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POSITIVE SOLUTIONS OF A THREE-POINT
BOUNDARY-VALUE PROBLEM FOR DIFFERENTIAL
EQUATIONS WITH DAMPING AND ACTIVELY BOUNDED
DELAYED FORCING TERM

GEORGE L. KARAKOSTAS

ABSTRACT. We provide sufficient conditions for the existence of positive solu-
tions of a three-point boundary value problem concerning a second order delay
differential equation with damping and forcing term whose the delayed part is
an actively bounded function, a meaning introduced in [I9]. By writing the
damping term as a difference of two factors one can extract more information
on the solutions. (For instance, in an application, given in the last section, we
can give the exact value of the norm of the solution).

1. INTRODUCTION

This paper is motivated by the work of Henderson [I5] where the existence of two
positive solutions of the differential equation =" + f(z) = 0 satisfying the conditions
2(0) = 0 and z(n) = (1) is investigated.

To say exactly what we shall do in this paper we need some notation. For any
interval Y of the real line R we shall denote by C(Y) the Banach space of all
continuous functions z : ¥ — R furnished with the usual sup-norm || - |ly. If,
in addition, the set Y contains the origin, we shall write Cy(Y") for the set of all
¥ € C(Y) with ¢(0) = 0. In this paper we shall work, mainly, on sets of the form

CH(Y) i={z € Co(Y) : 2(t) >0, t € YV}

Consider the sets I := [0,1] and J := [—r,0] for a fixed r > 0.

Our intention is to provide sufficient conditions for the existence of positive
solutions of a three-point boundary value problem concerning the second order
delay differential equation

2" () +p)2' (t) + Q(t,z(t)) + f(t,z,) =0, tel:=][0,1], (1.1)

where ¢ € Cf(J), 0 < n < 1 and the delayed part f(t,x;) of the forcing term is
actively bounded function, in a sense introduced in [I9]. Our technique is based
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on the fact that the coefficient p(t) of the damping term can be written as the
difference of two (suitable) functions:

p(t) = pi(t) — pa(t).

The advantage of such an approach is that we can vary the functions pi,ps. Then
the conditions imposed as well as the existence range of the solutions also vary
appropriately. A sight of what we mean is seen in the last section, where an
application is presented. On the other hand such a decomposition of the damping
term affects the Green function of the problem. Thus, our first intention is to
construct such a kernel of the integral operator, which plays the most crucial role
in our discussion.

As it is noticed elsewhere (see, e.g. [8,[14]), boundary-value problems associated
with delay differential equations are generated from physics and control theory and
other topics of applied mathematics. In the literature one can find a relatively
great number of works dealing with the existence of solutions of boundary value
problems which are associated not necessary with ordinary differential equations.
For instance, in [I] one can find such problems for difference and integral equations,
in [5] for equations whose the solutions depend on the past and on the future, in
[11] for equations with deviating arguments, etc. Moreover a great deal can be met
in the literature for the case of delay differential equations. We refer, for instance
to [2, 3, 6, [7, 10, 12, 15, 16l 17, 18] 19l 201 2T, 22] 241 26], 27] and to the references
therein.

Most of the works mentioned above do use of the following important Fixed
Point Theorem of Krasnoselskii.

Theorem 1.1 ([23]). Let B be a Banach space and let IC be a cone in B. Assume
that Q1 and Qo are open subsets of B, with 0 € Q1 C Q1 C Qo, and let

A KN (Q\ Q) =K
be a completely continuous operator such that either
[Au|| < JJul|, ©weKNo and |Aul > ||ull, ue€ KNIy,

or

[Aul] > ||ul|, weKnoQ and |Au| <|u|, ueknoQ,.
Then A has a fized point in KN (Q2 \ Q).

We recall that an operator A : X — Y is called completely continuous if it is
continuous and it maps bounded sets into precompact sets. We notice that when
Theorem [I.1]is applied to boundary-value problems for functional differential equa-
tions, usually the most crucial point is to provide suitable conditions on the forcing
delayed term which guarantee the fact that the corresponding integral operator sat-
isfies the two alternatives of Krasnoselskii’s fixed point theorem. As in [19], in this
article, in order to cover the autonomous and nonautonomous cases, the continuous
and discrete delay, as well as the atomic and the nonatomic response, we assume
that the function f is a so called actively bounded function. To be more precise we
shall repeat its definition here.

