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Existence of global solutions to reaction-diffusion

1

systems with nonhomogeneous boundary
conditions via a Lyapunov functional *

Said Kouachi

Abstract

Most publications on reaction-diffusion systems of m components (m >
2) impose m inequalities to the reaction terms, to prove existence of global
solutions (see Martin and Pierre [10 ] and Hollis [4]). The purpose of this
paper is to prove existence of a global solution using only one inequality
in the case of 3 component systems. Our technique is based on the con-
struction of polynomial functionals (according to solutions of the reaction-
diffusion equations) which give, using the well known regularizing effect,
the global existence. This result generalizes those obtained recently by
Kouachi [6] and independently by Malham and Xin [9].

Introduction

We consider the reaction-diffusion system

Owu — alAu = f(u,v,w) in RT x €,
0w — bAv = g(u,v,w) in R x Q,
Oyw — cAw = h(u,v,w) in RT x Q,

with the boundary conditions

/\1u + (1 - /\1)6»,7U = ﬂl,
Aov+ (1= X2)dyv = B2, on RT x 9N
Asw + (1 — Ag)@nw = ﬁ3,

and the initial data

u(0,2) = up(x), v(0,2) =vo(z), w(0,2)=we(z) in .

The boundary conditions are specified as follows:
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(i) For nonhomogeneous Robin boundary conditions, we use 0 < A1, Ag,
A3 <1, 81 >0, Bz and B3 > 0.

(ii) For homogeneous Neumann boundary conditions, we use \; = §; = 0,
i=1,2,3.

(iii) For homogeneous Dirichlet boundary conditions, we use 1 — \; = 8; = 0,
i=1,2,3.

(iv) For a mixture of homogeneous Dirichlet with nonhomogeneous Robin
boundary conditions, we use 1 — \; = 8; = 0, ¢ = 1, or 2 or 3 and
0< A <1,8;20,j=1,2,3, with i # j.

Here € is an open bounded domain in R with smooth boundary 052, 0Oy denotes
the outward normal derivative on 02, a, b and ¢ are positive constants, 0 <
A1, A2, A3 < 1 and (1, B2 and B3 > 0 are in C*(99; R.

The initial data are assumed to be nonnegative. The functions f, g and h
are continuously differentiable on R? satisfying f(0,v,w) > 0, g(u,0,w) > 0
and h(u,v,0) > 0 for all u,v,w > 0 which imply, via the maximum principle
(see Smoller [14]), the positivity of the solution on its interval of existence. We
suppose that the functions f, g and h are of polynomial growth and satisfy

Df(u,v,w)+ Eg(u,v,w) + h(u,v,w) < Ci(u+v+w+ 1), (1.6)

for all w,v,w > 0 and all constants D > D and E > E7 where D and E are
positive constants.

Morgan [11] generalized the results of Hollis, Martin and Pierre [4] to estab-
lish global existence for solutions of m-components systems (m > 2) with the
boundary conditions (1.4), where

O</\1,)\2,)\3<1 or )\1:/\22/\321, ﬂ1,62,5320, (17)

or

M =X=X3=01=02=03=0, (1.8)

and where again the reaction terms are polynomially bounded and satisfy, in
the case of our system, the conditions

ar f(u,v,w) < enpu + c12v + ci3w + di,
(aglf + azgg) (’U,7 v, w) < o1 + oo + cozw + do, (19)
(az1f + asag + azzh)(u, v, w) < c31u+ c32v + cz3w + ds,
for all u,v,w > 0 where a;5,¢;; and d;, 1 < 7,5 < 3 are positive reals. Martin

and Pierre [4 ] and Hollis [3] extended the results, under the same conditions,
to the boundary conditions (1.4) where in (1.7), they took

0< A, 22,23 <1, (31,082,083 >0, (1.10)
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but they imposed conditions of the form (1.9), at the same time, to the reaction
terms whose corresponding components of the solution satisfy Neumann bound-
ary conditions and to the others which satisfy Dirichlet boundary conditions.
In other terms they imposed to the reaction terms to satisfy m inequalities. For
example if 1 — A3 = (3 = 0, they took in (1.9) ag; = ass = 0. In this paper
we show the global existence of a unique solution to problem (1.1)-(1.5) with-
out using the first and the second conditions in (1.9), but only under the last
one which is (1.6) and without distinguishing between the components of the
solution which satisfy the one or the other type of boundary conditions; for this
purpose, we use Lyapunov technique (see Kirane and Kouachi[5], Kouachi[6]
and Kouachi and Youkana[7]).

