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Exponentially slow traveling waves on a finite
interval for Burgers’ type equation *

P. P. N. de Groen & G. E. Karadzhov

Abstract

In this paper we study for small positive € the slow motion of the
solution for evolution equations of Burgers’ type with small diffusion,

Ut = €Uz + f(w) Uz, u(z,0) =uo(z), wu(xl,t)==1, (*)

on the bounded spatial domain [—1,1]; f is a smooth function satisfying
f(1) >0, f(-1) <0 and f_ll f(t)dt = 0. The initial and boundary value
problem (x) has a unique asymptotically stable equilibrium solution that
attracts all solutions starting with continuous initial data uo. On the in-
finite spatial domain R the differential equation has slow speed traveling
wave solutions generated by profiles that satisfy the boundary conditions
of (x). As long as its zero stays inside the interval [—1, 1], such a traveling
wave suitably describes the slow long term behaviour of the solution of
(%) and its speed characterizes the local velocity of the slow motion with
exponential precision. A solution that starts near a traveling wave moves
in a small neighborhood of the traveling wave with exponentially slow
velocity (measured as the speed of the unique zero) during an exponen-
tially long time interval (0,7). In this paper we give a unified treatment
of the problem, using both Hilbert space and maximum principle meth-
ods, and we give rigorous proofs of convergence of the solution and of the
asymptotic estimate of the velocity.

1 Introduction

Slow motion is a phenomenon that may occur in singularly perturbed non-linear
parabolic equations, e.g. in reaction-diffusion ([20, 21]), convection-diffusion
([13, 14, 18]) and Cahn-Hilliard ([2]) equations. Typically, the solution of such
a problem develops in finite time metastable shock profiles that persist during
an exponentially (with respect to the small parameter) long period of time and
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that move with exponentially slow speed. The fact that a shock layer moves
slowly and may not exist forever makes it difficult to define notions as meta-
stability and velocity and to track the evolution of the solution rigorously. In
this paper we study for small positive € the long term behaviour of the shock
layer for equations of Burgers’ type in one space variable,

Ut = EUgy + f(u) Uy, (1.1)
on the strip [—1, 1] x R*, satisfying the boundary conditions
w(£l,t) = £1 (1.2)
and the continuous and compatible initial condition
u(z,0) = up(x), wo(£l)==+1. (1.3)

The function f € C3(R) and its integral F(z) := [, f(t)dt satisfy the condi-
tions:

f)>0, f(-1)<0, F1)=F(-1)=0 and Vc;: F(s) <0. (1.4)

The maximum principle for parabolic equations ([7]) implies the a priori esti-
mate |u(z,t)] < M for all initial data satisfying |ug(z)| < M (with M > 1).
Hence the behaviour of f outside the interval [—M, M] is not important. How-
ever, for ease of presentation we shall assume that f” and f”’ are uniformly
bounded on R. In the special case f(u) = u, we get Burgers’ equation. The
special feature F'(—1) = F(1) > F(x), (-1 < < 1) causes slow motion
of the shock layer. More generally, the solution u satisfying the boundary
conditions a = u(—1,t) < u(l,t) = b, shows exponentially slow motion if
F(a) = F(b) > F(z), (a < x < b); this case can be reduced to the form
(1.2) above by an affine transformation of u.  According to Theorem 4.4 in
Ch. VI of Ladyzhenskaja et al. ([12]) the problem (1.1)—(1.3) has a unique clas-
sical solution u(z,t); classical means that w(z,t) is continuous in the closed
domain @, , where Q, := (—1,1) x (0, s), and the derivatives u;, u, and g,
are continuous in the open domain @, for any s > 0.

Numerical methods (see [11]) and formal asymptotic expansions (see [11,
13, 14, 18]) show the existence of an internal shock layer that moves with ex-
ponentially slow speed towards a stable (stationary) equilibrium solution. The
location and the velocity of this shock layer can be described conveniently (al-
though somewhat arbitrarily) by the position and the speed of the unique zero.
It is well known that the exponentially small velocity cannot be determined by
“matched asymptotic expansions” and that exponential precision is required.
For example, in Burgers’ equation (f = u), the function tanhx_Q—i(t) satisfies
equation and boundary conditions approximately up to exponentially small or-
der for any location £(t) moving with exponentially slow speed ¢'(t). In order
to remove this indeterminacy, Reyna & Ward ([18]) use a projection method,
such as was used in [4] in the related problem of resonance in a singularly per-
turbed turning point problem. This method is based on the fact that the linear
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operator associated with the first variation around the shock profile has exactly
one exponentially small eigenvalue and that small solutions (i.e., solutions not
exploding for e\,0) of the equation of first variation can be found only in the
orthogonal complement of the associated eigenfunction. In our approach, the
local velocity of the shock layer at a point x( is derived from the traveling wave
solution ®(x—V't,¢) of (1.1) whose profile z — ®(z, €) fits exactly the boundary
conditions (1.2) and satisfies ®(x¢, ) = 0. Obviously, this does not give another
expression for the local velocity, but it has the advantage that such traveling
wave solutions can be used in upper and lower estimates by the maximum prin-
ciple, making rigorous the asymptotic formulae for the slow velocity. Moreover,
those profiles are well-suited for the study of metastability.

We are going to explain the long term behaviour of this solution by approx-
imating it with traveling waves. Strictly speaking, there are no traveling waves
on a finite interval and we shall use the notion in the sense of a restriction of a
true traveling wave solution v(x — vt) of equation (1.1), defined on all of R?, to a
finite rectangular subdomain [—1, 1] x [S, T, where [S, T is chosen so that the
unique zero of x +— ¥(x — vt) is inside the open interval (—1, 1). Outside this
rectangle the traveling wave is not very interesting for our analysis. In Section 2
we show that for each zo € (—1, 1) a unique traveling wave ®(x — V (e, z9)t, €)
exists, which satisfies ®(zg,e) = 0 and ®(+1,¢) = £1, and we derive a precise
estimate of its exponentially slow velocity V (i.e., V' is of the order O(e~¢/¢) for
some ¢ > 0). Moreover, V is a monotone function of xg, which is positive for
zo ~ —1 and negative for x¢o =~ 1, implying that the wave moves to the right
in the former case and to the left in the latter. The unique “traveling wave”
with zero velocity satisfies the boundary conditions (1.2) for all times and is the
stationary or equilibrium solution of (1.1)—(1.3); we denote it by ®. and its zero
z. we call the “equilibrium point”. The method enables us to show that the
error in the asymptotic estimate of x., derived in [13], is exponentially small;
see (2.24).

For the study of convergence, stability, and metastability, we consider vari-
ations around a traveling wave profile in Section 3. The spatial operator A
in the linear approximation v; = —Awv is positive for all € > 0 and selfadjoint
in a weighted L?(—1,1)-norm, where the weight is defined by the derivative
of the traveling wave profile. The spectrum consists of isolated eigenvalues of
multiplicity one. By the technique of [4] we derive in Lemmata 3.1 and 3.2
an exponentially precise estimate of the exponentially small bottom eigenvalue
Xo(g) and of the corresponding eigenfunction, and we show that the gap between
the bottom eigenvalue and the rest of the spectrum is of order O(1/¢). Using
this, we prove in Theorems 3.9 — 3.11 that the equilibrium is stable; it attracts
all solutions of the problem (1.1)—(1.3) starting in some small neighborhood of
it (small, measured in a weighted Sobolev-norm in H*(—1,1)). We also obtain
rates of convergence with respect to this norm; in a manifold of codimension
one (which is nearly orthogonal to the derivative of the equilibrium solution)
convergence is exponentially fast (of the order O(e~7%/¢) for some v > 0).

As stated above, the problem (1.1)—(1.3) has a unique classical solution
u(z,t). In Section 4 we use the strong maximum principle for parabolic differ-
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ential operators in conjunction with techniques of Bernstein and Filippov (see
[12]) in order to extend this slightly, and we prove in Lemma 4.6 that the func-
tion z + u(z,t) is in the Sobolev space H?(—1, 1) uniformly for all ¢ > 0. This
allows us to show, using Arzela-Ascoli’s theorem and a theorem of Friedman
([6]), that u(-,t) converges as t — oo to the equilibrium solution in the Sobolev
norm of H'(—1,1) for any continuous initial value u(z,0).

In the final Section 5 we complete the picture. We show by a contraction ar-
gument that every solution starting in a neighborhood of a traveling wave profile
®(z,¢) is attracted exponentially rapidly towards a one-dimensional subman-
ifold, which essentially is equal to the derivative of the same traveling wave
profile shifted over an exponentially small distance in z-direction, and it stays
there during an exponentially long time interval (0,7;). As this traveling wave
profile ®(x, ) can be considered as a “snapshot” of a slow moving wave, this
indeed shows that solutions of (1.1)—(1.3) are quickly attracted towards a slow
moving shock wave that moves to the equilibrium solution with exponentially
slow velocity.

Weighted Norms. For the study of convergence we use the standard
L?(—1,1)-norm | - || and the Sobolev norm || - ||; defined by

1
lullf =€ llu 1+ fu)?= /1 {e*[u/(2) |* + |u(z) *} dz. (L15)

Moreover, we shall consider weighted Sobolev norms || - ||, for given weight
functions h(z)?,

1
lullh = lluhl} :/ {e%|(u(z) h(@))" |* + u(z) h(z) [} da. (1.6)
-1
Two norms || - ||n, and || - |5, or two weight functions hy and hs are said to be
equivalent if positive constants ¢; and co exist such that
allulln, < llulln, <c2llulln, forallu, or cihi(z) < ho(z) < c2hi(z);

we denote these equivalences by ||« |[n, < || - ||n, Or h1 < ha, respectively.

2 Traveling waves on the line

In this section we establish existence and asymptotic properties of traveling
wave solutions of equation (1.1) on the whole line, which satisfy the boundary
conditions (1.2) at © = +1 approximately, up to an exponentially small error
during an exponentially large time interval. Specifically, we will prove existence
of traveling wave solutions of (1.1) of the form

u(z,t) = ®(x—V(e,x0)t,e) satisfying ®(£1,e) =+1, &(zg,e) =0, (2.1)

for some zy € (—1,1). Such solutions of (1.1) move with speed V and do
not satisfy the boundary conditions (1.2) exactly (except if ¢ = 0). Yet they
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are useful because their speed is exponentially small, and they describe very
well the behaviour of a certain class of solutions of (1.1-1.2) during long time
intervals. The function ®(x,¢) is called the traveling wave profile; implicitly it
depends on zg .

