 £ €D P(E, Tl e,

for C2-valued functions 1. Yi’b is the same space for C-valued functions ¥. We
also use the localized norms

141l 30,7y = A‘[ili 9]l

and similarly Yjﬁ’b[O, T] .
We consider the following (slightly modified) system of integral equations which
belongs to our Cauchy problem (2.2)), (2.3), (2.4).
Y (t) = eT Py (0)

—ig [ P D)6 (5) + 0D D) ()
(D) (s + it [P ()i
b1(t) = eFi4% 6 (0)
i [ A K (D) 9+ 7 (D) () (DI )

+ 7 (D) (s))ds £ icy / A 4= (4 (5) + b_(s))ds
(3.2)

We remark that any solution of this system automatically fulfills 74 (D)yy = ¥y,
because applying 74 (D) to the right hand side of the equations for i gives
7+ (D)4 (0) = o (D)m1 (D)o = m+(D)o = ¢+ (0), and the integral terms also
remain unchanged, because my (D)? = w4 (D) and 74 (D) B¢ (s) = Brg (D) (s) =
B+ (s). Thus w4 (D)4 can be replaced by 14 on the right hand sides, thus the
system of integral equations reduces exactly to the one belonging to our Cauchy

problem , , .

Let now data be given with

vo € HYR), ¢o€ HYR), ¢ € H ' (R).
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This implies 14 (0) € H~!(R) and ¢+(0) € H*(R). In order to construct a so-
lution of the integral equations for ¢ € [0,7] with a suitable T < 1 with ¢4 €
X;l’%HI[O,T] and ¢y € Yf’%“l [0,7] (¢ > 0 small) we only have to show the
following estimates for the nonlinearities (using standard facts from the theory of
X - spaces, especially )

Concerning we need

|7+ (D) (pBm 4] (D))

|X;z,—%+2e’ < 6H¢||Yf’%+e,

Ol ger (33)

[£]

and the same estimates with ||¢Hyk,%+5/ replaced by H(;SHY,C,%ﬂ, on the right hand
4 g

side. Again [£] denotes a sign independent of +.
Concerning (3.2)) we have to show

By (D), wa (D)W as, g2 S el opvr Il g (3.4)
v, X X,
1_1lio 11y
and the same estimate with Yf boat? replaced by Yf L7229 o the left hand

side.
By duality (3.3) is equivalent to

| [[ rs D)@y D10). 0w dt] < ]y
The left hand side equals

| [[ om0y ma (D))ot

which can be estimated by

2¢/ -+

11—
Xy

/
A NPR T

]

||¢||Yf,%+a (B (D), me)) ||Y;k,7%7a -

Thus (3.3)) is fulfilled if
(674 (D), 7 (D)Y")

< C”w” —, e
Xigy *

Vigior  (35)

||Y—k,—%—e/
+

— _l_e’ — —l—e, .
and the same with Y s replaced by Y_ s on the left hand side.

The linear terms in the integral equations can easily be treated as follows:

”w:FHX;l,—%He’ [0,7]

< [Yxllr2o,r,m-1) < T2 Y%l o,m,m-1) < CT§||1/J¥||X4,%+£/
A

and

1
||A7§¢:I:H k,— L 42e
Y[:l: 2

BERRN (XY

<oz oy, mr-1y < T2 d£l Lo 0,17, 1%-1) < CT§||¢i||Yk,%+e' :
+

(0,77
It remains to prove (3.4) and (3.5).

