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STABILITY OF TRAVELING WAVEFRONTS FOR A
THREE-COMPONENT LOTKA-VOLTERRA COMPETITION
SYSTEM ON A LATTICE
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Communicated by Zhaosheng Feng

ABSTRACT. This article concerns the stability of traveling wavefronts for a
three-component Lotka-Volterra competition system on a lattice. By means
of the weighted energy method and the comparison principle, it is proved
that the traveling wavefronts with large speed are exponentially asymptotically
stable, when the initial perturbation around the traveling wavefronts decays
exponentially as j + ¢t — —oo, where j € Z, t > 0 and ¢ > 0, but the initial
perturbation can be arbitrarily large on other locations.

1. INTRODUCTION

Consider the three-component Lotka-Volterra competition system on a lattice

ducjli‘t(t) - dlD[uj](t) + iy (t)[l — Uy (t) - 1712’1)]*(15)]7
dv(;-t(t) = dyD[v;|(t) + rov;(t)[1 — baru;(t) — vj(t) — bagw;(t)], (1.1)
dwét(t) = dsDw;](t) + r3w; (£)[1 — bsyv; () — w;(t)],

with the initial data
u;(0) = ujo, v;(0) =vj0, w;(0)=wjo,

where j € Z,t > 0, d,, > 0, 7, > 0, by, > 0, m,n € {1,2,3}, Dlz;] = zj41 +
zj_1 — 2z; for z = u,v,w. Here, u;, v; and w; are the population densities of
three different species (call them as species 1, 2, 3) at site j at time ¢, d,, is the
migration coefficient of species n, r,, is the net birth rate of species n and b, is the
competition coefficient of species m to species n. Also, we have taken the scales so
that the carrying capacity of each species is normalized to be 1. Throughout this
paper, we assume

(H1) big, by > 1, ba1 +bas < 1,
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which means that the species 1, 3 are weak competitors to the species 2. Therefore,
it is expected that the species 2 shall win the competition eventually. It is easy to
see that the system has constant equilibria (0,0, 0), (1,0,0), (0,1,0), (0,0,1)
and (1,0,1).

To understand the invading phenomenon between the residents w, w and the
invader v, the traveling wave solution connecting two equilibrium points (1,0, 1)
and (0,1,0) has been considered by many researchers [4, [I4, [T5]. We note that
a traveling wave solution of is a special translation invariant solution of the
form

uj(t) = 90(5)3 vj(t) = w(g)a wj(t) = 0(5)7 E=7j+ct,
where ¢ > 0 is the wave speed. If ¢, 1, § are monotone, then (p,1,0) is called
a traveling wavefront. Substituting (¢(j + ct),¥(j + ct),0(j + ct)) into (LI)), we
obtain the following wave profile system with the asymptotic boundary conditions
' (&) = diD[p](€) + r1p(&)[1 — (&) — br2¥(§)],
b/ (€) = DWI(E) + 72 (€)1~ barp(©) — (€) — basd(©),

cd'(§) = dsDI[B](€) + r3f(&)[1 — baarp(§) — O(E)], (1.2)
(ps9,0)(—00) = (1,0,1), (p,1,0)(+00) = (0,1,0),
0<¢p,,0<1,

where D[u)(€) = u(€ + 1) + u(€ — 1) — 2u(©).

Clearly, when 6(§) = 0, system reduces to the two-component Lotka-
Volterra competition system, we refer to [3, [I3]. For the three-component com-
petition system , by considering a truncated problem with the help of a super-
solution, Guo et al. [4] showed that there exists a positive constant ¢, such that
has a strictly monotone solution if and only if ¢ > ¢in. At the same time,
the linear determinacy for was given in [4]. Later, Wu [I5] established the
asymptotic behavior of solutions of at infinity, and constructed some entire
solutions of . More recently, Wu [14] proved the monotonicity and uniqueness
(up to translations) of solutions of with speed ¢ > ¢pin. A natural question
is whether the traveling wavefronts of (i.e., solutions of (L.2))) are stable for
each admissible speed. In this paper, we give an answer to this question.

The stability of traveling wave solutions for various evolution equations with or
without delay has been extensively studied, for example, see [2] 5] [7, [8] [, 10} 1T}, 12
13| 16l 18, 19, 2], 22 23]. The main methods are the (technical) weighted energy
method [5 23], the sub- and supersolutions method and squeezing technique [T1, [12],
and the combination of the comparison principle and the weighted energy method
[10,[13,[18]. To the best our knowledge, for evolution systems, little has been done to
establish the stability of traveling wave solutions. In 2011, Yang, Li and Wu [16], 7]
considered a diffusive epidemic system with delay and established the stability of
traveling wavefronts. Lv and Wang [0] and Yu et al. [20] respectively investigated
the stability of traveling wavefronts for two-component Lotka-Volterra cooperative
and competitive systems with nonlocal dispersals. Encouraged by papers [6] [10,
13|, 16, 20], in this paper, we take the weighted energy method together with the
comparison principle to study the stability of traveling wavefronts for the three-
component lattice competition system . We first give a comparison principle
and then prove that the traveling wavefronts of are stable, when the difference
between initial data and traveling wavefront decays exponentially as j + ¢t —
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—00, but the initial data can be arbitrarily large on other locations. We should
remark that although the main idea is same as that for two-component lattice
competition system, some complexities and difficulties arise in the three component
lattice competition system due to the coupling of the nonlinearities.