If (1.1) has a solution of the form (2.1), then the profile x — ®(x,¢) has to
satisfy the ODE

ed” + (f(®)+ V)P =0, &(£le)=+1, ('=d/dz). (2.2)

Scaling the independent variable around the zero xg of ® by x = zy + en and
setting p(n, €) := ®(zo +em, €), we find that ¢ and V have to satisfy (‘= d/dn)

"+ (flp)+ V)¢ =0, (2.3)
0(0,e) =0, @(l=2 ) =1, @(—12 ) =-1. '
Integrating the differential equation once we find
de @
an =C—-Vp—F(p), where F(p):= f)dte, (2.4)
-1

and where C is a constant of integration. Using the condition ¢(0,&) = 0, this
equation is implicitly solved in terms of the function

%)
G(p; C,V) = / s , where g(s):=C—-Vs—F(s), (2.5)
o 9(s)
provided the denominator g is non-zero. If the denominator is positive, G is a
monotone function. Hence, the solution of (2.3) is given by the inverse function
o(n,€) := G~1(n; C, V), if we can find constants C(e, o) and V (e, 7o) such that
C—-Vs—F(s)>0forall s e[-1,1] and

1 ds 1—xp 0 ds 1+ 2o
= = . 2
/OC—VS—F(S) ;o ond /_IC—Vs—F(s) c (2:6)

It is clear that C(0,z9) = 0, V(0,z9) = 0, provided z( is bounded away from
the boundaries +1. This we shall assume throughout the paper. In other words,
we consider profiles ®(x,¢) with internal layers only.

Proposition 2.1 (Existence and asymptotics of slow traveling waves)
If the function f satisfies (1.4), then for any xo € (—1,1) and any € > 0 unique
solutions C(e,x0) and V (e, x9) of (2.6) exist, and hence also a unique solution
D of (2.2), satisfying for e — 0 the asymptotics

b(x,¢) :l:1+O(exp (f(:l:l)%)—f—Re) for xzxo,
Cle,m0) = aexp (—f(1)12) + Bexp (f(~1)E2) + O(RZ/e), (2.7)
V(e,z0) = —aexp (—f(1)*Z2) + Bexp (f(—=1)*E2) + O(RZ/e),
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where a, A, 3, B and R. are defined by
o= 1f(1) exp(Af(1)), A= [V e — o s
Bi=—1f(=1) exp(-Bf(-1)),  B:= [ [rrrm + Ferms)ds
R :=exp (—f(1)1=22) +exp (f(—1)1t2e) .

Proof. We begin with an analysis of the solution of the initial value problem
(2.4) as a function of the parameters C' and V. So we consider the solution ¢ of

VP =gW) =c—vp-F), 9(0;cv)=0, (2.8)

writing it either as (n; ¢, v) or as ¥(n) for brevity, if there is no confusion con-
cerning the parameters ¢ and v. Because of assumption (1.4) we have F(s) < 0
if -1 <s< 1. Since F'(1) = f(1) > 0 and F'(—1) = f(—1) < 0, the function
g(s) := c—vs—F(s) has well defined zeros s; and s_ if ¢ and v are in some small
interval around 0; those zeros tend to +1 and —1 respectively if ¢ and v tend to
zero, and are such that g(s) is strictly positive on (s_, s4) and ¢’(s4+) < 0 and
g'(s2)>0:

g(s):==c—vs—F(s) >0 forallse(s_,s4),
g (s+) <0 and ¢'(s-) >0,

s_+1
S+—].

(2.9)
} =0(e|+ ) (c,v—0).

So (2.8) has a unique strictly increasing solution ¥ on the whole line, implicitly
defined by

Y d lim ¥(n) = sx,
772/ 2 and satisfying n_iioo , (2.10)
o 9(s) lim ¢(n) =0.
n—=+oo

In order to derive more precise asymptotics of 1, we define the integrals

o= [ (ﬁ_m> o

= / (ﬁ‘#) o

which are finite because the singularities at s are removed. Clearly, if v = 0
and ¢ =0, then sy = +1, ay = A and a— = B. In the integral equation (2.10)
we expand the numerator around s

":/f%:/fm%w%‘mw

_ 1 Sy — Y _ _ .
= 760 log( 5 ) +ar —O(sy — ) (¥ = s4) or (n—00),

(2.11)
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uniformly in ¢ and v. Exponentiation results in

s+ —P(n) = sy exp{g'(s4)(n —ay) + O(s4 —(n)} (n—00).  (2.12)

Since s — v is uniformly bounded and since ¢'(sy) = —v — f(s4) < 0, this
results in the asymptotic forms of ¢ and, using equation (2.8), also of ¢’ for
1N — 00

sy —Y(n;¢,v) = sy exp{g’(s4)(n —aq)} + O(exp{2ng'(s4)}),

(2.13)
U (nyc,v) = —s+ g'(s+) exp{g'(s+)(n — a1)} + Olexp{2ng'(s+)}) -
Likewise we derive the asymptotic forms of 3 and v’ for n — —oco,
s— —P(n;c,v) = s— exp{g'(s-)(n —a-)} + O(exp{2ng'(s-)}),
(2.14)

Y'(n;c,v) = —s— g'(s-) exp{g’(s-)(n —a-)} + O(exp{2ng'(s-)}) .

We now have shown that, for any ¢ and v in some small interval around O,
a monotone solution v of (2.8) exists, ranging from s_ at —oco to s; at +oo.
However, the question in (2.3) is to find C' and V from the system of equations

].—LL‘O

YOV =1, -

,C V) =—1, (2.15)
with C'(0,20) =0, V(0,z9) = 0.
To this aim we approximate its Jacobian. We differentiate equation (2.8)

with respect to its parameters, denoting the partial derivatives by 9. := 0v¢/dc
and ¢, := 01 /0v (' denotes the derivative with respect to 7n):

Yo ==+ FW)e+1, ©e(0;¢,0) =0
¢L=—(U+f(¢))l/)v—l/% wv(OQCHU):O-

Considered as ordinary differential equations for 1. and v, as functions of 7 in
which the function 1 is given, these equations are solved by

«Mm=élm&ﬂw+ﬂwmmaﬁ
%wz—éwmwm<mwwwwmmw

and by the equation ¢ = —(v 4 f(¢))y’ they can be simplified to

, T ds , T ah(s)ds
() = B and u(n) = — . 2.16
veln) =) [ oo v = v [ SRS (29
Using the asymptotic formulae (2.13) and (2.14), we find
lim .(n;c,v) = _r and  lm v,(n;c,v) = kS (2.17)

n—oo0 f(sx) +v n—too flsx) + v’
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and from this it immediately follows that the Jacobian determinant of system
(2.15) is bounded away from zero if € is sufficiently small. Hence C(e, zo) and
V(e,x0) are uniquely determined by this equation.

The zeros sy of g and the integrals ay defined in (2.11) are functions of ¢
and v. Let us now denote those quantities by the corresponding capital letters
St and Ay, if the solutions C and V of (2.15) are substituted in them. They
are necessarily such that C £V > 0 and S_ < —1 < 1 < S;. Moreover,
w(n,e) = P(n; C(e,x0),V (e, x0)) is the solution of (2.3). The asymptotics of
Sy —1and S_ 4 1 are now easily found by inserting the boundary conditions
(2.15) into (2.13) and (2.14):

Sy —1=58, exp{g/(S1) (122 — A,)} + O (exp{29/(S1) =221,
S +1=5_ exp{—g/(S-) (M2 +4.)} + 0 (exp{-2¢/(5-) 122})

(2.18)

and they are exponentially small. We can compute C' and V from g(S+) = 0,
C-VSy=F(1+ (5. -1))
= f(1) exp{g’(S4+) (F" — A} + O(S4 — 1))} + O((S4 — 1)?),
C-VS_ =F(-1+(5-+1))
= f(=1) exp{—¢/(S-) (£ — A_ + O(S- +1))} + O((S- +1)?).

(2.19)

Adding and subtracting both equations, we see that V and C are exponentially
small. With (2.18) this implies that the precise exponential order in (2.18) is
|S+ F 1| = O(R,). Inserting this in (2.19) we find
C = 3f(1) exp{—f(S4) (* - Ay))}
3F(=1) exp{f(S-) (F£™ — A_)} + O(RZ + R.|V|/e)
Vo= =3 f(1) exp{—f(S4) (2 — A1)}
3F(=1) exp{f(S-) (X2 — A_)} + O(RZ + R.|V|/e) .

g

(2.20)

This implies that V' = O(R,) and that the error term in (2.20) can be simplified
to O(R2/e). Finally, we show that A, = A+ O(R.) in the following way. Using
the Taylor expansion of g with the integral form for the remainder, we find

A*‘/o& (ﬁ‘m> @

[T s=Se [N . )
_/O g(s)f(s+)/0(1 1) F1(Sy + (s — Sy)) dtds.

Likewise we find for A, if we also shift the integration variable s - s+ 1 — S,

B Sy S_S+ 1 B ) L .
A/9+1 (F(l)—F(s+1_S+))f(1)/0 (1 t)f(]-"—t( S+))dtd .
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From these expressions we see that the integrands are uniformly bounded, that
their difference is of order O(R,) uniformly, and that the domain of integration
of the first integral is O(R,) larger than the domain of the second one. The
difference A_ — B is estimated likewise. Together with (2.20) this proves the
assertion (2.7). <

Having established for any x( the existence of a wave profile ® which goes
through zero at xg, we can show that this profile is a monotone function of xg
and that also its velocity V (e, x0) is monotone in xg. Since we see from (2.7)
that V (e, z¢) changes sign if £y moves from -1 to 1, this implies existence of a
unique equilibrium solution ®,. with velocity zero.

Proposition 2.2 The traveling wave solution ® of (2.1) and its velocity V are
monotone functions of xq ,

0P ov
— < —_— . 2.21
9og = 0 and g <0 ( )

Proof. Substituting ®(z,e) = ¥(*=*2;C(e,z0), V (€, 20)) in the identity
G(p(n); C,V) =n (see (2.5)), and differentiating with respect to xo, we find

1 9% _9C (Y ds aV/ﬂ’ sds 1
o 9%(s) €

Since g(s) = C — Vs — F(s) > 0, it suffices to show that H is non-positive on
[—1, 1]. Differentiating (2.6) with respect to xo, we find in particular:

ac [t ds v [t sds 1
") = 8—330/0 9(s)2 3_330/0 PO
__9C [* ds oV [° (-9ds 1
O0xo J_1 g(s)? Oxo J_1 g(s)? € '

H(Yy) = p

o) om0~ 0w Jo P(s)  owo (2:22)

(2.23)

Moreover, we can compute the partial derivatives 0C/dzy and 0V/0xz¢ from
this set of linear equations. Because all integrals in (2.23) are positive, V/dx
is negative.

