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GROWTH OF MEROMORPHIC SOLUTIONS TO
HOMOGENEOUS AND NON-HOMOGENEOUS LINEAR
(DIFFERENTIAL-)DIFFERENCE EQUATIONS WITH
MEROMORPHIC COEFFICIENTS

YAN-PING ZHOU, XIU-MIN ZHENG

ABSTRACT. In this article, we study the growth of meromorphic solutions
of homogeneous and non-homogeneous linear difference equations and linear
differential-difference equations. When there exists only one coefficient having
the maximal iterated order or having the maximal iterated type among those
having the maximal iterated order, and the above coefficient satisfies certain
conditions on its poles, we obtain estimates on the lower bound of the iterated
order of the meromorphic solutions. The case p = 1 is also discussed and
corresponding results are obtained by strengthening some conditions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Throughout this article, we use the standard notation and basic results of Nevan-
linna’s value distribution theory (see e.g. [7,[9, [17]). In addition, we use o(f), 7(f),
A(1/f) to denote respectively the order, the type, and the exponent of convergence
of the poles of a meromorphic function f(z) in the complex plane. For p € Ny, we
introduce the definitions of the iterated order, the iterated type and the iterated
exponent of convergence of the poles of f(z) as follows:

g, T(r ) i sup 2= )
op(f) = limsup 1177“’ (f) = 11msup%v
1 1 N 9
ML) = timsup 28 V)

f 00 logr
(see e.g. B 113]). In particular, 03(f) = o(f), 1(f) = 7(f), M(1/f) = A(1/):
Recently, the properties of meromorphic solutions of complex difference equa-
tions have become a subject of great interest from the viewpoint of Nevanlinna
theory and its difference analogues. By this important tool, many scholars investi-
gated the homogeneous linear difference equation

Ap(2)f(z +ep) -+ A(2) f(z + 1) + Ao(2) f(2) = 0 (1.1)
and its special case
Ar(2)f(z4+k)+ -+ A1(2)f(z+ 1)+ Ao(2) f(2) =0, (1.2)
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where k € Ny, ¢;(i = 1,...,k) are distinct non-zero complex constants, and ob-
tained many results on the growth and value distribution of meromorphic solutions

of (1.1) or (1.2) (see e.g. [2, 3, 4L [T0) 1T} 12} T3] 14, [18]).
When the coefficients of (1.1)) or (1.2)) are entire functions of finite order, Chiang-
Feng [4] and Laine-Yang [I0] obtained the following two theorems, respectively.

Theorem 1.1 ([]). Let A;(z) (j =0,1,...,k) be entire functions such that there
exists an integer [(0 <1 < k) such that

o(A;) > max‘#{a(Aj)}.

0<j<k,j
If f(z) (£ 0) is a meromorphic solution to (1.2)), then we have o(f) > o(A;) + 1.

Theorem 1.2 ([10]). Let Aj(z) (j =0,1,...,k) be entire functions of finite order
such that among those having the mazimal order ¢ = maxo<j<k{o(4;)}, exactly
one has its type strictly greater than the others. Then for any meromorphic solution

f(2) (#0) of (L), we have o(f) > o+ 1.

When there exists more than one coefficient having the infinite order among
entire functions of (1.2, Liu-Mao [I3] obtained the following theorem.

Theorem 1.3 ([13]). Let A;j(2)(j =0,1,...,k) be entire functions. If there exists
an integer | (0 <1 < k) such that

max{oa(A;):j=0,1,....k, j#1} <o02(4;) (0<02(4)) < 00),
max{m(A4;) : 02(4;) = 02(4;),7=0,1,....k,j # 1} <(A) (0<m(4)<o0),

then every meromorphic solution f(z)(# 0) of (1.2)) satisfies o(f) = oo and o3(f) >
g9 (Al)

Liu-Mao[I3] considered the hyper-order of meromorphic solutions of the non-
homogeneous linear difference equation

Ap(2)f(z+ k) + -+ Ar(2) f(z + 1) + Ao(2) f(2) = F(2), (1.3)
where k € N, and obtained the following theorem.

Theorem 1.4 ([13]). Let A;j(2)(j =0,1,...,k) satisfy the hypothesis of Theorem
and F(z) (#0) be an entire function.
(i) If 02(F) < 02(A;), or o2(F) = 02(4;) and 7o(F) < 7o(A;), then every
meromorphic solution f(z)(# 0) of satisfies o(f) = oo and o2(f) > o2(Air).
(i1) If o2(F) > 02(A;), then every meromorphic solution f(z)(# 0) of
satisfies o(f) = oo and oo(f) > o2(F).