The rest of this paper is organized as follows. In section 2, we give the notations,
the existence of traveling wavefronts, some necessary assumptions and the main
theorem. Section 3 is devoted to the proof of the stability theorem.

2. PRELIMINARIES AND MAIN RESULT

In this section, we first recall some known results, then define a weight function
and state our main result.

To study the stability of traveling wavefront of , it is convenient to work on
(uj,vj, wj) Where uj =1—u;,w; =1—wj. For the sake of convenience, we drop
the star. Then is transformed into the system

ducjli.t() =dD [ ]( )+l - Uy (t))[_uj(t) + blzvj(t)],
D410 GDlus)(6) + ravs (O — bas — bas — v3(8) + b6 + oy (1), 2:)
dw#p - dgp[wj](t) + T3(1 — Wy (t))[_wj (t) + b32’l)j (t)]7
with the initial data
uj (0) =1 — ujo,
v;(0) = vjo, (2.2)
w;(0) =1 —wjo

Let u;(t) = ¢(§), v;(t) = ¥(§), w;(t) = 0(¢), £ = j + ct. Then the wave profile
system of is
c@'(€) = diDl](§) +r1(1 = () [= (&) + brato ()],
(&) = doD[](€) 4+ r2tp(&)[1 — ba1 — bag — (&) + barp(§) + ba3b(E)],  (2.3)
e’ (§) = dsD[0) (&) + r3(1 = 0(£))[—0(E) + bs2v ()],

with the boundary condition

(0,4, 0)(—00) = (0,0,0) and (¢, ¢,0)(+00) = (1,1,1). (2.4)
The existence of traveling wavefront of (2.1]) comes from Guo et al. [4].

Proposition 2.1 (Existence). Assume that (H1) holds. Then there exists ¢pin > 0

such that for any ¢ > cmin, (2.1) admits a traveling wavefront (p(&),1(£),0(£))
connecting (0,0,0) and (1,1,1), and satisfying ¢'(:) > 0, ¥'(-) > 0 and 0'(:) > 0
on R. For any ¢ < ¢pmin, there is no such traveling wave.

Before stating our main result, let us make the following notation. Throughout
the paper, 12, denotes a weighted [2-space with a weighted function 0 < w(£) €
C(R), that is

= {C = {Gi}iez, G €R: Zw(z +et)E < oo},
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and its norm is defined by

IClliz, = (Zw(iJrct)(f)l/z for ¢ € 12.

K3

In particular, when w = 1, we denote (2, by I2.
To obtain our stability result, we need the following assumption.

(H2) 0 < by +bog < 3, bio > 24 B2, byy > 24 13k,
Define three functions on A as follows:
Mi(N) = 2dy — 4ry + 2r1b1y — Tobyy — dy (e + 1),
Ma(N) = 2dz + 279 — 3ra(ba1 + bag) — da(e* + 1),
Ms(X\) = 2ds — 4rs + 2r3bsy — robos — ds(e + 1).
From assumption (H2), we obtain
M1(0) = —4ry + 2r1b1s — rabyy > 0,
M3 (0) = 2ry — 3ra(bay + baz) > 0,
M3(0) = —4rs + 2r3bsa — r2bag > 0.

Then by the continuity of M1(A), Ms(\) and M3(A) with respect to A, there exists
Ao > 0 such that

Mi(Ag) >0, Ma(Xo) >0, Ma(Ng) > 0. (2.5)
Furthermore, we define
Ni(€) = 2d1 — 47y + 2r1b1200(€) + 71b129(€) — r1bia — rabay — di(e™ + 1),
No (&) = 2dy — 21y + 4rah(§) — 3ra(bay + baz) — r1bia — 73b32 + 11b120(E)
+ r3b320(€) — da(e™ + 1),
N3(€) = 2d3 — 4rs + 2r3bsot)(€) 4 73b320(€) — r3bsz — rabag — dg(e™ + 1),

where (¢(€),1(£),0(€)) is a traveling wavefront given in Proposition
By (2.4), we have

lim Nl(ﬁ) = Ml()\()) > 0,

g—+oo
gligl Na(§) = Ma(Xo) > 0,
gliIll N3(§) = M3s(Xo) >0,

which imply that there exists a number &y > 0 large enough such that
Ni(&o) = 2dy — 4ry + 2r1b129(&) + r1biaw(€o) — ribiz — rabar — di(e +1) > 0,
No(&o) = 2da — 279 + 41290(&0) — 3ra(bar + bas) — 71b12 — 73b32 + r1b12¢0(60)
+ 73b320(&0) — da(e™ + 1) > 0,
N3 (&o) = 2ds — 4rs + 2r3bsat)(€0) + r3bsa6(o) — rabsy — rabas — ds(e™ + 1) > 0.
Define the weighted function