Finally, because H(0) = —1/e the function H must have a minimum on
(—1,1), and so its derivative H'(t) = (g_xc; —t g—;/o> g~ %(t) must have a zero in

this interval. Since there cannot be a second zero, H cannot have a maximum
on (—1,1) and so must be bounded from above by zero.

The equilibrium solution. Since the velocity V' (z, ) is a monotone function
of zy , a unique “traveling” wave (2.1) with velocity zero exists. The correspond-
ing solution is the equilibrium solution, which we denote by ®.(x,¢) or by the
profile . (n,€) in the stretched coordinate n = (z — x¢)/e. We call the zero of
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this equilibrium solution the equilibrium point and we denote it by z.. From
(2.7) we find its position

f) + f(=1) + ¢ log(B/)
f) = f(=1)

Hence the equilibrium solution has only an internal layer.

The profile ¢ of the traveling wave depends on € very weakly. Its main term
is the so-called shock layer profile (see [13]) s which we define as the solution
of

e(e) = + O(R.). (2.24)

" +fle) ¢ =0, lim ¢(n) ==+1, (2.25)

n—+oo

with normalization ¢s(0) = 0. Clearly ¢s(n) = ¥(n;0,0). From (2.13) and
(2.14) we find its asymptotic behaviour for large |n|:

_ 1— ef(l)(A—Tl) —+ O(e_an(l)) n — +OO,
ps() = + F(DB=) | O(e=2nf(-1)) n— —o0,
2.26
, _ f(l) ef(l)(Afn) _|_ O(efznf(l)) 7’ — +OO, ( )
ws(n) = CF(—D) F DB L O MDY g oo

This profile ¢ does not depend on ¢, and it is the main term in the traveling
wave profile ¢(n,€), up to an exponentially small order uniformly in #:

Proposition 2.3 Constants K1, Ko and ¢ exist such that ¢ and ¢ satisfy
uniformly for alln € R and € € (0,¢¢],

lo(n,€) — s < K1 Re  and  |¢'(n,€) — ¢ (n)| < K2 R (2.27)

Proof. Since ¢s(n) = 1(;0,0) and @(n,e) = ¥ (n; C(e, x0), V (e, 20)), we find
from the intermediate value theorem points ¢ between C' and 0, and ¥ between
V and 0, such that

Y(n; C, V) = 4(1;0,0) = Ce(n, (,9) + Vo (0, ¢, 9) .

Using in equation (2.16) the positivity of ¢’ and its asymptotics, as displayed
in (2.13) and (2.14), we easily see that 1. and 9, are uniformly bounded on the
whole real line. Moreover, C' and V are of the order O(R.). This proves the
first estimate. The second estimate is reduced to the first one by the relations

¢ =C—Vyp—F(p)and ¢, = F(1) = F(ps). <

Proposition 2.4 Let xg € [-1+ 6,1 — §] for some small fized § > 0. Then the
equivalence

Y'(n,Cle, x0), V(e,20)) < ¢'(n,0,0) = ¢i (). (2.28)

is uniform with respect to n,xq € if In| <no/e,x0 € [-1+0,1— 6], € (0,ep].
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Proof. Outside a compact interval, depending only on f, the estimates (2.28)
follow from the asymptotics (2.13),(2.14), and on the same interval the equiva-
lence ¢'(n, C, V) < 1 is derived easily from (2.8). ¢

Using the evident equivalence ¥'(n + u,0,0) < v¥'(n,0,0), which is uniform
with respect to w in some compact interval |u| < ug, we get from proposition
2.4 the following corollary.

Corollary 2.5 The equivalence
¥'(n+u,C(e,20), V(e, 20)) < ¢’ (n,C(e, o), V (g, 0))- (2.29)
is uniform with respect to n, xo,u, € if |n| < nofe,x0 € [-14+ 6,1 — 0], |u| < wuop .

For our convergence results we introduced weighted Sobolev norms (1.6).
We use weight functions h,, and hs related to the traveling wave profile ¢ and
to the shock layer profile ps (the main term in the asymptotic approximation

of p),

hy’(z) == ¢/ (220 e) = e ®'(z,e) and h;%(z) = ¢} (E=20). (2.30)
Apparently those weights depend on the shock layer location zy . In particular,
for the weight at the equilibrium point z.(¢) we shall use the notation h, and
hse )

he?(z) = /(52 e) = e @ (w,e) and h () =@l (55).  (231)
With those weights we get families of (e, zo)-dependent weighted norms || - |,
and || - ||n,, for which we shall show equivalence uniformly with respect to e.

For convenience, we first show equivalence with a weighted norm defined in a
different way. After that, we show equivalence of the weights h,, and hs;. The
norms h. and hgs. with weights centered at the equilibrium point are special
cases of h,, and hg, so the results apply to those too.

Proposition 2.6 The norms u — |jullp and u — +/e2[|u'h|%+ [Juh|]? are
equivalent if h is one of the weight functions hy, or hs defined in (2.30); the
constants in the equivalence depend on f only.

Proof. Let h = hy. Then we find from equation (2.3) for ¢ the relation

® P
f(gijvh and hence |u'h +uhb/| = h|u' + f(;ijvu

B = .

This implies

y f@)+V

lu" + Tu|2 > (A= 2= (16— 1)|f(®)+ V [*Ju|?/4e2.
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If m > |f] is an upper bound for |f| on [—1,1], we choose d so that 1 < 1/§ <
1+2/(m? + O(g)). Integrating the inequality we then find a positive constant
¢ such that .
lull2 > c/ B2 {Jeu’ |2 + |u[2}de
-1
Because the inverse inequality is evident, the assertion is proved for h = hy,.
The proof for h = h; is essentially the same.

Corollary 2.7 The norms | - ||p, and || - |

h, are equivalent.

w

Proof. Using the equivalence result of proposition 2.6 it is sufficient to find
positive constants ¢; and ¢y such that ¢ hy < by < ¢o hy . So we consider the
quotient

hi(l‘) 77[),(777 0, 0) T —Zo 14z 1—2x
= h = d - <p<
n2(z) ~ Ym,cv) oo 1T T e 1S

It remains to apply Proposition 2.4. ¢

Remark 2.8 In these norms weighted by the derivative of the profile, the dif-
ference between the shock layer and the traveling wave is exponentially small.
Defining ®,(z,¢) := ¢s(*Z"*) and using (2.27) (2.13) and (2.14) we find:

! dz
l0. -}, =02 [ —SEs = OCRy). (232

€

3 Local stability of the equilibrium solution

In this section we prove results concerning local stability of the equilibrium
solution, using the contraction methods from [9]. We start with linearization
around the equilibrium and more generally around a traveling wave profile.

Linearization around a traveling wave profile

With all information on the traveling wave ® available, we may consider varia-
tions v around it. So we choose

v(z,t) = u(z,t) — ®(z,€). (3.1)

We remark that we do not consider variations around ®(xz — Vt,¢), because
this introduces time-dependent inhomogeneous boundary conditions. Since ®
satisfies €®” + f(®)®' = —V &', where V stands for the speed V (e, xg), the
variation satisfies the equation

vy = —Av — V&' + g1 (v),

v(z,0) = ug(z) — ®(x,e), and wv(£l,t) =0, (82)
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where Av := —evg, — f(®) v, — @' f/(®) v is the linearized operator and g7 is
the non-linear term,

g1(v) = v? (vo + @) g2(v) + Ve f(®),  g2(v) = /O (1= s) f"(®+sv)ds.

From our initial assumption that f” is bounded, it follows that go is uniformly
bounded too.

The first variation is the linear operator A of second order, acting on the
space H2NH(—1,1) of functions on [—1, 1] that vanish at &1 and have a square
integrable second derivative. On this space the operator is selfadjoint, if we equip
it with the weighted norm whose weight exp{2 [ f(®(z,¢)) dz} is derived from
the coefficient of v,. Since from equation (2.3) we have f(¢) = -V — " /¢, we
may fix the constant of integration in the weight by the choice

—(z—z0)V/e
p(Ee)

This weight A differs only by an exponentially small amount from the weight h,,
defined in (2.31). For the analysis of its properties it is better to transform the
spatial operator A to symmetric form with respect to the standard (unweighted)
inner product and to stretch the time variable ¢ — ¢/e. So we consider the
substitution

h2(x) = exp{L [f(®(x,))du} = exp{— [ & + L du} = € (3:3)

w(x,t/e) == v(z,t) h(z). (3.4)

Hence w satisfies the equation

w = %Wy — qw +1(W) + g = —Aw +7(w) + g,

(3.5)
w(z,0) = wo(z), w(*l,t)=0,

where A := —£20? + ¢ is a (standard) selfadjoint “Schrédinger” operator on

H? N H}(—1,1) with “potential” g, where r is the non-linear term and g is an

“inhomogeneous” term not depending on w,

g(z) = zlf(e(*2, ) — 5 ( (£2,6) ' (552 0),
wo(x) = (uo(z) — @(x,¢)) eXP( =) [ (2522, 0)] 712,

g(x) = —eV® exp([ f(P(x,¢)) 37/25) = (3.6)
:—V[ (z Z9 E)]l/ ( V =20 xo).

r(w) = g2(h™'w {ew wy h™2 — %w f(@)h2+ecw?h! q,/}
+RT (@) (fwws — Fw? £(D)).

