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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO 3D
KELVIN-VOIGT-BRINKMAN-FORCHHEIMER EQUATIONS
WITH UNBOUNDED DELAYS

LE THI THUY

ABSTRACT. In this article we consider a 3D Kelvin Voigt Brinkman Forch-
heimer equations involving unbounded delays in a bounded domain Q C R3.
First, we show the existence and uniqueness of weak solutions by using the
Galerkin approximations method and the energy method. Second, we prove
the existence and uniqueness of stationary solutions by employing the Brouwer
fixed point theorem. Finally, we study the stability of stationary solutions via
the direct classical approach and the construction of a Lyapunov function. We
also give a sufficient condition for the polynomial stability of the stationary
solution for a special case of unbounded variable delay.

1. INTRODUCTION

Let Q be a bounded domain in R? with a smooth boundary 9. We consider

the 3D Kelvin-Voigt-Brinkman-Forchheimer equations with delays in 2,

Ot (u — a®Vu) — vAu+ (u-V)u+ Vp + f(u) = g(t,us) + h(t)

in (0,7) x Q,
divu=0 in (0,7) x Q, (1.1)
u(z,t) =0 in (0,T) x 09,
u(@,z) = ¢(f,x), in (—o0,0] xQ,

where v > 0 is the kinematic viscosity, a > 0 is a scale parameter with dimension of
length, u = u(x,t) = (u1,uz2,us) is the velocity field of the fluid, p is the pressure,
h is a nondelayed external force field, g is another external force term and contains
hereditary characteristic u;, where w; is the function defined on (—o0, 0] by w;(8) =

u(t+0), 0 € (—o0,0], ¢ is the initial datum on the interval.
The nonlinearity f € C1(R? R3) satisfies the following conditions:

flw-v> (=K + slulf"YHv|?, Yu,veR3,
I (w)] < Cp(1+ |uPY), VuecR3,

where K, k,Cy, are some positive constants, 8 > 1 (in the case of 5 > 3 to show
the uniqueness of solutions) and u - v stands for standard inner product in R3. A

(1.2)
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typical example for f is
f(u) = au+blu|’~tu, B € [1;400), (1.3)
where a € R and b > 0 are the Darcy and Forchheimer coefficients respectively.

The case @« = 0 and G = 0 has been studied by Zelik and Kalantarov [15].
The case of the so-called subcritical growth rate of the nonlinearity f (for 5 < 3 in
(1.3)) has been considered in the literature. The aim in [I5] is to remove this growth
restriction and verify the global existence, uniqueness and dissipativity of smooth
solutions of the Brinkman-Forchheimer equations for a large class of nonlinearity f
with an arbitrary growth exponent 3 > 3.

Note that the case f =0 and G = 0 corresponds to the classical Navier-Stokes-
Voigt problem. The existence, long-time behavior and regularity of solutions to
the 3D Navier-Stokes-Voigt equations without delays in bounded domains and un-
bounded domains satisfying the Poincare’s inequality have been studied by many
mathematicians [2, 3, [6, 9, 10, 13| 14, 22], 24} 25]. There are many results involving
PDEs in fluid mechanics with delays [1], [7, [8, 18, 19} 20] and many results about
asymptotic behavior to PDEs [21] 23]. However, all the results with finite delay
(constant delays, bounded variable delay or bounded distributed delay) has been
studied in the phase spaces C([—h,0); X) and L?(—h,0; X) with a suitable Banach
space X, or infinite distributed delay in C,(X), where

Cy(X) ={p € C((—0,0]; X) : elim e"?p(h) exists in X} (v>0)
——00
is the Banach space endowed with the norm

lelly = sup e[lo()]x.
€ (—00,0]

In this paper, following [16] we continue studying the system (1.1)) with unbounded

variable delays in the space

BCL_(X) = {¢ € C((—0,0]; X) : , lim ©(0) exists in X}
——00
which is a Banach space equipped with the norm

lelBer_ )y = sup  [lo(0)]x.
e (—oo0,

The main novelty of this article is that we are interested in the problem with
unbounded delays. The stability of stationary solutions to the 3D Kelvin-Voigt-
Brinkman-Forchheimer equations with unbounded delays, has apparently not been
studied previously.

We will discuss the existence and uniqueness of the weak solution and stationary
solution. Moreover, stability will be established for the stationary solution. The
existence and the uniqueness of solution is proved by using the classic Galerkin
approximation and the energy method. The existence of stationary solution is
established by employing a corollary of the Brouwer fixed point theorem. The sta-
bility of stationary solution is shown by using the direct classical method, Lyapunov
functions and giving a sufficient condition for a special case of unbounded variable
delays.

The rest of this paper is organized as follows. In section 2, we will set up some
spaces and lemmas which will be used in the later sections. Section 3 will be
devoted to the existence and uniqueness of solutions of the model. In section 4, we
will study the existence, uniqueness and stability of stationary solutions.
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2. PRELIMINARIES
We consider the space
V= {uec (C5))?: divu = 0}.