Definition 1.2 ([I9]). We call a function f(-,-) : I x Cf (J) — [0,+00) actively
bounded, if for each ¢ € I there exist a nonempty closed set ©; C J and two real
nonnegative functions Lo(t;-,-) and w(t;-,-), such that

w(t;m,M) S f(ta ZZJ) S LO(t;m,M)a
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for all ¢t € I and ¢ € P(t;m, M), where
P(tm, M) = {1 € CF () :m < inf w(s), 0]l < M),

Let ©4(f) be the smallest set of the form ©;. In [19] it was shown that the class
of the actively bounded functions is closed under summation and multiplication.
Also, several examples of such functions were given.

2. FORMULATION OF THE BVP

The basic theory of delay differential equations is exhibited in several places of
the literature. Especially we refer to the classical books [7, [13]. For any continuous
function y defined on the interval [—r, 1] and any ¢t € [0,1] =: I, the symbol y;
(appeared, also, in ) is used to denote the element of C,. defined by

ye(s) =yt +s), se.L

Our purpose is to establish sufficient conditions for the existence of positive
solutions of the boundary value problem —. Here we want to make clear
what makes the difference between the ordinary and the delay case and in particular
what is going to be proved for the delay boundary value problem.

(We find it convenient to repeat some comments made, also, in [19].) It is well
known that in the ordinary case, namely, when r = 0, (thus is an ordinary
differential equation), we look for conditions which guarantee the truth of the fol-
lowing fact: There is a solution x of the (ordinary differential equation) with
x(0) = 0 and satisfying condition , It follows that uniqueness of such a solution
means that there is exactly one function with these properties.

But in the (nontrivial) delay case the problem is quite different. Indeed, here
we are invited to give our response to the following challenge: Determine a class
S of initial functions with the property that for each ¢ € S there is a solution x
of satisfying condition . (Notice that some authors use to extend the
situation from the ordinary case by simply assuming that ¢(s) = 0, for all s € J,
see, e.g. [].) Therefore uniqueness of solutions of the BVP — presupposes
that there is only one solution with initial value the fixed initial function ¢. Any
new initial function from the class S implies new solution of the boundary value
problem —. As we shall see later, in this paper the set S will be a closed
ball in Cj (J).

We shall reformulate the problem — by transforming it into a fixed point
problem. Then the existence of a solution of the latter is guaranteed by Theorem
il

To proceed, fix a ¢ € Cy (J). For each function # € Cy(I) we shall denote by
T(-,z; ¢) the function defined on [—r, 1] by

P(s), seJ,
x(s), sel,

T(s,x;¢) = {

It is easy to see that

IT2(, 15 8) = Ti (- w25 0) |15 < [lo1 — 221, (2.1)

for all ¢t € I and x1,22 € Cy(I). (Recall that for each ¢ € I the symbol T;(-, z; ¢)
denotes the element of C(J) defined by Ti(s,x; ¢) := T(t + s,z;¢), s € J.) Thus
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the function
r— Ti(-259) : Co(I) — C(J)

is continuous (uniformly with respect to t).

By a solution of the boundary-value problem — we mean a function x €
Co(I) satistying and its second derivative 2 (t) exists for all ¢ € I satisfying
the relation

a"(t) + pt)a'(t) + ¢()x(t) + f(t, Tu (-, 25)) = 0. (2.2)
Our first basic condition of the problem states as follows:

(H) The functions p,q : I — R are continuous and such that p can be written
in the form

p=D1— P2,
where p; is continuous, ps is positive and differentiable and, moreover, they
satisfy the inequality

Q(t,€) + (P5(t) + p1(t)p2(t))€ = 0,
forallt € I and £ > 0.