Lemma 3.2. Assume | < i, 20+k <1l andl+k < 1. Then (3.4) holds for a
sufficiently small € > 0.
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Proof. We have to show

7;[}” 1,14

[:*:]

| [ Dy me (D)t at] < el sy vl

The left hand side equals (according to the calculation above)

‘ / (B (&2)ma) (€)Y (61, 71), 9 (&2, —72)>;(577')d€1d§2d7'1d7'2 ,
where * denotes the region & + & = &, 71 + 2 = 7. Defining now

(€1, m1) = () T )€ T D6, ™)
Ta (€2, 72) 1= (€2) "2 £ |€2]) 5H P/ (2, 72)
G, ) = ()R (r + €]y 52 (e, 7),

we have

19l 3w = Norllzz s I g = Dlonllzz o I9Iamn g2 = N2z, -
X + +

Thus we have to show
’// (B ( 52 4] 51)711(51,71) Uz( &, —72))(€1) (€)' (€, 7)
E|&2 )5 (rp F |al)3HE (T + |E) 32 (E)1F

< CHvllleIIvzllellwlle :

d§1d£2d7'1d7'2

According to our computations at the end of Section 1 we know: in the (+, +)-case
or (—,—)-case this integral reduces to the region &£ > 0, whereas in the (4, —)-
case or (—, +)-case it reduces to {12 < 0. In any case B+ (£2)7m4](&1) is a constant
matrix in each of the quadrants in the (&1, &2 )-plane.

A. Let us first consider the (4, —)-case or (—,+)-case. Here we have to prove

|51 (€1, 71) || D2 (&2, —72)||B(&, T) (€)1 (&2)"
dé désdrid
~M@@ﬁiMD“mim><+mw%<> SudCadnidr,

< o2 [|vall 2l 22 -

In this region we have |£] = ||£1] — |£2]|. Define
or=m1E|&], oa=mE|lb], o=7+[{.
Then we get the decisive algebraic inequality:
2min(|&1], |€2]) < (&) + [&2] F [[&2] — &l
aiSIEISIESN

=£(n £ &) £ (2 £ [&2]) F (1 +[€])
=401 0y Fo <|o1|+ |o2] +]|o].

(3.6)

Case 1: |§] << |&| (= |€] ~ |&2]) (The case |&2| << |£1] can be handled similarly.)
We have

(&) (&) L \I—1+k
ek <c(&)(&)

and consider three different cases depending on which of the ¢’s is dominant.



8 H. PECHER EJDE-2006/150

a. |o| > |o1|, |oz2| . By (3.6)) we have (o) > ¢(&1), so that it remains to estimate
7)

. G =14k
// |01 (&1, 71 |7;21(> §i7<02§)|4|rf(<§1>§<€2? (&2) d&1désdTdTs
/ |91 ( 51771 Hvz( 2, —72)|15(§, 7))

+e’ I+e <£1>—21+%—k—26'

e % sl,n Hvz( &P g e o
R CHERN (S ERn
Here we used the assumptlons Il—14k<0, 4] <&, 204k <1 € >0

is sufficiently small and € > 0. Forgetting about the factor (01)%“/ and using
Plancherel and Holder this is bounded by

17 e 177 (2 S el

< dlollgz, o2z, el 2z,

d§1d£2dT1dTg

by Sobolev’s embedding and XSE’%—FE C LeL? .

b. oj] (=1 or j =2) dominant. This case can be treated similarly by using
the estnnate( e > e(g) 2t
Case 2: [£;]| ~ |§2|. We have

(€)e)t ()™
©rr O

a. |o| dominant.
We use 1) and get (o) > ¢(&1), and moreover , | < i, (&) > ceé),and 21+ k < 1
and estimate as follows:

// [51(€1, 70)[[2( =62, —72)[|B(&, 7)[(61)2 2+
(1) 5T (g) B H (&)1

b e
</* <1 >1 +1< 2>l+5<€>§2*k*2l725' dédéydrid

U1 51,7'1 ||U2( 52, 7'2)”@ §7)|
// <02> < > +6 dfldfngldTg
|2( 627
K (o9)3t¢ )||L°°L2
< lorllze, llvall e, 1@l L2,

b. The cases |o1| or |o2| dominant are handled similarly.
B. Let us next consider the (4, +)-case or (—, —)-case. We have to prove