Note that in Theorems the coefficients of ([1.1)-(L.3) are entire functions.

Naturally, a question arises: When the coefficients are meromorphic functions, the
above conclusions hold yet? The main aim of our article is to answer the question
for both the case of the homogeneous equation and the case of the non-
homogeneous equation

Ar(2)f(z+ k) +-+ A(2) f(z + e1) + Ao(2) f(2) = F(2), (1.4)

where k € Ny, ¢;(i = 1,..., k) are distinct non-zero complex constants, and obtain
the following results.
Firstly, we obtain the following Theorem [1.5| when p > 2.
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Theorem 1.5. Letp € Ny \ {1}, 4,(2)(j =0,1,...,k) and F(z) be meromorphic
functions. If there exists an integer [(0 <1 < k) such that A;(z) satisfies

1
AP(K) < op(4;) < oo,
l
ma{oy, (A7) £ = 0,1, b, j £ 1} < oy(A),
max{1,(4;) 1 0p(A4;) = 0,(A1), 7 =0,1,...,k,j #1} <7(41) < 0.

(1) If op(F) < op(Ar), or op(F) = op(A;) and 7,(F) # 1,(A;), then every

meromorphic solution f(z) (£ 0) of (L4) satisfies o,(f) > ap(Al)
(it) If op(F) > 0,(A)), then every meromorphic solution f(z) of (L4) satisfies

op(f) = op(F).
For p = 1, Latreuch-Belaidi [11] considered the case of the homogeneous equation
(1.2), and obtained the following theorem.

Theorem 1.6 ([II]). Let A;(2)(j = 0,1,...,k) be meromorphic functions such
that M4 -) <o(A) =0(0 <o <oo) and 7(A;) = 7(0 <7 < 00). Suppose that

max{c(A4;):j=0,1,....k,j#1} <o and Z T(4;) <.
U(Aj):Unj#l
If f(2) (#0) is a meromorphic solution of (L.2)), then o(f) > o(A;) + 1.

Further, we consider the case of the non-homogeneous equation (|1.4)), and obtain
the following theorem.

Theorem 1.7. Let A;(z) (j =0,1,...,k) and F(z) be meromorphic functions. If
there exists an integer [(0 < 1 < k) such that A;(z) satisfies
1
Mg
max{o(A4;):j=0,1,... .k, j#1} <o(4),
T(4;) < 7(4) < 0.
o(Aj)=0(A1), j#l

(i) If o(F) < o(Ay), or o(F) = o(Ar) and 32,4y —g(a,), 521 T(A;) + 7(F) <
T(A4;), or o(F) = (Al) and ZG(A —o(A Z)T(A ) < 7(F), then every meromorphic
)

) +

) < o(A;) < oo,

solution f(z) (# 0) of (L.4) satzsﬁes o(f) > o(A;). Further, if F(z) = 0, then
a(f)>o(A)+1.

(ii) If o(F) > o(A), then every meromorphic solution f(z) of (L4) satisfies
o(f) = o(F).
Remark 1.8. From the proof of Theorem we can see that the condition
)\p(A%) < 0p(4;) in Theorem E can be replaced by 6( ,A;) > 0; but from the
proof of Theorem we can see that the condition A(+- -) < o(A;) in Theorem
may not be replaced by é(co, 4;) > 0.

Next, on the base of complex linear difference equations —, we proceed
in this way by combining the reasoning methods from both complex differential

equations and complex difference equations, that is, we study the more general
complex linear differential-difference equations

ZZA 2)fD(z4¢) =0, (1.5)

=0 j=0
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ZZAW ()P (2 +e) = F(2), (1.6)

1=0 5=0
where n,m € N4,¢;(i =0,1,...,n) are distinct complex constants.
Wu-Zheng [16] investigated the growth of meromorphic solutions of the homo-
geneous linear differential-difference equation (1.5)) and obtained the following the-
orem.

Theorem 1.9 ([I6]). Let A;j(z) (i =0,1,...,n,j =0,1,...,m) be meromorphic

functions such that there exists an integer 1(0 <1 < k) satisfying
max{o(A;;),(i,7) # (1,0)} < o(Ap) <o and (oo, Ayy) > 0.

If f(2) (#0) is a meromorphic solution of (L.5), then we have o(f) > o(Ap) + 1.

Similar to Theorem we consider the non-homogeneous linear differential-
difference equations (|1.6) and obtain the following theorem.