Note that the inhomogeneous term satisfies

r — X

g(x) = =V(e, zo)[#'( L IY2 (1L +0(EN),
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and consequently,

lgll =1V (e, 20)[V2e(1 + O(e™)), (3.7)
where || - || stands for the L?(—1,1) norm. Using the embedding estimate
lullze < /2 llulls, w € Hy(-1,1), (3.8)

we can bound the non-linear term r for some constant a; > 0 by

ai ai
(@)l < —=llwl + el (3.9)

NG

and analogously the difference by

as
NG

As an example of those estimates, we consider one of the worst terms in (3.10).
Since A~ is bounded by a constant independent of ¢, and since g and g} are
bounded on R, see (1.4), we have (with C a generic positive constant that may
differ on each occurrence)

Ir(6) = r(w)l < 22 (Foll + ol + 2 Qoll + oll)) o~ wly (310

| h=2 (gQ(ff1 w)w? wy — go(h™ 1 u)u? ux) | <
< Ol g2(h™ w) = ga(h™ ) || [[w? ]| oo [l
+Cllga(h™ ) || oo [[w? — u?| o [|ws |
+Cllg2(h™ ) ||z [[u?] oo e — ual (3.11)

IN

Cllw = ull L= [lwl[fe llwall + Cllu?|| L we — ual
+Ofw = uf e~ ([[wllzee + [Jullze ) ||we |
< C{e2(lwlly + llull)® + €2 (lwlls + [lull)?} flw = ulls -

With the differential operator A = —£292 + ¢, we may rewrite (3.5) as the
Cauchy problem,

we + Aw = r(w) + g, w(z,0) = wo(z), we CY([0,T],L*(~1,1)), (3.12)

where r(w) is the non-linear part and g the inhomogeneous term. The operator
A is an ordinary differential operator of second order with separated boundary
conditions on a bounded interval and a bounded potential, so its spectrum
{Mo(e) < A1(e) < ---} consists of simple isolated eigenvalues only, and the
corresponding set of orthonormal eigenfunctions w;(z) in L?(—1,1) is complete.
Due to the special form of g, its bilinear form satisfies

(Au,u) = / Jeu'(@) + b f(p(= 2 ulw) Pz, for weD(A), (313)
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implying that A is a positive operator. Let E; be the orthogonal eigenprojection
on {wp} and FEjs its orthogonal complement,

Elu’ = (u’7 Ld())(d() ) E2 =id — El . (314)

The linear part of (3.12) may be solved via the eigenfunction expansion

[e.e] (oo}
ety = Z e Mujwi, uj = (u,w;) and ul|? = Z u . (3.15)
j=0 j=0
This semigroup e~ 4 commutes with the projections E; and Es,
e_AtEj = e_Athj , and e MEu=e M Eu, (3.16)

where A; := AE; (j =1, 2). We solve the Cauchy problem (3.12) by the strict
contraction theorem. To this end we rewrite (3.12) as the integral equation

¢
w=Gw, where Gu(-t)=e "y +/ e~ A=) (r(w(-, 1)) + g)ds. (3.17)
0

From (2.7) and (2.4) it is clear that ¢ is bounded by some constant go, |g| < go
uniformly for all € € (0,&0]. Hence, the bilinear form

1
(Au,u) = || Ay I = / (|ew'|? + qlul*)dz, wu € D(A), (3.18)
—1

is comparable to the Sobolev norm (1.5),

1
P ullf < [ AZu |+ [lull® < (g0 + Dllulli, e D(A), (3.19)
uniformly for all € € (0,o]. From the expansion (3.15) we infer that A% ~*4 is
a bounded operator on L? for any ¢t > 0 and o € R:
||Aa€7tA’LLH2 < Z;}io )\?a672t>\j|uj|2
< 2% maxgs 52%e 0 Y00 e fuy)? (3.20)
S t72a(2a)2a672a67t)\0HuH2.
Hence, we have for all ¢t > 0 and u € L?(—1,1)
le™ ully < (#7272 4 \/go + 1e7 ) Ju]], (3.21)

and analogously, for all t > 0 and u € H*(—1,1),

le™ully < v/2(g0 + e |lulls - (3.22)

Results for the operator A can be translated back to the operator A on the
weighted Sobolev space using the identity

Au ="' h7t A(hu). (3.23)



16 Exponentially slow traveling waves EJDE-1998/30

Evidently,
Ah7twy = \(e)h T w;. (3.24)

Finally, note that
ullf, = [BAY2ul|* + ||hul|?, (3.25)

due to the equivalence h = hy, .

The smallest eigenvalues

In the estimates above, an important role is played by the two smallest eigen-
values of A. We derive their asymptotics for ¢ — 0 (as always, from above) by
the technique developed in [4]. We use the minimax characterization of eigen-
values of a selfadjoint differential operator B := —d?/dx? + g(z) with domain
D(B) := H?(I)NH}(I) of functions on a bounded or unbounded interval I C R.
See [17], Theorem XIIL.1, (p. 76), or [5], XII1.9.D2. If B has isolated eigenval-
ues \g < A; < Ay <---, ordered in increasing sense (and below the continuous
spectrum if present), these satisfy

A = max (Bu, u), (3.26)

inf
EcC, dim(E)>k+1 w€E, ||lu]=1

where C := C§°(I) is a core in the domain of the operator.

The eigenvalues of A are invariant under the stretching x = z¢ +en; the uni-
tary map U : L*(—1,1) — L?(I.) given by U u(n) := v/eu(zo + €n) transforms
the eigenvalue equation Au = Au on [—1,1] to

du

Aeu = —d—n2

+qu=2u, qn) =5lfleme)?—5f (e(n.e)¢ (n.e), (3.27)

where u € D(A.) = H} N H3(I,), I. := (—H%, 1=20), and where § depends
on ¢ only via the constants C and V. (See (3.6).) As stated in (3.13), this
operator is positive (semi-)definite. To compute asymptotic expressions for the
eigenvalues of A, it is convenient to define the approximate operator B, on the

same domain,

Bou = e T as(mu, qs=2[fles)]> = 5f (¢s) s =T+ O(R:), (3.28)

where ¢ is replaced by the shock profile ¢, , which differs from ¢ by an expo-
nentially small amount, see (2.27). By analogy to (3.13), B. is also a positive
operator,

(Bew,u) = [ [l (n) + £ (pu(m)) () Py = 0. (3.29)

I

It is a second order ordinary differential operator with separated boundary con-
ditions on a finite interval (for ¢ > 0) and its spectrum {uo(e) < pi(e) <
ua(g) < ---} consists solely of isolated eigenvalues of multiplicity one. However,
in the limit ¢ — 0 they may coalesce into the continuous spectrum. The for-
mal limit of B, as ¢ — 0 is the operator By on H?(R) with the usual norm
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|ull3 = [z(Ju”|*> + |u[*)dz ; clearly the operator By does not depend on . The
bilinear form (3.29) suggests that a solution of u’ + 1 f(ps)u = 0 may solve
B.u = 0. We indeed find from (2.25) that

xolm) = /@) = v/2h(0) exp{—2 / Uflodt)dry  (3.30)

satisfies this equation and Bgxg = 0. Moreover, this solution is square inte-
grable on R. Hence zero is an eigenvalue of By and xo is the (exact) eigen-
function. However, xo(7n) is non-zero for all finite values of 7 and is not in the
domain of B, for e > 0.

It is well-known that By has a continuous spectrum whose bottom m is the
smaller of 1[f(1)]? and [f(—1)]*>. (See [9], p. 140.) Below this point, By has
a finite number of isolated eigenvalues p(0) = 0 < p1(0) < ---, all of which
are simple. Since a function in the core of Bs can be extended by zero outside
its support into an element of the core of B, for any non-negative ¢ < 9,
the minimax property implies that each eigenvalue pg(g) of B is decreasing
as ¢ decreases to 0, and pg(e) > pr(0). We shall show that py(e) converges
to uk(0) or becomes incorporated into the continuous spectrum of By. Since
(Beu — Acu, u) = O(Rc||ul?), the k-th eigenvalues of B. and A. differ by
an amount of order O(R.) only. So we use B, for the approximation of the
eigenvalues of A:

Lemma 3.1 The zeroth and first eigenvalue of A satisfy:
XMo(e) = O(R.) and M (e) = p1(0) + O(e?), (3.31)

where p1(0) is either the first true eigenvalue of the operator By or the bottom
of the continuous spectrum. Moreover, from below we have a better estimate
A(e) = 1 (0) + O(R.).

Proof. We already know that A\g(g) > 0, A\ (e) = p1(e) + O(R:) and pq(e) >
p1(0) > 0, where p1(0) is either the first eigenvalue of By or the bottom of its
continuous spectrum. Hence, we only have to construct upper bounds for pg
and p; . We begin with an upper bound for py.

The true eigenfunction xo = \/‘Z of By is not in the domain of B, for € > 0,
because it is non-zero at the boundaries, albeit very small. From (2.26) we find

Xo(A=22) = /F(D) exp (4 £(1) (A — 1=22)) (1 + Ofexp(— (1) 1=22)))

as ¢ — 0, and at —H'fo

boundary layer corrections,

we have an analogous expression. We add to xo

Xo(1) = x0(n) = xo(*5™)o(zo + en) — xo(—+E2)o(~xz0 —en),  (3.32)
. 0o . . . _ . 1+2‘z ‘
where ¢ is a monotone C* cut-off function satisfying o(z) = 0 if x < =5~

and p(z) =1if x> % This corrected function is in the domain of B, and
satisfies o
(B<Xo , Xo)

(Xo » Xo) = O(R).
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The minimax characterization (3.26) implies that this is an upper bound for
to(e), and hence that Ag(g) is of the same order.

For an upper bound for p1(g) we have to distinguish between two cases. If
11(0) < m is a true eigenvalue of By with eigenfunction x1, this eigenfunction
is a solution of the equation —w” + gsw = p1(0)w, whose solutions for large n
have the asymptotic behaviour

w(n) = (ax exp(wsn) + B+ exp(-w+n)) (1+O0(1/n))  (n— £00),

where wy = \/i f(£1)2 — p1(0). Since x; is square integrable, it must have
purely decaying exponentials towards both sides.

Hence, x1(n) = O(exp(F w4 1)) (n = £ o0) if it is normalized to order O(1)
in the center of the interval. Hence, choosing

X1(n) := x1(n) + (boundary layer corrections)
as in (3.32), we find an approximate eigenfunction in D(B,) that satisfies

(Be %1 ) %1)
(5('1 ) 551)

= p1(0) + O (exp(:=22 wy ) + exp(— 22 w_)) (e = 0). (3.33)

Since xo and x; are orthogonal as functions on R, the functions Xy and ¥ are
approximately orthogonal, hence the maximum of Rayleigh’s quotient over the
span of {Xo, X1} is of the same order as (3.33), such that this is an upper bound
for the first eigenvalue.

If By does not have other eigenvalues below m, then u(g) > m for all € > 0.
An upper bound is obtained by restricting the operator B, to functions on an
interval I, := (1520 1=20) On such an interval, § = m + O(exp(—%l) )
is almost constant. Again using (3.26), this implies that p;(¢) is bounded from
above by the first eigenvalue of the operator —d2/da? +m on H} N H2(I.) but
for an exponentially small term. This first eigenvalue can be computed easily

and is of the order m + O(g2). ¢

This lemma implies that the separation between the zeroth eigenvalue of A
and the rest of its spectrum is of order unity, such that the computation of pre-
cise asymptotics of \¢ from an approximate eigenfunction is a well-conditioned
problem.

Lemma 3.2 The zeroth eigenvalue of A satisfies for every N € N:
Yo(e) = [af (Ve WOm)/e — gF(-1)efDO/] (14 0(N)),  (3.34)

where o and (B are defined in (2.7).

Remark 3.3 This smallest eigenvalue (or better: the asymptotic expression for
it) is minimal in the neighborhood of the equilibrium point z.(¢). See (2.24).



