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EXTENDING PUTZER’S REPRESENTATION TO ALL
ANALYTIC MATRIX FUNCTIONS VIA OMEGA MATRIX
CALCULUS

ANTONIO FRANCISCO NETO

ABSTRACT. We show that Putzer’s method to calculate the matrix exponential
in [28] can be generalized to compute an arbitrary matrix function defined
by a convergent power series. The main technical tool for adapting Putzer’s
formulation to the general setting is the omega matrix calculus; that is, an
extension of MacMahon’s partition analysis to the realm of matrix calculus
and the method in [8]. Several results in the literature are shown to be special
cases of our general formalism, including the computation of the fractional
matrix exponentials introduced by Rodrigo [30]. Our formulation is a much
more general, direct, and conceptually simple method for computing analytic
matrix functions. In our approach the recursive system of equations the base
for Putzer’s method is explicitly solved, and all we need to determine is the
analytic matrix functions.

1. INTRODUCTION
Let ¢(t) € CV with N < oo, then the solution of the initial value problem
P'(t) = Ag(t), ¢(0) =g (1.1)

is
@(t) = exp(tA)d,

where the matrix exponential exp(A) is defined by

exp(A) = Y A*/k!, (1.2)

k>0

which is a matrix valued convergent power series for any A € CN*V. In general
terms Putzer [28] constructed a representation of the matrix exponential in
avoiding the use of the Jordan canonical form and requiring [28, Theorem 2] or not
[28, Theorem 1] the knowledge of the eigenvalues of A. Putzer’s method has the nice
feature of being generic; that is, it holds for any square matrix even with repeated
eigenvalues. Other papers searching for analogues of Putzer’s result also appeared
in different contexts. We recall [I] where the role of the matrix exponential in
is replaced by the matrix logarithm and extensions to the discrete setting [9, [1§]
with the matrix power playing the role of the matrix exponential.
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Recently, the fractional analogues of the IVP in and their associated solu-
tions were considered in an interesting article [30]. For a historical account on the
origins of fractional calculus we refer the reader to the comprehensive work [24] [31]
and for applications to [10, 30, [33, [35] [34] and references therein. We review some
of the central results of [30] for clearness. In [30] two distinct and well-known frac-
tional versions of the usual derivative were considered; that is, the Caputo fractional
derivative

§Dpf(t) = oDy 1Dl p(1), >0 (1.3)
and the Riemann-Liouville fractional derivative
0D§ f(t) = DIloD 1= f(t), t>0 (1.4)

with @ > 0 and [«] the least integer greater than or equal to a (0 < [a] —a < 1).
We remark that D1 is the ordinary differential operator of order [a] and the
Riemann-Liouville fractional integral of order « is given by

D70 = g [ (4= (s 1> 0

where T'(a) is the Euler’s gamma function [26, Chapter 1]. Note that (1.3 and
(1.4) agree with [26, (2.172) and (2.171)] upon setting p — « and n — [a]. We
follow the notation in [30]: D~%, D% and D¢ stand for (D; ®, ¢Df, and § D,
respectively. In this way the solution of the IVP
De®(t) = A°®(t), DF®(0+) = A%, ke {0} U[[a] — 1] (1.5)
is given by the Caputo fractional exponential
[a]—1 4
Exp,(tAja) = Y (tA) Eaji1((tA)") (1.6)
§=0
and the solution of the IVP
DY®(t) = A*®(t), DFI*ITe®(0+)=AF ke {0}uU[[a] —1] (1.7)
is given by the Riemann-Liouville fractional exponential
[a]-1

Exp(tAsa) = 2711 7 (tA) Boofara (EA)7) (18)
=0
with [n] = {1,...,n} (n a positive integer) and
(tA)*
B, s(tA) =S L 1.9
(tA) kZZ()F(ak+B) (1.9)

an entire function if a, 8 > 0 known as the matrix Mittag-Leffler function [20]
Chapter 1]. We remark that with our choices E, ;41 in and B, o_[a]4j+1 i
(1.8) are entire (a — [a] +5+ 1> 0, Vj € {0} U[[a] — 1]) and [30, Lemma 2.1]
shows how to define A* for any a > 0. More precisely, we have

a  (Dadt . @ ), o—met2 a ) gommetl
(f (1)@0]‘€ ce gm%‘_% a§_77lk+3 Emlfx_lgaﬁz—mk-ﬁ-z
k my—3/"k my—2/ "k
cremes A= | : . : :
00w ($)a

0 0o - 0 ag
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with

A% = M(@}_AFM ™!
and my + --- +m, = N. Here M is a nonsigular matrix such that

M 'AM=a,_ A, =J (1.10)

and

a\ I'a+1)
(5) CT(B+ I (a—B+1)
with a, 8 € C. From now on, O and I stand for the null and the identity matrices,
respectively. Note that

Exp, (tA;1) = exp(tA) = Exp(tA;1), Exp,(O;a) =1 =Exp(O;a),
which follows by observing that

tA)* (3
B (tA) =Y pikﬁl) B2 cxp(ta).
£>0 | ,
=k!