2 Preliminary observations

The usual norms in spaces LP(£2),L>(Q) and C(Q2) are denoted respectively by

o L u(z)|Pdx
Jull; = g7 | e (21)
fuloe = max u(a)|. (22)

Tt is well known that to prove global existence of solutions to (1.1)-(1.5) (see
Henry [2], pp. 35-62), it suffices to derive a uniform estimate of || f(u, v, w)||p,
llg(w, v, w)||pand ||A(u, v, w)|pon [0, Tmax[ in the space LP(£2) for some p > N/2.
Our aim is to construct polynomial Lyapunov functionals allowing us to obtain
LP—bounds on u,v and w that lead to global existence.

Since the functions f, g and h are continuously differentiable on }Rﬁ_, then for
any initial data in C(£), it is easy to check directly their Lipschitz continuity
on bounded subsets of the domain of a fractional power of the operator

—aA 0 0
0 —bA 0 (2.3)
0 0 —cA

Under these assumptions, the following local existence result is well known (see
Friedman [1] and Pazy [12]).

Proposition 2.1 The system (1.1)-(1.5) admits a unique, classical solution
(u,v,w) on (0, Tax[XQ. If Thax < 00 then

i (e Dl + 00t o + 10t ) oo} = o0, (2.4)

where Tinax (||4o]loo, [|V0]|cos [[wolleo) denotes the eventual blow-up time.



4 Existence of global solutions EJDE-2002/88

3 Results

btcy2 atcy2 atby2
PutA:\/( ch) ,B:\/%andC:\/( gb) . Let 0 and o be two positive

constants such that

(02 — A*)(0*> = B*) — (C —AB)*>0 and 6> C, (3.1)
and let
0y = 97 and op :JPQ, forg=1,...,pand p=1,...,n, (3.2)
where n is a positive integer. The main result of the paper reads as follows.

Theorem 3.1 Suppose that the functions f, g and h are of polynomial growth
and satisfy condition (1.6) for some positive constants D and E sufficiently
large. Let (u(t,.),v(t,.),w(t,.)) be a solution of (1.1)-(1.5) and let

L(t) = | Hp(u(t,z),v(t,z),w(t, z))dz, (3.3)
Q
where ,
Hy(u,v,w) = Z ChCl0,0putvP™ TP, (3.4)
p=0 g=0

Then the functional L is uniformly bounded on the interval [0, Tiax]-

Corollary 3.2 Under the hypotheses of theorem 3.1 all solutions of (1.1)-(1.5)
with positive bounded initial data are global.

Proposition 3.3 If 5, = B2 = (3 = C1 = 0, then under the hypotheses of
theorem 3.1 all solutions of (1.1)-(1.5) with positive bounded initial data are
global and uniformly bounded on 2.

4 Proofs

For the proof of theorem 3.1, we need some preparatory Lemmata.

Lemma 4.1 Let H, be the homogeneous polynomial defined by (3.4). Then

n—1 p
OuH, =1 > CP Cllg10putoP w7, (4.1)
p=0¢=0
n—1 p
OvHy, =n Z Z CP_ 1 C9040p 11 utvP T =)=, (4.2)
p=0¢=0
n—1 p
OwH, =n Z Z CP_ Ca0,0utvP™ w7, (4.3)

p=0 ¢=0
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Proof. Differentiating H,, with respect to u yields
[
OuH,, = Zp =0" Z qCrCI0,0put ™ P~ I P,
q=0