EJDE-1998/30 P. P. N. de Groen & G. E. Karadzhov 19

Proof. We use the same technique as in [4]. We compute an approximate
eigenfunction w of unit norm ||w|| =1 of the operator A, and we show that

(Acw, w) =v.(1+0(Y)) and |A.w|? =0V R.). (3.35)

The generalized Fourier expansion of w in the true eigenfunctions of A, is
[e.e] (oo}
w= Z crwr  with Z i =|wl?=1. (3.36)
k=0 k=0

Since all eigenvalues of A, except \g are bounded from below by p;, we find
from (3.35)

o
1—Co=ZiSH1QZ>\kck<H1 [ Acw|* = O(e™ R.),
k=1

implying that ¢ = 1+ O(e™ R.). The estimate for the inner product in (3.35)
now implies that

(Acw, w) — ve = 2o — Ve + Z Moz = 0N (ve + R))
k=1

and hence that \g = v. + O(¢™¥ (v + R.)). So it remains to construct a suitable
approximate eigenfunction and to prove (3.35) for it. The function xo defined
in (3.32) is not precise enough. By analogy to (3.29), (3.3) and (3.13) we easily
verify from (2.3) that

@xm:—emxévn»¢¢%m6>—~¢wwme>mm{—§[ff@xua»ﬂ} (3.37)

is a solution of u’ + 1 f(¢)u = 0 and satisfies A-Xo = 0. Its norm satisfies

H%W:/mmw¢m@m

€

(1-z0)/e

= |exp(V ,E
[ p(Vmeme)] L.

=2(1+O(R.)).

—v/emwmamam (3.38)
1.

As the tails are exponentially small but non-zero, we construct boundary layer
terms at both endpoints by standard matched asymptotic expansions. Suitable
boundary layer corrections at the right and left endpoints are

B(n) i= Ro(2222) oo + en) exp (L (n - 152)) |
f

(= )(77+ 1+iEo)) 7

(2ez2)

k(n) := Xo o(—xo —en) exp (
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where g is the cut-off function defined in (3.32). The function h satisfies:

17 = Ro(22)? [ exp (70 - 2522)) ol +en)? d
I
Ro(1=20)2/£(1) = O(R.),
(A=) exp (LG (n — 152))
{o (G (@)? =31 (0)¢ — 1F(1)%) — 320/ F(1) — 20"}
= Ro(222) exp (L8 (n - 1522)) O (R. +exp %) 7

| /\

Ju—

Ah

Il
=)

such that [|A:h]? = O (RE exp %), and
3f(@)h
%o <1 s exp (L - 152)) (30 (1) + Lof (¢) +20))
) Ro(Ez22) exp (L (n — 2522)) (1+0 (R + exp L0l0) )

and for k£ we have analogous estimates. The term exp
(for any n € N) in the error terms is due to the choice of the cut-off function.
Another choice for p may lead to a smaller term. By construction w := Xo—h—k
satisfies:

1 —1
M=) = et

lwl* = 2(1+ O(R:)),
[Asw]? = [|Ah|* + [|AK]* = O (Y R:)
(Aew,w) = Jlw' + 3 f()wl (3.39)
= (I + 3£ ()R> + K + 3£ (0)k]?
(f() Xo(F522)% = F(=1) Xo(—+£2)?) (1 + O(Y))
_ (f(1)2 e~ F(DA—zo=cA)/e | p(_1)2 ef(fl)(1+wofsB)/s) (1+0(EN)),

where A and B are as defined in (2.7). Division of the last formula in (3.39) by
the first one yields the desired estimate (3.34). ¢

Contraction around the equilibrium solution

In the case of variations around the equilibrium solution ®. the velocity V in
(3.2) is zero and no inhomogeneous term is present in equation (3.12). Therefore
in this subsection we consider only the homogeneous equation (3.12):

w + Aw = r(w), w(z,0) = wo(x). (3.40)

First, using the contraction methods in [9], Theorem 5.1.1, it is easily seen that
the equilibrium w = 0 is asymptotically stable:
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Lemma 3.4 There exist positive constants cg, ¢1 depending on f only, such
that for all functions wy € Hg(—1,1) satisfying

Woll1 = €101, 01 < CorolE)VE,
l[wollx < 0 < o1 < codo(e)VeE
the solution of (3.40) exists and satisfies
w(-,t)|1 < o1e™ @2 forall t>0. (3.41)

Using the terminology from [9] and [8] we can say that the ball of small radius g1,
centered at zero, is stable, that is, the trajectory starting in this ball approaches
the equilibrium asymptotically and the rate of convergence is governed by the
smallest eigenvalue. Since the gap between the smallest eigenvalue and the rest
of the spectrum is of order unity, this suggests we consider in a ball, analogously
to [9] and [8] (where an equilibrium of saddle point type is treated), a fast
decaying stable submanifold Y of codimension one, tangent to the range of Es
at zero, and at a distance O(p?/+/€) from this subspace, such that the trajectory
starting from this submanifold is approaching the equilibrium faster and the rate
of convergence is governed by the first eigenvalue A (¢).

The method is to show that the integral operator G is a contraction in a
suitable neighborhood. In the same way as in [9], page 113, we choose a neigh-
borhood in which the semigroup e~*4 is contracting sufficiently fast, namely, the
range R(FE2) of E3, and we show that the rest is drawn into this neighborhood
by the non-linear part.

Lemma 3.5 There exist positive constants cy, ¢1, depending on f only, such
that for all functions w € R(E2) satisfying

[wlli <cro, 0<o<cove,

a constant k(w) = O(0?/+/2) exists such that the solution of (3.40) with w(-,0) =
w+ k(w)wy satisfies

[w(-, )1 < 0e™ Y2 forall t>0. (3.42)
Remark 3.6 The submanifold Y; is explicitly given by the formula:
Y. i={w+ k(w)wo : (w,wo) =0, [w|[1 < ecro},

where the function k is Lipschitz in w.

Proof. We use a contraction argument to solve the integral equation (3.17),
with g = 0 in this special case, in the set

Sp = {w € C(0,00); HE(~1,1)) | [[w(-, )1 < e, t>0}  (3.43)

for suitable ¢ > 0 and suitable (fixed) 8 € (Ao, A1). Suppose that such a solution
w of (3.17) exists and satisfies w(+,0) = w+ kwp and (w, wp) = 0. Then we find
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from (3.16)

¢
et B w(-,t) = eMt Atk +/ e A=) By r(w(-, 5)) ds
0

K(w)wo + /o e Eyr(w(-,s)) ds.

Since ||e*tEyw(-,t)||; < 20e~(F=2)t — 0 as t — oo by the assumption on w,
the last integral is convergent in || - ||y —norm as ¢ — co. Taking this limit, we
find that w satisfies the equation

/000 e Brr(w(-,8)) ds = —k(w)wp . (3.44)

Using this equality and the assumption Fow = w, we may rewrite the operator
G (see 3.17) in the form for which we can prove contraction,

¢ o0
eAz(Sit)EQT(w(', S)) ds — / eko(sft)ElT(’w(-, 5)) ds.
t

(3.45)
For estimates of (3.45) we may use, instead of (3.21) and (3.22), the better
estimates:

le™ = ully < /o +1(t™2ePMYE f e MY lull,  t>0,  (3.46)

le™ = ully < v/2(qo + 1) e Jlulls -

Since ||woll1 < 2 for 0 < & < &g, it follows that ||Eyul/; < 2|lu||. Furthermore,
from (3.9) we get

Gu(-,t) = e 2w +/
0

(w6 < ar (= + L) [w(, )1 e, forall weS,.  (3.47)
Defining in S, the norm [jw||s = sup,> ePtjw(-,t)|]1, we get
¢
/ (t — )" V/2M OB (w(, 5)) | ds <
0

t -0t
< CQHWHS/ (t — S)—1/2es,\1(s—t)/se—6s ds < cz0e”” HwHS'
ve Jo Ve

Analogously we find

t —pBt
A1 (s—t) d cae”Plollwl|s
e r(w(s s < —m—
/0 Ir(w(s))] NG

cae”"ollwls

o0
Ao (s—t)
e r(w(s))|| ds
/ sl ds < 22
Hence, if Ay < 8 < 5X1/8, we find

IGw(-, )l < v/2(q0 + 1)e M |lwlly + 3ezellwlse™/Ve.

A

N
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Choosing ¢ so that cop < 1/£/6 and taking ||w||1 < ¢10 we obtain [|Gw||s < .
Likewise, from (3.10) we get

czpe Pt

NG

If c30 < v/2/2, we find contraction |Gv — Gwl||s < 3|lv — w||s. This shows
that the equation w = Gw has a unique solution w € S, for every w € R(E2)
provided |Jwl||1 < ¢10. Since the integral in the left-hand side of (3.44) is conver-
gent, this defines a unique function x(w) that clearly satisfies k(w) = O(0?/\/€).
Thus the lemma is proved.

[r(v(,2)) = r(w(-, )| < [o(,8) —w(, B[, v, wesS,. (3.48)

Using the results of Lemmas 3.4-3.5, we can improve slightly Lemma 3.5,
choosing the initial data wg in the same ball of radius ¢ and at a distance at
most g1 from the fast decaying stable manifold Y; :

Lemma 3.7 There exist positive constants cg, c1, 2, c3, depending on [ only,
such that for all functions w € R(E3) and all zo € R(E1) satisfying

lwli <cio, 0<po<cove, and |zl <201, 0<o01<c3hove,

exists a constant, k(w, 20) = O(0%/+/€), such that the solution of (3.40) starting
at w(-,0) = w+ k(w, z0)wo + 20 satisfies the estimate

w(-,t)|l; < ge Y2 4 gre @2 forall t>0. (3.49)

Proof. We split the solution in the parts y and z, w = y + z, satisfying
2+ Az =r(z), 2(z,0) =2, (3.50)
and
yw+Ay=r(y+z)—r(z), y(,0)=y:=w+ r(w,z0)wp. (3.51)
By Lemma 3.4 we know that the solution of the problem (3.50) satisfies
2( )l < gre™ 2. (3.52)

For problem (3.51) we may repeat the proof of Lemma 3.5, if we keep in mind
that its right hand side can be written as a linear term yr'(z) that is exponen-
tially small as a consequence of (3.52), and a non-linear term r(y + z) — r(z) —
y7r'(z) that satisfies the same properties as the non-linear term in Lemma 3.5.
So we find the estimate

ly(, 8)lla < ge™ /2, (3.53)
The lemma follows from (3.52-3.53). <

Remark 3.8 The function k(w, z9) is Lipschitz and x(w,0) = k(w). Hence
the function x(w, z9) generates a family of submanifolds Y;(zy) with the same
properties as Y;.
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Now we can state our results about local stability of the equilibrium solution.
Namely, as a consequence of Lemmas 3.4, 3.5, and 3.7, we have respectively the
following theorems.