Let H be the closure of V in (L?(Q2))® with the norm | - |, and inner product (-,-)
defined by

(u,v) = Z/Quj(x)vj(a:)dx for u,v € (L*(2))>.

We also denote V' the closure of V in (H}(Q))? with norm || - ||, and the associated
scalar product ((+,-)) defined by

3
(')uj 8’Uj 1 3
= E — f Hy(Q))°.
(('U,7U)) /Q axj axldx or u,v € ( O( ))

ij=1

We use || - ||« for the norm in V’ and (-,-)v,y for the dual pairing between V and
V’. We recall the Stokes operator A : V. — V' by (Au,v) = ((u,v)). Denote by
P the Helmholtz-Leray orthogonal projection in (H2(€2))? onto the space V. Then
Au = —PAu, for all u € D(A) = (H?*(Q))3> N V. The Stokes operator A is a
positive self-adjoint operator with compact inverse. Hence there exists a complete
orthonormal set of eigenfunctions {w;}32, C H such that Aw; = A\jw; and

0< A <A< A< <A =400 ast— oo.
We have the following Poincaré inequalities
[ull® > Mlul® VueV,
[ul> > \i|lul|? VYue€ H.
From , we have
[ul* > do(Jul® + o®[|ul]*) Vu eV,
where dy = A1 /(1 + a?)\1). Furthermore, for a > 0, the operator I + oA has a
compact inverse (I + a?A)~!: D(A)’ — H with the estimate
(I +a?A) || <a ?||ull, YueV'
We define the trilinear form b on V' x V x V by

3
v
b(u,v,w) = ”2;1 /Q uia—;}cjiwjdx, Yu,v,w €V,

and B : VxV — V' by (B(u,v),w) = b(u,v,w). We can write B(u,v) = P[(u-V)v].
It is easy to check that if w, v, w € V, then b(u, v, w) = —b(u, w,v), and in particular,

b(u,v,v) =0, Yu,veV. (2.2)
Using Holder’s inequality and Ladyzhenskaya’s inequality, we can choose the best
positive constant cg such that

1b(u, v, )| < collullljoflfw]2[w]2, Vu,v,w e V. (2.3)

From (2.3) and using Poincaré’s inequality (2.1)), we obtain

b, 0, w)] < cory Y uallloflfwll, Va,v,w € V- (2.4)

[[]
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We will assume that f € L2(0,T;V"). For the function g : [0, T|x BOL_.(H) —
(L?(9))3,we have the following assumptions:
(A1) For any ¢ € BCL_..(H), the mapping [0,7] > t + g(t,€) € (L?(Q))? is
measurable.
(A2) g(-0) = 0.
(A3) There exists a constant L, > 0 such that, for any ¢ € [0,T] and all {7 €
BOL_oo(H),

l9(t,§) — g(t,n)| < Lyll€ —nllBer_..(m)-

Some examples of g satisfying (A1)-(A3) can be seen in [16].
We can rewrite the 3D Kelvin-Voigt-Brinkman-Forchheimer equations (1.1} in
the functional form

Or(u + a®Au) + vAu + B(u,u) + Pf(u) = Pg(t,us) + Ph(t),
n (0,7) x Q, (2.5)
u(@) = ¢(8), 0 € (—0,0].

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

We first give the definition of a weak solution.

Definition 3.1. Given an initial datum ¢ € BCL_(H) with ¢(0) € V, a weak
solution u to (1.1 in the interval (—oo, T, T' > 0, is a function u € C((—o0, T]; H)N
L2(0,T; V)N LPFY(0, T; LPF(Q)) with u(6) = ¢(6), § < 0 and % € L*(0,T; V') +
LBD/B(0, T; LB+D/B(Q)) such that, for all v € V, and a.e. t € (0,T),
d
2 (@), v) + e ((u(®), v))) +v((u(t), v)) + blu(t), ut), v) + (£ (u), v)
= (h(t),v) + (9(t,ut), v).
Now we show the existence of weak solutions.

Theorem 3.2. Consider h € L*(0,T;V'), g :[0,T] x BCL_(H) — H satisfying
(A1)-(A3) and ¢ € BCL_o(H) with $(0) € V are given. Then there exists a
unique weak solution to (|1.1)).

Proof. Existence. We split the proof of the existence into several steps.

Step 1: A Galerkin scheme. Let {v;}?2; be the basis consisting of eigenfunc-

tions of the Stokes operator A, which is orthonormal in H and orthogonal in V.

Denote V,,, = span{vy, ..., v} and consider the projector P,u = Z;nzl(u, vj)V;.

Define also .
u (1) =Y Y (H)vs,
j=1
where the coefficients v, ; are required to satisfy

Lm0, )+ 02" (1 02))) + (" (), 07))
b (£), (), v7) + (F(u™), ;) (3.1)
= (h(1), v;) + (g(u"), v;),

for j =1,...,m, and the initial condition u™(0) = P,,,$(0) for 6 € (—c0,0].