—Xo(§—&o
w(é-):{e)\ég)7 fgg()a

1, £ > £, (2.6)
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where \g is defined by (2.5)). Let

c1 = 4’/“1 + 7"1[)12 + 7“2b21 + d1(6>\0 + 6_>\0 + 1), (27)
Cco = 2r9 + 3T2(b21 + b23) + r1b1a + r3b3o + d2(6>\0 + €7>\0 + 1), (28)
c3 = 47"3 + T3b32 + T2b23 + dg(e)\o + eiAO + 1) (29)

Theorem 2.2 (Stability). Assume that (H2) holds. For any given traveling wave-
front (p(&(t, 7)), ¥v(&(t, 7)), 0(E(¢, 5))) with the wave speed ¢ > max{cmin, ¢}, where

i max{cl,02,03}
Ao
If the initial data satisfies
(0,0,0) < (u;(0),v;(0),w;(0)) < (1,1,1),  j€Z,

and the initial perturbations satisfy

u;(0) — p(4) €13,

v;(0) = 9(5) € 15,

w; (0) —6(5) € I3,

then the nonnegative solution of the Cauchy problem (2.1)) and (2.2]) uniquely exists
and satisfies

(0,0,0) < (uj(t), v;(t), w;(t)) < (1,1,1), j€Z, t>0,

and
ui(t) = ¢(j + et) € C((0,+00); 13,) ,
vj(t) = ¥(j + ct) € O ((0,+00); 13,) .
w;i(t) — 0(j + ct) € C ((0,400);12) ,
where w(§) is defined by ([2.6). Moreover, (u;(t),v;(t),w;(t)) converges to the trav-

eling wavefront (p(j + ct), (5 + ct),0(j + ct)) exponentially in time t, i.e.,
sup s (1) — ol + e)] < Cer,
JEZ
sup o) — (j + et)| < Ce
JEZ
sup |w;(t) — 0(j + ct)| < Ce™,
JEZ

for allt > 0, where C and p are some positive constants.

3. STABILITY OF TRAVELING WAVEFRONTS

We first state the boundedness and the comparison principle for the Cauchy
problem (2.1) and (2.2) and then prove the main theorem by using the weighted
energy method combined with the comparison principle.

Lemma 3.1 (Boundedness). Assume that (H1) holds and that the initial data
(u(0),v;(0),w;(0)) satisfy
(Oa 0, 0) < (Uj(()), Uj(o)v wj(o)) < (17 L 1)
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for j € Z. Then the solution (u;(t),v;(t), w;(t)) of the Cauchy problem (2.1) and
(2.2) exists and satisfies

(0,0,0) < (u; (), v;(t), w;(£)) < (1,1,1)
fort e (0,+0), j € Z.

Lemma 3.2 (Comparison prlnc1ple

)-

(uj (t),v; (t),w; (1)) and (uf (), 0] (t),

tial data (u; (0),v; (0),w; ( )) and (ul(0), ;‘( ),w}'(())), respectwely. If
(

(0,0,0) < (u7 (0), v (0), w; (0)) < (uF (0), 7 (0),w}(0)) < (1,1,1)
for j € Z, then
(0.0,0) < (u (1), 05 (B).wy (1)) < (uF (8), v (B), w0 (1)) < (1,1,1)
fort e (0,+), j € Z.
Let the initial data (u;(0),v;(0),w;(0)) be such that
(0,0,0) < (u;(0),v;(0), w;(0)) < (1,1,1)

Assume that (H1) holds. Let
w+( )) be the solution of (2.1)) with the ini-
(0

for j € Z, and let
uy (0) = min{u;(0), 0(j)}, Jj€Z,
uf (0) = max{u;(0), 0(5)}, Jj€Z,
vy (0) = min{v;(0),4(j)}, JjE€Z,
v (0) = max{v;(0),¥(5)}, Jj€Z,
wy (0) = min{w;(0),0(7)}, J€Z,
0(5)

Then we can easily get

Define u;r(t), u; (1), v;“(t), v; (t), w;r(t)7 ~(t) as the corresponding solutions of
0

w
J
(2.1) with the initial. data uj'(O)7 u_( ), v;'(O), v; (0), wi(0), w;

; (0) respectively.