Using the fact that

qCl = ng:% and pC? = nCP_} (4.4)

n—1»
forg=1,...,pand p=1,...,n, we get
n p
-1 -1 _ _ _
O H, = nzzcﬁflc}gfﬂ%%uq L S P P,
p=1qg=1

while changing in the sums the indexes ¢ — 1 by ¢ and p — 1 by p, we deduce
(4.1). For the formula (4.2), differentiating H,, with respect to v gives

n p—1
OyHy, = Z Z(p — q)CPCI0 0putvP~ I P,
p=1qg=0
Taking account of
Ci=Cl%q=1,...,p and p=1,...,n, (4.5)

using (4.4) and changing the index p — 1 by p, we get (4.2).
Finally, we have

np
OwHp = Z Z(n — p)CPCUG 0,ulvP™ " P
p=0 ¢=0

Since (n — p)C? = (n — p)C~P = nC'"P~1 = pCP_ |, then we get (4.3).

Lemma 4.2 The second partial derivatives of H,, are given by

n—2 p
Oy2Hy, =n(n—1) Z Z CﬁfQCg9q+20p+2uqvp_qw(”_2)_p, (4.6)
p=0 ¢q=0
n—2 p
OuwwHp =n(n—1) Z Z C,’;_QCI?HQHUp+2uqvp_qw("_2)_p, (4.7)
p=0 ¢g=0
n—2 p
OuwHr =n(n —1) Z Z Cﬁ72Cg¢9q+1Jp+1uqvp7qw("72)fp, (4.8)
p=0 ¢=0
n—2 p
Op2Hy, =n(n—1) Z Z CP_,Cl040 2utvP™ w27, (4.9)

p=0¢=0
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n—2 p
OvwHp =n(n—1) Z Z C;LQCSGquHuqvp*qw("”)*p, (4.10)
p=0 g=
n—2 p
Ow2H, =n(n—1) Z Z CE_,Cl0,0putvP™ ("2 P, (4.11)
p=0 q=0

Proof. Differentiating 9, H,, given by the formula (4.1), with respect to u

yields
n—1 p

OzHy =1 Y qCh_1C04110pu? ™ oP T D,
p=0 q=0
Using (4.4) we get (4.6)
OurHn = 00(0uHa) =1) Y > (0= a)Ch_1 Cgr1opauto? ™1 =D,

Applying (4.5) and then (4.4) we get (4.7).

M=

6uan = aw(aan) =n Z ((n — 1) _p)Cﬁ_1Cgeq+1Up+1uq’l)p_q_lw"_Q_p .

Applying successively (4.5), (4.4) and (4.5) a second time we deduce (4.8).

n—1 p

Op2Hy, =n Z Z(p — q)Cﬁ_lCg&qg(erl)uqvpqulw(nfl)fp )

p=0 ¢g=0

An application of (4.5) and then (4.4) yields (4.9).

1 p
OvwHp, = 0y (0Hy) =n Z Z(p - q)C’£71Cquapuqvp_q_lw(”_l)_p .

p=0 q=0

One applies (4.5) and then (4.4), (4.10) yields. Finally we get (4.11), by dif-
ferentiating 0, H,, with respect to w and applying successively (4.5), (4.4) and
(4.5) a second time. U

Proof of Theorem 3.1. Differentiating L with respect to ¢ yields

ou v ow
/ —_—
L'(t) = / [0uH,y, o +0,H, 5 + OwHp 5

:/ (a0y Hy Au + b0y Hy Av + Oy, Hyy Aw)da
Q

]dx

+ / (faan + g0, Hy + haan)d:C
Q

=I+J.
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Using Green’s formula and applying Lemma 4.1 we get I = I; + I5, where

I = / (a0 Hy,0pu + b0y, Hy, Opv + 0y H,, 0pw) dez,
o0

n—2 p
I =-n(n-1) / DN Ch,Co(Apgz).2] da, (4.12)
Q p=0 ¢=0
where
a0¢120p42 (GT—H))oq—&-lap—&-Q (a;c)oq—&-lam—l
Apg = (QT-H))QLHlUer? b0qop 2 (%)gqazﬁl (4.13)
(%) 0410p41  (459)0g0p41 bqop

forg=1,...,p,p=1,...,n—2, and 2z = (Vu, Vv, Vw)*.
We prove that there exists a positive constant Cy independent of ¢ € [0, Tiax|
such that
I < Cy for all t € [0, Trax| (4.14)

and that
I, <0 (4.15)

for several boundary conditions.
(1) If 0 < A1, A2, A3 < 1, using the boundary conditions (1.4) we get