This system of ordinary functional differential equations with infinite delay in
the unknowns (Vi 1(t),...,Ym.m(t)) fulfills the conditions for the existence and
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uniqueness of local solutions (see [I1], [I2]). Hence, we conclude that the approx-
imate solutions u™ to exists uniquely and locally on [0,¢*) with 0 < ¢* < T.
Next, we will obtain a priori estimates and ensure that the solutions u™ exist in
whole interval [0, T].

Step 2: A priori estimates. Multiplying (3.1]) by v, ;(¢),j = 1,...,m, summing
up and using (2.2)), we obtain

35 (mOF + Q21 OF) + v @ + [ e

= (h(t),u™ (1)) + (g(ui"), u™(t)).

Using the inequality f(u)-u > —K + s|u/?*!, the Cauchy inequality and noting
that [u™(t)| < ||uf*||Bor_ . (#), We obtain

1d u™ 2 2 2 1
335 (0 OF + a2l OF) + vl () + 5 [ s

< KJQ| + [[R@) [ llu™ O + Lollu" | oL oo (mry [u™ ()]

wipyz o IO L
< KI9|+ Sl @2 + Fo 0 + Lyl e,

and hence

d m m m m
(WP + a?[[u™ (0)]) + vl (t)ll2+2f€/ﬂlu |7+ d

< axl B L pp o
<2K[Q| + = +2Lg[w By

Integrating from 0 to ¢, we obtam
t t
@O + 0w @) + [ e s +2n [ um P dads
0

< 2Kt + [u™ (0)[2 + o2||u™ (0)[|2 + /Hh JI[2ds (3.2)

t
2Ly [ er s
In particular, for any ¢ > 0,

sup |u™(t +0)[* + ®[lu™ (8)]|?
—t<6<0

<K+ 1613 0n ) + 0[SO + / 1h(s)]2ds

t
2L, / (I B + 02w (s)]12)ds

Since

i e + o™ @)1

= max{ sup  |[u™(t + 60)* + o?||u™(t)||*; sup |u™(t + )| —|—012||um(t)||2}
—t<6<0 <t

<max{_sup u(t+O) + o [u O [olbes o + ot WO},
—t<0<
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we obtain
”u;n”%CL,OO(H) + a2||um(t)\|2

1 t
< 2Kt + 20| ¢l3er_ o + ? 60 + ;/0 Ih(s)%ds

t
20y [ (I ern + 02" (5) ) s

By the Gronwall inequality we have

HU?H%CL_OOH) + o [lu™(t)]?

t

< et (2KIUT + [0l es_ o + 01O + 5 [ (IR)IE)as).
Then we obtain the following estimates: for any R > 0 such that ||¢||pcr__ () < R,
there exists a constant C' depending on v, Lg, f, such that

i Ber o + @ llw™ O < C(T,R), vt €[0,T], ¥m > 1. (3.3)
In particular,

{u™} is uniformly bounded in L*°(0,T; BCL_o(H)) N L*(0,T;V).

From ([3.2) and the uniform estimates above, we obtain

t t
,,/ /Hum(s)||2dxds—|—2/£/ / ™ ()| dads
0 Q 0 Q

. - t 1 t
<l OF + o O + K19 [ ds s [

t
w2l [ e onds
0

b1
<l OF + @O+ [ (I + 22,008 + K9] ) ds

Then {u™} is uniformly bounded in L?(0,T; V)NLA+L(0,T; LA+1()). Using (T.2),
we obtain that |f(u)| < C(1 + |u|?) with C depending on C. Hence,

t 1 t 1
//\f(u)ﬁ%dxdtgc/ /(1+|u|ﬂ)‘%dxdt
0 Q 0 Q

t
< C/ /(1+ luPT 1) dxdt.
0 JQ

From the boundedness of {u™} in LA+1(0,T; L+1(Q)), we obtain {f(z,u™)} is
bounded in L#+D/8(0, T; LB+D/5(Q)). Now, we prove the boundedness of {4%-}.
We have

4
dt

(u™(t) + a2 Au™(t)) = — vAu™(t) — P, B(u™,u™) — Pf(u™)
+ Poh(t) + Pog(t, ul™).

(3.4)
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From and (3.4)), we obtain

H* u™ + ot A,

S VAT L+ [IB(™, u™) [l + I @) | Lo ) + 1RO + (g ui) |«
< vllu™ |+ cory A 1L @ sy + 1RO N + A7 g )]
< vllu™ |+ cory A+ 1L @) 00

RO + LAyl [ 5enom
<C(T,R), ¥Ym>1.
This implies that 4 (u™ + a2 Au™) is uniformly bounded in
L2(0,T; V') + L(ﬁH)/ﬁ(O T'L(B“)/B(Q))

Then {24~} is uniformly bounded in L2(0,T; V") + L+D/8(0, T; LB+D/8(Q)).
Step 3. Approximation in BCL_.,(H) of the initial datum. We will show
that
P, — ¢ in BOL_.(H). (3.5)
Assume on the contrary that is not true. Then there exists ¢ > 0 and a
subsequence, relabeled similarly, such that
[P @(0m) = &(Om)l| > €, ¥Vm. (3.6)