Theorem 1.10. Let A;;(z) (i=0,1,...,n,j =0,1,...m) and F(z) be meromor-
phic functions. If there exists an integer (0 < 1 < n) such that
max{o(Ai;), (i,7) # (1,0)} < o(Aw) < oo and (oo, Ajp) > 0.

(i) If o(F) < o(Ap), then every meromorphic solution f(z) (£ 0) of (L1.6)
satisfies o(f) > o(Ai). Further, if F(2) =0, then o(f) > O'(Al()) +1.

(ii) If o(F) > o(Ayp), then every meromorphic solution f(z) of (L6) satisfies
o(f) = o(F).

For the homogeneous or non-homogeneous linear differential-difference equation
(1.6), we obtain the following theorem under some different conditions from Theo-

rem [LT0
Theorem 1.11. Let A;j(z) (i=0,1,..., _j 0,1,...,m) and F(z) be meromor-
phic functions. If there exists an integer (0<iI< ) such that Ajo(z) satisfies

M) < o(Aw) < o0

10

max{o(Ai;), (1,5) # (1,0)} < o(An),
> 7(Aiz) < 7(Ay) < oo

o(Aij)=0c(Ai), (4,5)#(1,0)

(i) If o(F) < o(Aw), or o(F) = o(Ap) and ZG(AU):U(AZO)’(i’j)#l’o) T(Aij) +
T(F) < 7(Ajp), or o(F) = o(Ap) and Za(Aij):o—(Am) 7(Ai;) < 7(F), then every
meromorphic solution f(z) (£ 0) of (L.6) satisfies o(f) > o(Ay). Further, if
F(z) =0, then o(f) > o(Ap) + 1.

(ii) If o(F) > o(Ayp), then every meromorphic solution f(z) of (L6) satisfies
a(f) = o(F).

Further, we generalize Theorems and into the iterated case, and obtain
the following theorem.

Theorem 1.12. Letp € N3 \ {1}, A;;(2)(i=0,1,...,n,j=0,1,...,m) and F(z)
be meromorphic functions. If there exists an integer [(0 <1 < n) such that A;p(z)
satisfies

1

A (Azo

) < Jp(Alo) 0,
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max{oy(Aij) : (i,7) 7# (1,0)} < op(Aio),
max{Tp(Aij) : Up(Aij) = Up(AlO)a (Z,]) 7é (1,0)} < Tp(AlO) < 00.

(1) If 0,(F) < op(Aio), or op(F) = 0,(Aw) and 1,(F) # 1,(Aiw), then every
meromorphic solution f(z) (£0) of satisfies o, (f) > op(Ai).

(i1) If 0, (F) > op(A), then every meromorphic solution f(z) of satisfies
op(f) = 0y (F).

Remark 1.13. From the proofs of Theorems and we can see respectively
that the condition 6(oco, Ajg) > 0 in Theorem can be replaced by A\(4-) <
o(Ajp), and that the condition \,(5—) < 0,(Aj0) in Theorem can be replaced

10

by (o0, Ajg) > 0; but from the proof of Theorem [1.11} we can see that the condition
A(%m) < 0(Ajp) may not be replaced by §(oco, Ajg) > 0.

2. PRELIMINARY LEMMAS

Lemma 2.1 ([6]). Let f(z) be a non-constant meromorphic function, ¢ € C,§ < 1,
and € > 0, then
f(z+¢) T(r+ e, f)1 ¢
— )=o)

f(z) r
for all r outside of a possible exceptional set E with finite logarithmic measure
fE ar < .

m(r,

Remark 2.2 ([5]). Let f(z) be a meromorphic function, ¢ be a non-zero complex
constant, then we have that for r — oo,

(L+o(W)T(r —lcl, f) <T(r, f(z+¢)) < (L +0(1)T(r + |c, f)
It follows that for p € Ny, o,(f(z +¢)) = 0, (f), up(f(z 4+ ¢)) = pp(f)-
Lemma [2.1] and Remark result in the following lemma.

Lemma 2.3 ([6]). Let f(z) be a non-constant meromorphic function, c,h € C,c #
h,6 <1,e >0, then

f(z+¢) T(r 4 |c—h| +|n], ) **

m(r7 f(Z+h)):O( 7,5 )
for all r outside of a possible exceptional set E with finite logarithmic measure
dr
— <
E r

Lemma 2.4 ([I]). Let f(z) be a meromorphic function with 0 < o,(f) < oo and
0 < 7p(f) < o0, then for any given § < T,(f), there exists a subset E of [1,+00)
that has infinite logarithmic measure such that log,  T(r, f) > Broe) holds for
allr € E.