Therefore, if we set &« = 1 in and we recover the well-known IVP in
with and reducing to the corresponding solution given by . An
adaptation of Putzer’s method to compute the fractional exponential functions in
and as finite linear combinations of constant matrices with time-varying
coefficients was obtained in [30, Theorems 5.1 and 5.2]. We also recall a comment
taken from [30] highlighting the need for computational methods to determine the
fractional matrix exponentials as close to the ordinary matrix exponential in as
possible and quoted verbatim here: “The numerical computation of these fractional
matrix exponentials, akin to [18] for the usual matrix exponential, is of independent
interest.” Note that [30, Ref. [18]] stands for [25] here. See also [I4]. Even the
extension of the basic properties of the ordinary exponential in to the fractional
setting is a subject of considerable interest [27, [32]. In this respect, [30] asks if the
semigroup property of the matrix exponential in is valid in the fractional
setting with reference to and . Summarizing, the extension of basic
results from ODEs to the context of fractional calculus and the construction of
computational procedures to determine the fractional matrix exponentials as close
to the usual setting as possible are of general interest.

The aim of this work is to introduce a general, direct, and conceptually simple
method to compute analytic matrix functions, including the Mittag-Leffler function
in and the fractional matrix exponentials of [30] in and (L.8). In our
approach, there is no need to adapt Putzer’s formulation as in [Il, Theorem 3] or
[30, Theorems 5.1 and 5.2] dealing with the matrix logarithm and fractional matrix
exponentials, respectively. More precisely, we obtain at once the solution of the
recursive systems of equations in [28, Theorem 2], [9, Theorem 1], [1, Theorem 3],
and [30, Theorems 5.1 and 5.2]. We also show that the determination of the analytic
matrix functions depends on the same recursive system of equations in [28] which we
explicitly solve. Furthermore, as our method relies on the usual matrix exponential
it is more amenable to be treated by standard approaches available to compute
. The main technical tool for our method is based on an extension of the usual
Omega Calculus (i.e. MacMahon’s partition analysis [20]) to the context of Matrix
Analysis introduced recently, the Omega Matrix Calculus (OMC for short) [111, [12],
and an approach to compute the matrix exponential using the Jordan canonical
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form and properties of the minimal polynomial of a matrix [§]. We remark that
OMC is a useful tool in representing a function defined by a convergent power series
in terms of other functions under the action of the Omega operator. This feature
comprises the starting point of [I1] where the OMC was introduced and the inverse
of a certain matrix function was used to obtain properties of the exponential in
(see [11l, Lemma 2.3]). Therefore, motivated by the need to compute the fractional
matrix exponentials in and akin to the exponential in and with the
aforementioned useful feature of OMC in mind, it is natural to explore OMC in the
context of representing a matrix function defined by a convergent power series in
terms of the exponential in as we do here.

This work is organized as follows. In Section[2] we state our main result Theorem
[2:3] In Section [3] we give some auxiliary results to be used in Section [4] devoted to
the proof of Theorem In Section [5] we establish contact with previous results
in the literature and we show the versatility of our main result. More precisely,
Theorem implies [28, Theorem 2], [9, Theorem 1], [I, Theorem 3], and [30,
Theorems 5.1 and 5.2]. An example is also included in Section [5]in order to illustrate
the simplicity of the proposed method. Finally, we summarize our findings in the
conclusion.

2. STATEMENT OF MAIN RESULTS

First we introduce some notation and give a definition. We let f,, = F (m)(O)
and
F(tA) =Y fmt™A™/m! (2.1)
m>0
be a convergent matrix valued function. We remark that there are other ways
to define matrix functions and the connection between the several definitions is
discussed in [29]. See also [I6]. Of course, if we set F' = exp in we recover
. Several other analytic matrix functions such as those considered in [I} 2] 22]
and are all special cases of with appropriate domains of convergence. In
this way, our access to OMC is based on the definition that follows. Throughout
this article, 0,, stands for the null vector in C".