One can assume that 6,, — —oo, otherwise if 8,,, — 0, then P,,¢(0,,) — ¢(8), since
| Prp(6m) — ¢ < [|Prdp(0m) — P (0)]| + || P (0) — ¢(0)]| — 0 as m — +o0.
But with 6,, =& —oc0 as m — 400, we obtain that
[P p(0m) — ¢(Om) || = | P (0n)) — Pmﬂcll + 1Pz — ]| + [l — ¢(0m)[| = O,
where z = limg_, _ o ¢(6). This contradicts , S0 . ) holds.
Step 4: Compactness results. We obtain
u™ —* u weakly in L*°(0,T;V),
u™ — u in L2(0,T;V) N LPTY0, T; LPH(Q)),
f(um) — y in L(ﬂ+1)/5(07T;L(BH)/B(Q))’

—— —~ — in L}0,T; V') + L(ﬁﬂ)/ﬁ(o T; L(BH)/ﬁ(Q))

Since {u™} is uniformly bounded in L?(0,7;V) and {d -} is uniformly bounded
in L2(0,T; V') + LB+D/B(0,T; LP*+1/B(Q)) and by using the Aubin-Lions com-
pactness lemma, we deduce that u™ — u strongly in L?(0,T; (L?(2))?). Thus, we
have (up to a subsequence)

u™ = u  a.e. in Qp.

From the continuity of f, we obtain that f(u™) — f(u) a.e. in Qp. Because of the
uniqueness of the limit, we have f(u) = x.
Next, we show that
u™ —wu in C([0,T]; H), (3.7
by applying the Arzela-Ascoli lemma (following the same method in [I7]). We have

sup [u™ (¢t + 6) — u(t + 0)|
0<0
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gmax{ sup |Pno(0 +1t) — (0 +t)|, sup |um(t+9)—u(t+9)\}

0<—t —t<0<0

< max {|Pd — dlpor_ iy, sup [u(t+0) —ult+0)|} 0.

_i<he
Then and imply that
u' = ug in BCL_o(H), Vtel0,T].
Therefore, taking into account (A3), we have
g(u™) = g(-,u) in L*(0,T; H).
Finally, we can pass to the limit in and conclude that u solves .

Uniqueness. Let u,v be two weak solutions of problem (2.5) with the same
initial condition. Setting w = v — v, we have

1d

§£(|w|2 + o?[|w]|?) + v|w||* + b(u, u, w) — b(v, v, w)

+ / (f(ur) = flu2))(uy — ug)dz (3.8)
Q

= (9(w) = g(vt), w).

It is known (see [5]) that there exists two nonnegative constants o = () and Cy
such that

[ () = f@) = 0o = ~Cplu=of +a [ (P 4 o Hju— Pz (39)
Q Q
Using that f satisfies (3.9]), then (3.8) becomes

d
S (0l +a®wl?) + 2v]lw]* + Oé/Q(IUIﬁ’1 + P — v de

< Crlwl* + 2/ [((w - V)u) - wlde + 2/ lg(us) = g(vr)] - [w(t)|d.
Q Q
By Holder’s inequality and Young’s inequality, we have
2/ |(w - V)u) - wldz < 2Jullw||Vw| < v|Vwl? + Cluf?|w]?,
Q

where C = C(v). Assuming that 8 —1 > 2 and using Young’s inequality again, we
obtain

2/ |((w - V)u) - wlde < v|Vwl* + a(jul”" + o] )wl* + Cluwl?,
Q

where C = C(v, a).
Taking (A3) into account and using Young’s inequality, we obtain

d
(O + ?[[w]?) + vw|® < Clwl® + Clwl® + 2Lg | will por o w(®)]

U)\l L
<(Cf+ C)|w|2 + 7‘w|2 + Tf”wHQBCL,OO(H)

1% L
< (Cr+O)wl* + §||w||2 + TjHUJHQBCL,OO(H)'



EJDE-2022/07 3D KELVIN-VOIGT-BRINKMAN-FORCHHEIMER EQUATIONS 9

Thus, we have

t L t
) +aluwl? < (05 +0) [ o Pds+ 52 [ ulbes_onds

Since w(#) = 0 for § < 0, then taking the maximum in [0,¢] for any ¢ € [0,T], we
have

L t
lwilser_om < (G5 +C+ 52) / N ——

We complete the proof of uniqueness after applying the Gronwall inequality. O

4. EXISTENCE AND STABILITY OF STATIONARY SOLUTIONS

4.1. Existence of weak stationary solutions. To study the existence and the
other properties of stationary solutions, we need to impose some extra assumptions.
Firstly, we assume that h is independent of time, i.e., h(t) = h € V'. Denote by ¢
the trivial immersion i : H — BCL_.(H) given by i(u) = @ with @(t) = u for all
t < 0. We now require that g satisfy

(A4) g(s,&) = g(t,€) for any s,t € Ry and & € i(H).
If (A2)—(A4) hold, we trivially have that § : H — (L*(Q))3 defined by g(u) =
9(0,i(u)), i.e., § = gjr, xi(m), is of course autonomous, Lipschitz (with the same
Lipschitz constant Ly) and §(0) = 0.

