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ASYMPTOTIC EXPANSIONS FOR LINEAR SYMMETRIC
HYPERBOLIC SYSTEMS WITH SMALL PARAMETER

O. HAWAMDEH & A. PERJAN

ABSTRACT. The boundary layer functions method of Lyusternik-Vishik is used to
obtain asymptotic expansions of the solutions to the Cauchy problem for linear sym-
metric hyperbolic systems with constant coefficients as the small parameter € tends
to zero.

1. INTRODUCTION

We consider the following Cauchy problem, which will be called (F.),

(Py +eP))U = F(z,t), ze€RYt>0, (1.1)
Ul(e,z,0) = Up(z), zeR? (1.2)

where P, = A;0; + B;(0;) + G;, Bi(0,) = Z?Zl Bij Oz;, 1= 0,1,B;,G; are real
constant n x n matrices, d > 1,& > 0 is a small parameter, U, F : R? x [0, 00) — R",

I, 0 (0 0
AO_<0 0)) Al_(o In_m>’ 0§m§n7

and I is a identity matrix.

We shall investigate the behavior of the solution U(e,z,t) to the perturbed
system (P;) as € — 0. The main question of perturbation theory is if the solution
U(e,z,t) to the perturbed system tends to the solution U (0, z, t) of the unperturbed
system as € — 0. The answer depends on the structure of the operator P = Py+¢cP,
and also on the norm which determines the convergence. If the smooth solution
U(e,z,t) — U(0,z,t) uniformly on its domain of definition D, then (P) is called a
reqularly perturbed system. In the opposite case, the system (Fp) is called singularly
perturbed. In this case, there arises a subset of D in which the solution U(e, z,t)
has a singular behavior relative to . This subset is called the boundary layer. The
function which defines the singular behavior of U(e,z,t) relative to € within the
boundary layer is called the boundary layer function. At present the investigations
of the singularly perturbed problems are very much advanced. We refer the reader
to sources [1] - [8], which contain a very large bibliography and also a survey of the
results in the perturbation theory connected with the partial differential equations.
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Here we develop the results of the paper [9] in the d-dimensional case. We obtain
the asymptotic expansions for the solutions U (e, z,t) on the positive power of the
small parameter € when the matrices B; are symmetric, i.e. the operator P. is the
hyperbolic one.

Below we use the following notations. For s € R we denote by H*® the usual
Sobolev spaces with the scalar product ( = [en (1 +&%)° @(€)0(€) d¢, where
@ = Flu] and F~1[u] are the direct and the inverse Fourier transforms of u in S’.
H; = (H®)" is the Hilbert space equipped with the scalar product (fi, f2)sn =
Z?:l(flj’fQj)s’ fl = (fil’-"afin)’i = 1’2 and with the norm ” ’ Hs,n generated
by this scalar product. Let D’((a,b), X) be the space of vectorial distributions on
(a,b) with values in Banach space X. Then for £ € N* and 1 < p < 0o we set
WkP(a,b; X) = {u € D'((a,b); X); u¥) € LP(a,b;X),j =0,1,...,k}, where ul?) is
the distributional derivative of order j. If k = 0 we set WP (a,b; X) = LP(a,b; X).
Let us denote A = Ao +EA1, B = Bo +€Bl, G = GO +€G1, Lj = BJ(&E) + Gj,
j = 0,1, where 9, = (9/04,,...,0/0:,). The special forms of matrices Ay and A;
involve the natural representations of matrices B;, G; by blocks

B:1 B Gi1 Gio .
B; = zk J 5 G; = ?k J 5 :Oal’
’ (sz ng) ’ (sz Giz)"

and Bj1(€), Gj1 € M™(R), Bja(€), Gjo € M™ " "™(R), Bjs(§), Gj3 € M™~ m(R)a
and “*” means transposition. Denote L;;(0,) = B;;(0;) + Gij,1=0,1, j =1,2,3,
and F' = col(f,g), Uy = col(ug, u1), where f,ug € MmXI(R) g,up € M~ m)X1( ).
Let us formulate the main assumptions to be used in the sequel.
(H1) B;(&), Gy, i = 0,1, are real symmetric matrices for £ € R";
(H2) (G, &rn > (Gozn, nrn-m > golnl?, with go > 0,
for all £ = (¢,n) € R™ and n € R*~™.