Definition 2.1. Let X, € CV*¥ for each a € Z" and A* = A\{* - A%, We define
the linear operator acting on absolutely convergent matrix valued expansions in

(2-1) by

a;=—00 ap=—00

in an open neighborhood of the complex circles |A;| = 1.

Remark 2.2. Definition 2.1 is well-posed in the sense that we can ensure that
all expressions considered here have no singularities in the \; variable in an open
neighborhood of the circle |A;| = 1. As remarked in [2], this is an important ingre-
dient leading to unique Laurent expansions (otherwise, ambiguous results appear
as discussed in the introduction of [2]).

In what follows, d stands for the degree of the minimal polynomial of A [ [13]
17, 19]. We write the set of eigenvalues of A as

S = {ai}i, (2.2)
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and the multiset

_ (.. d
S ={ai}i (2.3)
with a1,...,an, = a1, Qny+1,- .. Ony+n, = a2, and so on, until we obtain
Anytednge 141y ooy Ongtoodn, 1 4n, = Gp.

In other words, the elements of S are the distinct eigenvalues of A and the elements
of § are the eigenvalues of A counted with multiplicity. From now on, F(tA; )
stands for (L.6)), (L.8), and with F(tA;1) = F(tA) for F in (2.1). We adopt
the convention that > 7_.(---) = 0 and [[;_,(---) = 1 if ¢ > j and write C™" =
m!/((m — n)!n!) throughout this article.

Using Definition we can now state our main result.

Theorem 2.3. Let o > 0 and

I ifk=0

[_(A—a;I) if1<k<d-1

Pi(A) = {

with aj € S in 23) and j € [d] = Up_ {i +n1 4+ - +np_y + 135", Then we

have

[a]l-1d—1
F(tA;a) = D> > yjriw1 (A P(A), (2.4)
§=0 k=0
where
. l A
Ytk (t) = lim > gimlt; @) QA" 211 (2% /A) (2.5)
m=0
with gjm(t; o) given by
#% fO’I” F in ‘ 5
gjm(t; @) = g to—Tal

Mamia—TaTrzrn Jor £ an (L8),
gim(t;1) = f, for Fin [2.1)) and z; is determined recursively by

Tty ng— 1+1(75)

l)nm tzk
m m71
= Z H C’;mtq e exp(axt)

i1+ Fip=i m=1 m\
—1n;—1 k—1
| , 2.6)
1 ij+mn;—1—1 G+ Nm —1 ( :
- E : E :a’k\j E : Can—l—l anfl
j=1 1=0 Gt i1 =1 m=j+1

1 Mm

X H Zm+nm Tiny oty +1(t)

m=j m\k

with a, € S in (2.2) and ay; = ar, — a;.

Before we prove Theorem [2.3] we introduce some auxiliary results.
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3. AUXILIARY RESULTS

We begin this section by recalling some basic results regarding OMC following
[T1]. See also [2, 20] for the introduction of the Omega package, a computer algebra
package in MATHEMATICA that implements the Omega calculus, and for the
original formulation in the scalar case (N = 1), respectively.

A particular example of a matrix valued function defined by a convergent power
series for any A € CV*V and satisfying the requirements of Definition is the
matrix exponential in (T.2). It follows from [I1, Lemma 2.3] that

$(1) = exp(tA)y — Qexp(tA)(T — A/N) " by. (3.1

Note that is a generalization of the elimination rule proposed in the last
equation of [3] dealing with the scalar case. We need a convergent Neumann series
for
(I-A/N!
if one wants to use Definition to prove (3.1). Following [I1, Lemma 2.3], we
introduce a rescaling
A= A\/z

with a small complex parameter z # 0 such that the Neumann series
(I—2A/0)7" =) (zA/N)" (3.2)
n>0

converges if ||A/A|| < 1/|z|. Since all matrix norms are equivalent if N < oo, we
write generically || - || without further specification of the norm used. We analyze
now how the parameter z is used to prove (3.1]). We have

A m,n A
Qexp(tA/z)(I — zA/\) Z %A” QT exp(tA)
= L S

=dm,n

with 6, , the Kronecker delta. After the application of the Omega operator the
parameter z cancels out in ! For this reason, we omit z from the notation in
the right hand side of , but we assume this observation is used throughout this
work whenever necessary to ensure convergence.