Lemma 2.5 ([]). Let c1,ca be two complex numbers such that c1 # co and let f(z)
be a finite order meromorphic function. Let o be the order of f(z), then for each
e > 0, we have

m(r f(Z+Cl) o 7,0'71+€
DL~ o),
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3. PROOFS OF MAIN RESULTS

Proof of Theorem[1.5. (i) We divide (1.4) by f(z + ¢;) to get
k

flet¢) F(2)

—A(z)= > Ai(2) - : (3.1)
o e ) T TG a)
It follows from (3.1), Lemma and Remarkthat for any given € > 0, we have
T(r,A;) = m(r,A;) + N(r, 4;)
k

< Z m(r, Aj) + Z m(r,‘;EZW)

z C
=0, j#l =0, j#1 +a)

+m(r, F) + m(r, )+ N(r, A1) +0(1) (3-2)

1
flz+a)
k

< 3" T(r,A)) +o(T(r +3c), f)'F)
j=0,j#l
+T(r, F) + (14 o)T(r + |ar], £) + N(r, 4) + O(1),

where ¢ = maxi<;<i{|¢;|}, 7 & E1,mEy < oco,r — o0.
It follows from Lemma [2:4] that for the above e, there exists a subset F2 with
infinite logarithmic measure such that for all » € F5 and r — oo, we have

T(r, Ar) > exp,_1{(7p(A1) — E)TUP(AZ)}. (3.3)
Denote

o1 = max {0,(4) : (A)) < a(A)}, 71 = max{r(4)) : 0,(4)) = oy (A))}.

0<j<k
If 0,(A4;) < 0p(A;), then for the above ¢ and sufficiently large r, we have

T(r,Aj) < expp_l{r"lJrE}. (3.4)

If 0,(A;) = 0,(A;),j # 1, then for the above e and sufficiently large r, we have
T(r,Aj) <exp,_1{(11 + 5)7"‘71’(‘41)}, j#L (3.5)
By the definition of A,(1/A;), we have that for the above ¢ and sufficiently large r,
N(r,A) < expp_l{r’\”(%l)—'_a}. (3.6)

If 0,(F) < 0,(A;), then for the above ¢ and sufficiently large r, we have

T(r,F) < exppfl{r”P(F)J“g}. (3.7)

Now, we choose sufficiently small € satisfying 0 < 2¢ < min{o,(4;)—o1, (A1) — 1,
op(4)) — )\p(A%), op(A4;) —op(F)}, and deduce from (3.2)-(3.7)) that for r € E5\ E4

and r — 0o, we have

expy,_ 1 { (1 (A1) — e)r» A1)}
< O(exp,_{r”***}) + O(exp, {(m1 + e)rov(A0Y) 4 37(2r, f)? (3.8)

+ expp_l{r”P(FHe} + expp_l{r)‘p(%z)%}.

It follows by (3.8) that o,(f) > o, (A1).
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If 0,(F) = 0p(A;) and 7,(F) < 7,(A;), then for the above ¢ and sufficiently large
r, we have

T(r,F) < exp,_1{(mp(F) + g)rov(Ay, (3.9)
Now, we choose sufficiently small € satisfying

0 < 22 < min{oy (A1) — o1, 7(Ar) — 71, 0 (A1) — Ap(Ail), o (A) = ()},

and deduce from (3.2)-(3.6) and (3.9) that for r € E5 \ E; and r — oo, we have
expy_ {(mp(A1) — )77 40}
< O(exp, _{r"*™}) + O(exp,_,{(r1 +e)r7r(4)}) (3.10)
+3T(2r, )2 + exp,_y {(7(F) +)r 40} + exp,,_, {307

It follows by that o, (f) > op(4)).

If 0,(F) = 0,(4;) and 7,(F) > 7,(4;), then by Lemma for the above ¢,
there exists a subset F3 with infinite logarithmic measure such that for all » € F3
and r — oo, we have

T(r,F) > exp,_{(7,(F) — e)r°»40}. (3.11)
By the definition of 7,(A;), we have that for the above ¢ and sufficiently large r,
T(r, Ar) < exp,_1{(7p(Ar) + )rov(A}, (3.12)

From (I.4) and Remark [2.2]it follows that for sufficiently large r,

k
T(r,F)< > T(rA;)+T(rA)+ (k+2)T(2r, f). (3.13)
J=0,j#l

Now, we choose sufficiently small € satisfying 0 < 2¢ < min{o,(A4;) — o1, 7p(4;) —

71, Tp(F) — 7p(A1)}, and from (3.4), (3.5) and (3.1I)-(3.13) deduce that for r €

FEs3\ E; and 7 — 0o, we have
exp,-1{(7(F) — )74}
< O(exp,_ 1 {r**¢}) + O(exp,_1{(r1 +&)r»}) (3.14)
+exp,_1 {(Tp(Ar) + €)r7» U0} 4 (k + 2)T(2r, f).