I = / (a0uHpn(y1 — aqu) + b0y Hy (v2 — agv) + cOw Hy, (73 — asw))dz,
a0

where a; = A\;/(1 — X)) and v = 8;/(1 — N;), i = 1,2,3. Since H(u,v,w) =
a0y Hp(y1 — ayu) + b0y Hy, (v2 — agv) + cOpHp(vs — azw) = Ph_1(u,v,w) —
Qn(u,v,w), where P,_; and @, are polynomials with positive coefficients and
respective degrees n and n — 1 and since the solution is positive, then

lim sup H(u,v,w) = —o0, (4.16)
(Jul+]o|+]w])—+oo

which prove that H is uniformly bounded on Ri and consequently (4.12).

(i) If Ay = A2 = A3 =0, then I; = 0 on [0, Trax[-

(iii) The case of homogeneous Dirichlet conditions is trivial, since in this case
the positivity of the solution on [0, Tiax[*x§ implies dyu < 0,0,v < 0 and
Opw < 0 on [0, Tinax[x 9. Consequently one gets again (4.12) with Cy = 0.
(iv) If one or two of the components of the solution satisfy homogeneous
Dirichlet boundary conditions and the other (others) satisfies the nonhomo-
geneous Robin conditions; for example u = 0, A2v + (1 — X2)0yv = (B2 and
Asw + (1 — /\3)67,’11) = (3 on [O,Tmax[x8Q with 0 < A, A3 < 1 and (2, 83 > 0.
Then, following the same reasoning as above we get

limsup H(0,v,w) = —o0, (4.17)
(Jvl+|w])—+oo
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and then (4.12).

Now we prove (4.15). The quadratic forms (with respect to Vu, Vv and Vw)
associated with the matrices A,q, ¢ =1,...,pand p=1,...,n — 2 are positive
since their main determinants Aj, Ay and Aj are too according to Sylvister
criterium. To see this, we have
1. Ay =aby20p42 >0, forg=1,...,pandp=1,...,n -2,

2.

a+b
A a0g420p42 (“37)0g+10p+2
2 =

(aTH))aqHUPH b0y0op12
=ab((0g+20p+2)( 040 (p+2)) — (Clg110p12)%)

:aba§+2(azgfl_2 —C*)02,, = abo. ,(60° — C*)02, .,
q

forg=1,...,pand p=1,...,n— 2. Using (3.1), we get Az > 0.
3.

bgi20p12  (F0)0q110p12  (“59)0q410p41
clq0p A3 =clyoy, ((ZT—H))Gq+10p+2 b0y0op12 (%)quzwl
(“;C)9q+10p+1 (%)%%ﬂrl cbq0p
a+b a+c,  b+c
= ) (LT 0oy

+ abc?(0popia — A%07 1) (040442 — B2 ,)0207

0,0 0,0
:[( 221.:_2 - Az)( ;Qi—ig - BQ) - (C B AB)2]U(217+1)9§+1
P q

=[(0% — A%)(0* — B?) — (C — AB)*]o{, 41,0711 >0,

forg=1,...,pand p=1,...,n— 2. Using again (3.1), we get Az > 0. Conse-
quently we have (4.15). Substituting the expressions of the partial derivatives
given by lemma 4.1 in the second integral, yields

n—1 p
J :/ [n Z Z Cﬁ,nguqvp’qw("*l)fp} (Og+10p11f + 040p419 + O40,h) dx
Q2 p=0 ¢=0
g Ogt1 0 o
:/ [n Z Z Cf;_nguqv”_qw("_l)_p} ( ot ol p 4 g h)0,0pd.
p=0 q=0 Oy o Tp
Using condition (1.6), we deduce
n—1 p
J < Cg/ Z Z CP_ CoutvP 9" [(u + v + 1)) da.
Qi
p=0 ¢q=0

Applying Holder’s inequality to the integrals

/uqvp*qw(”*l)*p[(u+v+1)]dm, g=1,...,pandp=1,...,n—1,
Q
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and following the same reasoning as in [7], one gets that there exist positive con-
stants C; and C5 such that the functional L satisfies the differential inequality

L'(t) < C4L(t) + C5s LD/ (1),

which can be written
nZ' < CyZ + Cs,

if Z = LY. A simple integration of the later inequality gives the uniform
bound of the functional L on the interval [0, 7*]; this ends the proof of the
theorem.