J
we obtain

mia
0 <wuj(t) <ui(t) <u(t) <1, te(0,+00),jEZ,
Ogu;(t)§<p(j+ct)§uj+(t)§1, t € (0,+0), j € Z,
1, te(0,+), j€Z,

J

J
3.2
0<w;(t) <P(i+et) <vf(t)<1, te(0,4+0), jEZ, (3:2)
0 <wj(t) <w;(t) <w/(t) <1, te(0,+00),jEZ,
0<wj(t) <O +ct) <wf(t) <1, te(0,400),j€Z
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Let
Uj(t) = uf (t) — o(j + ct), UjO(O) ui (0) = ¢(j),
Vi(t) = v (t) =@ +ct),  Vjo(0) =vf(0) — ¢ (j),
Wi(t) = wf (t) = 0(j +ct), W;o(0) = w)(0) —0(j),
where ¢ € (0,+00), j € Z. Then by (2.1) and [2.3), (U; t) V;(t), W;(t)) satisfies
%-t(t) = dy[Uj1(t) + U1 () = 2U;(8)] + U (8)[2r10(£(¢, §)) — r1 — r1b12V; (1)

= r1biatp (£(8,5))] + riUZ () 4+ ribia(1 — 0(£(¢, ) V5 (1),

= da[Vj+1(t) + Vj_1(t) — 2V; ()] + V() [ra — r2ba1 — Tabas — 2ra9p(£(t, )
+12b21U; (1) + 12bazW;i(t) + r2ba1p(E(t,5)) + r2b23f(E(2,5))]
— 1oV (t) + [raborU; () + rabas Wi (8]0 (E(t, 7)),

av; (1)
dt

Do 016+ Ws2(0) = 205 0] + W (D[2rs0(E(6,)) s — rsboaV (1)
— 133200 (€(t, )] + 13 W3 () + rabs2(1 — 0(E(E, 1))V (2),

(3.3)
with the 1n1t1a1 data U;(0) = Ujo(0), V;(0) = V;0(0), W;(0) = W;0(0), j € Z. Tt
follows from ([3.1)) and ( - that

(0,0,0) < (U; (1), V; (1), W;(1)) < (1,1,1),
(0,0,0) < (Uj0(0), Vjo(0), Vjo(0)) < (1,1,1).
We define
B (t,5) = Ay (t4) = 2n, i=1,2,3, (3-4)
where

2 w((t, 5))

+ T1b12¢(§(t,j))) —2rUj(t) — ribia(1 — @(&(t, 7)) — rabartp(§(t, 5))
w((t, 7)) w((t,5)) /7’

cw (5(15 7))

2 w(é(t, 4))

— 1rabo1Uj(t) — raba1p(&(t, 7)) — rabazWii(t) — rabas(&(2, ))) +2r2V;(t)

—1robo1p(§(t, §)) — rabazh(§(t, 5)) — ribia(1 — @(&(t, 7))

_ w((ti—1) | w(hi+1)
— rgbsa(1 = O(E(t, ) — da (2 + © wEt.)) | wEltg) )

Al (t,5) = 2201 — — 2r1(&(t, 7)) + 1+ r1biaV; (1)

—d1(2+

A% (t,5) = 2(20{2 — 12 + 71221 + rabas + 2r29p(€(2, 5))

and

C wg(g(t’]))
2 w(€(t,5))
+ stgzw(f(taj))) — 2r3W;(t) — r3bsa(1 — 0(&(t, 7)) — rabastp(€(t, 7))

A3 (t ]) = 2(2d3 — 2T3<p(f(t,j)) + 73+ T3b32Vj(t)
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w(E(, = 1) | wle(t )y
wEt) | wEws) )

Clearly, £(t,7+1) =&(t,5) + 1 and &(t,5 — 1) = &(¢,5) — 1.
Now we establish some key inequalities.

—d3(2+

Lemma 3.3. Assume that (H2) holds. For any ¢ > max{cmin,C}, there exist some
positive constants C; such that

Ay (t5) = Ci, i=1,2,3,
forallt >0 and j € Z.

Proof. Since ¢ > max{cmin,C}, we obtain cAg > ¢1, cAg > ¢2, and cAg > ¢z, where
c1, ¢o and c3 can be seen in , and . That is,
cAg — 4r1 — r1bio — rabay — dl(e)‘o +e M4 1) >0,
cAo — 27y — 3ro(ba1 + bag) — 11bio — T3b3a — da(e + e 4+ 1) > 0,
cAo — 415 — r3bgy — Tobog — d3(eM + e 0 +1) > 0.
Firstly, we prove that Al (¢,4) > C; for some positive constant Cj.