Theorem 3.9 The equilibrium solution ®. is asymptotically stable: There exist
positive constants Cy, C1 depending only on f, and €y > 0, such that if u is the
solution of the problem (1.1)—(1.3) and

lup — Pe(z,€)|[n, < Cro1, 0< 01 <Colole)Ve,
then

(- t) — ®e(z,e)||n, < 016”2 V>0 and 0<e<er. (3.54)

Proof. Clearly this theorem follows from Lemma 3.4. We only have to trans-
late by (3.1), (3.4) and (3.24) the result from w-variables to u-variables; the
relation is:

w(xv t/&‘) = (u(x7 t) - CI)e(LL‘, 5)) h(.’l?), (355)

where h(z) = [e®.(z,€)] Y% = he(x). &

In order to translate the result of Lemma 3.5, we have first to transform the
submanifold Y;. Using (3.55) and (3.24), we see that the submanifold U, in the
original u-variables is given by the formula

U. = {uo| (uo — ®e)he € Yo (3.56)

Theorem 3.10 The solution u of problem (1.1)—(1.3) starting at ug € Ue sat-
isfies for allt > 0 and 0 < € < g¢ the estimate

[u(-,t) = Re(x,€)||n, < ge™ ()2 (3.57)

Finally, from Lemma 3.7 we get the following slight improvement of Theorem
3.10, allowing the initial data ug to be taken in a small neighborhood of the fast
decaying stable manifold Uk.

Theorem 3.11 There exist positive constants cg, c1, C2, c3, depending on f
only, such that for all functions w € R(E2) and all zg € R(E1) satisfying

[wlli <cio, 0<o<cove, and |zl <coo1, 0< o1 <cshove,

a constant k(w,z0) = O(0?/+/2) exists such that the solution u of the problem
(1.1)—(1.3) with initial condition ug = ®. + (w + K(w, 20)wo + 20)/he satisfies
the estimate

[u(-yt) — Beln, < 0e™ 2 4 gre™ 2028 for gl t>0.  (3.58)

Remark 3.12 We remark that the error in the estimates (3.54), (3.57), and
(3.58) could be measured equally well in the norm || - ||5,. based on the shock
layer profile.
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4 Global stability of the equilibrium solution

As the conditions of Theorem 4.4, Ch. VI in [12] are satisfied, the problem (1.1)-
(1.3) has a unique classical solution for all ¢ > 0. In Theorem 3.9 we have shown
that the solution u of (1.1)—(1.3) converges to the equilibrium solution if u starts
in a tiny neighborhood of this equilibrium. Using the strong maximum principle
for linear parabolic operators ([7]) and techniques of Bernstein and Filippov, we
can relax this and show uniform convergence of u and its derivative u, to the
equilibrium state as t tends to infinity for all continuous (and compatible) initial
data.

We use the maximum principle in the following form. If a and ¢ are contin-
uous functions in the strip Qs := (—1,1) x (0, s), then

(€02 +ad, —O)w—cw>0 and ¢>0 implies w(z,t) <supw, (4.1)
I

where I'; := {(z,0)| —1 <z < 1} U {(£1,t)|0 < ¢ < s} is the part of the
boundary before time s. We can extend it to non-linear operators as follows:

Lemma 4.1 Let L be the non-linear operator
Lu = €d?u + f(u)d,u — Oy .

If Lu and Lv are continuous in Qs, and if at least one of the derivatives Oyu or
0z is bounded on @, then

Lu>Lv in Qs and u<wv on Iy imply u<v on Qs (4.2)

Proof. Consider the case where 0,v is bounded, and introduce the function
w = (u—wv)e~* for large positive . This function is non-positive on I's . Since

(e02 + f(u)0, — O)w = e~ (Lu — Lv) + aw + e~ (f(v) — f(u)) Opv
> (a+O(1)w

and o+ O(1) > 0 for large positive o depending on the bound for d,v and the
maximal Lipschitz constant of f, the maximum principle implies w < 0 in Q.

Corollary 4.2 Let uy and ug be solutions of problem (1.1)-(1.2) whose initial
condition satisfies ui(x,0) < ug(xz,0). Then uy(z,t) < ug(xz,t) for all t > 0.

As in [1], if the time derivative is non-negative at the initial time ¢ = 0 and at
the boundary points x = 41, then the solution is monotone with respect to ¢.

Lemma 4.3 Let the function u(z,t) satisfy the equation Lu = 0, the initial
condition u(x,0) = wuo(z), where Lug(z) < 0, and the boundary conditions
u(£1,t) = uyg(t), where Ous(t) < 0 and uy(0) = uo(l), u—(0) = ug(—1).
Then Owu(z,t) < 0.
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Proof. Since u(z,t) < u(x,0) on I'y, the comparison lemma implies u(z,t) <
u(z,0). Now v(z,t) := u(x,t+ h) satisfies Lv = 0 and v < w on I'; for all h > 0.
Hence the comparison lemma implies u(x,t + h) < u(z,t). &

To show that the solution of (1.1)—(1.3) has a bounded derivative, we squeeze
it between suitable barrier functions. By Bernstein’s method we show:

Lemma 4.4 Let u be a solution of Lu = 0 satisfying for some a > 1 and ty > 0
the boundary data

1 if t>to,

4.3
a if 0<t< i, (43)

u(z,0) =a, and u(£l,t)= {
where u(+1,t) € C3([0,00)) and dyu(£1,t) < 0. Then u and u, are bounded
on Q. -

Proof. It is easily seen that the function
Y(z,t) = 31— 2)u(=1,1) + 5(1 + z)u(L,t)

isin C®(Q,, ) and satisfies the same conditions on 'y, as u does. Hence, Theorem
6.1, Ch. V in [12] guarantees that u is the unique classical solution and u €
C*(Q.,), for which we only have to find the bounds. From the previous lemma
it follows that u is non-increasing in time, and result 4.2 implies that u is
bounded from below by —1, hence u is bounded and €0%u + f(u)d,u < 0.
Integrating this inequality we find

edzu(l,t) + F(u(1,t)) < edgu(z,t) + F(u(z,t)) < edzu(—1,t) + F(u(—1,1)),
so it suffices to show that d,u(=£1,t) is bounded. Let v := u — v, then v = 0 on
' and
UV — EUzy = h(z,t) := f(v 4+ ) (Ve + ) — 2.
Since u is bounded, a positive constant C exists such that |h(x,t)| < C(14|vg]) .

Consider z := €*” — 1 + A\e~?. For sufficiently large constants k (depending on
e) and A (depending on k) it satisfies

2t — €240 = ke (v — eVgy — €v2) — X% < keM(C 4 Clug| — ev?) —Xe™ < 0.

The maximum principle implies that z is bounded from above by its maximum
at I'so. Since

z(=1,t) = Xe, z(1,t)=A/e, and z(z,0) < e

we have z(x,t) < z(—1,t), and as a consequence z;(—1,t) < 0. This implies
that v;, and hence also u,, is bounded from above uniformly with respect to ¢
at £ = —1. Analogously we show that it is bounded from above at x = 1 and
from below at x = +1 uniformly with respect to¢t.

Lemma 4.5 Let u be the solution of (1.1)—(1.3). Then uy(x,t) is uniformly
bounded for t > to >0, |z| <1 and x — u(z,t) is in H*(—1,1) for all t > 0.
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Proof. Assume a; < up(x) < ag. Clearly this impliesa; < —landas > 1. Let
the functions u; and ug be solutions of Lu; = 0 with initial values u;(z,0) = a;
and monotone boundary values u(+1,t) in C3([0, o)) satisfying for some ¢y > 0

wj(£1,t) = u;(z,0) =a; if t< 1t
Lu; =0, and ! ! ! 2 (4.4)

According to Lemma 4.4, uy is increasing and us is decreasing, and both have
a uniformly bounded z-derivative. Moreover, from result 4.1 we infer that

ui(z,t) <wu(z,t) < us(z,t). (4.5)

Since all three are equal at * = £1, u(£1,t) = u;(£1,t) = £1 for t > o, we
find for all £ > tg the the inequalities

Oru1(—1,t) < liminf Oyu(z,t) < limsup Oyu(x,t) < Oyua(—1,1t), (4.6)

z——1 z——1

and the analogous estimate at x = +1. Thus (4.6) implies that the function
x — ug(z,t) is bounded in (—1,1), uniformly for all ¢ € [tg,00). In particular,
x> u(x,t) is in H*(—1,1) for t > to. Now we consider u(z,t) as a solution to
the linear problem

W = EWgy + f(W)wy, w(z,to) =u(z,ty) w(El,t)==+1.

According to Theorem 9.1, Ch. IV in [12], the z-derivative u, is an element of
H'(—1,1) x H[ty, 00), hence it is continuous on [—1,1] X [tg, c0) . It remains to
prove that it is uniformly bounded on this strip. To this end we use Filippov’s
method (cf. [12] Ch. VI Lemma 5.1) and consider the function v defined by

ev(z,t) := eug(z,t) + F(u(z,t)). (4.7
It satisfies the differential equation,
Vg = EVgq + f(u)v$ s (48)

its initial value v(:,tg) is continuous on [—1, 1], and its boundary values
v(£1,t) = wu,(£l,t) are bounded and continuous for ¢ > to. Therefore the
maximum principle implies that v, and hence u,, too, are uniformly bounded on
[—1,1] x [to, 00).

Lemma 4.6 Let u be the solution of (1.1)-(1.3). Then z — wu(z,t) is in
H?(—1,1) and = +— ug(x,t) is of Holder class C*/?[—1,1], uniformly for all
t > to + 2, with ty as above.