Under the hypothesis (H1), the system (P;) is symmetric of the hyperbolic type.
According to [7], the analysis of systems (Fp) and (P-) shows that:

a) If m = n, then the system (Fp) is of the hyperbolic type, regularly perturbed
because in this case the boundary layer function is zero;

b) If m = 0, then the system (P) is of the elliptic type, singularly perturbed;

c) If 0 < m < n, then the system (FP,) is well-posed in the sense of Petrovskii,
singularly perturbed. In particular, if det Bpz # 0 and By = 0, then the system
(Py) is of the elliptic- parabolic type.

In the following section we shall give the formal asymptotic expansions of the
solutions to the problem (P.) on the positive powers of the small parameter €. The
last two sections contain the validity of these formal expansions which lead to the
main result theorem 3.5.

2. FORMAL ASYMPTOTIC EXPANSIONS

According to the method of Lyusternik-Vishik [2], for the solution U (e, z,t) to
the problem (P.) we postulate the following asymptotic expansion

N
Ue,x,t) = Z *Vi(z,t) + Zp(2,7)) + Ry (g,2,t), 7= 2, (2.1)
k=0
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where Z(x,7) = Zo(z,7) + -+ + eNZn(x,7) is the boundary layer function. It
describes the singular behavior of solution U (e, z,t) relative to e within a neigh-
borhood of the set {(x,0),z € R?} which is the boundary layer. The function
V(z,t) = Vo(z,t) +- -+ eV Vy(z,t) is the regular part of expansion (2.1). Usually
function Z(z,7) is considered small in some sense for large 7, i.e. Z — 0 as 7 — oo.
On the other hand, because Ul(e,z,t) 4 U(0,z,t) as € — 0 within the boundary
layer, then the function Z(z,7) has to reduce the discrepancy between U(e,x,0)
and U(0,z,0).

Now, we formally substitute expansion (2.1) into (1.1) and identify the coeffi-
cients of the same powers of € which contain the same variables. Then we get the

following equations:
PyVi = Fi(z,t), ze€RY t>0, (2.2)
where Fy = F, Fy =—P V1, k=1,... N,
A0 Zy, = Fr(x,7), k=0,1,...,N,
A\(LoZn + L1 Zn_1 +0;Zn) =0, z€R%T >0, (2:3)

where Fo = 0, Fy = —LoZy — A10;:Zy, Fr, = —LoZi—1 — L1Zyx_o — A10: Zp_1,
k=2,...,N,and
(Py + eP))Ry = F(z,t,e), =R t>0, (2.4)

where F = —EN—H(PlVN + L1ZN) - ENAO(LOZN + L1ZN_1).
Similarly, substituting (2.1) into initial condition (1.2) we obtain

Rn(e,z,0) =0, z¢cR% (2.5)
Vo(z,0) + Zo(z,0) = Up(z), =€RY, (2.6)
Vi(z,0) + Zp(2,0) =0, zcR% k=1,...,N. (2.7)

X Fi
a=(5) (i) () 2= (3),

where X, vk, fo, Fe1 € M™*Y(R), Yy, wk, gk, Fre € M™™>Y(R). Then from
(2.3), (2.6), and (2.7) for X}, and Y}, we get

0- Xy = Fr1, Xp—0, 7— +00, (2.8)
and
0:Yy + Los3Y), = sz(df,T), x € Rd, 7>0
ui(x) — wo(x,0), for k=0, (2.9)
Yk(.’B,O) = d
—wy(z,0) fork=1,...,N, z € R%
where

For =0, Fu=—Lo1iXo— Lo2Yo, Fr1=—Lo1Xp-1 — Lo2¥j—1
—L11Xg—2 — L12Yy 2, k=2,...,N,
Foo = —LisXo, Fre = —Lja Xk — L13Yip—1 — L15 Xk 1,
L3;(&) = B};(€) + Gy, k=1,...,N.