Case 1: £(t,5) < & — 1. It is clear that £(¢,j) < &o, £(t,7 + 1) < & and
€t — 1) < &. Then w(E(1, ) = D60, we(t, ] — 1)) = e ECH1-60)
and w(&(t,j +1)) = e~ 2oEEBN+H1=8)  Thus, we have

m 19(&(t, 7)) + 2r1 + 2r1b12V;(t) + 2r1biap(E(1, 5))
—2rU;(t) = ribia(1 = @(&(t,4))) — r2ba v (E(2, 7))
w(E(t,j —1)  wEt.s+ 1)))
w(&(t, 7)) w(§(t, 7))
>2d1 4+ chg — 471 — 711y — Tobyy — di (e 4+ e7M0)
=c\g — 411 — T1b1g — robyy — dy (e + e 1) + 3d;
>3d; > 0.

AL (t,j) =4d; —

—d1<2+

Case 2: §y—1 < &(t,5) < &. In this case, {(t,j—1) < & and &(t,5+1) > &. Then
w(&(t, 7)) = e 0CED=80) p(E(t, j — 1)) = e EEDTI700) and w(€(t, j + 1)) = 1.
Hence, we obtain

W Ar1p(E(t, 1)) + 2r1 + 2101V () + 2r1biath (&(2, 7))

(
= 2rU;(t) — r1bi2(1 = p(§(t, 7)) — r2ba1(§(t, 7))
wl€(t~1) | wlti 1)
w(¢(t, 7)) w(¢(t, 7))

>2d1 + C)\O — 47'1 — T1b12 — 7'2b21 — dl (6)‘0 + 6)‘0(5(1‘/73')*50))
>cAg — 4ry —r1b12 — roba1 — dy (6/\0 + 1+ 6_)‘0) +die M + 2d,
>die 0 + 2d; > 0.

Ai;(taj) =4d; — ¢

—d1(2+
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Case 3: & < £(t,7) < & + 1. In this case, £(t,7 — 1) < & and £(t,7 + 1) > &.
Then w(&(t,j — 1)) = e M0EEN=1=80) and w(&(t, j)) = w(é (t j+1)) = 1. Thus,
one has

TE(t
m Ar19(&(t, 4)) + 2r + 2r1bi2 Vi (t) + 2ribia(E(t, 7))

(
—2rU;(t) — ribia(1 — p(&(t, 7)) — rabarp(§(t, 7))
t, 7+ 1)))

AL (t,5) =Ady — c

:J)
Wt~ 1) il
w(é(t, 7)) w(€(t, 7))
>2dy — 411 + 2r1b129(&0) + ribizw(§o) — r1biz — r2boy
_ dl(e*AO(ﬁ(t,j)*lfio) +1)

>2dy — 4ry + 2r1b12t0(&o) + r1b12p(&o) — r1bia — Tabay — di(e + 1)
=N1(&) > 0.

f¢@+

Case 4: £(t,j) > £o+1. In this case, £(t,5) > &o, £(¢,5+1) > & and £(t,7—1) > &.
Then w(&(t,5)) = w(&(t,7 — 1)) = w(&(t,5+ 1)) = 1. Hence, we obtain

AL (t,j) =4dy — CM 19(&(t, 9)) + 2ry + 2r1012V;(t) 4 2r1b129p(€(2, 7))

w(E(.) (
=2 U;(t) —ribi2(1 — @(§(¢, 7)) — r2barp(§(2, 5))
t

w(é(t,j—1)) +w(§( J+1)))
w((t, 7)) w((t, 7))

> — 41y 4 2r1b129(§o) + r1bi2w(§o) — r1biz — r2boy

=N1(fo) + d1(6>\° + 1) — 2d;

>dy(e* —1) > 0.

—@@+

Therefore, we can obtain AL (¢,5) > C; > 0 by choosing a suitable C; small enough.
Secondly, we show A2 (t,j) > Cy for some positive constant Cs.
It i
7))

Case 1: £(t,j) < & — 1. is clear that £(t,7) < &o, &(t,7 + 1) < & and
£(t,j—1) < &. Hence, w(&(t, — e—Mo(&(t5)—Eo) s w(é(t,j—1)) = e~ 2o (&(t,5)—1—Eo)
and w((t,j +1)) = e_)‘O(f(”) —%). Then one has

we(&(t, 7))
w(¢(t, 7))
— 2r9b21 Uj(t) — 2rabar1p(&(t, 7)) — 2rabasW;(t) — 2r2b230(E(2, 7))

— 12b219(€(t, 7)) — rabastp(§(¢, 5)) — mibi2(1 — (&(L, 4)))

bl = 006090 — a2+ SU T+ ey )
>2d2 + C)\O - 27’2 - 37’2(b21 + b23) - 7’1b12 - 7’3b32 — d2(€AO + G_AD)
=cAo — 21y — 3ra(bo1 + bas) — 71b1y — 3b3s — da(e 4+ €70 + 1) + 3dy
>3ds > 0.