Hence, the stationary equation to is the following form which does not
contain a delay term:

vAu+ B(u,u) + Pf(u) = Ph+ Pg(u). (4.1)
Let us consider the definition of stationary solutions to problem (I.1)).

Definition 4.1. A weak stationary solution to (|1.1)) is an element u* € V such
that

v((u*,0)) + b(u*,u*,v) + (F(u*),v) = (hyv) + (Gu*),v), Vo € V.

Theorem 4.2. Assume (A2)—(A4) hold and h € V'. If 2L, < vy then problem
(1.1) admits at least one stationary solution u* satisfying

M(VEIQ] + B2\ 12
*| < * 4.2
e ”_( v(Aiv —2Lg) ) ’ (42)
d
" e PR IEINE
V> CPAT! 4 LyAT " + 200! ( Ouv— 2L} ) : (4.3)
g

then the stationary solution of (1.1)) is unique.

Proof. Existence. Estimate (4.2) can be obtained by taking into account that,
any stationary solution u*, if it exists, should satisfy

v((u*,u")) 4+ (f(u"),v) = (h,u®) + (g(u”), u”).

Using inequality f(u)-u > —K + k|u|?T! again, we have
vllu*|? + /i/Q [P de < K|Q] 4 [[hl|llu*[| + LoAy Hlu*|1?.

Hence we obtain the desired estimate.
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To show the existence, let {v, };";1 be the basis of V' consisting of eigenfunctions
of the operator A. For each m > 1, let us define V,,, = span{vy,...,v,,} and an
approximate stationary solution u™ of (|1.1]) by

m

mo__

U —E YmiVi,
i=1

V(<um’vi)) + b(um7 umﬁvi) + <f<um>7vi> = <h7vi> + (g(unL)’Ui)v
1=1,...,m.

(4.4)

To prove the existence of u™, we define the operators R, : V;, — V,,, by
[Bu, v] := v((u,v)) + b(u, u,v) + (f(u),v) — (h,v) = (§(u),v), Vu,v € Vp.

For all v € V,,,, we have

(Ront, 0] = (1)) + / flwyudz — (hyu) — (§(u), w)

v

vlul® + ’"‘/Q [ul "t da — K1Q = (7] Jlull = LgAT [[ull?

v _ 1
(3 = LA l? + 5 | Jul?*ido - K0 - -
O 14

It follows that ((Ry,u,u)) > 0 for ||ul|x = ||u|| + ||u||ps+1 = k sufficiently large, we
obtain
k- 2K Qv + |2\ 1/2 2K Qv + ||h||2\ 1/ (B+1)
- ( l/()\ll/ — QLG) ) + ( )
where 2L, < vA;. So, there exists a solution u™ € V,, satisfying R,,(u™) = 0.
Replacing v; by ©™ in and taking into account, we obtain

vl + (f(u™), w™) = (hoa™) + (G(u™), u™).

)

2UK

This implies
vllu™|* + H/ ™7 de < K|Q + ||l [[u™ | + LgAy*u™ |
Q

Hence

1% L +1 1
(5 = 32 I+ sl 1352 < K1l + 5o Al
We extract from {u} a subsequence {u }, which converges weakly in VN LPH! to
some limit u. Since the domain €2 is bounded, the injection of V' into H is compact.
Thus,

m

U™ weakly in V' and strongly in H,

up to a subsequence. Using the same method in the step compactness results in
the Theorem we pass to the limit in (4.4) using the sequence m’ and find that
u is a stationary solution of (1.1J).

Uniqueness. Suppose that «* and v* are two stationary solutions of (4.1)).
Then

v((u* —v*,v)) + b(u*,u*,v) — b(v*,v*,v) + / (f(u*) — f(v*))vdx

Q
= (9(u”) = g(v™),v)
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for all v € V. Choosing v = u* — v*, we have

=o't = o)+ [ () = F )~ o) da
=b(u",u",u* —v*) = bv*, v, u" —v*) + (g(u*) — glv*),u" —v¥).
Using estimate , we obtain
b(u*, u*, u* — v*) — b(v*, v*,u* — v*)| < 2e0A] | Jut — v*||
From [,(f(u) — f(v))(u —v)dz > —Cylu — v|?, we have
vlju* —v*||? < Cplu* —v*]? + QCOA;1/4

Using estimate (4.2) we deduce that

[l = o)1 + LAy [lu™ = o2,

(v = CAT = Loy = 2e0M o) Ju = ol <0,
and hence the uniqueness follows from condition (4.3)). O

4.2. Stability results.

Definition 4.3. A stationary u* to (|1.1)) is stable if for any € > 0 there exists § > 0
such that if ¢ € BCL_(H) satisfies [|¢ —i(u")|pcr_. () < 0, then the solution
u(+;¢) to (1.1) exists for all ¢ > 0 and satisfies |u(t; ¢) — u*| < e for any ¢ > 0.