It follows by (3.14) that o,(f) > o,(A).
(ii) If o, (F) > 0,(Ar), then we may suppose that o,(f) < 0,(F) on the contrary.

By and Remark we obtain
op(Ae(2)f(z 4+ i) + -+ A1(2) f(z + 1) + Ao(2) f(2)) < 0p(F),

a contradiction. Hence, we have o,(f) > 0,(F). The proof is complete. O

Proof of Theorem[I.7. (i) If f(z) has infinite order, then the result holds yet. Now,
we suppose that f(z) has finite order. From (3.1)), Lemma and Remark it
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follows that for any given € > 0 and sufficiently large r, we have
T(r, Al)
=m(r,4;) + N(r, 4))
k k
< 3 ommAn+ Y
"

J=0,3#l J=0,5#l

z+¢j)

f(
m(r, flz+ cl))

+ m(ra F) + m(r, ) + N(?”, Al) + 0(1)

1
fz+a)

k
< ) T(r Ay + 0@ D) (3.15)
3=0, j#l

+T(r,F)4+ (1+o)T(r+ |al, f)+ N(r, 4;) + O(1)

k
< Y T, A) + 00D L T(r, F) + O(r7DFe) 4 N(r, A))

< Y T(rAj)+ 0@ D) 4 T(r, F) + N(r, Ay).
J=0,j#l

From Lemma it follows that for the above e, there exists a subset E; with

infinite logarithmic measure such that for all » € E4 and r — oo, we have
T(r, Ar) > (T(A;) — g)roAD, (3.16)

Denote
oo = max {0(4;) :0(4;) <o(4)}, m= T(A;).
0<j<k
o(Aj)=0(A1), j#l

If 0(A;) < 0(A;), then for the above ¢ and sufficiently large 7, we have

T(r,Aj) <ro2te. (3.17)
If 0(A;) = 0(A;),j # 1, then for the above ¢ and sufficiently large r, we have
T(r, Aj) < (r(Aj) +e)r7 A, j#1. (3.18)

By the definition of )\(A%), we have that for the above ¢ and sufficiently large r,

N(r, Ay) < A, (3.19)
If 0(F) < 0(4;), then for the above € and sufficiently large r, we have
T(r, F) < ro)te, (3.20)

Now, we may choose sufficiently small € satisfying 0 < (k + 2)e < min{o(A4;) —

)\(A%), o(A;) —o9,0(A;)—a(F),7(A;) — 12}, and deduce from (3.15)-(3.20]) that for

r € By and r — oo, we have
(T(A) =7 — (k+1)e)r7A) < O(ro2Fe) 4o (F)te e EDE O(roh+e) (3.21)

It follows by (3.21) that o(f) > o(A;).
If o(F) = 0(4;) and 7 + 7(F) < 7(A;), then for the above € and sufficiently
large r, we have

T(r,F) < (1(F) 4 &)roA0), (3.22)
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Now, we may choose sufficiently small ¢ satisfying 0 < (k + 3 Je < min{o(A4;) —

)\(A%) o(A) — 02, 7(4;) — 7(F) — 72}, and deduce from (3.15)-(3.19) and (3.22)
that for » € F4 and r — oo, we have
(r(A) = 7(F) — 75 — (k + 2)e)r@A0) < O(ro2+e) 4 MNADHe L o(ro(D+e). (3.23)

It follows by that o(f) > o(A4;).

If o(F) = 0(A;) and 75 + 7(A;) < 7(F), then by Lemma for the above e,
there exists a subset E5 with infinite logarithmic measure such that for all r € Ej
and r — oo, we have

T(r,F) > (1(F) — )ro“A0, (3.24)
By the definition of 7(A;), we have that for the above ¢ and sufficiently large r,
T(r, Ay) < (1(A4;) + &)roA0, (3.25)

Now, we may choose sufficiently small ¢ satisfying 0 < (k + 3)e < min{o(4;) —

o2, 7(F)—7(A;) — 72}, and deduce from (3.13)), (3.17)-(3.18)) and (3.24)-(3.25]) that

for r € E5 and r — oo, we have
(T(F) — 7(4) — 72 — (k + 2)e)r" ) < O(r72+e) + O(ro)Fe), (3.26)

It follows by that o(f) > o(A)).