A2 (t,§) =4dy — ¢ — 219 + 2raboy + 272ba3 + 4rap(§(2, 4)) + 212 V(1)

Case 2: §y—1 < &(t,5) < &. In this case, {(t,j—1) < & and &(t,5+1) > &. Then
w(é(t, 7)) = e 0CED=80) p(E(t, j — 1)) = e P EEDTI80) and w(€(t, 5 + 1)) = 1.



10 T. SU, G.-B. ZHANG EJDE-2018/57

Hence, we obtain

H2(05) =0 S R 3 ars + 2ratas +Arab(€(0,3) + 2027500
— 21921 U (1) — 2raba1p(§(%, 5)) — 2r2bas Wi (t) — 2rabasb(£(2, )
—12b219(§(t, 7)) — r2bash(§(t, 7)) — ribia(1 — w(&(2, 5))

. wl€(tg = 1) | wlelti+ 1)
~ rabsll =060 — a2+ S+ S gy )

>2ds + cAg — 2ro — 3ra(bay + bag) — r1b1a — r3bss
_ dg(e>‘° + eho(f(tyj)—ﬁo))

>cA\o — 29 — 379 (ba1 + baz) — r1bia — T3bgy — da(eM 4+ 14 e70)
+ dge™ 0 + 2d,
>d2€_)\0 + 2dy > 0.

Case 3: & < £(t,7) < & + 1. In this case, £(t,7 — 1) < & and £(t,7 + 1) > &.
Then w(&(t,j — 1)) = e M0EEN=1=8) and w(&(t, j)) = w(é(t,j + 1)) = 1. Thus,
we obtain

m 9y + 2rabay + 2rabas + Ara(E(4,§)) + 2V (£)

— 2r9b1 U (t) — 2rabarp(&(t, 7)) — 2rabasWj(t) — 2rabasf(£(2, 7))
— 1rabo1p(§(t, 7)) — rabazth(§(t, 5)) — ribia(1 — p(&(t, 7))

. wlelts ~ 1), wlE(t+ 1)
el =009 — (24 S )

>2dy — 21y + 4rap (&) — 3ra(bar + bas) — r1bia — 7332 + r1b120(60)
+ 13b320(&0) — do(e™ M0 EB)TI7E0) 4 )

>2dy — 21y + 4rap (o) — 3ra(ba1 + bas) — 11b12 — 73032 + T1b1200(&0)
+ 73b320(&0) — da(e™ + 1)

=N>(§o) > 0.

AL (t, ) =4dz — ¢

Case 4: £(t,j) > £o+1. In this case, £(t,5) > &o, £(t,5+1) > §o and £(t, 7 —1) > &.
Then w(&(t, 7)) = w(&(t,j — 1)) = w(&(¢, 7+ 1)) = 1. Hence, we have

we(§(t 7))

A?u(taj) =4dy — ¢ w(Et))) — 219 + 2r3bo1 + 2rabog + Aratp(E(t, 5)) + 212V ()
— 272021 U;j(t) — 2r2ba1p(§(t, 7)) — 2r2basW;i(t) — 272b236(€(2, 5))
= r2bo1(§(t, 5)) — r2b2s0 (§(L, 7)) — ribra(1 — (£(¢, )

. wlE(tg 1)) | w(Els+ 1)
(006090 a2+ ZU T+ S )

> — 21y + 4rop(§o) — 3ra(bar + baz) — ribia — r3bsa + ribiaw(&o)
+ r3b326(&o)
=No (&) + da(e* + 1) — 2dy
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>dy(e — 1) > 0.

Therefore, we obtain A2 (t,5) > Cy > 0 by choosing a suitable Cy small enough.

Thirdly, we prove A3 (t,j) > C3 for some positive constant Cs.
Case 1: £(t,75) < & — 1. It is clear that £(¢,j) < &o, £(t,5 + 1) < & and
§(t,5—1) < &. Hence, w({(t, j)) = e D=0 w(g(t,j — 1)) = e Mo(Et)1780)
and w(é(t,j + 1)) = e *0EEN+1=%)  Then one has
Je(€(t9)) , :
w( ( )) — 4T30(£(t,])) + 2’1"3 + 27"3[)32‘/}(15) + 27‘3b32’l/}(f(t,]))
= 2r3W;(t) — r3bs2(1 — 0(&(¢, 7)) — r2bas(§(L, )

w(§(t,j—1))  wEtj+1))

—ds|2+ - + ,

L v I VN

>2d3 4+ cAg — 4r3 — r3b3y — robag — dg(eAO + 67/\0)

A3 (t, ) =4ds —

:C)\() — 47"3 — T3b32 — ’)"21)23 — dg(e)\o + 67)\0 + ].) + 3d3
>3ds > 0.
Case 2: & — 1 <{(t,j) < &o. In this case, {(¢,j — 1) < & and £(t,5 + 1) > &.