We consider the case of g(t,u;) = G(u(t — p(t))), where G : H — (L*(Q2))? is a
measurable function satisfying G(0) = 0, and assume that there exists L, > 0 such
that

|G(u) — G(v)| < Lglu—v|, Yu,ve H. (4.5)
Consider a function p(t) € C*'(Ry,Ry) with p, = max,e(o,r) p/(t) < 1. The system

(2.5) becomes

%(u +a?Au) = —vAu — B(u,u) — Pf(u) + Ph+ PG(u(t — p(t))), (4.6)

with initial condition u(0) = ¢(0), 6 € (—o0,0]. We then have the following stability
results.

4.2.1. Local stability via a direct approach.

Theorem 4.4. Assume that h € V' and (4.5) hold. If v\; > 2L, then there exists
at least one stationary solution u* to (4.1)) satisfying (4.2)). Moreover, if

o yaf QUK|QI+[[AIDN\Y2 (2= p) LAt
v>CpA + 2000 ( vOvv — 2L,) ) TR

then the stationary solution u* is unique, and there exists C = C(ps, Lg) such that

the solution u to (4.6) satisfies
u(t) — u|* + o®|Ju(t) — u*||?
< C(16(0) — ' + a7 6(0) —u I + 16 — w32 oy )

for all p € BOCL_(H).

(4.7)
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Proof. We first see that all assumptions of Theorem [4.2| are satisfied (note that if v
satisfies then condition is obtained). Hence, the existence and uniqueness
of stationary solution u* satisfying are established. If we write u(t) in the form
u(t) = u* + v(t), then from (2.5, v(t) satisfies

d
S (v a®Av) +vAv+ Bu,u) = B(u", u) + f(u) = f(u”) = G(u(t) = p(t)) = G(u”).
Multiplying this equation by v, integrating over 2 and using (2.2)), we obtain

d . )
S (POP + o)) +2/Q(f(U) = f(w))(u = u")de

= —20]o(®)|* + 2(b(u, u, v(t)) — b(u*, u*,v(1))) + 2((G(u(t = p(t))) — G(u*), v(?)).

Using Cauchy’s inequality, the Lipschitz condition on G and the following estimate
which is obtained as in ([2.2)),

b, w, (1)) = b(u*, u*, v(#))] < 2e027  lu [0 ()],
Using [, (f(u) — f(u*))(u — u*)dx > —Cf|u — u*|?, we obtain
d
L (oo + a0l

—1/4, x
< —2v[[u()[]* + deoA; w @) 17 + 20 @) + Lolu(t — p(1))]?

(4.8)
+ Lglo(t)]?
< Lyfolt = p() + (4o |+ 20,07 + LyAT — 20 (o)
Using (4.2) and integrating the above inequality from 0 to ¢, we obtain
[o()” + a?[|u(t)]*
t
< [0(0)* + ®[|v(0)]* + Lg/ [v(s — p(s))[*ds
0
. 14 ( (2vK|Q + ||A]]) 1/2 /
+ (L9A1 + 20 AT + dep ( O — L) [o(s)||2ds.
Letting 7(s) = s — p(s), we obtain
1 i 1 ¢
ol —po)Pds = 5= [ ptnPar < 2 [ piepar
/ 1=p"J _p0) 1—P* - I
1 0
— = [ et /|v ).
L=peJpo)
We then have
[o(®)] + o [lo(t)]?
2, 2 2 Ly 0 2 2
< w(O))" + o7 [lo(0) I + ——— |v(7) 7)|dr
L=ps J-p0)
-1 1/a (2vK|Q + ||h|| 1/2
+ (Lg)\l + 20507 + 4] ( Our — 2] ||v )|2ds

L

0
< [0(0)|* + a®[v(0)]|* + 1%/ o(7)|?dr
P J—p(0)
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2 1/2 -1
QUL N2 | I )

L —1 2 —1 4 1/4
+ (LTt + 2027 + 2eon ! ( v~ 2L s

x / lo(s)2ds

0
< WOP + o) + 172 [ jo(r)ar

L=ps ) p0)
- WK|Q + [[hl2)\2 | (2= p) LAt
00 AL 4+ e (¢ * 9%l o
Jr( Crh +deody ( v(Av —2L,) ) (1—py) V)

t
X / |lv(s)||?ds.
0
f

I
] WKIQ| + [N | (2= p)L !
Ot 2/\1/4(( ) 921

v Gt s v(Av —2Ly) 21— ps)

then
I 0
oOF < OF + 22 [ ju(r)Par,
L=pe Jp)