Further, if F'(z) = 0, then by using a similar reasoning method as the one in
Theorem [1.6] we have o(f) > o(4;) + 1.

(i) If o(F) > o(A;), then we may suppose that o(f) < o(F) on the contrary.
By and Remark we obtain

o(Ap(2)f(z+ck) + -+ A1(2) f(z + 1) + Ao(2) f(2)) < o(F),

a contradiction. Hence, we have o(f) > o(F'). The proof is complete. O

Proof of Theorem[I.10 (i) If f(z) has infinite order, then the result holds. Now,
we suppose that f(z) has finite order. We divide (I.6) by f(z + ¢;) to obtain

9+ ) fe+c)
—Auwlz . ;#JZOA” flz+c) flz+a)

+Z f(“ (zt+a) F(2)

(3.27)

fz+a) flz+a)

By (3.27) and Remark [2.2) n for sufficiently large r, we have
m(r, Ai)

n m

Zm(r, Aij) + Y mlr, Ay) + ) Y mr, W)

n
<
i=0, il j=0 j=1 i=0 j=1

~ o dEre) o FE) o
+i_§# (’f(z—i—q))Jr (’fz—&-cz))Jr M) (3.28)

m

n m m

(
L f9(z+¢)
< D0 DT AG+Y T Ay) +) Y min o= 7)
i=0, il j=0 i=1 =0 j=1 flz+e)
feta)y  p. o(ANT(r + lc
+i_§#m(n ooy T TOF) + (L oI+ fal, £) +O().

n
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By Lemma [2.5] it follows that for any given ¢ > 0, we have

feta),  ppoth-14ey :
m(r,f(z+0l))—0(r ey, i=0,1,...,n, i #£L (3.29)

The logarithmic derivative lemma and Remark result in that for sufficiently
large r, we have

f(j)(z +¢)

T, fGta) )=0(logr), i=0,1,...,n,j=1,2,...,m. (3.30)

Set 6 = §(o00, Ajp) > 0, then for sufficiently large r, we have
)
m(r, Ap) > iT(T, Ap). (3.31)

Substituting (3.29)-(3.31)) into (3.28]) yields that for sufficiently large r, we have

(5 n m m
T, A) < S N T(r Aiy)+ ) T(r, Aiy) + T(r, F)
i=0, il j=0 j=1 (3.32)
+ O(logr) + O(reH=1%e) L 21 (2r, f).
Then (3.32) results in
o(Ap) < max {o(f),o(f) —1+¢e,0(Ay),0(F)} (3.33)

(4,5)#(1,0)

If o(F) < o(Aj), then by and the fact o(4;;) < o(Aw), (i,7) # (1,0), we
have o(f) > o(Ap).

Further, if F(z) = 0, then by Theorem [1.9 we have o(f)

(ii) If o(F) > o(Ay), then we may suppose that o(f) <
By and Remark we obtain

>o(Ap)+ 1.
o(F) on the contrary.

(Zn:iAw f(J ercl)) < o(F),

1=0 j=0

a contradiction. Hence, we have o(f) > o(F'). The proof is complete. O

Proof of Theorem[I.11} (i) If f(z) has infinite order, then the result holds. Now,
we suppose that f(z) has finite order. If o(F) < 0(A), or o(F) = o(A;p) and

Z T(Aij)-l-T(F) < T(Alo),

o(Aij)=0(Aw0), (4,5)#(1,0)
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then by (3.27) and Remark we have that for sufficiently large 7,

T(T, AlO)
=m(r, Aj) + N(r, Ap)

n m m f(J 2+ ¢

022#2 m(r, Aj;) —|—z;mrAlj +Z%Z; : Z+C)))
flz+¢) . F(z) .

+Z ;ﬂ z—l—cz)) i f(z +cz))+N( o) + O) (3.34)

m

< T(r, Aij) +ZT7"AZJ

>

=0, i#l j=0
" 9 z—i—cz) i fz+¢)

+;;m f(z+ ) )+i_§¢lm(r, f(z+cl))

+T(r, F) + (1 +o(1))T(r + |, f) + N(r, Aio) + O(1).

Also (3.29) and (3.30) hold. Then by using a similar reasoning as in (3.16))-(3.23)
in the proof of Theorem we have o(f) > o(Ap).