159



4 O. Hawamdeh & A. Perjan EJDE-1999/31

Similarly, from (2.2) and (2.6), (2.7) we obtain the problems for v;, and wy,
Ov + Lo1vk + Loowk = fi(z,1),
Lok + Loswy, = ge(x,t), xR ¢ >0,

v (117 0) — { UO(CE) _XO(CE,O)’ fOr k = 0’
k(5 —Xi(2,0), fork=1,...,N, xzcR%

(2.10)

Thus, we have obtained the problems for the functions Xy, Y, v, wr and Ry. In
the following sections we shall present the validity of the expansion (2.1).

3. JUSTIFICATION OF EXPANSION (2.1)
To study the problem (2.10) we examine the problem
0w + Lo1v + Logw = f(z, 1),
Lisv + Losw = g(x,t), =z € R%, t >0, (PV)
v(z,0) = h(z), =z cRY,

which is of the same type. To obtain the solvability of this problem and the regu-
larity of their solutions we pass to the following problem for ¥ and w

80 + (Gor + i[€[bor (€)) + (Goz + il€|bo2 ()10 = f(&, ),
(G + il€]b32 (€))8 + (Gos + i€]bos (€)= §(&, 1), (PV)
(£,0) = h(€).

The following two lemmas will be proved in the following section.

Lemma 3.1. Under the hypotheses (H1), (H2) the matriz Gos + i|€|bos (&) is in-
vertible for ¢ € R% and the function & — (Goz + i|&|bo3(€)) ™1 is bounded on RY.

From Lemma 3.1 the problem (PV) receives the form
d
aﬁ(g? t) + K(é)ﬁ(éa t) = H(éa t)a
9(&,0) = h(9),
W(E,t) = (Gos +il€]bos (€)) 71 (9(&, 1) — (Gop +ilé[b5a(€))0(E, 1)), (3.2)

(3.1)

where
K (&) =Go1 + i[€]bo1(§)
— (Goz +il€]bo2(€))(Gos + il€[bo3 (£)) (G + il€[b5a (£)) (3.3)
H(E,t) =f(&1) — (Goa +i&]bo2(€)) (Gos + il&[bos (€)) T 9(5, 1)

Lemma 3.2. Under the hypotheses (H1), (H2) the matriz K (§) can be represented
in the form

K(€) = Ko(&) +il¢| K1 (6) + [P Ka(6), € eRY, (3.4)

where the functions & — K;(&), j = 0,1,2 are bounded on R, K,,K, are real
symmetric and Ko > 0.

These lemmas permit us to prove the following proposition.
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Proposition 3.3. Let the hypotheses (H1), (H2) be fulfilled and | € N*. If
h € H5PHL D F = col(f,g) € WHL(0,T; H:1?), then there exists a unique strong
solution V = col(v,w) € WH°(0,T; HZ) of the problem (PV) and

Vllwteo,mimz) < CT)Ihllstar41,m + 1Ellwino0,7m5+2))- (3.5)

Proof. Consider the Cauchy problem

d .
Eﬁ(t) +K(&)o(t)=0, 090)=h, 0<t<T, (3.6)
in the Hilbert space H = {f = (fi,..., fu); (L4 [62)F£u(€) € L2(RY), k =
1,...,m}, equipped with the scalar product (f,g)u = [ga (1 + [£[*)°(f, 3)rm dE.
The representation (3.4) shows that the operator —K(§) : H — H satisfies the
conditions

Re(_Kfuf)ng(faf)Hy Re(_K*f7f)H§w(f7f)Hu fEHu

where w =supeepa||Ko(§)||rm srm + 6 with some 6 > 0. This means that the
operator —(K + wl) is maximal dissipative on H. According to [10] the Cauchy
problem (3.6) generates a Cp semigroup of operators {1'(¢), ¢ > 0} on H. Since