We can choose C' = max{1, %}, and the proof is complete. O

4.2.2. Asymptotical stability via the construction of Lyapunov functionals.

Theorem 4.5. Suppose that f € V' and (4.3)) hold. If vA\y > 2L, then there exist
at least one weak stationary solution u* to (4.1)) satisfying (4.2). In addition, if

_ WK|Q + [|h|2)\1/2 Lyt
> Ot 4 2eoa /4 (¢ : el
vz Crh t2h ( v(\v —2L,) ) VI=7p.

then the stationary solution u* is unique, stable, and satisfies

oo

(Ju(s) = w* + a?[lu(s) — u*|*)ds

(4.9)

L
< 0) — u* 2 2 0) — u* 2 g 12 .
> |¢( ) u | ta ||¢( ) u || + m”‘i’ u ||L2(—p(0),O,H)

for any solution u to (4.6) with ¢ € BCL_(H). Furthermore, if
(21/K|Q|+||h|\£)>1/2+ Lo\t
v(\v —2Lg) VI=p.

v>CpA !t + 200)\1/4<

then u* is asymptotically stable.

Proof. Since all the assumptions of Theorem are satisfied, there exists a unique
stationary solution u* to (4.1) satisfying (4.2)). Let us set w(t) = u(t) — u*. Then
it satisfies
d
%(w(t) +a?Aw(t)) = —vAw(t) — B(u(t),u(t)) + B(u*,u*)

— fu) + f(u") + P(G(u(t — p(t))) — G(u")),

with initial condition w(f) = ¢(f) — u*, 6 € (—o0,0]. For any ¢ € BCL_(H),
and any t > 0 we define

(4.10)

C

t
U(t,¢) =16(0) = u*[* + a?[|$(0) — u** + 1=, /t " Ju(s) —u”|*ds,
* -P
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where the constant ¢ > 0 is to be chosen later. Then for any u(.; ¢) of (4.6) with
initial data ¢ € BCL_(H), we have

t
U(t,ug) = Ju(t) — u*|* + o®|Ju(t) — u*|)* + ¢ / lu(s) —u*|?ds. (4.11)
L=psJeop)

From (4.10) and using an estimate similar to (2.4) we obtain

d
dtU(t7 U}t)
zzQiWQHw&Mﬁ»w@>+lfWWﬁW—pﬁfif»Wﬁ—MUW

< —2/w(®)]” + deory Il (0)1* +2C ()
¢ c(1—p'(t))
+ 2Lglw(t — p(t))[|w(t)| + ﬁ|w(t)|2 - ﬁhﬂ(t - p(t)%.

By Cauchy’s inequality, Poincaré’s inequality and , we obtain
d
%U(t,wt)
(2vK|Q| + ||A]I2)

v(\v —2Lg)

¢

+2Lglw(t = p(t)[[w(t)] + 1= 5 [w(t)]? = clw(t — p(t))|?
(2vK|Q| + ||h]I2)

v(\v —2L,)

1/2
< —2wfw®)|? +deo ) e + 20 ()

1/2
< —2w]w(®)|? +deo ) e + 20 ()

2
+ 2(§\w(t —p(®)* + %Iw(t)ﬁ) + ﬁhv(f)lz — clw(t — p(t))]”

2)\1/2 L2A7! -1
S_2<V_20()A}/4(<2wf(lﬂ|+||h||*>> C LM e

— !
v(Av —2L,) 2c 20 —py) I )

x Jlw()].

If we choose ¢ = Lg+/1 — p,, then the coefficient in the right-hand side takes it
minimum value. We conclude that

C;ltU(tawt)
e QUKIQ+ |hIIP)\Y2 LAt - , (4.12)
S - - — CpAT 2.
- 2<V 2e0 ( v(Mv —2Lg) ) VI—p. A )Hw( i
Integrating (4.12]) from 0 to ¢, we obtain
WO+ [[h]2)\ /2
t 2 -2 1/4 ( *
U( 7wt) + (V CO>\1 ( V()\IV_ 2Lg) )
Loy -1 /t 2 (4.13)
- —CA Jw(s)[*ds
m fM ) o
< U(Oau())

From (4.11)), we have

Ut,we) > [ult) — w|* + o®|Ju(t) — u*|]?
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and

L
U0 _ 0) — u* 2 2 0) — u* 2 g %12 ) .
( ,'U/O) |¢< ) u | + o ”d)( ) u || + m”(b u ||L2(7p(0),0,H)

Then using the Poincaré inequality (2.1]), inequality (4.13)) becomes

Ju(t) = u'? + o [lu(t) — u*||?