// |01 51,71)||v2( —&2, —2)[|G(&, T){€1) (€)'
achso (T E [N T (ro F [Gf) 2 (7 + [€]) 272 (€)1 H

< o2 [vall 2 [ 22 -

dfldfngldTQ

17 g s

< Hloallze, ||f

dfldfngldTg

In this region we have [£| = [&1| 4+ [€2] . Assuming without loss of generality
|€2| > |€1] we have |£] ~ |€2] and also

l l l
<€<1§>>1<§i> < <£2§§1>k P <) < ele) ™
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by our assumptions [ + k < 1 and 2]/ + k < 1 . Moreover, defining
or=n1%&], o2=nF|&|, o=T7+[{,

we get

2min(|& ], [€&2]) < F&| £ (& + &)+ [&]
—(m£al) = (¥ &) +7+ (¢
= —01 — 09+ 0 < |o1| + |oa| + |o].
a. |o| dominant. This implies (o) > ¢(£1) so that we estimate for sufficiently
small € > 0:
/ |01 (61, T)[[02(=&2, —72)[|2(€, 7)|
o (€)5(6) T2 (01) 5 (o) B+
71(|52(—§27—T2)|
(

e I P

< H]'_l(@gﬂze,)

< cllvillzz, [lvallzz, llllzz, -

b. The cases |o1| or |o3| dominant are handled similarly. O

Remark: The modified estimate with Yk g+ replaced by Y’€ L-3+2¢
is proven in the same way replacing o=T1+[¢] by o = 17— €] everywhere. One just
has to show that the decisive algebraic inequality 2 min(|&1], |&2|) < |o1] + |o2| + |o]
still holds true. This can easily be seen as follows: in Part A of the proof we
estimate

2min([&1], [§2]) < &1 + [2f £ [|61] — |€2]|
= |&] + [&] £ [¢]
=£(n £ &) £ (12 £ [&[) F (T = &)
==+01 0oy Fo <|o1| + |o2| + |o],
and in Part B we get

2min(|&1], [§2) < E£[&] F (Sl + 6] + [&2] = £[&] F [€2] + (€]
= (n &) + (2 Fl&l) — (- [€])
=01+ 02— 0 < |o1| +|o2] + |o].
Lemma 3.3. Assume k > |l| and k > 0. Then holds for a sufficiently small
€>0.
Proof. Arguing as in the previous proof we have to show
’/ ﬂﬂi (€2) 7T[:i: 51)?)1(51,71)1 , g (— 527—T2)><§1>F(577)
H & )T+ (o F [&]) 272 (7 + [€) 2+ ()R (&)

< CIIU1IIL2HU2IIL2II<PIIL2 :

dfldfngldTQ

A: Consider first the (4, —)-case or (—, +)-case. One has to show
i in(en s e HEDE) e
coeo (TG T (12 £ &) 272 (7 + [€]) 2 H (€)R(E)!

< cljvillzz[lv2]l L2l 2 -
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In this region we have || = ||£1] — |£2]|. Define
or=m1E|G], 00 =12 £ &, o=71+][.
Again as in the previous proof (cf. )7
2min([&1], |€2]) < o1] 4 [o2] + |o]. (3.7)
Case 1: [£1] << |&] (= |&] ~ |&2]) We have

(&) N (&)
(E)F (&) (Ga)PHT

In the |o3| - dominant case it remains to estimate, using (£1) < ¢{os), k+1 > 0,
k>0 and |§2‘ > |§1|Z

S ST
/ () E (€)1 () €1dEadmdTo

/ ‘/Ul éluTl ||U2( 627 T2)||('0(€7T)‘dfldfgd7'1d72

(o)2 T+e <£1>k+%—2e’

|@]
(o)3te

< Hf_l(@ﬁf;'_%)

< clorlzz, llvallz, lllz2, -

)

Lngo”U?”L?LiH]:_l( L°L2

The regions where |o| or || are dominant are treated similarly.
Case 2: | << [& (= [§] ~ [&1]) Using