Proof. From the previous lemma we already know that u(-,t) € H*(—1,1) for
every t > 0, so only the uniformity is a problem. It is sufficient to prove the
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lemma for the solution w(zx,t) of the equivalent integral equation (3.17) with
g=0in L?(—1,1):

¢
wst) = At to) + [ Al 5))ds,

to

where ||w(-, t)|1 and, by (3.9), also ||r(w(-, )| are uniformly bounded for t > t; .
Because of the equivalences

lully = 1A 2l + Jlull - and  [|e*uaall + [[ull < [|Aul + [l

it suffices to show that ||Aw|| is uniformly bounded with respect to t. First we
establish the Holder-type estimate

1AY2(w(e,t + h) = w( )| < B° max (w(, )| + Zlr(w())),  (4.9)
uniformly for all & > 0, § € (0, 3] and t > to + 1. The integral equation implies
AV2(w(-,t + h) —w(-t) =
—Ah 1/2 v 1/2 A(s—t—h) (4.10)
= (e — 1A 2w(-,t) + A%e r(w(-,s))ds.
t

Using (3.20), the second term of (4.10) is estimated by

t+h t+h )
|| / AV2ACI (- 5)) ds || < / (t+h— )} [r(w(- 5))] ds
t t

LR max fr(w(-, )]

IN

In a way analogous to (3.20) we estimate in the first term of (4.10) the difference
operator by

[A=*(1 — e M)u| < h|Jul| maxs~ (1 —e™*) <h%uf|, i 0<a<l,
and we apply the integral equation and (3.20) again to find for any ¢ € [0, %),
(e — 1) AV 2w(- ) =
t

= (e7 A" — 1)AY2eAT (. 1) +/ (e=Ah — 1) AY2eAE= D (w(-, 5))ds

T

< W =)t )+ [ (- A ) ds.

If we choose 7 =t — 1 > tg, this proves (4.9). In order to prove the bound for
|Aw(-,t)||, we use again the integral equation

¢
Aw(-,t) = AeATDw(z, 7) +/ AeAC D (w(-, 1)) ds

n / Ae* 0 (r(w(-, 5)) — r(w(-,1)))ds.
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The norm of the first term in the right hand side is bounded by (t—7) 7! ||w(:, 7)]|.
In the second term we may integrate explicitly:

||/ At (w (-, 1))ds|| = [|(1 = AT r(w(, D) < [Ir(w( )] -
Since (3.10) and (4.9) imply the estimate
Ir(w(-,8)) = r(w(, )| < Cllw(,s) —w(-, )1 < Cslt = s/°,

we may estimate the norm of the third term by

/ AeAED (r(w(-, 8)) — r(w(-, t)))ds < C(;/ (t—s)°"tds = Cs(t —7)°/5.

With the choice 7 = t — 1 we find that ||Aw(-,t)| is uniformly bounded for
t > to + 2. Standard embedding implies that the function z — w(x,t) is of
Hoélder class C3/2[—1,1] uniformly if t — 2 >ty > 0.

Remark 4.7 The bound on ||Aw(-,t)|| depends on e. We did not try to find
an optimal one. However, from the estimates used we easily find a rather pes-
simistic bound of the order O(¢~%/2). If the smoothness of f allows, we may
repeat this proof for higher order derivatives of u.

Lemma 4.8 Let u be the solution of (1.1)—(1.3). Then u(z,t) — ®.(z,e) as
t — oo, uniformly in x € [—1,1].

Proof. According to (4.5) u is squeezed between u; and us , so it is sufficient
to prove that both u; and us converge to ®, as t — oo uniformly for z € [—1, 1].

Consider the lower bound w; . It is bounded from above for all ¢ by us and
t — ui(x,t) is non-decreasing by Lemma (4.3). Hence it converges pointwise to
a limit 7(z) for every x € [—1, 1]. Since the Lemmas 4.5 and 4.6 also apply to u1,
the x-derivative O, ui(x,t) is uniformly bounded in Qo and z — Jyuq(+,t) is of
Holder class C''/2[—1,1], uniformly for ¢ > to. Using the Arzela-Ascoli theorem
twice, we conclude that 7 € C*[—1,1] and hence

ui(z,t) > 7(xr) as t — oo, uniformlyin ze€[-1,1].

In particular, f(r(x)) € C*[-1,1] and f(ui(t,z)) — f(7(x)) uniformly in z €
[-1,1]. Therefore Theorem 2, Ch. 6 in [7] implies that u;(z,t) converges for
t — oo uniformly to the unique solution of

et (z) + f(r(z))V (z) =0, wv(£l)==+1.
Hence 7 satisfies (2.4) with V' = 0, and we conclude 7(x) = ®.(z).
In the same way, ug converges to ®.(z) from above. <
Theorem 4.9 Let u(x,t) be the solution to the problem (1.1)—(1.3), where ug
is continuous. Then
u(z,t) = Pe(z,e)  and wuy(x,t) — ®L(z,e) as t— oo, (4.11)

uniformly in © € [—1,1] (and uniformly with respect to ug in a bounded set in

Cl-1,1]).
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Proof. We notice that the Arzela-Ascoli theorem and Lemma 4.8 give a se-
quence ¢, — oo such that u,(x,t,) — ®L(x,e) uniformly with respect to
xz € [-1,1]. Since ®L(1,e) = C — F(P.(1,¢)) = C = ®/(—1,¢) by (1.4) and
(2.4), we find in particular that u,(+1,¢,) — C as t,, — oo.

Now we can apply Theorem 2, Ch. 6 in [7] to the linear problem (4.8) and
conclude that v(z,t) — w(z) as ¢ — oo uniformly in x € [—1,1], where w
satisfies the boundary value problem:

ew" + f(P)w' =0, w(xl)=C.
Evidently, w(z) = C. This and the definition of v(z,¢) in (4.7) imply
ey (z,t) = eC — F(®.(z,¢)) = e®L(x,e) as t— oo,
uniformly in z € [-1,1]. <&

Combining Theorem 3.9 and Theorem 4.9, we obtain the rate of convergence
in (4.11).

Corollary 4.10 Under the conditions of Theorem 4.9 we have for some t.,

lu(z,t) — Pe(z, )] —Xo(t—te)/2e for all ¢ >t (4.12)

he < 01€
and in particular,

lu(z, t) — ®,(z, ) |he(x) < Chge oltte)/2e for all t>t..

5 Metastability of the slow motion

In this section our goal is to explain the behaviour of the solution when it is
still far away from the equilibrium state. We consider only the case when the
initial data is near a traveling wave, and prove that the solution moves in a
small neighborhood of the traveling wave with exponentially slow speed during
an exponentially long (but finite) time interval (0, 7).

In the case of variations around the traveling wave profile ® # &., the
velocity V in (3.2) is not zero and the inhomogeneous term is present in equa-
tion (3.12). Therefore in this subsection we consider only the inhomogeneous
equation (3.12):

w + Aw = r(w) + g, w(z,0) = wo(z). (5.1)

Our method is to solve the inhomogeneous integral equation (3.17) and to show
that the Sobolev norm of the solution ||w(:,t)||1 is small enough during an
exponentially large time interval (0, 7).

To prove the analogue to Lemma 3.5, we first consider the problem (5.1) with
zero initial data, which corresponds to the evolution starting at a traveling wave.
By Theorem 4.9 we know that the limit of z(z,t/¢) := [u(z,t) — ®(z, )] h(x) is
the function [®.(x) — ®(x,€)] h(x), so in general we can expect that the norm
lz(-, t)|]1 will be small only in some finite (but exponentially long) time interval
(0, 7).
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Evolution starting at a traveling wave profile

Here we consider for given x¢ the evolution problem (1.1)-(1.3) starting with
the particular initial condition

u(z,0) = B(z,¢) = (T2

;CL V). (5.2)

We shall assume that x¢g < x, and hence V' > 0. The formulae for V < 0 are
analogous. First, from the comparison Lemma 4.1 we find immediately:

Corollary 5.1 Ifzg < ., the solution of (1.1)—(1.2)—(5.2) is squeezed between
®(x,¢) and ®(xz — V't,e) and bounded from below by the equilibrium solution,

O(z,e) > u(z,t) > ®(x — Vt,e) and u(z,t) > Pe(z,¢) (5.3)

forallt >0 and V > 0. If xg > x. and, hence, V < 0, the inequalities are
reversed.

From Lemma 4.3 we find the monotonicity:
Corollary 5.2 The solution u(x,t) of (1.1)—(1.2)-(5.2) is monotone in ¢ :

u = (eug + F(u)e <0 if V>0 (5.4)
uy = (eugy + F(u)), >0 if V<O0.

A bound on the derivative u, can be derived as follows. In Corollary 5.1 we
have shown the inclusion

O (x,¢) <wu(z,t) < P(z,e) forall = and ¢t if V>0
with equality if x = +1. Hence, if V' > 0, we have for all ¢
P'(1,e) <uy(l,t) <PL(le), @L(—1,e) <ug(—1,t) <®'(-1,e). (5.5)

For V' < 0 the inequality is reversed. Using the monotonicity (5.4) we find the
inequality
euz(l,t) < eug(z,t) + F(u) < euy(—1,1) (5.6)

and when we eliminate C from the identity e®’ 4+ F(®) = —V® 4 C using the
values at £1 we find

e®'(z,e) + F(®) = ed'(£1,e) — V(®(z,e) — ®(£1,¢)).
Subtracting both formulae and using (5.5) we get the inequalities
e(ua(z,t) — ®'(z,€)) + F(u(z,1)) — F(®(z,¢))

<e(ug(—1,t) — ®'(-1,¢)) + V(®(z,e) — ®(-1,¢)), (5.7)
> e(ug(1,8) — ®'(1,¢8)) + V(®(z,e) — (1,¢)).

This estimate, together with (5.5), implies
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Lemma 5.3 There is a constant ¢ > 0, depending only on f, such that the
solution w of (1.1)-(1.2)-(5.2) satisfies

lug(a,t) = ¥(,€)| < clu(z, t) — B(z,2)| +2V]. (5.8)

Now we can formulate our first result about metastability. It concerns only

the special solution starting at a traveling wave profile. We shall see that the

solution stays in a small neighborhood of the traveling wave and has almost the
same form during an exponentially long time interval.

Corollary 5.4 If |[V|t < e, the solution u of (1.1)—(1.2)—(5.2) satisfies the
pointwise estimate

€|U$({1},t) - CI)/(Q,"{-:)| + |u(a:,t) - (I)(LII,€)| < C|V|t(I),(.'E,E) + 2|V|7 (59)
and the estimate in the weighted Sobolev norm,

[u(-,t) = @|ln, < cVIt/Ve+c[V]Ve/Re.. (5.10)

Proof. From Corollary 5.1 we have the pointwise estimate
|u(z,t) — ®(z,¢)| < |P(x — Vi, e) — P(z,€)], (5.11)
and Corollary 2.5 implies
|®(x — Vit,e) — ®(x,e)| < CO)|V|t®'(z,e) if |V]t<e, (5.12)
Evidently (5.9) follows from (5.11)—(5.12) and Lemma 5.3. Further, since
ho(z) = [£®' (2,€)]7Y/2 and Ry, () /2 < h(z) < 2hy(x) for 0 < & < go(f,d),
if xg € [-14 6,1 — 0], we get from (5.11) and (5.12) the estimate
|(u(-yt) — ®)hwl|| < cs|VI[t/ve if |[V]t<e. (5.13)

Using the bound || hy| < ¢y/e/R. which is uniform with respect to zo, we
obtain from Lemma 5.3 the estimate

le(uz(-,8) = @)l < CO)|VIt/VE + C(O)IVIVe/Re

for |V|t <e. Together with (5.13) this implies (5.10).