WKIQ| + [|h]|2)\1/2  LyAT? _
9 _9 1/4 ( * _ gl _ 1
+ Al( oAy ( v(\v —2L,) ) VI—p. Crh )

/ ) — s (4.14)

< |(0) — uw** + a?[|¢(0) — u*||* +
Therefore, if

WK|Q|+ [|h|2)\1/2 Lyt
> 9 )\1/4 ( * gl
v €0 ( v(\v —2Lg) ) VI—ps

then the stationary solution u* is stable and satisfies . If

WK|Q| +|[h|2)\1/2 LAt
2co A/ ( :

V=2 ( v(Av —2Lg) ) +\/1—
then from (4.14]) we obtain

| uts) a2+ 02 uts) = s
0

L *
ﬁw — w72 p(0).0:50)

+ AT

+CpAY,

L
< 0) — *|2 2 0) — * (|12 g ¥ 22 ' )
> |¢( ) U | +a H(b( ) u || + m”(b U HL (—p(0),0;H)

By the continuity in time of u in H, we deduce that lim;_, |u(t) — u*|? = 0, i.e.

the stationary solution v* is asymptotically stable. ([l
-1 -1
Since (2_2’8)};*))‘1 > \L/j)fp for p. € (0,1), Theorem is an improvement of
Theorem F.4]

4.2.3. Polynomial stability: the proportional delay case. We now consider the 3D
Kelvin-Voigt-Brinkman-Forchheimer equations with proportional delay, which is a
particular case of unbounded variable delay. More precisely, we assume p(t) =
(1 — g)t with ¢ € (0,1). We will show the polynomial stability of the stationary
solution.

First, we consider the pantograph equation

2/ (t) = ax(t) + bx(qt), t > 0,2(0) = zq,q € (0,1). (4.15)
The following lemmas are key tools in the proof of polynomial stability results.

Lemma 4.6 ([4, Lemma 3.4]). Let a € R,b > 0 and g € (0,1). Assume x is the
solution to (4.15) with (0) > 0. Suppose p € C(RT,R™T) satisfies

D¥p(t) < ap(t) + bp(qt), t>0,

with 0 < p(0) < z(0) and where Dt denotes the Dini derivative. Then p(t) < x(t)
for allt > 0.



16 L. T. THUY EJDE-2022/07

Lemma 4.7 ([4, Lemma 3.5]). Let x be a solution to (4.15)). If a < 0,b € R, then
there exists C = C(a,b,q) > 0 such that

: lz(@)] _
lim sup = Clz(0)],

t—o00

where p € R satisfies 0 = a4+ |b|g*. Then, for some (possibly new) C = C(a,b,q) >
0, we have
|z(t)| < Clz(0)|(1 +t)*, t > 0.

We are ready to state the main result in this subsection.

Theorem 4.8. Assume that f € V' and consider (4.6) with p(t) = (1 — q)t, for
qe(0,1). If v > Lg)\fl then there exists at least one weak stationary solution u*

to (4.1) satisfying (4.2). Furthermore, if
2vK|Q| + ||R]I)

9 A1/4(( *

vz soh v(Aiv —2Lg)

then u* is asymptotically stable with polynomial rate, that is, there exists C =
C(v,Lg,q) > 0 such that

u(t) — u*|* + o?|lu(t) — u*]|* < C(|¢(0) — u*[* + ®[|$(0) — u*[|*) (1 + 1),
for allt >0, where

1/2 1
) + 5Lg)\;l + O (4.16)

1/4 ( (2vK|Q|+||R]2)\1/2 _ _
(zu —deo) (SR YE — LA — 2000 1) o

LAt

p = log, (4.17)

Proof. The existence and uniqueness of a stationary solution u* to (4.1)) follows
from Theorem Let v(t) = u(t) — u*, then v(¢) satisfies

d
ZV(8) +vAv(t) = B(u(®), u(?)) + B(u”,u”) + f(u) = f(u7)
= P(G(u(gt)) - G(u")),
with initial condition v(6) = ¢(8) —u*, 6 € (—00,0]. Then, using the same argument
as in estimate (4.8)), taking p(t) = (1 — ¢)t, and using the bound (4.2)), we have
d 2., 2 2
@ (o0 +a?u(o) )

174 ((2vK|Q| + ||h][)\1/2 1 1 (4.18)
< —
< (40t ( O — 3] ) LAT 20007 - )

x (Il + o®[[v(®)1?) + Lg([v(at)* + a*[[v(qt) |-
Denoting z(t) = |v(t)|*> + o?||v(t)||?, noting that

0K |Q + |[h]|2) /2 - -
4 )\1/4(( = + L AT 42000 1_9 0
oM v(Av —2Ly) ) 971 A v<9o

and using the Poincaré inequality (2.1)), we obtain from (4.18)) that

2vK|Q| + ||h]12)
/ < 4 1/4 ( *
x(ﬂ—h( coA1 ( v(\v —2L,)

Applying Lemmas and there exists C' = C(v, Ly, q) > 0 such that
z(t) < Cz(0)(1 +¢)*, VE>0,

1/2
) + LT 200 — 2u)$(t) + Lgx(qt).
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where p satisfies

20K Q] + [[h]2)\ /2
A1(4coxi/4(( VK0 | ”*)) + LT 4+ 20507 = 20) + Lyg =0,

v(Av —2Ly)
that is, p is given by (4.17)). Note that if 4 < 0, we obtain the polynomial stability
of the stationary solution u*. The proof is complete. O
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