If o(F) = 0(A)) and

> T(Ay) <T(F),

a(Aij)=0c(Aw)
then by (L.6), Remark and T(r, f™) < (n+ )T (r, f) + S(r, f),n € Ny, we
have that for sufficiently large r,
n m ]
T(r,F)< Y T(rAy) + T Aw)+ > Y T f9(z+c))
(i.5)#(1,0) =07=0 (3.35)
< > T(r,Ai) +T(r, Aw) + O(T(2r, f)) + S(r, f).

(4,5)#(1,0)
Then by using a similar reasoning method as (3.24)-(3.26)) in Theorem 1.7} we have
a(f) > o(Aw).

Further, if F(z) =0, then by (1.5)), (3.29) and (3.30) it follows that

T(r,Ayp) < Z ZTTAU +ZT’I"AZJ

=0, z;élj 0 (336)
—I—O(r 1+s) —I—O(logr) + N(r, Ajp).

From ([3.36) it follows that o(f) > o(4;0) + 1.
(ii) If o(F) > o(Ajp), then we may suppose that o(f) < o(F) on the contrary.

By (1.6) and Remark we obtain

n m

cD 3" Ai(2) fD (2 + ) < (),

i=0 j=0

a contradiction. Hence, we have o(f) > o(F'). The proof is complete. ]
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Proof of Theorem[I.13 (i) If 0,(F) < 0,(Aj), or op(F) = 0,(Aj) and 7,(F) <
Tp(Aj0), then by (1.6) it follows that (3.34) holds. By the logarithmic derivative
lemma and Lemma we may rewrite ((3.34) as

T(r, Ap) < Z ZTTA” +ZTTAU )+ 5(r, f)
=0, il j=0 (3.37)

+ 3T(2T7 f) + T(T’, F) + N(T7 Al()) + O( )
Then by using a similar reasoning method as (3.3))-(3.10)) in Theorem we have
ap(f) = op(A)-
If 0,(F) = 0p(Ai) and 7,(F) > 7,(As0), then (3.35) holds. Then by using a

similar reasoning method as (3.11))-(3.14)) in Theorem 1.5, we have o,,(f) > op(Aio).
(ii) If o, (F') > 0p(Alo), then we may suppose that o,(f) < o,(F) on the contrary.

By (1.6) and Remark [2.2) m we obtain
ZZAU (2D (= + @) < op(F),
=0 j=0

a contradiction. Hence, we have o,(f) > 0,(F). The proof is complete. O

4. EXAMPLES

The following examples show that the equalities in Theorems [I.7] [[.10] and [T.17]
can be achieved, that is, these results are sharp.

Example 4.1. For Theorem we consider the meromorphic functions
f(z) = 3" tanz and g(z) = e*’ tan 2.

Case 1. o(F) < 0(4;) and F(z) #Z 0. Then f(z) satisfies the difference equation

A(2)f(z+2m) + A1 (2) f(z + ) + Ao(2) f (2) = F(2), (4.1)
where
As(z) = e™3% cot z, Ai(z) = e —brz—3r?
AO(Z) —_ _ezz’ F(Z) — 6127TZ+127T2-
Clearly, A;(z), j =0,1,2 and F(z) satisfy
) =1<2 = a(4y),
Az
o(F)=1<2=max{c(Ap),0(A1)} = 0(Az),
1 1 2 3
T(Ao)—‘rT(Al):;—i-;:; <;—T(A2),

where [ = k = 2. Then f(z) satisfies o(f) = o(A43) = 2.
Case 2. o(F) = o(4;) and ZU(Aj):U(Al),j;élT(Aj) + 7(F) < 7(4;). Then f(z)
satisfies (4.1]), where

2 2 2 2
AQ(Z) — 67(72 +127z+127 )COt z, Al(z) — ¢ —67z—37 ,

2

Ao(z) = =€, F(z2)= e,
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Clearly, A;(z), j =0,1,2 and F(z) satisfy
1
A(zz) =1<2= O'(AQ),
o(F)=2=max{c(4p),0(A1)} = 0(As),
11 4 6 7
T(A0)+T(A1)+T(F):*+*+*:* <*:7’(Ag)7
T m T T T
where | = k = 2. Then f(z) satisfies o(f) = 0(42) = 2.
Case 3. o(F) = o0(A;). Then f(z) satisfies (4.1]), where
AQ(Z) _ 622—127rz—127r2 cot z, Al(z) — e—(z2-|-67rz-|-37r2)7
Ap(z) = —e 7, F(z) = et
Clearly, A;(z), j =0,1,2 and F(z) satisfy
1
)\(/TQ) =1<2=0(42),
o(F)=2=max{c(4y),0(A41)} = 0(Az),
1 1 1 3 4
A A A)=—+—-—F+-—==-<—-—=7(F
r(do) + (A +r(A) = T4 T4 1 =2 < Lo p(p),
where [ = k = 2. Then f(z) satisfies o(f) = 0(A43) = 2.
Case 4. F(z) =0. Then g(z) satisfies the difference equation
3
A2(2)g(z + 5m) + Au(2)g(2 + 1) + Ao(2)9(2) = 0, (4.2)