%H@(wt)lliz < —(Kod(,8), () — (0( ), Kod(, ) < 2w][o(,8)|I7,

we have ||6(-,t)||g < e“t||h|| g for any h € H, ie. |T(t)|| < e“*. Due to Parseval’s
equality we get that the Cauchy problem

%U(t) +Ku(t) =0, v(0)=v, 0<t<T, (F[Kv]=K(£)D)

generates a Cy semigroup of operators {T'(t),t > 0} on H;,, such that v(-,t) =

T (t)vo and ||T(t)|| < e**. Then the semigroup Ty(t) = T'(t)e~“" solves the Cauchy
problem

Ez(t) + (K +wl)z(t) = f(t)e*t, 2(0) =y, 0<t<T. (3.7)

According to [11] for every yo € HS, and f € L'(0,T; H:,) there exists a unique
mild solution of this problem z € C([0,T]; HZ,), such that

ZUV—%UMW+A To(t — 5)f(s)e”* ds

and hence

Izl ooy < Wollsym + 11f11 L1 o,m;ms €T

Moreover, if yo € H2 f € WHL(0,T; HE,) and | € N*, then z is a strong solution
of the problem (3.7), z € Wh*°(0,T; HS,) and

Izl 0,15m5,) < C(T)(olls+21,m + [1f lwea o,753,))-
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Note that the solution y to the Cauchy problem

d .
Ey(t) + Ky(t)=f, y0)=y, 0<t<T,

and the solution z to the problem (3.7) are connected by means of the equality
y(t) = e=“*z(t). Consequently, for the same yo, f and [ € N* we have

[yllwreeo,m;ms) < C(T)[Yollst2t,m + 1 f lwero,1;m5,))-

In view of (3.1), using the last estimate and boundedness of the matrix (Gos +
i|€]b(€)) ™t we obtain the estimate

[l o,r;m5,) < OO IMllsv2tm + [ fllwirorims,) + 19lwerommzer y)- (3:8)
From (3.2) and (3.8) we get the estimate

HwHWl’OO(O,T;HTSn) <) (IPlls+2tt1,m + HfHWz,l(O,T;H:nH) + Hg”wl,l(oj;HTs:fn)).
(3.9)
Now, the estimates (3.8) and (3.9) imply the estimate (3.5). Proposition 3.3 is
proved.
Consider the Cauchy problem

0;Y + LosY = F(z,7), z¢€ R?, 7> 0,

J (PY)

Y($70) = yO(m)7 z € R%
Proposition 3.4. Let hypotheses (H1), (H2) be fulfilled and | € N*. If yo €
HHL O F e Wll(;i(O,oo;Hfl_m), then there exists a unique strong solution Y €

n—m?’
W(0,00; HE_, ) of the problem (PY). For this solution

loc m

-1
||alTY('=T)HS,n—m <Ce™ 7 (lyollst+1,n—m + Z 107 F (-, 0)l[s+1-v—1,n—m
v=0 (3.10)

* / 6q00||8l7]:('79)‘|8,n—m d@)
0

Proof. Under the hypotheses (H1), (H2) the operator —L3(0,) is dissipative and
generates the Cj semigroup of contractions S(7) on HS_, . Then there exists a
unique mild solution Y € C([0,00); H:_,,) of Cauchy problem (PY). In the usual
way it is not difficult to obtain the estimate ||S(7)| < e™%7,7 > 0. This estimate

and formula

Y(-,7)=S(1)yo + /OT SO)F(-,m—0)db

involve the estimate (3.10) in the case [ = 0. In the cases [ > 1 the estimate (3.10)
will be obtained by differentiating relative to 7 the equation from (PY). Proposition
3.4 is proved.