To simplify our presentation we set

V(u,s,t) := el Pr(0)do+ [ p2(0)do
t

Y(t) Z:/ efgl(pl(u)+p2(u))dud9,
0

vi(s) :=e” S pilwdu G — 1 9,

Specially, we shall denote by v the value va(n). Clearly it holds

0
/ V(u, s, t)du = v1(s)va(t)Y(6),
0
for all 0,s,t € 1.
Remark. We observe that for all s > n it holds

Y(s) — oY () = / S gy (1Y () > 0. (2.3)
n

To proceed, we set y(t) := z'(t) and write equation (2.2)) in the form

y'(8) + p1()y(t) — p2(t)a(t) + Qt, x(t)) + f(t, Ti (-, 25 ) = 0.
Integrate from ¢ (> 0) to 1 and get

y(t) = y(1)el pr(e)ds
1
+ / [=p2(w)a’ (u) + Qu, 2(w)) + f(u, Tu(-, 3 6))]el 1% du,
t
which leads to

1
2 () — pa(B)a(t) = [¢/ (1) — pa(L)a(1)]eld P1)ds 4 / 2(u)eld Py,

t
where, for simplicity, we have put

2(u) = fu, Tu(, 23 6)) + Qu, 2(w)) + [pr(w)pa(u) + po(u)(u), uel.
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Thus the solution x satisfies

x(t) = [2'(1) — p2(1)z(1)] / / V(u,s,t)z(s)dsdu, tel. (24)
In we set t = 1 and find
PP |
z'(1) = 0] [x(l)[l + pa(1 / / (u,s,1)z dsdu}

Substitute this value in 1) and obtain

ac(t):U2( //Vusl dsdu}
// (u,8,t)2(s)dsdu, tel.

Now take into account that x(n) = x(1). From ([2.5)) it follows that

// (u, s,m)z(s)ds du — vY (n //Vusl s)ds du,

= (Y(l) - vY(n)>_1.

Because of (2.3) the constant «y is positive. Substituting this value to (2.5)), after
some manipulation, we derive

£(t) = yoa ()Y (1) /n/lV(u,s,n dsdu—/o/ (1,5.1)2(s) dsdu
// (u, s,t)z(s) ds du.

Lemma 2.1. A function x is a solution of the boundary-value problem (1.1})-(1.2)
if and only if it satisfies the operator equation

r = Asz, (2.7)

where

(2.6)

where Ay is the operator

(Aya)(t / Glt, $)F(s, To(- 25 6))ds, = € Ci (1), (2.8)
Here we have set

F(s, Ts(250)) = f(5,Ts(-, 23 9)) + Q(s,2(s)) + [p1(s)p2(s) + pa(s)]a(s), wel
and the kernel G(t, s) is defined by

G(t,s) : = yor(s)a(t) oY (s AmY (1) = Y ()Y (5)
LYY (sAt) — oY (s A t)Y(n)},

where, as usually, a A B := min{a, 5}.
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Proof. Assume that z is a solution. Then it satisfies (2.6) and, so, we have

z(t) = /0 / Ul(u, s,t)z(s) ds du, (2.9)
where
U(“? S, t) =02 (t)Y(t) [V(U, S, n)X[O,n] (U) - V(uv 5, 1) + V(U, S, t)X[OJ,] (u),

where x[,4(-) stands for the characteristic function of the interval [0,¢]. We apply
Fubini’s Theorem in the right side of (2.9) and get

1
x(t) = / G(t,s)z(s)ds,
0
where
G(t,s) == / Ul(u, s, t)du.
0
The inverse is proved by the inverse way. The proof is complete. ([

Next we simplify the form of the kernel G by examining the following cases:
Case 1.1: s <t <n. Then we have

G(t, ) = yu1(8)va() [0Y (5)Y (1) = Y ()Y () + Y ()Y () = v (5)Y ()]
= o1 (s)ua()Y (5) [V (1) = Y (£)] + 0]Y () = Y ()]

= yu1(s)va(t)Y (s) /t1 V(u,1,1)du — v /tﬂ V(u,1, l)du}

= qu1(s)e2()Y () (1 = v) /tn V(u, 1,1)du + /n1 V(w, 1,1)dul.
Case 1.2: t < s < 7. Then we have
G(t, ) = yr(s)a(t) [VY ()Y (1) = Y ()Y () + Y (DY (1) = vY ()Y ()]
= qu1(8)ua()Y (1) [Y (1) = Y ()] + v[¥ () = Y ()]

— o (8)a ()Y (1) [/1 Vi, 1,1)du — v /Sn V(1 1)du]