We recall that [28] Theorems 1 and 2] gives a representation of the exponential
function in as a finite matrix sum. Other relevant papers in this direction
employing distinct methods and including other matrix functions comprise [8] using
the Jordan canonical form and properties of the minimal polynomial of a matrix,
[23, [36] using the Horner polynomials, [B [6l [7, 21, 22] concerning a combinatorial
method based on generalized Fibonacci sequences, and [I5] using path-sums. The
representation of the analytic matrix function as a finite sum is expected from
the Cayley-Hamilton theorem which relates AY € CV*¥ to lower powers of A.
Note that the proof of [28, Theorems 1 and 2] uses the Cayley-Hamilton theorem,
but the proof holds if the characteristic polynomial

T
p(z) = det(zl — A) = H(w —a;)™ (3.3)
i=1
is replaced by any annihilating polynomial; that is, a polynomial f such that f(A) =
O. In particular, it holds for the annihilating polynomial of the smallest possible
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degree d called the minimal polynomial [I3] 17, [19]
q(z) = H(x —a)" =2t feq 2T ez o (3.4)
i=1

with 1 < n; < m;. Therefore, it is clear that the expansion

d—1
F(tA) = Y fu(t)Pi(A) (3.5)
k=0
for F'in ([2.1) holds and the problem now becomes how to determine the coefficients
fr(t) in (3.5)). We write
J = (®i-,A)© B (3.6)
for J in (1.10) with
a; 1 0 0
0 a 0 0
Ccni X1ng ) Al = : : . :
0 0 -~ 0 a

representing the block of J associated with the eigenvalue a; of A with i € [r]. We
also let B in represent the remaining blocks, which might be of order zero if
the minimal and the characteristic polynomials coincide as is the case if m; = 1 in
with i € [r]. See [8, Theorem 2]. The Jordan canonical form in is used in
[8] as a key strategy to obtain the system of equations satisfied by the time-varying
coefficients; that is, the coeflicients fi(t) in with F' = exp. As discussed in [§],
this is not a restrictive procedure, because similar matrices have the same explicit
expansion in . More precisely, we have the following lemma.

Lemma 3.1. The following equivalence holds
d—1 d—1
F(tA) =" fr(t)Pe(A) & F(tT) = > fi(t) Pe(J).
k=0 k=0

The proof of the above lemma follows directly from (1.10). We use Lemma [3.1]in
the proof of Theorem in the next section. We also need two auxiliary lemmas.
From now on, we write A = ((A); ;); that is, the element in row ¢ and column j of
the matrix A is (A); ;.

Lemma 3.2. Let

ap 1 .- 0 0

0 ay --- 0 0
A= : :

0 0 aqg—1 1

0 O 0 ad

with a; # 0 for i € [d]. Then

with j > 1.
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Proof. The proof follows by induction on d. We need a formula for the inverse of a
block triangular matrix

-1 —1 —1 —1

B, B B —B| " B>B

-1 _ 1 2 _ 1 1 2D3

A= (0 Bg) - ( 0 B;! ) (8.7)
for non-singular blocks B; with ¢ = 1,3. The base case is direct and gives By -
a;l. The induction step comprises assuming
(—1)1"]'

(BT )ig = (3.8)
k=i @
Therefore,
_ _ B )ia- —1)i—d
_(BllBQBgl)i:_( 1 )Z,d 1:(d)
ad [T5—; ax
using (3.8 to obtain the second equality and the result follows from ([3.7)). ([

Lemma 3.3. The coefficients fi.(t) in (3.5) are unique.

Proof. The proof by contradiction is similar to the one given in [8, Proposition 2].
Recall that P;(A) in Theorem is a polynomial of degree at most d — 1. Next,
observe that

ka+1 )P (A ngﬂ )P (A

= z_:(fkﬂ(t) = gr+1(1)) Pe(A) = O.

Hence we have fi11(t) = gr+1(t) for all k € [d — 1], for otherwise we would have
an annihilator with smaller degree than ¢ in (3.4), contradicting the fact that ¢ is
minimal. O

In the next section we prove Theorem using Lemmas and

4. PROOF OF THEOREM [2.3]

For clearness, since many blocks are involved in the decomposition , we
use the notation I, = I,, € C™*™ for the identity matrix associated with the
block indexed by k in J. Similar considerations apply to the null matrix Oy. For
simplicity of notation, we write A;; = A; —a;I;. We are now ready to prove
Theorem 2.3

Proof of Theorem[2.3. First, we show that

exp(tA) kaﬂ )Pr(A (4.1)

with xp41(t) determined recursively by . The finite sum in holds since
the minimal polynomial in is (by definition) an annihilator. Following Lemma
we restrict our attention to J in to determine the coefficients x41(t) in
(4.1). We have