Due to these propositions, we can determine the functions Vi and Zj. Indeed, if
k = 0, then from (2.8) it follows that Xy = 0. Then from (2.10), due to Proposition
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3.3, we find the main regular term Vj = col(vg, wp) of expansion (2.1). Instantly,
we have

wo(x,0) = F~*[(Gos +il€]bos (€)) ™1 (9(&, 0) — (Gop + il€[bG2 (€))i0(€))]-

Moreover, Lemma 3.1 and the Parseval equality permit us to obtain the estimate

|[wo (-, 0) sn—m < C(Hg(‘ao)nsm—m + ||u0||s+1,m) < C(HUOHs—l-l,n +[|F(-,0)

s,n)~
(3.11)
Due to proposition 3.4, this fact permits us to define the function Yy as a solution
of Cauchy problem (2.9). Moreover, from (3.10) and (3.11) we have

sm—m < O ([|Uollsitan + [F (5 0)[s41n)- (3.12)

Thus, we have defined the main singular term Zy = col(0,Yp) of expansion (2.1).

Let us define the next terms of this expansion. Suppose that the terms V, ...,
Vi_1 and Zy, ..., Z_1 are already found. We shall find the terms Vj;, and Z; and
show that the estimates

107 Yo (-, 7)

IVillwr.oo0,75m5) <C(T)IUolls+21436+1,n
(3.13)
+ HF('?O)HS-FQZ—Hik—Q,n + ”F”WL,1(O’T;H2+3IH2)),

and
105 Z1 (-, )l sin < Ce™ T (1 +7")(|Uolls414k11,m + 1FC,0) lsqipnn)  (3.14)

hold, supposing that such estimates are true for previous terms. Note, that the
estimates (3.13), (3.14) for V and Z; follow from (3.5) and (3.12).

At first, solving the problem (2.8), we get Xi(-,7) = — [7° Fr1(:,0) df, where
the integral exists due to the estimate (3.14) for Z_;. From this formula using
(3.14) for Zy_1 and for Z;_5 we obtain

”@l-Xk("T)”s,m :”aﬂl-_l}—kl(‘ﬂ') s,m
<C(105 Zi-a () lsr1m + 105 Z—a ()l 41,m) (3.15)
<Ce ™7 (1 +7F"H(|Uy

|s+l+k,n + ||F(, 0)||s+l+k—1,n)

for { > 1. Similarly we get the estimate (3.15) in the case | = 0.
Because v(+,0) = —Xk(+,0), due to Proposition 3.3 we solve the problem (2.10)
and find V. Moreover, using (3.5), (3.13) for Vj_1, (3.15) for X and the estimate

Villwroeo,1m5) < CD) WXk Ol st2i01,m + Vi-1llwroe o, 0m3+2))s

we obtain the estimate (3.13) for V.
Instantly, we find

wi(,0) = F~{(Goz +il&[bos (€)™ (9 (&, 0) — (Gz + 1l€1b5 () Xk (€, 0))]
and establish the estimate
[we (-, 0)l[s,n—m <C(llgr (-, 0)lls,n—m + | Xk (-, 0)|ls41,m)
SOUIXk=-1(, 0)ls41,m + 1 Xk (-, 0] s41,m
+ lwk—1( 0)[[s41,n—m)
<C(IUolls+k+1,n + [1F(, 0| s45,n)-

(3.16)
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Also, using (3.14) for Z;_, and (3.15) for X} we have

107 Fr2 (T lsn—m <CUOL Xk, )5 1,m + 107 Zi—1(, 7)l|s41,n)
<Ce™®T(L+ 7" N (0o lls+ts k41, + 1FC0)lsst40m)-

(3.17)
From (3.10), (3.16) and (3.17) follows the estimate
-1
0L Y (s ) s merm SCe™ %7 (g (-, 0) | stnmrmn + D 105 Fk2 (3 0)l[sst—v—1,n-m
v=0
+/ eqoe”aﬂlj:kQ("e)”s,n—m d@)
0
<Ce™ (L4 7)Y (Vo sttt 1 + 1F (5 0)[si4k,m)-

(3.18)

The estimates (3.15) and (3.18) imply the estimate (3.14) for Zj.
Now we are ready to prove the main result.