= yor()ea Y ()L - ) /;7 V(u, 1, 1)du + /n1 V1, 1)du].
Case 1.3: ¢t <7 < s. Then we have
G(t, ) = yur(s)va(t) LY (Y (1) = Y (DY (5) + Y ()Y (1) = Y ()Y ()]
= o (s)ua()Y () Y (1) = Y (5)]

= qu1(s)va (1) Y (1) [/1 V(u,1, 1)du] .
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Case 2.1: s <7 < t. Then we have
G(t, ) = yv1(s)va() [0Y (5)Y (£) = Y (Y () + Y ()Y (s) = v (5)Y ()]

= o1 (s)ua()Y (5) [V (1) = Y(£)] + 0¥ () = Y ()]
= yu1(s)ua(t)Y () [/tl Viu,1,1)du + v /nt Viu1, 1)du].
Case 2.2: 1) < s < t. Then we have
G(t,s) = vi(s)ua(t) [LY Y (1) = Y (Y (5) + Y ()Y () = vY ()Y ()]

= yui(s)ea(t) [V ()Y (1) = Y ()] + 0¥ ()Y (1) = Y (5)]

= yu1(s)va(t) [Y(s) /t V(u,1,1)du+ vY (n) / Viu,1, 1)du].
Case 2.3: n <t < s. Then we have
G(t, ) = yv1(s)a(t) LY (Y (1) = Y (DY (5) + Y ()Y (1) =Y ()Y ()]

= yun(s >v2<t>Y<t>[ (1) - Y(s)]

= v (s / V(u,1,1)d

3. MAIN RESULT

Now we are ready to present our main result of this article.

Theorem 3.1. Suppose that assumption (H) is satisfied and f(t,d) is an actively
bounded continuous function with ©.(f),t € I being the set-valued function defined
in Definition . Assume, also, that the functions Lo(-;m, M) and w(-;m, M) are
measurable for all m < M. Finally, assume that there is a § € [0,1] and two
(distinct) real numbers py, p2 such that

1 [t 1

— [ G(s,s)L(s, iplapl)ds ST (3.1)
Estlell?/ G(t, s)w KP%Pl Vp2)ds > 1, (3.2)
where
Lit,m, M) i= sup (Q(t,€) + [ph(1) + pr(p2(D]€ ) + Lo(t,m, M),
0<e<M
S:={se€0,1]:s+0€51], 0 € O4f)},
A := max{elo P24 el P2(®) vy (3.3)
Y1) -Y(n) Y(5) Y(n)
W= mln{Y(1> oY ()’ Y(l)vg(O), mv} (3.4)

Then, for any ¢ € C;F(0) with ||¢|| < p1, there is a positive solution of the boundary-
value problem (1.1)-(1.2) having norm in the interval with ends the numbers p1, pa.
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Proof. First we shall obtain some properties of the kernel G of the operator A4. In

Case 1.1 we have

Glls) ) [(1 —0) [V (w1, Ddu+ [} V(u,171)du}

G55 as) (1= ) [V s, D+ ) Vo 1,1

< ef: p2(v)dv < eJo p2(v)dv <A,

where A is given by (3.3). Also in this case we get

G(t, s [PV (u,1,1)du
(7 ) > n
Gs:8) = (1 =) f7 V(u,1,)du+ [ V(u,1,1)du
_ YA -Y(n)
V(1) —vY(n) ~

In Cases 1.2, 1.3 and 2.3 we get

G(t78) = U2(t)Y(t) e ff,spz(v)d'l}

If, in addition, we have § < ¢, then it follows that

~—

G(t78) UQ(t)Y(t) — e~ N pz(v)de > e JE p2(v)dv Y(6
G(s,8)  wv2(s)Y(s) Y(s) ~ (1

~

In Case 2.1 it holds

G(t,s)  v2(t) [ftl V(u,1,1)du+v [ V(u,1, 1)du}

G(5,5)  py(s) [fsl V(w1 D)du+ v [ V1, 1)du]

S ’U_lefst p2(v)dv S efon p2(v)dv S A.