Proof of corollary 3.2. The proof is an immediate consequence of theorem
3.1, the preliminary observations and the inequality

/Q (u(t, 2) + v(t,7) + w(t, 2))"dz < CsL(t) on [0,T*]  (4.18)
for some n > N/2.

Proof of proposition 3.3. In this case the functional L is of Lyapunov and
then gives
L(t) <L(0) on [0, T

Using (4.18), we get the uniform boundedness of the solution on [0, T*[x €.

5 Applications
In this section we apply corollary 3.2 and proposition 3.3 to some particular
biochemical and chemical reaction models. Throughout this section we assume

that all reactions take place in a bounded domain 2 with smooth boundary 9f2.
Let us begin with the general three-component reaction

h
WU +qV S W, (5.1)
k

which leads to the reaction diffusion system

% —afu = —hulv? + kw” i RY x Q, (5.2)
dv l T +

5 bAv = —hu'v? + kw" in RT x , (5.3)
%—T_CA’UJ = hulv? — kw”  in RT x Q, (5.4)

with boundary conditions (1.4) and positive initial data in L°°(£2), where h, k,
l, q, and r are positive constants such that » <1 or [ + ¢ < 1. The special case
I = ¢ = r = 1 has been studied by Rothe [13] under homogeneous Neumann
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boundary conditions where he showed that Tiax = oo if N < 5. Morgan [11]
generalized the results of Rothe for every integer N > 1 and when all the com-
ponents satisfy the same boundary conditions (Neumann or Dirichlet). Hollis
[3] completed the work of Morgan and established global existence if w satis-
fies the same type of boundary conditions as either u or v. But if boundary
conditions of different types are imposed on u and v, global existence follows
regardless of the type of boundary condition that is imposed on w. Recently
we have proved, in [6], global existence of solutions to system (5.2)-(5.4), un-
der homogeneous Neumann boundary conditions, by studying the two coupled
systems (5.2)-(5.4) and (5.3)-(5.4) when r <1 or [+ ¢ < 1. However we have

Proposition 5.1 Solutions of (5.2)-(5.4) with nonnegative uniformly bounded
initial data and nonhomogeneous boundary conditions (1.4) are positive and
exist globally for every positive constants [,q and r such thatr <1 orl+q < 1.

Proof. Conditions (1.6) is trivial when r <1 by choosing D + E > 1. In the
case [+ ¢ < 1, it is also satisfied by studying the system in the order (5.4)-(5.3)-
(5.2), choosing E + 1 > D and by applying the Young inequality to the term
ulv? (see [7] for more of details). Then corollary 3.2 implies that all components
of the solution are in L>°(0,7*;L"(€2)) for all n > 1. Since the reaction terms
are of polynomial growth, then T},. = +00. Another example, is as follows:

8U1

- diAuy = —kyuiug + kous — ksujug + kgus, (5.5)
% — daAus = —kjuqug + kousg, (5.6)

% — d3Auz = ki Aujus B — kous, (5.7)

% — dyAuy = —ksuqug + kaus, (5.8)

% — dsAus = kzujug — kqus. (5.9)

Hollis [3] established global existence provided that: (1) ug satisfies the same
type of boundary conditions as either uy or ug, and (2) us satisfies the same
type of boundary condition as either u; or us. Our generalization is summarized
as

Proposition 5.2 Solutions of (5.5)-(5.9) with nonnegative uniformly bounded
initial data and boundary conditions (1.4) exist globally.