Remark 5.5 We can further improve estimate (5.3) on a finite time interval.
If in the case V' > 0 we choose w in the proof of Lemma 4.1 as

w(z,t) == (u(x,t) — ®(x +Vt,e))e ", wehave (0% + f(u)dy —0)w >0,
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provided « is large enough. Hence, w is bounded from above by its value on Iy,

0 < u(z,t) — ®(x — Vi, e)

< ¢ max e~ max{l - (1~ Vs,e),~1 - &(~1 - Vs,<)}
_s_

~ Ve Jnax, se”** max{®'(1,¢),®'(—1,e)}(1 + O(R.)) (5.14)
~ Vimax{®'(1,¢),d'(—1,¢)}(1 + O(R.))

if0<t<1l/aandand V > 0.

For V' < 0 the signs are reversed. Since a = O(1/¢), this sharper estimate
implies only that the onset of the evolution is just the shift of the wave with
velocity V' (e, zg) towards the equilibrium position.

Contraction around a traveling wave profile

First, using contraction methods as in [9], Theorem 5.1.1, it is easily seen that
we have the following analogue to Lemma 3.4:

Lemma 5.6 There exist positive constants cy, co depending on f only, such
that for all functions wy € Hg(—1,1) satisfying

lwolly < c1o1, o1 < VeV (e, o)
and for all 0 <t < ca/+/|V(g,20)| the solution of (5.1) satisfies
w( Bl < o1 (5.15)
Proof. We solve the integral equation (3.17), showing that G is a contraction

in a ball of radius 0. To this end we use (3.9), (3.7), and (3.10) to get the
estimates:

|Gw(-t)[ly < Cllwo|ly + CotT/ /e + CVe|V (¢, 20)|T,
for 0 <t < T, and

sup [[Gu(-,t) — Gu(- t)|ly < CToy/Ve sup |lv(-t) —w(, 1)1,
0<t<T o<t<T

provided T > 1 and o1 < /e. Now we choose T" and o7 so that:
T = co/\/|V|, Ceaor < \/€|V|/3, Cea/e|V] < a1/3,
for some small ¢y > 0. Therefore if ||wg||1 < c101 for some small ¢; > 0, then
[Gw(-t)]1 < o1
for all 0 <t < T and

sup (|G (1) = Gu(-t)[[1 <1/3 sup [jo(,t) —w(- 1)1
o<t<T o<t<T



34 Exponentially slow traveling waves EJDE-1998/30

Remark 5.7 Another possible choice for T and oy is:

T:CQ/\/)\_() and o1 <X Ve,

Now we will prove an analogue of Lemma 3.5, using the same technique.
However, we first have to single out the inhomogeneous part of the equation
and show that it is kept small during an exponentially long time by the non-
linearity. Of course, the initial data wy have to be taken from the fast decaying
stable manifold Y, (cf. remark 3.6).

Lemma 5.8 Let -1+ 6§ < 9 < 1—§ for some § > 0. There exist positive
constants Cy, C1, depending only on f and positive constants C(9),e0 = €o(f,0)
such that if 0 < e < ¢eg and

gl

wo € Yz, [lwolli < Cro, 0<0<Cove, and 0<t<
[V (g, o)

. (5.16)

where v may be taken arbitrarily in (0,1), then the solution of (5.1) satisfies

w(-, )]s < 0e M EOY2 L C(8)t|V (e, 20)|vE + C(6) |V (e, 0)|/e/Re. (5.17)

PrOOF: We separate the influence of the inhomogeneous term on the solution
from the influence of the initial condition by splitting w = y+ z and considering
first the solution of the inhomogeneous equation with zero initial conditions

z+Az=r(z)+g, =z(z,00=0 (5.18)
and then the remainder:
ye+ Ay =7(y) ==r(y+2) —7(2), y(z,0)=wo(z). (5.19)

Equation (5.18) is related to problem (1.1)—(1.2)—(5.2), considered in subsection
5.a, transformed by (3.4) and (3.1):

Ut = gy + f(W)ug, u(z,0)=0(z,¢), (5.20)

where
z(z,t/e) = [u(z,t) — ®(z,e)] h(x),

in particular,
2o(z,t/e) = [us(z,t) — ¥'(z,€)] h(2) + 2(2, t/) f(®(2,€))/2¢ (5.21)

From (5.10) we have the estimate

Iz(5 D)l < CO)VItVe+ COIVIVe/Re if [V[E<1, (5.22)

where V := V(e, x0).
Next we have to solve equation (5.19) with wy € Y.. We apply the technique
of Lemma 3.5, proving contraction in a ball S, as defined in (3.43). To this
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end we extend the function z from (5.19) to the whole time axis by assuming
2(+,t) = 2(-,T) for all t > T', where T' = 3 /|V| for small By > 0. Now we may
repeat the proof of Lemma 3.5 by replacing the estimates (3.47) and (3.48) by
the corresponding estimates for 7. From (3.10) we find a constant ag, depending
only on f, such that

17 = lIr(y + 2) —r(2)] < % (e +llzll1) lylls (5.23)

ify € S, and 0 < p < Cy/e. The term ||z|; can be bounded by ¢/e with small
¢ > 0, depending on [y and d. Likewise, we find

[7(u(-t) = 7)) = [Ir(u(,t) + 2(,1) — r(v(-t) + 2(-, 1))
as

NG (o + 12, 0)10) l[u,t) — (-, B)]|1 s (5.24)

IA

if wand v € S, and 0 < ¢ < Cy/e. As before, these inequalities imply the

existence of a constant Cy, depending only on f, such that G is a contraction
inside S, if 0 < o < Cov/e. &

Finally, we can prove a variant of Lemma 5.8, allowing the initial data wq to
run in a small strip around the manifold Y; (see remark 3.6), arguing analogously
to the proof of Lemma 3.7.

Lemma 5.9 There exist positive constants cy, c1, c2, depending on f only,
such that for all functions w € R(E3) and all zo € R(E1) satisfying

[wli <cio, 0<o<cove, and |zl <coo1, o1=+/elV(e, xo)l,

a constant k(w, z0) = O(0?/+/€) exists such that the solution of (5.1) starting at
w(+,0) = w+ K(w, z0)wo + 2o satisfies

w(, t)|lr < 0e™EOY2 L6y forall 0<t<cs3/v/[V(e, x0)l. (5.25)
PrOOF. We split the solution in parts y and z, w = y + z, satisfying
zt+ Az =r(2) + g, z(x,0) = zo, (5.26)
and
ye + Ay =r(y + 2) —r(2), y(z,0) = yo = w + k(w, z0)wo, (5.27)
By Lemma 5.6 we know that the solution of the problem (5.26) satisfies

lz(-;t)h < o1 forall 0<t<ca/+/|V(e, o). (5.28)

Now repeating the proof of Lemma 3.5, using (5.28) as in the proof of Lemma
5.8 while solving (5.19), we find the estimate

ly(, 1)l < ge” 2 forall 0 <t < ca//[V(e,x0)l- (5.29)
The lemma follows from (5.28)—(5.29). <
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Evolution starting near a traveling wave profile

Now we can state our results about metastability of the slow motion. This
means that the solution starting near a traveling wave profile stays in its small
neighborhood during an exponentially long time interval, the speed of movement
being exponentially small for small . Namely, as a consequence of Lemmas 5.6,
5.8, and 5.9, respectively, we have the following theorems.

Theorem 5.10 There exist positive constants C1, Ca, depending only on f,
such that for all functions ug € H*(—1,1) satisfying

luop — @||n, < Cro1, o1<elV(e, zo)]
and for all 0 <t < eCs//|V (e, x0)| the solution of (1.1)—(1.3) satisfies
lu(-,t) = ®[|n, < o1 (5.30)

Proof. This theorem follows from Lemma 5.6. We only have to translate the
result from w—coordinates to u—coordinates using the relation:

w(z,t/e) = (u(z,t) — D(x,e)) h(z), (5.31)
where h < hy,,. &

In order to translate the result of Lemma 5.8, we have first to translate the
submanifold Y. Using (5.31) we see that the new submanifold, U, is given by
the formula

Ue = {uo|(ug — @) h € Y. }. (5.32)

Theorem 5.11 Assume —14+9 < xg < 1—0 for some § > 0. There exist positive
constants Co, C1, depending only on f, and positive constants C(§),e0 = €0(0)
such that for all e € (0,&¢], for all initial values ug € Uz and for all t satisfying
3

uo — @ £
o Ve, 0]

h, <Cro, 0<0<Cove, and 0<t<

w —

the solution u of (1.1)—(1.3) satisfies

t
() = B, < 0e= 2 4 () |V (e, 20)] <$ n ;) . (5.33)

Finally, from Lemma 5.9 we get the following slight improvement of Theorem
5.11, allowing the initial data ug to be taken in a small strip around the fast
decaying stable manifold Uk.

Theorem 5.12 Assume —1+ 0 < 29 < 1 — 06 for some § > 0. There exist

positive constants cg, c1, ¢, depending only on f, such that for all functions
w € R(E2) and all zo € R(E1) satisfying

||LUH1 < c10, 0< o< CO\/E7 and ||ZOH1 < €201, 01 X vy €|V(57$0)| )

the solution of (1.1)—(1.3) with initial condition ug = @+ (w+ k(w, zo)wo +20)/h
satisfies the estimate

u(-,t) — ®||n, < 0e 2 Lo forall 0<t<cae/\/|V(e, xo)| (5.34)
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6 Conclusions

In this paper we explained the behaviour of the solution at infinity where it
approaches the equilibrium. Concerning the previous stages, we were able to
explain that behaviour only for the solutions starting near a traveling wave
profile. We proved that such a solution moves in a small neighborhood of the
traveling wave profile with exponentially small speed during an exponentially
long time interval. In a future paper we are going to explain the behaviour of the
solution, starting from more general data, during the whole time interval (0,7)
for any T' > 0. We expect that during an interval (0,77) multiple interfaces are
created comparatively rapidly, which during the next time interval (T3, T3) coa-
lesce with a tempered speed so that finally only one internal layer is left. After
that moment, the solution is near a traveling wave profile, and, during the next
time interval (T5,T'), it moves with an exponentially small speed that decreases
very slowly until the solution reaches a neighborhood of the equilibrium with
an almost zero speed.
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