Also, we get

Finally, in Case 2.2 we have

Gts) Y ) [V 1 Ddut 0¥ () [LV(u,1,1)du]
G(s,s) va(s) {Y s f Vu,l,l)du}

ft u,l,ldu—i—vY f V(u,1,1)du
fs V(u,1,1)du

< ef; pg(v)dv

< ef p2(v)dv <A

)

> 1.

(3.8)

(3.10)

(3.11)
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and moreover

Gt,s) v2(t) [Y(S) [V, 1, 1) du + oY () [ V(u,l,l)du}

G(s,s) va(s) [Y () [ V(. 1,1)du]

yaw VY (1) S V(u,1,1)du (3.12)
Y(s) [ V(u,1,1)du

> efst p2(v

Y (n)
=Y

From ({3.5)), , (13.9) and (3.11)) we see that for all s,t € I,
G(t,s) < AG(s,s), (3.13)

where (recall that) A is the constant defined in (3.3]). Also from (3.6)), (3.8)), (3.10)
and (3.12) we see that for all ¢ € [0,1] and s € [0, 1] it holds

G(t,s) > uG(s,s), (3.14)

> 4.

where p is defined in (3.4).
Now define the set

K:={zeCf): x(t)z%HxH, tel[s 1]}

and observe that it is a cone in the space Cy(I).
Consider a initial function ¢ € C;F(0) with ||¢]|; < p1, where p; satisfies (3.1))

and (3.2)).
Let Ay be the corresponding operator defined by (2.8]). Because of Lemma
it is enough to show that the operator Ay has a fixed point. To this end we let

x € K. Then we have (A42)(0) = 0 and from (3.13) we get

1
| Agz|ls = sup / G(t, 5)F (s, Tu(-,2: 6))ds
tel Jo (315)

< A/o G(s,8)F (s, Ts(-, z;0))ds.

From (H) and the definition of f we have F(s,Ty(:,x;¢)) > 0, for all s € I and
therefore (Agx)(t) > 0 for all t € I. Let t € [§,1]; from (3.14) and (3.15) we get

(Aga)(t) = / Gt 5)F (s, Tu(-, ;. 6))ds
(3.16)

1
>4 [ Gl F(s. T s = Kl gl
0

Relation guarantees that the operator A, maps the cone K into itself. Fur-
thermore from and the first argument in Definition we conclude that the
function y — F(-,T.(-,y; ¢)) is continuous and it maps bounded sets into bounded
sets; thus the operator A4 is completely continuous.

Next take any = € K. By definition, for any s € S we have s+ 6 € [§,1] C I, for
all 6 € ©4(f). Thus it holds

To(0,2;9) = (s +0) = Tz (3.17)

==
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Let x € K with ||z||; = p1. Taking it into account together with the choice of ||@]| s,
we have || Ts(-, z;¢)|ls < p1. Thus, because of (3.13]), Definition and (3.1)) for

all t € I we have

1
| Agalls = sup / G(t,8)F (s, Tu(- 2 6))ds
tel Jo

<A IG(Svs)F(SaTs('az;d)))ds (318)

0
1
<A [ Glos)Lis Kprpr)ds < o = ol
0
Also, let x € KC, with ||z||; = p2. Then we derive

1752, )l < p,
where, recall that, p := p; V p2. Consequently, because of (H), Definition and
(3.2), we get

1
| Apz]s = sup / Gt 5)F (s, T(-, ;. 8))ds
tel Jo

> sup/SG(t, S$)F(s,Ts(-,x; ¢))ds (3.19)

tel
> sup [ Gt shols: £ falr,p)ds > o]
tel Js n
Finally, define €1 and Qs to be the open balls with radius p; A p2 and p; V po
respectively. The previous arguments together with and permit us to
apply Theorem [I.1] to get the result. O

4. AN APPLICATION

In this section we show that our technique (namely, to write the damping term
as the difference of two factors), helps a lot to obtain more information on the
existence of the solutions. We show that given any p > 0 there exist solutions
having norm equal to p. Consider the delay differential equation

2! (t) + te (7 2) exp002(5) — 0 ¢ e [0,1], (4.1)
associated with the conditions
1
r=0, () =x(1). (42)