Then w(£(t, 7)) = e CEN=0) w(E(t,j — 1)) = e 0EEDN170) and w(g(t, ) +
1)) = 1. Hence, we obtain

12}5((6((75 -7)))) 4T30(§(t7j)) + 2rg + 2r3b32Vj(t) + 2T3b32¢(f(tvj))

—2rsWj(t) — 7‘3532(1 —0(&(t, 7)) — rabaztp(§(2, 7))
B2 e wEn) )

>2d3 + cho — 4rs — r3bgy — rabas — ds (e 4 M0 (E () ~E0))
>cAo — 4rs — rabsg — robog — d3(€>\0 +1+ 6_>\0) + d36_>\0 + 2ds
>d?,€_)\O + 2d3 > 0.

A3 (t,7) =4ds —

Case 3: &y < £(t,7) < & + 1. In this case, £(t,7 — 1) < & and £(t,7 + 1) > &.
Then w(&(t,j — 1)) = e 0EEN=1=80) and w(&(t,§)) = w(é(t,j + 1)) = 1. Thus,
we have

m —4r30(&(t, 7)) + 2r3 + 2r3bs2V;() + 2r3baatp(£(t, 7))
= 2r3W;(t) — r3bs2(1 — 0(&(¢, 7)) — rabasb(§(t, 7))
B w(é(t,j—1)  wlj+1))
B2 TGy ) )
>2dz — 4rs + 2r3b329(&0) + 730320(&0) — 13032 — r2b23
_ dg(e—ko(f(t»j)—l—ﬁo) 4 1)

>2dy — 4rs + 2r3b329(€0) + r3b320(£0) — r3baz — rabas — dz(e™ + 1)
ZNg(fQ) > 0.

A3 (t,5) =4d3 — ¢
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Case 4: £(t,j) > &o+1. In this case, £(t,7) > &o, £(¢,5+1) > & and £(t, 7 —1) > &.
Then w(é(t,5)) = w(&(t,7 — 1)) = w(&(t,j + 1)) = 1. Hence, we have

W —4r30(&(t, 7)) + 213 4 2r3b3a Vj(t) + 2r3baatp(£(2, 5))
—2r3W;(t) — r3baa(1 — 0(&(t, 7)) — rabastp(§(t, 7))
el D) widl + 1)

w(¢(t, 7)) w(é(t, )
> — 4drs 4 2r3b3atp(§o) + 73b320(E0) — 13b32 — 12b23
ZNg(fo) + d3(€>\0 + 1) — 2ds

>ds(e* —1) > 0.

Ai(t,]) :4d3 —C

—@@+

Therefore, we show A3 (t,j) > C3 > 0 by choosing a suitable C5 small enough. The
proof is complete. U

Lemma 3.4. Assume that (H2) holds. For any ¢ > max{cmin,C}, there exist some
positive constants C; such that

B;,w(tvj)zciv i=1,2,3,

3 mini:,T{Ci}
forallt >0, j€Z and 0 < p < =122,

The proof of the above lemma can be easily obtained by Lemma|[3.3] so we omit
here. Next, we will give the energy estimates.

Lemma 3.5. Assume that (H2) hold. For any ¢ > max{cmin,¢}, it holds
10,0, + 1Vl + W, (0) 2
t
+ / 2 (U ()i, + IV ()i, + W50, )ds (3.5)
< Ce™2 (U0 (0) I, + V0O, + Wi (O)I1% )
for some positive constant C.

Proof. Multiplying the equations in (3.3) by e***w(&(t, §))U;(t), e2*w(&(t, 7)) V;(t)
and e*tw(&(t, j))W;(t) respectively, where > 0 is defined in Lemma E we
obtain

~—

(G (e NUD), — die (€t MU O 1(8) + Uy 1 (1)
UAGE))
2 w(E(t. )
+ b (€t 5)) ) e w(E(t, 5)) U7 (¢)

= r1e@w(E(t, J)UE) + ribia(1 — (E(t,5)e (€t 5)U; (Vi (1),

+ (21 - — = 2mp(€(1 1)) + 1+ ribia Vi (#)
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(G wleNVA®D), = dae (€t MV (Vi (t) + Vi (6)
culE(t)
(2~ 5w
— 12basW; (t) = raba1p(&(t, 5)) — rabazb(&(2, J))) Q#tw(f(taj))vg;(t)
= —roe® w(E(t, 1))V (1) + rabarp (€(1, ) w(E(t, §))U; (1) Vi (t)
+ rabag(€(t, ) e w(E(, )W (D)V5(8),

— 79 + raba1 + robog + 210 (E(t, §)) — r2ba1 Uj(2)