(&) N 1
(OF (&) (E)r (&)

and (3.7) we have to estimate in the |o3|-dominant case, using k —1 > 0, k > 0 and

1&1] > [&2]:

/ |U1 €1a7—1 ||1}2( 527 T?)H@(g? )| dfldfngldTQ

AR (o LR (S LI(SY Lan
/ |U1 51771 ||v2( 2, —m2)||9(€, 7)]
> +e’<§2>k+%72e/

< CHMIIL; ”U?HLit”@”Lit

d§1d€2d7'1d7’2

similarly as in Case 1. The regions where |o| or |o1| are dominant can be handled
similarly.
Case 3: [G1] ~ & (= [§] < €] + [&2] ~ 2[&2]). We use
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and get in the |o3| - dominant region (the other cases can be treated similarly again)
by our assumption k& > 0:

s el
[ r g g i

/ |Ul 51’71 Hvz( 2, —m2)|[P(€, 7))

(o) 3t (g)k+z—2¢
Sf(W) a7 (it
H (01)2% Jll oo 2 o (E)F+a—2e

dfldgngldTQ

LPLy
< clorlzz, llvall 2, ol 22, -
B: Consider now the (+,+)-case or (—, —)-case, where one has to estimate
- S - 1
// |’U1(1§1,/Tl)||1)2( 5217 27_?)HQ0(£77_)1|<£}> d£1d§2d7'1d7'2~
enmo (T E[GN 2T 7 F [€f) 272 (7 + [€])2 7 () (&2)!

One has |¢| = |&1] + |&2] and with
01:T1i|£1|a02272:F|£2|70-:T+|£|
one checks again (3.7)).

If |og| is dominant and |&;] > |&2| we have |¢] ~ |&;]| and

@ 1
O ey ™ T ie)

as well as (£3) < ¢(o2), so that by use of k—1 >0, k > 0 and |£1] > |£2| we estimate

M&ﬂmuwmwan
d&1désdm d
/ I+e <§1>k l<§2>l+1 —o¢/ §1d&adTidTs

/ |’U1 £177—1 ||’l~} ( 627 TQ)H‘P(&, )|d€1d£2d7'1d7'2
o
)

YEEE (&) t3—2¢
|v1|

—1(|’52( £2a -

< H]:_ ( <£ >k+l—2e

‘L“Lﬁ” )HLZLocHQHLQL?

< CHvlnLit IIvzlng,,llsolngt :

If |o2| is dominant and (3| > |£1], we have |£] ~ |&2| and, using k + 1 > 0:

@ @) _ e

EF (&) ™ (E)F = ()R~ (g1)F

and also (&1) < ¢(o2). Thus, similarly as before we get for k > 0:

/ |91 ( 51,71 ||U2( §2, —m)[|@(€, 7))

> T+e <£1>k+%—26/

dﬁldfngldTQ

émmmw%w%.
The other regions are treated similarly. O

gl Lkl
Remark. The modified estimate 1) with Y, kimg—e replaced by Y_ P2 gy
proven in the same way. See also the remark to the previous lemma.

We summarize our results in the following theorem.
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Theorem 3.4. Assumel < 1/4, k> 0,21+k<1,l+k <1 andk >|l|. The
Cauchy problem for the Dirac-Klein-Gordon equations (L.1)),(1.2),(1.3) with data

o€ H'(R), ¢o€ H*(R), ¢1€H ' (R)
has a unique local solution
Y=ty v with ve e X007,
and

=561 +6), o= A 6y —60) with ¢ VIV 0],

where A = —68—; + 1. Here T = T(|Yollg-ts |Pollmw, |61l gr-1) and € > 0 is
sufficiently small. This solution satisfies

¥ e C[0,T],H ' (R)), ¢eC%([0,T), H*R)), ¢ € C%([0,T), H* (R)).
4. GLOBAL EXISTENCE

The following global existence result is an easy consequence of the local results
and conservation of charge.