Here we have = 3, r = 1 (thus J = [-1,0]), Q(£,£) := 0 and p(t) := 0. Let ¢ be
a positive parameter and write p(t) = ¢ — c. First observe that the function
F(t, 1) = te™¥(3) exp! 00V
is actively bounded with
1
(C] ={—=,—=
t(f) { 2 ’ 2 }a
w(t;m, M) = te=™ exp'000m,
Lo(t,m, M) := te” ™ exp?0oM
Hence
L(t,m, M) := > M + te™™ exp'000M |
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Choose § = 15, thus we obtain S = [2,1].
In the sequel all constants involved in our conditions are given as expressions of

the parameter c. So, first we obtain

vi(tie) = va(tie) = e U0, w(c) = €73,
6c(2ft)
Y(t;e) = sinh(ct),
’Y(C) — ce

sinh(c) — sinh(§)

Also we obtain

A(c) = e?,
. ez sinh($) 7(£)sinh(%) sinh(§)
ule) = min { sinh(c) — sinh(§)’ c sinh(c) *  sinh(c) }

We can see that for all ¢ > 0,

Next we compute G(s, s) for s € I: If s < 1, then

(sinh(es))? i+ oe(3—s) sinh(E)] N sinh(cs)

G(s,5) = c(sinh(c) — sinh(35)) y .

while, if s > %, then

cosh(c) — cosh(2cs — ¢)

G(s,s) = 2¢(sinh(c) — sinh(§))
Also we obtain
1 o sinh($) sinh(c — cs)
Gl3:9) = ) S5y

Now we seek for the existence of positive reals p1, po satisfying (3.1), namely,

P1 1 . c . 3c ) c. . c B
sinh(c) — sinh(§) [5 Smh(i)[c Slnh(z) — 251nh(§) Smh(l)] _ %2 ]
expl000p1 e e .
82 (sinh(c) — sinh(2)) [C sinh(7) sinh(7-) + 2sinh(c) »
+ Sinh(g) - M cosh(c)

1 —e~(5) sinh()
_ < -
+ 26:| exp ( sinh(c) p) < pre

w0

and (3.2]). The latter becomes

1 p(c)
= >
/SG(27S)w(S7 A(C) P2, P1 \/pg)dS Z P2
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which takes the form

sinh(§) 3 2¢ 1 2¢, 1
2 cosh(Z9) £ — ginh(25) - =
¢(sinh(c) — sinh($) (50 cosh( 5 )+ Ehen ( 5 ) c) (4.4)
inh(c/1 '
exp(llOOchSJrSlirl(}lC(/c)())) > poefrVez,

Let us restrict our discussion to the case

p1 < p2. (4.5)

By the use of a graphing calculator, we can take a view of the set of pairs (p1, p2)

satisfying the implicit algebraic inequalities , and . We find out that

there are two points ¢; and ¢o (approximately equal to 0.1 and 1.66527, respectively)

such that for all ¢ € [e1, ¢o] inequalities ([4.3), are satisfied by all p1, pa > 0.
We shall show the following result.

Theorem 4.1. Let ps > 0 and any (initial) function ¢ € CF (J) with ||¢||; < p2.
Then there is a solution z of the problem (4.1)- (4.2)) such that ||z||1 = p.

Proof. Consider a ¢ € (c1,¢2] and a (strictly) increasing sequence of positive reals
R,, converging to ps. By the previous arguments it follows that ps > R,, satisfies

(4.4) and R, satisfies (4.3)). By Theorem there is a solution z,, of (4.1) such
that 2,(s) = ¢(s), for all s € [—3,0],

Zn(5) = z(1) (4.6)

and
Ry < ||lznllr < pa, (4.7)

for all n. From (4.6) it follows that there is a t,, € [3,1] such that z/,(¢,) = 0 and
hence from (4.1)) by integration we get

¢
2 (t) = —/ se@n(573)g1000zn(5) g, (4.8)
¢

n

This shows that («],) is bounded. Also, from (4.1)) we see that (2!') is bounded.

n
Applying Arzela-Ascoli theorem twice it follows that there is a subsequence (zy,,)

converging (in the C'! sense) to some differentiable function z satisfying the integral
equation (4.8). It is easy to see that x is a solution of the original problem, and
because of (4.7, it satisfies ||x||; = p2. The proof is complete. O
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