Theorem 3.5. Suppose that B and G satisfy conditions (H1), (H2) and 0 <1 <
N+1. IfUy € FPARSWNAD g o WL, T; Hﬁ+2l+3(N+1)), then there exists
a unique strong solution U € WH°°(0,T; H2) of the problem (P.). For this solu-
tion expansion (2.1) is true, where Vi, and Z), are determined by problems (2.10)
and (2.8), (2.9) respectively and they satisfy the estimates (3.13), (3.14). For the
remainder term Ry = col(Rn1, Ry2) the estimate

HRN]‘H%/VZ’OO(O,T;H:”) + 61/2”RNQH%/‘/Z,OO(O’T;HTSL—W) S C(T)€N+1_l (319)
is true with C(T) depending on T', ||Uo||s+2143(N+1),n- ||F||WL+1’1(O’T;H:L+21+3(N+1))
and qo. In particular, if N =0, then

U = Vo — Zollooymsy < C(T)e ™.

Proof. The solvability of the problem (P.) can be obtained using the theory of Cy
semigroup of operators [11]. Indeed, operator —(B(0,)+G) is closed and dissipative
on H?. This operator generates the Cy semigroup of contractions on H;, which
solves the problem (P.). Moreover the conditions Uy € H*!, F € WH1(0,T; H?),
OVF(-,0) € HF!=v=1 v = 0,...,1 — 1, I > 1 imply the regularity of solution
U € WHe(0,T; H?). Tt remains to prove the estimate (3.19). We shall prove this
estimate using the method from [12]. Further all constants depending on the norms
indicated in the Theorem 3.5 will be denoted by C(T'). Let us denote by R; = 0! Ry,
Ri; = OLRpy, i = 1,2. From condition (H1) it follows that (BRi,Ri)s,n is a pure
imaginary value. Consequently,

%(ARI('vt)le('vt))S,n + Q(GRI('vt)le('vt))S,n = 2R6(81£,]:('7t)77?'l('7t))s,n

Then using (H2), it is not difficult to get the inequality

L AR 1), Ri 1) + 200(Riz (1), Ria ) < 2(OF (1), il 8)) .

dt
(3.20)
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The estimates (3.13) and (3.14) yield

[OLF (5 8), Ra(51)) s,
<eNTY(PL (B VN (1) + e Ly (8- ZNn (-, 7)), Ri(-, 1)) som]
+ eV (Lo (8L ZN (7)) + La(0L Zn -1 (-5 7)), Ao R, ) s m
<C(M)EV T ROIR ) lsm + (VT 4+ w(ON TR, 0)) ls.n);

(3.21)

where 0 < t < T,7 = t/e and k(t) = e~%%¢(1 + (t/e)V). Integrating (3.20) by ¢
and using (3.21) we get

t
IR (N NZ i + €llRe2 (- O)Z e + 2qO/ 1R, 013 40
0
t
<IRi (013 m + €l Ri2( ODZ o + C(T)(€N_l/0 RO Rar (- 0)ls,m dO

v f L R0 TR0

sndf), 0<t<T,

(3.22)
Note that
-1
Ri(0) =) (=ATN(B(8,) + G))' " tAT O F(-,0),  1>1,
v=0

and according to (2.5) Ro(-,0) = 0. Therefore, using (3.14), (3.15) and the equality
A 1Ay = Ay, we have

AT F (L 0)[sn <e™THIAT PO V) (- 0)llsin + V7 I(AT L1, Z0) (, 0) s,

+ eV Ag(Lo0% Zn + L1082 ZNn—1)(+ 0)||s,n
<C(T)EN +eVN ")y <C(MeN, 0<e<1,0<v <N,

from which it follows that

-1
IR 0)lsn <D ATH(B(8) + G AT O F(0) 5,0
v=0

-1 (3.23)
SC(T) Z E—(l—u—l) . EN—I/

v=0

<O(T)eN 11,

Further, if I < N 4+ 1 and ¢ is small, then for 0 < ¢ < T we have the estimates

t

| 5 ORACOmdo < [ )i+ [ @RI, a0

0 (3.24)

t
<C(T)e + / K(O)[Rus (-, 0)]2,,, db,
0
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and

t
Cr) [ 4 KO R )
0
t
<C(T)N 1 4 g / IRz, 0)2,_ 6 (3.25)
0

t
+C(T) / N+ k()N R, 0)]12,, 6.
0

Then due to estimates (3.23), (3.24) and (3.25) the inequality (3.22) receives the
form