where
Ag(2) = 67(%7r22+%71'22+%7f3) tan2 2,
Ay(2) = 9~ (B +3mz4n®) Ag(z) = —1.
Clearly, A;(z), j =0,1,2 satisty
L
Ay
max{o(4p),0(41)} =2=0(A3), 7(41)=3<

)\( ):1<2:O'(A2),

Nej

9= 7(A2),
where | = k = 2. Then g(z) satisfies o(g) = 3 = o(A2) + 1.
Case 5. o(F) > o(A;). Then g(z) satisfies (£.1]), where
As(z) = e~ (6m="+12m%2487%) (o z, Ai(z) = 67(3WZ2+37T2Z+TF3),
Ao(z) = -1, F(z)=c¢".
Clearly, A;(z), j =0,1,2 and F(z) satisfy

o(F)=3>2=max{c(Ap),0(A1)} = o(As),

where | = k = 2. Then g(z) satisfies 0(g) = o(F) = 3. Moreover, A,(z), j =0,1,

satisfy

)‘(ALQ) =1<2=0(43), 7(A41)=3<6=1(A2),

these two conditions are not necessary for Case 5.

2
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Example 4.2. For Theorem [[.10} we consider the meromorphic functions
flz) = 3 tanz and g(z) = ¢*’ tan 2.

Case 1. o(F) < 0(Ajp) and F(z) £ 0. Then f(z) satisfies the differential-difference
equation
Ao1(2)f' (2 +2m) + Azo(2) f (2 + 27) + A11(2) f' (2 + 7)

F A+ ) + A )+ An(f ) = F),
where
Aoy (2) = 267(127Tz+12772)7 Aso(z) = 797r67(127rz+127r2),
A11(z) = —e_(6”2+3”2), Aro(z) = e=3% cot z,
Ao1(z) = =1, Apo(z) =-97, F(z)= a3’
Clearly, A;;(2),i=0,1,2, 7 =0,1 and F(z) satisfy
d(o0, A1p) =1 >0,
o(F) =1=max{o(A;;), (4, 7) # (1,0)} < 2 = o(A1),
where n =2, m =1 = 1. Then f(z) satisfies o(f) = o(A410) = 2.
Case 2.F(z) =0. Then g(z) satisfies the differential-difference equation
A21(2)g' (2 +27) + Ago(2)g(2 + 2m) + A11(2)g' (2 + 7) (4.4)

+ A1o(2)g(2 + 7) + Ao1(2)g' (2) + Aoo(2)g(2) = 0,
where
Az1(z) = Aso(2) = A11(z) = Aoo(2) =0,
Aqo(z) = e~ G377 (3.2 4o 2 4+ sec?2),  Api(z) = —tan z.
Clearly, A4;;(z), i =0,1,2, j =0,1 and F(2) satisfy
§(o00, A1p) =1 >0,
max{c(A;;), (i,7) # (1,0)} =1 < 2 = o(A1o),
where n = m =1 = 1. Then g(z) satisfies 0(g) = 3 = o(A10) + 1.
Case 3. o(F) > o(Ajp). Then g(z) satisfies (4.3), where

Agi(2) = —tanz, Ag(2) = 3(z + 2m)* tan z + sec? z,
A11(2) =0, Ajo(z) = (327 + cot zsec? z)e_(?’”2+3”22+”3),
Ap1(2) =1, Ago(z) = 322 + cot zsec? z,
F(z) = 3(32% tan z + sec? 2)623.
Clearly, A4;;(2),1=0,1,2, j =0,1 and F(z) satisfy
6(00, A1g) =1 >0,
o(F)=3>2=0(A) >1=max{o(A;), (i,)) # (1,0)},
where n =2, m =1 =1. Then g(z) satisfies 0(g) = o(F) = 3.

We may use a similar method for constructing an example for Theorem [1.11} we
omit it here. Example [£.T] also illustrates Theorem [I.11] since Theorem [I.7] can be
seen as a special case of Theorem [I.11
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