Proof. Condition (1.6) is satisfied for the three component system (5.5)-(5.7)-
(5.9) while choosing usg > u4 > 1. Then corollary 3.2 implies that wu;, ug and
us are in L*°(0,7*;L™(2)) for all n > 1. So, global existence of us and uy
is a trivial consequence of the maximum principle (see J. Smoller [14]) applied
successively to equations (5.6) and (5.8). O
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Finally we illustrate our results with the system

% — aAu = —u®® — W + v + pgw, (5.10)
% _ bA’U — —uo"uﬁ + ’LL’Y’lUp, (511)
c“;_z: — cAw = u®? 4w, (5.12)

where a, 8,7,p > 1 and p1, p2 > 0. S. L. Hollis [3] established global existence
provided that either: (1) p; = 0 and u satisfies the same type of boundary
conditions as w, or else (2) 2 = 0, p = 1, and u satisfies the same type of
boundary conditions as v.

It is trivial to verify that condition (1.6) is satisfied for system (5.10)-(5.12)
by choosing D + 1 > E > 1. the result of corollary 3.2 applied to this system
is summarized in the following proposition

Proposition 5.3 Solutions of (5.5)-(5.9) with nonnegative uniformly bounded
ingtial data and boundary conditions (1.4) exist for all t > 0 and all constants
aaﬂ777p Z 1; M1, 12 Z 0.

If By = By = B3 = p1 = pe = 0, then proposition 3.3 applied to (5.5)-(5.9)
permits us to give the following result.

Corollary 5.4 All solutions of (5.5)-(5.9) with positive initial data in L>°(2)
are global and uniformly bounded on [0,400[xQ) provided that /1 = P2 = B3 =
pr = p2 = 0.

Another example, is

ou

ETi aAu = —aj1u™ + a120™ + a13w"™ — c11u + c12v + cisw + dp in RT x Q,
(5.13)

67} r r r . +

% DAV = ag1u’™ — ag2v"? + as3w™ + o1 — €20V + cozw +do  in RT x
(5.14)

v r T T : +

Frie cAw = az1u™ + azov’? — azz3w’™ + c31u + 390 — 33w +dz  in RT x Q,

(5.15)

where r; > 1, a;5, ¢;5, d; are positive for 1 <14 < j < 3. It is clear that conditions
of the form (1.9) are not satisfied and then techniques used by Hollis [3] are
not applicable here, nevertheless the method of invariant regions (see Smoller
[14]) can give the global existence of positive solutions under some complicated
conditions on the constants a;;, ¢;; and d;, 1 < i < j < 3. However our
technique is applicable and if

—a11 612 413
A=| an —ax a3 |, (5.16)
asi az2  —ass
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then we have the following statement.

Proposition 5.5 Suppose that for some k = {1,2,3}, the cofactor of —axy
is strictly positive, then solutions of (5.13)-(5.15) with nonnegative uniformly
bounded initial data and boundary conditions (1.4) are positive and exist for all
t > 0 for positive reals a;j,c;; and d;,1 < i < j < 3, provided that (1) ri, <1
or (2)r; >1,1<i<3anddetA<0or (3)r;>1,1<i<3 and ag is
sufficiently large.

Proof. Take for example k = 3
(1) Suppose that ajjase — ajgas > 0 and r3 < 1, then (1.6) is satisfied if there
exists D and F sufficiently large such that

—a11D + a1 E + az1 <0 and a2 D — ag B + asz < 0. (517)

The study of these two inequalities implies (1.6) if we choose D and E satisfying

a11032 + 12031

az1a32 + a31a22
— = == and F>

aiiagz2 — ai20a21 a11022 — 12021

D> (5.18)

(2) Now, suppose that r; > 1, 1 < i < 3 and agj is sufficiently large, then (1.6)
is satisfied if there exists D and F sufficiently large such that (5.17) is too and

a13D + assE—azz < 0. (519)

But if we develop the determinant of A with regard to the third column, then
det A < 0 is equivalent to

—a33(011a22—a12a21)+013(a21032+031022)—023(—6111&32—(1126131) <0, (5~20)
and this inequality is equivalent to

a21032 + A31022 a (11032 + Q12031
—_———— 23(———————
a11G22 — 12021 11022 — 12021
Then we can choose D and E such that (5.18) and (5.19) are satisfied. Conse-
quently we get (1.6).
(3) This case is trivial by using (5.18) and (5.21).

ass. (5.21)
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