Theorem 4.1. Assume ¢y € L*(R), ¢g € H*(R), ¢1 € H*"Y(R), where 0 < k <
1/2. Then the solution of Theorem exists globally in t.

Proof. We only need an a-priori-bound for [|1)(¢)||z> and ||¢(¢)|| g + [|de ()| gre—1-
Charge conservation gives the L? - bound of ¥(¢) and ¢(t) fulfills the integral
equation

(1) = cos(A t)do + A~ ¥ sin(A¥6)dy + /0 A4 sin[A} (¢ — 9)](Bu(s), (s))ds

t
+ (30/ Az sin[A% (t — 9)]o(s)ds,
0
where ¢g =1 — m? . Thus

1) e + e (E)] -2
< c(lldoll g + llpr ] e +/O (B (5), () || i1 + [|¢(8) || gr—r) ds) -

Using the estimate

1
1B, Y) || r—1 < eljbl|ze for k < 3
which follows from (cf. [4])

Juvls < [ ] [ atmoce —nyan| (g2 ag
< [ ([ 1atPan [ 1ot - namie* e

< JlullZellvliZ2 /<€>2"“‘”d€ < cllulZellvlZ2 .

we arrive at

t
@)l + 16e(®) -1 < cllldollz + @1l me—1 + tllvollZ +/0 [6(3) || 2+ ds)
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so that Gronwall’s lemma gives the desired a-priori-bound. O

REFERENCES

[1] P. d’Ancona, D. Foschi, and S. Selberg: Null structure and almost optimal local regularity
for the Dirac-Klein—-Gordon system. arXiv: math. AP/0509545 , to appear in Journal of the
EMS.

[2] M. Beals and M. Bézard: Low regularity local solutions for field equations. Comm. Partial
Diff. Equations 21 (1996), 79-124.

[3] N. Bournaveas: A new proof of global existence for the Dirac Klein—-Gordon equations in one
space dimension. J. Funct. Analysis 173 (2000), 203-213.

[4] N. Bournaveas and D. Gibbeson: Low regularity global solutions of the Dirac-Klein—Gordon
equations in one space dimension. Diff. Int. Equations 19 (2006), 211-222.

[5] J. M. Chadam: Global solutions of the Cauchy problem for the (classical) coupled Mazwell
— Dirac equations in one space dimension. J. Funct. Analysis 13 (1973), 173-184.

[6] J. M. Chadam and R. T. Glassey: On certain global solutions of the Cauchy problem for the
(classical) coupled Klein-Gordon-Dirac equations in one and three space dimensions. Arch.
Rat. Mech. Anal. 54 (1974), 223-237.

[7] Yung-Fu Fang: A direct proof of global existence for the Dirac-Klein—-Gordon equations in
one space dimension. Taiwanese J. Math. 8 (2004), 33-41.

[8] Yung-Fu Fang: Low regularity solutions for Dirac-Klein—Gordon equations in one space
dimension. Electr. J. Diff. Equations 2004(2004), No. 102, 1-19.

[9] J. Ginibre, Y. Tsutsumi and G. Velo: On the Cauchy problem for the Zakharov system. J.
Funct. Anal. 151 (1997), 384-436.

[10] S. Klainerman and M. Machedon: Space-time estimates for null forms and the local existence
theorem. Comm. Pure Appl. Math. 46 (1993), 1221-1268.

HARTMUT PECHER
FACHBEREICH MATHEMATIK UND NATURWISSENSCHAFTEN, BERGISCHE UNIVERSITAT WUPPERTAL,
GAUSSSTR. 20, D-42097 WUPPERTAL, GERMANY

E-mail address: Hartmut.Pecher@math.uni-wuppertal.de



	1. Introduction
	2. Preliminaries
	3. Local solutions
	4. Global existence
	References