(@2:1 exp(tAk)) @ exp(tB) = exp(tJ) leﬂ (( or_, Al) ® Bl>.
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Without loss of generality we consider the blocks Ay with k € [r] except B, which
results in redundant information as already noted in [8, Lemma 4]. Therefore, from

now on, we focus on
d—1

exp(tAr) =Y w41 (t)Pi(Ay)
=0

with k € [r]. Next, using (3.1) we obtain

(exp(tAy))i; = QeXp(tA)((I,c —Ap/N) i,
Using Lemma [3.2) we have
(k= AR/N7TY), = =M(Ar = ALY,
(=)
- W (4.2)
B 1
- N =i(1 — ag/N)i—i+1 )

Therefore, it follows that

(3—1) j—i
exp(At) Dg. 7 X exp(At) 7 exp(axt)
tA = Q — = =
(exp(tA))is = QG T~ =1 21— G—)
—_——
=exp(ayt)

with 1 < i < j < ng. Next, we write [d] = Ul_{l +nq + - +n;—1 + 1} " to
obtain

(exp(tAk))m,
nlfl n2— 1
= Z $l+1(t)< A§q|1 ) + Z T, 41(t ( A k|1 Ak\2 )
=0 - i,J —— %]
=P (Ak) =Piin, (Ag) (4.3)
ni—1 k—1
ot Y $l+n1+---+nk1+1(t)< IT A% Ak )
=0 m=1 ,J

=Piyny+tng_q (Ax)

using Ak|k = Oy. By multiplying H ! 1A ‘""‘ on both sides of (| we find

k—1 np—1
_ -1
( H A eXP(tAk))_ = Z T4 (t ( H Ak|7:r£nAk|(1n1 )>, ,
1,7 3
m=1 =0
77,271 k—1
m l
+ Z Loty +1(t )(H Akﬂn Ak\(gw )) i,j
=0 m=3
nEg—1
+oeet Z Tl 4oty +1(1) (Ai\k)”f
1=0 ’

Equation (2.6) now follows by noting that
3

ak:O

N—iti

H{Oy

A
(Ak\k> = O (I — A/ N) iy jl+i
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and

ng m
A= > 1A

12,0 tm=1n=1

_ (_1)i—ja;‘71n Z a};ﬂl*"'*%n

it im=i—i

_ i—itm—1 (=)™
- Ym—1 j—itm?’
@k

where 41 = ¢ and i,,,41 = j. The change of variables j,, = i,,41 — i, > 0 (recall that
the matrix A;ﬁ is upper triangular) was used to obtain the second equality. The last

equality follows from the well-known fact that the binomial coefficient "™~
counts the number of solutions of the linear diophantine equation j1+- - -47,, = j—1i
in non-negative integers.

Next, we show that

l
A
F(tA) = lm Y fn QA" exp(tA/N). (4.4)
0

m=

Indeed, starting with the right-hand side of (4.4]) we obtain

th Ak
KINE )

k>0

tFAF A :
= m 3" - o B R ea).
° m=0 k>0 T oe—

:5k,m

! A Loa
lim > fuQA" exp(tA/\) = Jim D Q(fmA™
m=0 m=0

l—o0

Equation for F in (2.1) follows using with the replacement ¢ — ¢/\ in
the right hand side of (4.4]).

Finally, the proof of (2.4) for F' in and is similar, except that we use
exp(t*A®/\) instead of exp(tA/A), to obtain

l
A
t77 B g ((tA)*) = im Y gjim(t; ) QA" exp(t*A%/N), (4.5)
m=0

where 8 is given by j+ 1 and o — [a] +j+ 1 for F in and (L.8)), respectively.
The required result now follows using (4.1]) along with the replacement (¢, A) —
(t*/A, A%) in the right-hand side of nd multiplying by A7 before summing
over j € {0} U [[a] —1]. O

From now on, we write y1 x+1(f) = yr11(t) in .

Note that, as a consequence of Theorem the computation of an analytic
matrix function is reduced to the calculation of xxy1(t) using . Another nice
feature of Theorem [2.3] is presented in the next section. More precisely, we show
that Theorem [2.3] along with Lemma [3.3] imply several known results as special
cases.
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5. CONNECTION WITH PREVIOUS WORK

In this section we show that Theorem and Lemma imply [28, Theorem 2],
[9, Theorem 1], [I, Theorem 3], and [30, Theorems 5.1 and 5.2].