(3.7)
(5™ wE(t WD) — dse (€t )NW5 () Wy (1) + Wy a(1)
ng(g(tvj)) .
(2d3 ) 2r30(£(t, 7)) + 73 + r3bsa Vi (t) 38)

+ rabazt(&(t ) ) e w(E(E WD)
= e w(E(t, 1)) W (1) + rabsz(1 — O(E(t, 1)) e w(E(t, )W, (V5 (1)
By the Cauchy-Schwarz inequality 2ab < a? + b2, we obtain
21 (1)U (1) < U241 (1) + U2 (1),
2V (OVi(t) < Vi () + V2(),
2Wja ()W;(t) < Wi (8) + W (1),
By summing over all j € Z for (3.6), and (3.8)), then integrating over [0,1],

one has

oy, + [ 3 [2(2h - 5o - 2mple(s.5)

+ 71+ 11b12V; () + ribiatp (£(s, ))) W
’LU(S(S,] — ]‘)) ns ‘
- T =) g, |t ) s 39

< |Uj0(0 ||l2 —1—27“1/ Ze%s (s,9)Uj(s )UQ( )ds

+/o S ribia(1 = ol (s, D wlE(s, )W) + Vi(s)ds

t / ;
2 : 2 ng(é-(s?]))
e "t||V](t)quzﬂ +/O Ej [Q(ng T W) p =12 + T2b21 + rabas

+2r29(&(8, 7)) — r2b21Uj(s) — r2b2sWj(s) — r2ba1p(§(s, 7)) — T2b239(€(8,j)))

o d2w(£(57] +1)) o d2w(§(5a] —-1)) — 2, 62#511)(5(8,]'))‘/}2(8)618

W) P ulEl )
< Vo)l ~2rs [ D ulels. MV s
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t
+ / S raborth(€(s, )2 w(€ (s, ) (U2 (s) + VA (s))ds
J

+/O Zrgbzszb(f(syj)))ez“sw(i(s,j))(Wf(S) +V7(s))ds, (3.10)

w1+ [ 3 [2(2 - 5T - re.9)

+7r3 + 7‘3b32‘/}(8)) + T3b32¢(£(s7j)) - dgu)(qu'gz,(i_;—);-))

w(&(s,j—1)) 2us ; 2
— dgm - 2d3}€ w(5(87]>)W] (s)ds (311>

< [Wjo(0)ll5, + 27‘3/0 Zez“sw(é(s,j))Wj(S)Wf(S)dS

t
+ / S rabaa(1— 0(E(s, 1)) w(€(s, ) (W2 (s) + V7 (s))ds.

0 ,
J

Adding the inequalities (3.9)), (3.10)), (3.11), we have

t

et (Il + IVl + W5 ()13 ) + / > (Blu(s. DU ()
J

B2 (5, ))VAS) + B (5, )WE(s) )w(E(s,9))ds
< U50(0) 2 + [Vio(O)IZ, + [Wio(0)]%
where B, ,,(t,j) , B> ,(t,j) and B? ,(t,j) are defined in (-4). By Lemma we
obtain , ie.,
1T, + Vil + W51,

t
+ [ (Wl + VI @I ) @12)

< Ce 24 (|[U50(0)1F, + Vo (I, + Wio(0) )

for some positive constant C. The proof is complete. (]

Proof of Theorem[2.3 Since w(&) > 1 defined by (2.6), we obtain || - [;2 <[ - [|;2.
Furthermore, by the Sobolev’s embedding inequality [? < [°°, one has

sup U; 0] < ClU; ) lee < ClIU; ()22,
J

2
lw ’

S2§|W(t)| < OVl < CJIV5(2)
J

sup (W; @) < ClIW;(0)li2 < ClIW;(0)]iz,-
J

Then by (3.12)), we obtain

sup [uf () — o(j + ct)| = sup [U;(t)| < Ce™,
JEL JEZL



EJDE-2018/57 THREE-COMPONENT LATTICE COMPETITION SYSTEM 15

sup |V;(t)] < Ce M,

sup [vf () — 9 (j + ct)|

JEL JEL
sup [w (t) — 0(j + ct)| = sup [ W()| < Ce ",
JEZ JEZ

where ¢ > 0. Similarly, we can obtain

sup [u; (t) — @(j + ct)| = sup [U;(t)] < Ce ",

JEL JEZ
sup |v; () — ¥(j + ct)] = sup [V;(t)] < Ce™,
JEZ JEZ
sup [wy (t) — 0(j + ct)| = sup [W;(t)| < Ce .
JEZ JEZ

Then the squeezing technique yields

sup |u;(t) — (j +ct)] < Ce ™™, >0,

JEZ
sup [vj(t) — (j + ct)] < Ce ™™, >0,
JEZ

sup [w;(t) — 0(j +ct)| < Ce ™™, t>0.
JEZ

This completes the proof. ([
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