1R (o )12 + €l Ri2 ()2 e + G0 / 1Ri(,0) 12 d
t
<C(T) (N + / V4 k()N R (- 0)]2,, d6), 0 <t <T.
0

Thanks to Gronwall’s lemma, from the last inequality we get the estimates
IRu (O3, < CTMeNH, 0<t<T, (3.26)

and
t
ellRia( )12 +(Jo/ IRz (- 0))12,_dd < C(T)eN"H1 0<t <T. (327)

From (3.27) and (3.23) follows the estimate

IRa2 (-, )13

—m —HRZQ( )Hs n—m T 2/ ”Rl? )”S,n—m”R(l—&-l)Q(" H)HS,n—m do

1/2
<C(T)2N- ’+1>+2(/ IRia (- 0)]12, mde) x

1/2

t
( / IRtsr2 (s O de) (3.28)

<C(T)eNWY2 0<t<T.

The estimates (3.26) and (3.28) imply the estimate (3.19). Therefore, Theorem 3.5
is proved.

4. Proof of Lemmas

Proof of Lemma 3.1. To prove this lemma we shall use the method of simul-
taneous reduction of two matrices to the diagonal form [13]. As G§; = Gosz and
Gos > 0, then there exists an orthogonal matrix T3 € M™(R), TyTy = I,,, such
that Ty Go3Ty = A2 = diag(A1,..., \n), where A\, > 0,k = 1,...,m, are the
eigenvalues of matrix Gos. Let C(&) = Ay Tybos(6)TiAy". As the matrix C(€)
is real symmetric, then there exists an orthogonal matrix 75(¢) € M(R™), such

that T5C(§)T> = A(§) = diag(p1(§),. .-, um(§)), where pq1(€),. .., um(§) are real
eigenvalues of matrix C(§). Thus we have

T*(€)GosT(&) = Im, T (§)bos(§)T(§) = A(E), (4.1)
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where T'(¢) = Ty Ay ' T2 (€). From (4.1) it follows

Gos + il€|boa(€) = T (&) (L + ilE[AE))T 2 (€).

It means that the matrix Gos + i|€|bo3(§) is invertible and

(Gos + il€]bo3 (£)) ™ = T() A () (I — ilEIA(E))T™(8), (4.2)

where A1(€) = diag((1 + [€]2u?)~ Y, ..., (1 + |€]212,)7 ). The orthogonality of the
matrix T5(¢) implies the boundedness of the function & — T'(¢) on R%. Then the
boundedness of matrix (Go3+1i|¢|boz(£)) ™! follows from (4.2). Lemma 3.1 is proved.

Proof of Lemma 3.2. Let us substitute (4.2) into (3.3). Then we obtain the
representation (3.4), where

Ko(&) =Go1 — GoaT*MT* Gy — €12 (GoaT AL AT* b + boo TALAT*Gy),
K1(€) =bo1 + GoaTA I AT* Gy — GooTALT*b5,

— boeTAT* Gy — |€[2boa TALAT™ b,
Ko (&) =boaTALT*b5,.

It is easy to see that K;(¢), j = 0,1,2 are bounded on R?, and K} = Ky, K} = Ko.
It remains to prove that Ko > 0. According to Ostrowski’s theorem [14, p.270],
denoting by A;(A), j = 1,...,m the eigenvalues of real symmetric matrix 4, A\; <
)\2 S S )\m, we have )\J(Kg(f)) = )\j(bOQTAlT*bSQ) = Gj)\j(Al) Z 0, where
0 < A(bo2TT*b5y) < 6; < Ap(bo2TT*bj,). It means that Ko > 0. Therefore,
Lemma 3.2 is proved.
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