5.1. Theorem Lemma and [28, Theorem 2]|. Putzer’s original formu-
lation is obtalned from Theorem 3| by setting f,, = 1 in (2.4) and observing
that

N A
yrpr(t) = Hm > O "z (E/A) = g1 (E).
l—>oom:0—

We show that our approach implies [28, Theorem 2]. More precisely, we have

2 (t) = anx (),

5.1
z)(t) = apwp(t) + op_1(t) if 2< k <d (5.1)
with
21(0) =1 and 24(0) =0 for 2 < k < d. (5.2)
By taking the t-derivative on both sides of (4.1)) we find that
d—1
Aexp(tA) = a1 (t)AP:(A Z )1 (D) Pe(A (5.3)
k=0
Next, observe that
APk(A) = Pk+1(A) + ()tk+1Pk(A). (54)
Therefore,
d—1 d—1 d—2
> w1 (DAP(A) =D appizep (D Pe(A) + > ax1(t)Presr(A),  (5.5)
k=0 k=0 k=0

which follows from Py(A) = q(A) = O using (3.4). It follows from and (5.5)

that
d—1

d—1

> 2 (OP(A) =Y appamkg () P(A) + Z (1) P (A (5.6)
k=0 k=0

Thus, by comparing the corresponding coefficients of Pk(A) in we obtain the

desired result using Lemma Finally, setting ¢t = 0 in (4.1]) we obtain

d—1

exp(tA)|i—o = I = Zl’k-q-l(o)Pk(A)
k=0

and using Lemma once again we obtain the initial conditions stated in (5.2).

5.2. Theorem Lemma and [9, Theorem 1]. We show that the main
result of [0, Theorem 1] follows from our approach using (2.1) with F(A) = A™.
In this case the analogue of the IVP in (1.1)) is given by

xz(n+1)=Axz(n), £(0) =x¢ = x(n) = A"z

with the role of exp(A) in (1.2)) played by A™ in the discrete setting. See [0
Theorems 1 and 2] and [18]. We have

-1
A" =" zp1(n)Pe(A), (5.7)
k=0
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where

z1(n+1) = ayz1(n),
ze(n+1) = agzr(n) + zp_1(n) if2<k<d
with 21(0) =1 and 24(0) =0 for 2 < k < d.
The proof of (5.7) follows from Theorem (with ¢t = 1) by observing that

d—1

exp(A/N) =Y a1 (1/A) Pi(A)
k=0

to obtain
d—1

A A
A" = QA" exp(A/A) = Y ! (@%Hlu /)\))Pk(A)
= —\=
and the result follows using (5.1]). Indeed, we have

A A
QX" z(1/)) = n!Q\" exp(B/A)xg = B"xy = z(n),

where x(1/\) = (z1(1/N), ..., 24(1/A)T, 2(n) = (z1(n),...,za(n))T,

ap 0 - 0 0
1 o 0 0
B = : :
0 0 ag—1 0
0 0 Qg

and zo = (1,04_1)7.

5.3. Theorem Lemma and [II Theorem 3]. In this case we have
F(tA) =In(I 4+ tA) with ||tA] < 1 and we show that

(1 + aat)yi (t) = au,
(14 ant)ys(t) = —tyi (t) + 1, (5.8)
1+ apprt)yp () = —ty(t) f2<k<d-1
with
y1(0) = -+ =ya(0) = 0. (5.9)
Our strategy here is to show that y;(¢) given in Theorem with
frn = ml(=1)"/m

satisfying system (|5.8). In this case we have

n(I+tA) = Zyk+1 )Pr(A (5.10)

By taking the t-derivative on both sides of (5.10) we have

d—1

ZykJrl JPe(A) = A = (I +tA) Zy;c+1(t)Pk(A)'
k=0

I—l—tA
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Thus, we find that

d—1 d—2
a1 Po(A) + Pr(A) = A = (1 + ax1t)yipr (D Pe(A) + 1Y 4hi1 () Prra(A)
k=0 k=0

using and Py(A) = O. By comparing the corresponding coefficients on both
sides of the equation above we find the desired result using Lemma [3.3] Finally,
setting ¢ = 0 in we obtain
d—1
ln(I + tA)‘t:() =0-= Zyk+1(0)Pk(A)
k=0
and using Lemma once again we obtain the initial conditions stated in .

5.4. Theorem [2.3, Lemma 3.3}, and [30, Theorem 5.1]. We let j,1 € {0}U[[a]—
1] and k € [d — 1]. First, we recall some well-known facts from [24] 26]. We have

I (—a)=0 (5.11)
if a € Ny. See, e.g., [26, (1.6)]. We also recall
I'a+1) _
DFtr = ——— = 4o 5.12
MNa—-p+1) (5:12)

if « > —1. See [24, Appendix D, Ic] and [26, Chapter 2].
We show that the Caputo fractional matrix exponential admits the representa-
tion

[a]-1d—1
Exp, (tA;a) = Y Y g1 (t) AP (A%)
=0 k=0
with
nyj+1,1 = 01Yj+1,1,
DYyivt o1 = Cp1Yji o1 + Yjrie 1<k <d—1, (5.13)
D'y;111(04) =650, D'yjy1e41(04) = 0. (5.14)
If follows from (4.5) with 8 = j + 1 that
_ d—1
' Bo i1 (t"A%) = yip1 k() Pe(A”). (5.15)
k=0
By taking the fractional derivative D¢ in ([1.3)) on both sides we find that
d—1
! A“Eo j 1 (1"A%) = > DXyji1 k41 (t) Pe(A®) (5.16)
k=0
using

D Ea g (t"A%)) & p=el=oplolig, ;. (19 A%)
takJrjffa] (Aa)k
(ak+j—[al+1)

LY ~—(Tal-a)
=" D
Q7
k>0
G1Y) ~—(fa]-a)
= D
Q7

k>1

tak+i—[o] (Aa)k
(ak+j—[a] +1)
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- toz(k 1)+] Aa)
Z k—=1)+7J)

k>1
1.9)
9 By (1°A%).

Note that to obtain the third equality we have used j € {0} U [[a] — 1]. We can

now follow exactly what we have done in Subsection [5.1] by using (5.4) with the
replacement A — A% (5.15)), and (5.16)) to obtain the system in (5.13). We now

turn to the initial conditions in ([5.14]). We show that
d—1
Jim D'/ Boj11(t*A%) = 6,1 = > D'yjy1 k11 (0+) Pe(A%),
k=0
which implies (5.14). We have
D'to" i = (an+ j)(an4j —1)---(an +j — 1 4 1)t i1

with an 4+ j —1 > 0 if n > 0. Here, the smallest possible exponent in t**+7~! for
fixed @ and j occurs when | = [a] — 1 (recall that j,I € {0} U [[a] — 1]). In this
case we have

an+j—l=an—-1)+j+a—[a]+1>0.

>0 >0

Therefore, we obtain lim\ o toenti=l = (0 if n > 0, which implies
fe o _ . S . - j—l .
lim D'(t Bo, 1 (1°A%) = (M j(G — 1)+ (= 1+ DD + D).
Next, note that
G =1 G =1+)/TG+1)=0G/G+1))6 -1 G —1+1)
————
=T~1(5)
= =T —-1+1).

Thus, we obtain

: Liyg . a A — (T j—l1 -
lin D¢ B2 (#°A%) = (lig 671G = 1+ D)L

We consider three cases j —1 < 0, 7 —1 =0, and j —1 > 0. The first and third cases
give zero using and taking ¢t N\ 0, respectively. We are left with j = [, which
gives

hmD (t' By jr1 (17A)) =

5.5. Theorem Lemma and [30, Theorem 5.2]. We show that the
Riemann-Liouville fractional matrix exponential admits the representation

[a]l-1d—1

Exp(tA; o) Z Zy]_H pi1(t)AI Py (A%)
§=0 k=0

with
D111 = Q1yjs1,1,
D%jt1 k41 = p1Yjtr o1 +Yj1e 1<k <d—1, (5.17)
Di=leltey 0 1(04) = 8,5, Doy, (04) = 0. (5.18)
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If follows from (4.5) with 8 =« — [a] + j + 1 that
d—1

T By o (a4 (F9A%) = g1 k() Pe(A%), (5.19)
k=0

By taking the fractional derivative D® in (|1.4)) on both sides we have

d—1

1 T T AE, a1+ (1"A%) =Y D1 ki (8 Pr(A%), (5.20)
k=0

where we have used
a(gamleltd apo ~[al+ "
D (t Eava_l—a-“‘l‘j"rl(t A )) =t Ea,—[a-‘+j+1(t A ) (521)

and

- apo k
taAa)Z (t )

E - .
et T(ak —[a] +7 + 1)

k>0
(E3D) Z (t* AX)F
- & T(ak—lal+j+1)

(LI o p N
!t A Eoz,a—]'(ﬂ-‘rj-ﬁ-l(t A )

Note that is a special case of the scalar case in [26] (1.82)]. We can now follow
exactly what we have done in Subsection by using (5.4) with the replacement
A — A~ , and (5.20) to obtain the system in . We now turn to the
initial conditions in (5.18). We show that

P\If(l) pi-lal+a (t* [o] +on¢,a7|'a‘\ i1 (IYA%)

d—1
=80 = DIty (04) Po(A),
k=0

which implies (5.18)). Indeed, using
Dl_ [al+e (ta_ o] +an,a, [a]+j+1 (taAa)) = tj_lEa,j—l-i-l (toonz)

and following the analogous calculations done in the previous subsection we find
the desired result. The details are left to the reader.

5.6. Example. We revisit the example considered in [30, Section 6] to illustrate
the simplicity of the approach proposed in Theorem [2.3] First, let us compute

Exp, (tA;1/2) = E1/2,1(t1/2A1/2)
using (1.6)) with

a3 )= 1)

The eigenvalues of A'/2 can be easily seen to be a; = 1 and ay = 2, after correcting
a minor typo presented in the expression for A'/2 in [30, Section 6]; that is, the
off-diagonal elements must be positive. Using (2.6)) we have

zi(t) =€ and ao(t) = €% — ¢ (5.22)
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Thus, we obtain
Exp, (tA;1/2) = y1.1(t)Po(AY?) 4+ y1.2(t) PL(A/?)
_ (yl,l(t) +y1.2(1)/2 y12(1)/2 > (5.23)

y1,2(t)/2 y1.1(t) +y1.2(t)/2
where
1
(2.5) A ml\ 1/2
1) = 1 Q tY2 /N
y.1() zir&n;:r(m/umxl( /)
l
G22) .. A mlA 1
= ] Q /2
zi“;z:r(mm py e (U7
m=0
! 1¢k/2 A
— lim — ATk
l~>oom:0k20 k F(m/? =+ 1) =
=0m,k
= By (1'7)
and
l
2.5 .. A ml\ 1/2
t) =1 Q 72 /)
2 zioomzzozr(m/ﬂl) 2(t/3)
622 | : §_mhA™ 011/2 /) /2y
= i 3 gy (e (012/) — e (172/))
=FEy/21 (2t1/2) - E1/2,1(t1/2)

using Theorem [2.3

Note that agrees with the example in [30, Section 6] apart from the minor
typo previously mentioned and another one in [30, (6.1)]. The correct expression
is given in [26], (1.107)] and reads as follows

t
/ Tﬁl_lE%/g1 (z17)(t — T)Bz_lEaﬁ2 (z2(t — 7)Y)dr
0 (5.24)

_ ZlEOéwBl-‘rﬂz (zlta) — ZQECE7/31+52 (ZQta) tﬁ1+ﬁ2—1
Z1 — 22
with 81, 82 > 0 and z1, zo arbitrary complex numbers such that z; # zo. Note that
the factor t#1+521 is missing in the right hand side of [30} (6.1)]. Using (5.24) and
taking into account the corrected value for y; 2(t) we obtain
y1,2(t) = 2612 By 5 5/5(2t1/%) — t1/2Ey 3 3)0(t'/?)
= By o, (2t1%) - E1/2,1(t1/2)
in agreement with [30, (6.2)].
Finally, we consider

Exp(tA;1/2) = tV/2Ey o1 5(t/2A?)
using (|1.8). Following the procedure used to obtain ([5.23)) we find that

. _ (y1a(t) +y1,2(t)/2 y1,2(t)/2
Exp(tA;1/2) = < y1,2(t)/2 y1,1(t) + yl,z(t)/Q)
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with
y11(t) =t 2By o1 o(t?) and y12(t) = 2By 21 (2612) — By o1 (£/?).

Conclusion. We have shown how to generalize Putzer’s method in order to cover
all analytic matrix functions using the OMC [II] and the approach described in [§]
based on the Jordan canonical form and the minimal polynomial. Several results are
shown to be special cases of the general approach introduced in this work. Indeed,
we have shown that Theorem along with Lemma [3.3]imply [28, Theorem 2], [9),
Theorem 1], [I, Theorem 3], and [30, Theorems 5.1 and 5.2]. Furthermore, our ap-
proach allows us to recursively compute x4 (¢) in Theorem using and, once
zk(t) is determined, Putzer’s like representations of all analytic matrix functions
follow at once using Theorem An example related to the fractional matrix
functions in and is included to illustrate the simplicity and versatility
of the method described in Theorem This work reinforces the message put
forward hitherto in [I1] [12] that OMC is a useful tool in generalizing and unifying
previous work.

Acknowledgements. The author gratefully acknowledges the helpful suggestions
of the reviewers and Professor Michael O’Carroll leading to a much better readabil-
ity of the article.
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